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Abstract

In this thesis we investigate time-stepping methods having both high order of accuracy
and a good stability, for the numerical analysis of reaction-diffusion equations. The
approach consists in a generalization and improvement of a time-stepping method
introduced by Gustafson & Kress (2002). The time-stepping schemes from Gustafsson
and Kress are built via a deferred correction (DC) strategy consisting in a successive
correction (perturbation) of the trapezoidal rule, leading to a scheme of order 2j + 2
of accuracy at the stage j = 0,1,2,--- of the correction. However, this method
addresses only linear initial-value problems (IVP) satisfying a monotonicity condition
while it has an issue for the starting procedure, and it does not take advantage of an
exhaustive convergence analysis for its applicability to stiff problems. Our approach
is executed into three essential steps, leading to three submitted articles. First, we
introduce general formulae to derive suitable arbitrary high order finite difference
approximations of analytic functions. New forms of finite difference formulae suited
to various approaches of DC time-stepping schemes and the computation of their
starting values, complying with the high order requirement, are constructed. Second,
we introduce a general idea for the construction of different DC' schemes, and we
present our time-stepping method. The time-stepping method consists in a sequence
{DC2j}; of self-starting schemes built recursively from the implicit midpoint rule
via the DC strategy. A complete analysis of convergence of the method, in the case
of general ordinary differential equations (ODE), is given using a deferred correction
condition which guarantees an improvement by two of the order of accuracy while
each scheme DC2j is corrected to get the scheme DC(2j + 2). We prove that each
DC?2j is A-stable. Finally, we apply our DC method to an initial boundary value
problem (IBVP) related to a large class of reaction-diffusion system. The IBVP is
first discretized in the time variable via the DC method, and it follows a discretization
in space by the Galerkin finite element method. We prove that the resulting schemes
are unconditionally and strongly stable with order 2j + 2 of accuracy in time (at
the stage j of the correction). The order of accuracy in space is at least equal to the
degree of the finite element used. All the theories, for ODEs and IBVP, are supported
by numerical tests on various standard problems with the schemes DC?2,--- , DC10.
The numerical experiments comply with the theory and show that the theoretical
orders of accuracy are always achieved together with a satisfactory stability.
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Résumeé

Cette these porte sur la recherche de méthodes de résolution en temps d’ordre de con-
vergence élevé ayant de bonnes propriétés de stabilité pour la résolution numérique des
équations de réaction-diffusion. L’approche adoptée consiste a améliorer et étendre
les schémas en temps d’ordre arbitraire introduits par Gustafsson & Kress (2001).
Les schémas de Gustafsson et Kress sont construits via une technique de correction
différée appliquée a la méthode du trapeze et s’adressent uniquement aux problemes
de Cauchy linéaires satisfaisant une condition de positivité. L’analyse des propriétés
de convergence de ces schémas n’est pas exhaustive, pour des applications a des
problemes d’évolution plus généraux. Notre étude pour 'amélioration et la générali-
sation des schémas de Gustafsson et Kress est faite en trois étapes, correspondant a
trois articles de journaux. Premierement, nous avons introduit une méthode générale
pour la construction de diverses formules de différence finie pour des approximations
d’ordre quelconque des dérivées des fonctions analytiques. Des formules de différence
finie sont construites, lesquelles sont favorables a diverses variantes de schémas en
temps par la méthode de correction différée et leur procédure de démarrage. Deuxie-
mement, nous avons introduit notre méthode de résolution en temps qui donne lieu a
une suite récurrente , { DC2j} ;>1» de schémas en temps a procédure de démarrage au-
tomatique dont le schéma initial DC?2 est la regle du point milieu implicite. L’analyse
complete de la convergence de ces schémas, pour le cas des problemes de Cauchy, est
basée sur une condition de correction différée qui assure un incrément de 2 de 1’ordre
de convergence d'un schéma DC2j corrigé pour obtenir DC(2j + 2). Nous avons
prouvé que chaque schéma DC2j est A-stable. Enfin, nous avons appliqué notre
méthode de résolution en temps a un probleme de Cauchy-Dirichlet associé a une
large classe d’équations de réaction-diffusion. Le probléme est tout d’abord discrétisé
en temps par la méthode de correction différée pour donner une famille de problemes
elliptiques. Chacun des problemes elliptiques est ensuite discrétisé en espace par la
méthode des éléments finis. Nous avons prouvé que les schémas totalement discrétisés
sont inconditionnellement stables. L’ordre de convergence en temps est 2j + 2 (pour
I'étage j de la correction) tandis que l'ordre de convergence en espace est au moins
égal au degré des éléments finis considérés. La théorie est appuyée de fagon satis-
faisante par des résultats numériques sur des problemes standards avec les schémas

DC2, -, DC10.
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General Introduction

Reaction-diffusion equations model various physical phenomena. The theory emerged
in the first half of the XXth century with the work of physicists and chemists Semenov
and Frank-Kamenetskii describing the temperature evolution in a closed vessel with
a reacting gas, Kolmogorov-Petrovskii-Piskunov (KPP) and Fisher about the propa-
gation of dominant genes, and Alan Turing (in 1952) modelling morphogenesis (see
[19, 28] and references therein). Since the second half of the last century, these
equations have attracted much interest due to applications in combustion, chemical
reactions, population dynamics and biomedical science (cancer modeling and other
physiological processes).
In the simplest models, the reaction-diffusion equations take the form

u' = MAu+ f(u), re€QCRY t>0 (0.0.1)

where u : 2 x [0, +0o[— R is the unknown, M is an J x J matrix, and f = f(u) is a
smooth function [24]. Among examples of scalar reaction-diffusion equations, (0.0.1)
for f(u) = au(l — u), where « is a constant, gives the Fisher’s equation originally
used to describe the spreading of biological populations, for f(u) = au(l — u)? we
have the KPP equations for planar model of advance of advantageous genes, and, for
f(u) = —au(u — 0)(u — 1), with a > 0 and 6 € [0,1/2], we have a reduction to one
variable of the FitzHugh-Nagumo model for the propagation of the depolarisation
front through a nerve axon. The reference [20] reviews important models which are
described by reaction-diffusion equations.

As particular cases of semi-linear parabolic equations, the mathematical analysis
of the existence of solutions for reaction-diffusion equations is widely investigated.
In [15, 24, 28], for example, the existence of local and global solution for particular
cases of reaction-diffusion equations is proven using fixed point theorems, the notion
of invariant regions and maximum principles (an explicit solution of Fisher equation
is constructed in [1]).

On the other hand, the numerical analysis of reaction-diffusion equations takes
advantage of many results available from the numerical analysis of semi-linear parabolic
partial differential equations (PDEs). The method of lines (MOL) is commonly used.
By this method the PDE is first discretized in space by finite element or finite dif-
ference methods, leading to a system of ordinary differential equations (ODEs). The
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GENERAL INTRODUCTION 2

resulting system of ODEs is then discretized by fully implicit or implicit-explicit
(IMEX) time-stepping methods (see for instance [2, 3, 4, 12, 14, 21, 27, 30]). In
2, 3, 4], linear implicit-explicit multistep methods in time together with finite el-
ement methods in space are analysed for a class of abstract semi-linear parabolic
equations that includes a large class of reaction-diffusion systems. The approaches in
[2, 3, 4] are the same. The authors investigate approximate solutions expected to be
in a tube around the exact solution. They proceeded by induction by adapting the
time step k and the space step h and established that if £ and k= *h%", r > 2, are small
enough then the global error of the scheme is of order p (p = 1,2,...,5) in time and
r in space. IMEX schemes using finite difference in space and Runge-Kutta methods
of order 1 and 2 in time are also analysed in [13, 5] for a class of reaction-diffusion
systems. Otherwise, references [18, 27, 30] introduced fully implicit numerical meth-
ods for reaction-diffusion equations with restrictive conditions on the nonlinear term,
combining finite elements in space and backward Euler, Crank-Nicolson or fractional-
step € methods in time. The resulting schemes are unconditionally stable (the time
step is independent from the space step) with order 1 or 2 of accuracy in time.

In practice, the space-discretization of time-evolution PDEs leads to stiff initial
value problems (IVP) of large dimension (we recall that a stiff problem is a problem
extremely hard to solve by standard explicit step-by-step methods [25]). To avoid
overly small time steps, accurate approximate solutions for these IVP require high
order time-stepping methods having good stability properties (A-stable methods are
of great interest). Backward differentiation formulae (BDF) of order 1 and 2 are
commonly used according to their A-stability. However, BDF methods of order 3 and
higher lack stability properties (e.g. for systems with complex eigenvalues). Moreover,
Runge-Kutta methods applied to such IVPs have an order of convergence reduced to
1 or 2 (see, e.g., [22]) and are inefficient when the IVPs are stiffer.

The aim of this thesis is to investigate high order time-stepping methods with
satisfactory stability properties for the numerical approximation of an initial bound-
ary value problems (IBVP) related to the reaction-diffusion equation (0.0.1). The
general form of the problem is,

u' — MAu+ f(u) =S in Q x (0,7)
u=0on 0 x (0,7) (0.0.2)
u(.,0) = ug in Q.

Here 2 is a bounded domain with smooth boundary 99, and S : Q x (0,T) — R is
a given smooth function called source term. We suppose that M is positive definite
with constant coefficients, and the function f satisfies the following two monotonicity
conditions

(f(@) = f(y),x —y) > alz —y|? + 7(y)|x — y|*,Vo,y € R, for some a > 0,q > 1,
(0.0.3)
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and
(df (x)y) -y = —polyl?, Va,y € R, (0.0.4)

where (i is a nonnegative real constant, and 7 is an arbitrary continuous real-valued
function. These conditions guarantee the existence of a solution of problem (0.0.2)
in L?(0,7; HY(Q) N H?(Q)) (see for instance [9, 17, 26]), and uniqueness and high
order regularity can be deduced. The conditions (0.0.3)-(0.0.4) are at least satisfied
by any polynomial of odd degree with positive leading coefficient, and the Dirichlet
boundary condition can be substituted by Neumann boundary conditions. Since effi-
cient classical time-stepping methods for problems (0.0.2) have order of convergence
limited to 1 or 2, we are interested in applying deferred correction method to build
high order time-stepping schemes.

The deferred correction (DC) method is used to improve the order of accuracy
of numerical methods of lower order. This method is explored by many authors, e.g.
6,7,8,10, 11, 16, 23, 29]. The method in [7] is an application of iterative deferred cor-
rection (IDC). The authors proved that an asymptotic improvement of order p can be
accomplished, from a scheme of order p, at each step of the IDC procedure, provided
suitable finite difference operators are employed. Numerical experiments are per-
formed with the IDC applied to the trapezoidal rule, Taylor-2 and Adams-Bashforth
of order 2. The results are promising even though they point out some difficulties
of the proposed algorithms: inacuracy for “large” time step and no asymptotic im-
provement for high levels of correction. The approaches in [6, 8, 10, 11, 16, 29] are
quite similar and consist in a linear perturbation of a low order scheme. However,
these methods are not suitable for stiff problems. For example, the method in [16],
concerning a highly accurate solver for stiff ODEs and reaching order up to 14, re-
quires sufficiently small time steps for moderately stiff problems while convergence is
reduced to order 2 for “very stiff” problems. The method in [10, 14] addresses linear
IVP for which a monotonicity condition is enforced, that is an IVP taking the form

{ w' = Aw+ F in [0,7] (0.0.5)

w(0) = wy

where the unknown w is defined from [0, 7] into an Hilbert space H with inner product
(., .), Ais asquare matrix satisfying

(Aw,w) <0, for any w € H,

and F' : [0,7] - H and wy € H are given. The method consists in a successive
correction (perturbation) of the trapezoidal rule (Crank-Nicholson) via asymptotic
expansions of the linear IVP by central finite difference approximations. The order
of accuracy increases by two per stage of the correction. Numerical experiments
with one-dimensional linear parabolic and hyperbolic equations were performed and
showed that the method is effective (orders 2, 4 and 6 of accuracy are achieved).
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Our approach for the numerical analysis of the reaction-diffusion problem (0.0.2)
consists in an extension and improvement of the deferred correction strategy from
[10, 14] which concerns only linear IVP satisfying a monotonicity condition. The idea
is motivated by the following observations:

1. The schemes from [10, 14] have an issue for the starting values when order 4
and higher are investigated. Indeed, even though these schemes can be consid-
ered as one step, the centered finite difference approximations employed lead to
the computation of approximate solutions for ¢t < t; = 0 to make a correction.
This procedure is impossible for reaction-diffusion equations, as for number of
IVPs and IBVPs, since the exact solutions exist only for ¢ > t5. The alterna-
tives proposed in [10, 14] are the use of Runge-Kutta time-stepping methods of
high order or a forward/backward finite difference approximation to compute
starting values. However, high order Runge-Kutta methods as other standard
time-stepping methods are inefficient for stiff problems, and both forward and
backward finite difference approximations are not stable when high order ap-
proximation is needed. To overcome this difficulty new centered finite difference
approximations able to compute approximate solutions inside the solution in-
terval [0, 7] are needed.

2. The monotonicity condition enforced on the linear IVP analysed in [10, 14] im-
plies that the exact solution w for this IVP is bounded independently of the
operator A. The approximate solution of this problem by a trapezoidal rule
preserves this property which guarantees the A-stability of the corresponding
scheme (there is a proof of A-stability in [10] for the initial stage of the cor-
rection). Therefore, the extension of the deferred correction to more general
nonlinear PDEs satisfying a monotonicity condition should be compatible with
this monotonicity condition so that the stability of the schemes is guaranteed
together with an optimal a priori error estimate. Unfortunately, we remark
that the trapezoidal rule is not compatible with monotonicity conditions in the
case of nonlinear problems. Therefore, a starting scheme preserving monotonic-
ity conditions in the case of nonlinear IVPs is needed for building efficient DC
schemes.

3. The analysis of convergence for the DC method in [10, 14], even though it con-
cerns only linear IVPs;, is not sufficient to guarantee an unconditional stability
when this DC method is applied, via the MOL, to obtain a full discretization of
a time-evolution PDE. In fact, if the IVP (0.0.5) results from a MOL then the
matrix A is equivalent to a stiffness matrix. Therefore, A is in norm propor-
tional to h=2, where h is the space step. Since, from the convergence analysis
in [10, 14], the global error constant for an approximate solution of order 2j + 2
of the problem (0.0.5) depends on A7, an unconditional stability result can not
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be obtained from this analysis. More generally, a semi-discrete approximation
in space for a time-evolution PDE, which is a function wy, : [0,7] — V}, is not
regular enough in space since the approximation spaces V}, are often generated
by functions in the Sobolev space Hj. As a consequence, it is difficult to bound
high order derivatives of u; with respect to time independently from h~!, and
then the MOL can not lead to unconditional stability when sufficiently high
order is investigated. Therefore, a complete analysis of an extension of the de-
ferred correction from [10, 14] to high order unconditionally stable time-stepping
methods for more general nonlinear PDEs requires original arguments for the
proofs.

These observations lead to three submitted articles which constitute chapters 1,
2 and 3 of this thesis. The thesis is organized into three chapters as follows:

e Chapter 1: Corresponding to the paper “Finite difference and numerical differ-
entiation: General formulae from deferred corrections”, this chapter introduces
a new approach to derive various finite difference formulae of arbitrary high or-
der. We start by recalling basic finite difference operators and prove their main
properties for the numerical analysis of DC schemes. Formulae for first and
second order approximations of derivatives of analytic functions are given with
error terms explicitly expanded in terms of Taylor series. These lower order
approximations are successively improved by one or two (order two for centered
formulae) to arbitrary high order finite difference formulae. A general theorem
showing how to build arbitrary high order finite difference approximation of
the derivative of any order of analytic functions is proven. Among examples of
finite difference formulae constructed (for new variants of DC schemes), a new
form of centered finite difference formula of arbitrary high order is given and
can be used for the computation of starting values of high order time-stepping
methods via DC method. The new approach recovers the standard centered,
forward and backward finite difference formulae that were originally obtained
in an heuristic way as formal power series of finite difference operators.

e Chapter 2: This chapter corresponds to the paper “Arbitrary order A-stable
method for ordinary differential equations via deferred correction”. It presents
a general idea for the construction of DC schemes. For our DC time-stepping
method, we choose the implicit midpoint rule as starting scheme. The implicit
midpoint rule is successively corrected (perturbed) to obtain, at the stage j =
0,1,2,--- of the correction, a self-starting scheme DC(2j + 2), expected to be
of order 27 + 2 of accuracy. The analysis is restricted to the case of ODEs, in
order to show the properties of the numerical method. We introduce a deferred
correction condition (DCC) which guarantees the improvement of the order of
accuracy by two from a scheme DC2j, j = 1,2,---, to a scheme DC(2j + 2),
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and we prove that each scheme DC2j inherits the A-stable property of the
implicit midpoint rule. Numerical tests from standard stiff and non-stiff [VPs
are performed with the schemes DC2, DC4 ..., DC10.

e Chapter 3: This chapter consists in an application of the DC method to the
IBVP (0.0.2), and corresponds to the paper “Arbitrary high-order uncondition-
ally stable methods for reaction-diffusion equations via Deferred Correction:
Case of the implicit midpoint rule”. We do not use the method of line. The
IBVP is first discretized with respect to the time variable via the DC method,
leading to a family of time-stepping schemes. Each semi-discrete scheme in
time, corresponding to the stage j = 0,1,2,--- of the correction, gives an el-
liptic boundary value problem (BVP) for which the existence of a solution is
proven using the Schaefer fixed point theorem. The elliptic BVP is in turn
discretized in space by the Galerkin finite element method, leading to a fully
discrete scheme for an approximate solution of (0.0.2). We prove that each
fully discretized scheme, corresponding to the stage j of the correction, is un-
conditionally stable and converges with order 25 4+ 2 of accuracy in time and
an order of accuracy in space at least equal to the degree of the finite element
used. The improvement of the order of accuracy in time is, as in the case of
IVPs, guaranteed by a DCC. The theory is supported by a numerical test on a
bistable reaction-diffusion equation having a strong stiffness ratio.



Chapter 1

Finite difference and numerical
differentiation via deferred
correction: Case of uniformly
spaced points

This chapter is presented in terms of a journal article that will be shortly submitted.
Please see the attached paper for the content.
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Abstract

This paper provides a new approach to derive explicitly different arbitrary high order finite dif-
ference formulae for the numerical differentiation of analytic functions on uniformly spaced grid
points. With this approach, various first and second order formulae for the numerical differenti-
ation of analytic functions are given with error terms explicitly expanded as Taylor series of the
analytic function. These lower order approximations are successively improved by one or two
(two order improvement for centered formulae) to give finite difference formulae of arbitrary
high order or simply a discrete Taylor serie. The new approach allows to recover all the existing
finite difference formulae on uniformly spaced grid points, and the standard backward, forward,
and central finite difference formulae which are usually only given heuristically in terms of for-
mal power series of finite difference operators. Examples of new formulae suited for deferred
correction methods are given.

Keywords: finite difference formulae, numerical differentiation

1. Introduction

Finite differences (FD) are commonly used for discrete approximations of derivatives. Large
classess of schemes for the numerical approximation of ordinary differential equations (ODEs)
and partial differential equations (PDEs) are derived from finite differences. Formulae for nu-
merical differentiations are generally deduced from a finite combination of Taylor series, which
leads to solving a system of linear equations, or a derivative of interpolating polynomials (for
instance see [1, 2, 3, 4, 5]). References [6, 7, 8] give a number of finite difference formulae,
for high order approximation of derivatives, in term of formal power series of finite difference
operators. The approaches in [1, 2, 3, 5] are similar. Given a set of arbitrary spaced grid points
fo <t <---<t,and a function u € C"*' ([0, £,,]), it provides a unique approximation of order
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*Corresponding author: ybourg @uottawa.ca

Email addresses: skoya005@uottawa. ca (Saint-Cyr E.R. Koyaguerebo-Imé), ybourg@uottawa.ca (Yves
Bourgault)

Preprint submitted to Elsevier August 19, 2020



n — j + 1 for the derivative ’(;) on the interpolating points ty < t; < --- < t,, by solving the
system of n equations

c (lf - )" (m) n+1 P
u(t) —u(t) = ) =) + Oty =", j#i,
m=1
with n unknowns u'(t;), - - - , u"™(;). This approach is introduced by the authors in [1, 2, 3] which
consider only the case of backward, forward and central approximations on uniformly spaced
grid points while reference [5] treats the general case. Reference [9] provides a closed form of
the finite difference formulae from [5] in term of Lagrangian numerical differentiation formula,
and the approach in [10] differs from [5] only by the treatment of error terms. The reference [11]
proposes simplified analytical expressions for the numerical differentiation formulae in [5] and
provides an advanced analysis of the errors for the difference formulae. Reference [12] proposes
an algorithm for the finite difference approximation of derivatives that avoids dealing with a
Vandermonde determinant.

Although the results in [5] adress only the numerical approximation of order n — j + 1 for
the j-th derivative of a smooth function u at a point ¢#; taken from a set of distinct interpolating
points fp < t; < --- < t,, the method can be extended to the case where the point ¢ is replaced
by a point #, outside the interpolating points fy < #; < --- < t,. The later approach gives a FD
formula for the approximation of u’(t.), j = 0,1,2,---n. However, this method, as other FD
methods, is not suited for deferred correction (DC) methods which, for instance, is a wonderful
approach to derive high order and stable time-stepping schemes for the numerical approximation
of ODEs and time-evolution PDEs (see, e.g., [13, 14, 15, 16]). Indeed, finite difference formulae
for DC methods should be able to provide an explicit approximation of linear combinations of
derivatives with error terms explicitly expressed as Taylor series [13, 14, 17]. The errors terms
for the finite difference in [5], even if it can be written as a Lagrange remainder, is implicit and
cannot satisfy requirements for building DC methods.

The purpose of this paper is to provide some basic results on finite difference approximations,
which results are required for the numerical analysis of higher order time-stepping schemes for
ODEs and PDEs. We introduce a new approach to derive arbitrary high order finite difference
formulae which avoids the need for solving a system of linear equations. We provide various
formulae for the discrete approximation of any order p derivative of an analytic function u at a
point ¢, using p + 1 arbitrary points fy < f; < --- < t, evenly spread around ¢.. These discrete
approximations are of order 1 or 2 (order 2 for centred formulae), with error terms explicitly
expanded in terms of Taylor series with the derivatives u”*(t,), i = 1,2,---. Substituting
successively u?*D(z,), uP*?(z,), - - - by their finite difference approximations in the error term for
the discrete approximation of #(P)(z,), we improve successively by 1 or 2 the order of the discrete
approximation of u”)(t,). An efficient choice of the discrete points minimizes the number of
points needed for a given order of accuracy of the discrete approximation of u‘”(t,). We give a
general theorem for the derivation of finite difference approximations of any derivative of analytic
functions in term of discrete Taylor series. Our approach recovers all possible finite difference
formulae resulting from the method introduced by Li [5], for uniformly spaced grids points,
and the standard backward, forward, and centered finite difference formulae which are given in
terms of formal power series of finite difference operators. Moreover, it gives rise to various
new FD formulae and constitutes a useful tool for developing new stable time-stepping methods
and quadrature rules . We give three new finite difference formulae which are useful for the
construction of high order time-stepping schemes and their efficient starting procedures via DC

2



strategy. In fact, the use of standard backward and central finite differences in building high order
time-stepping schemes via the DC method leads to the computation of starting values for these
schemes outside the solution interval while the standard forward finite difference formula leads
to unstable schemes (see, e.g., [17, 15, 16, 13, 14]).

The paper is organized as follows: in section 2 we recall the main finite difference operators
and prove some of their main properties; section 3 presents general first and second order ap-
proximations of derivatives with error terms explicitly expressed as Taylor series; section 4 gives
many results for arbitrary high order finite difference approximations and show how to recovers
standard existing finite difference formulae from the new approach, and section 5 deals with a
numerical test.

2. Properties of finite difference operators

In this section we recall the standard finite difference operators and provided some of their
useful properties.

For a given spacing k > 0 and areal fp € R, we denote t, = fo+nk and t,,,1)2 = to+(n+1/2)k,
for each integer n. The centered, forward and backward difference operators D, D, and D_,
respectively, related to k, and applied to a function u from R into a Banach space X, are defined

as follows:
M([n+l) - u([n)

Du(tps1/2) = . ,
Dou(t,) = M
and
D_u(t,) = u(t,) _ku(tn—l).

The average operator is denoted by E:

u(tyr1) + u(ty)

Eu(tye12) = Ultysr) = >

The composition of D, and D_ are defined recursively. They commute, that is
(DD )uty) = (D-D)u(ty) = D_D,u(ty),
and satisfy the identities

2m
(D+D_)"u(ty) = k2m Z(_])j(z‘;.n)u(tn+m—j)’ (D

=0

2m+1
D_(D_,_D_)ml/t([n) = k—2m—1 Z (_1)/(2m + 1)u(tn+m—j)s (2)
=0 J

and
my+my

DD u(t) =Ky (—W’(’"‘ ;mz)u<tn+m__,~>, 3
=0

3
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for each nonnegative integer m, m,, and m; such that these sums exist. Formulae (1)-(3) can be
proven by a straightforward induction argument.

We introduce the double index " = (o', @7) € {0, 1,...,m} X {0, 1, ..., m} such that

D™ u(t,) = D D™ u(t,). )
Remark 1. If|a™| = o' + a7 is even, then we have
D™ u(ty) = (D+ D) u(ty), ©)
for some integer m’. For example,
D.Du(t,) = (D+D_)u(ty-1),

and
DYu(t,) = (D+D-)u(ty).

Theorem 1 (Finite difference approximation of a product). Suppose that X is a Banach algebra.
Then, for any functions f,g : R — X, we have

D_(fg)(tn) = D_ f(tx)g(tn) + f(t,)D-g(tn) — kD_ f(t,)D-g (1), (6)

D.(f&)(tn) = Dy f(tn)g(tn) + f(ta)D+&(tn) + kD f () D1 g(10), (N

and

D,D_(fg)(tn) =D, D_f(t,)g(tn) + f(tx)DD_g(ty) + Do f(t,)D_g(t,) + D_ f(t,)D.g(ty)
+ kD, D_f(t,)D,D_g(1y).

More generally, for each integer m = 1,2, ..., such that (D.D_)"(fg)(t,) exists, we have the
formula

(D+D—)m(fg)(tn)=Z(”.l)kz'i D, DD g, ©)
Jj=0 am+p"=(m+ jm+ )

Proof. The formulae (6)-(8) can be obtained by a straightforward calculation, so we just need
to establish (9). We proceed by induction on the positive integer m. From the index notation
introduced in (4), we can write

D.D_f(t)g(t) + f(1:)D+D-g(t) + D f(1)D-g(ta) + D-f (1) D (1)
= >, DY f@)DF (),

a'+p'=(1,1)

and
D.D_f(t,)D,D_g(t,) = D" f(t,)D’ g(t,), witha' +B' = (2,2).

These two identities combined with (8) yield

S (1) ] ,
D+D_(fg)<rn>:2(.)k2f D, DU FeID (),

Jj=0 al+p'=(1+j,1+j)

11



that is formula (9) holds for m = 1. Now suppose that (9) holds until some rank m > 1. We are
going to show that it remains true for m + 1. By the induction hypothesis, we can write

(D+Df>"”‘(fg)(tn)=Z("?)kzi D, DD D el (10)

Jj=0 am+pm=(m+ jm+j)

Expanding D, D_[D®" f(t,)D?" g(t,)] as in the formula (8), we deduce that

D.D-[D™ f(t,)D” g(t,)] = S(j) + K*S (j + 1), (1n
am+p"=(m+ jm+ j)
where 1 1
S(j) = > D™ f) D g(ty).
a4 B =(m+ 1+ jm+ 1+ )

We have

m m ) m . m m

Z( _)sz[S(j)+k25(j+ DI=SO) + » k¥ [( _ ) +( ) S () + K28 (m + 1),

=Y = WU
and deduce from (10), (11) and the identity (}) + (],’_"1) = (’";1) that the formula (9) holds for
m + 1. Finally, we conclude by induction that this formula is true for each suitable positive

integer m. O

Theorem 2 (Finite difference approximation of a composite). Consider two functions f and u
with values into Banach spaces such that f is differentiable, and the composite f o u is defined
on R. Then

1
D_f(u(ty) = f df (u(ty-1) + TkD_u(t,)) (D-u(t,))dt 12)
0
and :
D, f(u(t,)) = f df (u() + AtDu(n)7) (D, u(t))dt (13)
0
Proof. As in standard mean value theorem. (]

3. First and second order discrete approximation of derivatives

In this section we provide various formulae for the finite difference approximation of arbitrary
high order derivatives of analytic functions. The approximations are of order one or two, and the
error terms are explicitly expanded in terms of Taylor series. We need the following lemma
whose proof is an easy induction.

Lemma 1. For positive integers m and p and for any real r, we have

Z(—l)j(’?)(m +r—jp= { 0, fl<sp<m (14
=

m/, if p=m.

12



In particular, for any nonnegative integer p, we have

2m

Z( 1)/( )(m yrt=o, (15)
2m+1 4
Z( 1)!( )(m j+1/2 =0, (16)
and
Z( 1)1( )(m JH 2P = j - 1/2)7 ] = 0. (17)

Theorem 3. Suppose that the function u : [0, T] — X is analytic on an open interval contaning
[0,T]. Let O =1y < t; < ... <ty =T, t, = nk, be a partition of the interval [0, T]. For each
positive integer m, we have

0 km m ) .
Dlu(ty) = u™(t) + Y i—,u(”un)Z(—l)f(';’)(m—j)', (18)
i=m+1 : Jj=0
S
DMu(ty) = u™ () + Y —u(')(t )Z(m— l)f( )( M (19)
i=m+1

D,(D+D,)mu(tn) — u(2m+1)(t )

)

ki 2m+1 o+ 1 20
N YR 1>f( N )( -, @0

i=2m+2 Jj=0
s k2i
(DJ),)'”u(zn)=u<2’”)(tn)+izﬁzl+:l I (Z”(rn)Z( 1)’( )(m D @1
D(D+D_)"’u(rn+1/2) = u®" D (t12)
2m+1
; 2m+ 1 . i (22)
Z @D <2“><zn+1/2)2( 1>f( )(m—;—l/z)“l,
and
0 2i-2m .
(D4 D_Y"Eultysr ) = u® (1) + ), i G e, (23)
i=m+1 °
where

2m

ani = 5 Z( 1)/( )(m 12+ = =172

Proof. We only prove formula (22). The other formulae can be proven similarly. By Taylor
expansion series we have

2k o
Ultre=) = ultnes) + 3 = m = s = ().
i=1

13



Choosing s = 1/2 in this formula, we deduce from (2) that

2m+1

2m+ 1
D(D.D_Y"ulty12) =k " (= 1)!( j )u(zn+m )
Jj=0
o 2m+1 o+ 1
—k Y K it 3 (- 1)/( )(m j=1/2),
i=1 ! Jj=0
and (22) follows from (14) and (16). O

Theorem 4. Let u be C"([0,T],X), m = 1,2,.., and 0 =ty <t; < ... <ty =T, t, = nk, be a
partition [0, T]. Let my and my be two positive integers such that my + my < m. Then, for each
integer n such that my < n < N —my, D' D™ u(t,) is bounded independently of n, and we have
the estimate

[P D™ u)|| < € max [l 2|,

In-m2 SIStymy

where C is a constant depending only on the integer m.

Proof. According to Remark 1, it is enough to just prove the theorem for (D.D_)? f(t,) or
D_(D.D_)’f(t,), for suitable positive integer p (the case p = 0 is trivial). As in the previ-
ous proof, Taylor expansion of order (2p — 1) with integral remainder together with formulae (1)
and (14) yields

D.D_Y'u(ty) = 2§,, _C (2p e [ = sprtueng ks)d
(D, 7)M(tn)—j=0(2p_l)! ; (p=7 O( = )P Uty + (p — pks)ds.
It follows that

2p
D+ D) u(t) < Z( )(p P max (o).

St<tys,
=0

Similar reasoning can be applied in the case of D_(D,D_)"u(t,).

4. Arbitrary high order finite difference approximations

Theorem 5. There exists a sequence {c;};»» of real numbers such that for any function u €
C?P*3 ([0, T1, X), where p is a positive integer, and a partition 0 = ty < t; < ... <ty = T, t, = nk,
of [0, T, we have

’ u(tn ) - u(ln) z i i
W (i) = =" = > o DD, D_Yulty12) + O™, (24)
i=1
and )
U(tpe1) + u(t,) i i
Ultyrj2) = =5 = 3 ek (DD_Y Euty ) + OK™), (25)

i=1
for p <n < N—1-p. The error constants for the formulae (24) and (25) are, respectively, cp43
and cyp1. Table 1 gives the first ten coefficients c;.
7
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Table 1: Ten first coefficients of central difference approximations (24) and (25)

(& I ] C4 Cs Ce c7 cg Cy c10 ci1
11 _18 _ .18 450 450 22050  _ 22050 1786050 1786050
38 24 PIpH 505 627 717 8129 9129 101211 120

Proof. By Taylor expansion we can write

Wtnn) = ulty) + k' (t4172) + Z i ‘;‘;”1‘)’18”'14@’1'“)(;,,+1 12) + OK**?) (26)

and
Wltner) = =ulty) + 2ultyi1p2) + Z (2‘ U ) + O, @7
with dy; = 2!, for i = 2,3,..,2p + 1. Therefore, substituting successively the derivatives

u(3)(un+1/2), u(S)(t,,+1/2), ... and u(z)(t,,+1/2), u(4)(t,,+1/2), ... by their expansion given by the formu-
lae (22) and (23), respectively, into (26) and (27), we deduce the identities

dis
wtne1) = ulty) + kit (1,,1) + 3—k3DD+D ut,,

dyogei 2g+1 q dq+1 2it1 5 9i41 §&+D 2p+3
mk D(DJrD,) M(thr%) + mk (t l) + O(k )

and

din
Ultysr) = —ulty) + 2ultys1/2) + 7k2D+D_Eu(tn+uz) + o
dyr12i

d 2 P
q. qkzq(D+ DY Eu(tys1/2) + Z 20!

2 (20) 2p42
(2 ) kK (b y2) + O™™7)

i=q+1

where, forg=1,...,p—1,andi=¢g+ 1,q + 2, ..., p, we have

dgag+1 “ j +1 . 2i+1
dgr12iv1 = dgpiv1 — Qg+ 1) Z( 1) j (g—j—1/2",
and

dy2q

dyrii = dgoi — =2
q+12 q.2 (2 )' X2

(— )’( )[(q J= 12"+ (g~ j-3/2"1.

Finally, the identities (24 ) and (25) follow by setting ¢y; = d;2;/((2i)!X2) and c2i41 = diniv1/(2i+
D!, fori=1,2,..,p. O

Remark 2. The approximations (24) and (25) are, from the coefficients c; computed in Table 1,
equivalent to the central-difference approximation of the first derivative and the centered Bessel’s
formulae (see [6, p.142 & p.183] or [7, 8]).

15



Remark 3. Formula (24) gives the finite difference approximations in [2], writing

Ultnr1/2) = ulta-1y2)
k

i

21K D(D D) u(ty) + O(K*"*?), (28)

P
u'(t,) =
=1

where

p
i=1

)4 2i+1 .
) ) _ (2i+ 1
i P DDD-Yulty) = k' ) [sz Z(—l)f( ; )u(tn+,-_,-+1/z>].
i=1 =0

- For p =1 we have

Ultps1/2) = u(tu-1y2) 1

u'(t,) = - ﬁkzD(D+D,)u(zn) + O(kh
_ ultnr1y2) = ut-172)  ultny3p2) = 3ultns1y2) + 3ulty-1/2) — ultn-3/2)
- k 24k
+ O(k™h.

- For p =2 we have

I — u(t,_
i) “Wtni2) - Liapp,poyue,) + oo kDD, D-)Putty)

wit) = k 2 255!

+O(K%),
and then

u(ty1/2) — u(tn-1/2) N 1
k 1920k

W (ty) = [9 —-125 330 -330 125 —9]U,{5+0(k6),

where UT . is the transpose of the vector
ns

Un,SZ[M(tn+5/2) u(tnizp)  ultnsr2)  ultypor2)  wty-3p2) M(ln—S/z)]-

The following theorem gives a new form of centered finite difference formulae which is use-
ful for efficient starting procedures of high order time-stepping schemes via deferred correction
strategy [13, 14].

Theorem 6 (Interior centered approximations). Let u € C***3([a, b, X), where p is a positive
integer and [a, D], a < b, is a real interval. Given a uniform partitiona = 19 < 7| < ... < Topy| =
bofla,b), thatis T, = a+nkwithk = (b—a)/2p + 1), and tp,1/2 = (a + b)/2, there exist reals

PP P
5,3, 1 Cop such that

, u(b) — u(a 1 P . .

' (Tpe1p2) = % a— Z & HD(DLD YUty ) + 0K, (29)
i=1

and

p
o) + ua) ;— ua) _ Z K (D D_Y Eu(tp1 ) + O(KT*), (30

W(Tpr1p2) =

i=1
Table 2 gives the coefficients ¢! for p = 1,2,3,4.
9
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Table 2: Coeflicients of the approximations (29)-(30) for p = 1,2,3,4

p p p p p p p »
P ¢ o cy Cs Ce c; cg Cy
9 9
I3 8
b 25 125 125 125
8 24 128 128
3 49 43 67 13377 1029 1029
8§ 24 128 1920 1024 1024
4 81 243 1917 17253 7173 64557 32133 32733
8 8 128 640 1024 7168 32768 32768

Proof. By Taylor expansion we have

u(b) = u(@) = (b — ' (Tps12) + 3 —(’j — .“)M U (@01 0), +O((b — @) ),
£ 2%(2i + 1)
and
(b a)* el 2p+2
u(b) = —u(a) + 2u(tpr172) + E 2o (Tps172) + Ob — a)P™).

Substituting b — a by (2p + 1)k in the summations, we deduce that

u(b) = u(a) + (b — ayu' (tpr12) + Z o 1 2i+1 k2i+1u(2i+1)(7p+1/2) + 03P+,

+1)!
and
u(b) = —u(@) + 2u(tpi172) + Z (21 ;1‘ U1, + 0K,
where

d? =2"7"2p+ 1), fori=1,---,2p+1.

Proceeding exactly as in Theorem 5, we obtain the real dg ; such that, forg = 1,...,p — 1 and
i=qg+1,qg+2,..,p, wehave

_ P q2q+1 2itl
dyr2iar = Ay ~ Qg+ D! Z( 1)1( )(q— -1™

and
14 _ P ‘12‘1 2i 2i
dq+12z dq,Zz (2 )'XZZ(_ )( ) (q ]_1/2) +(q ]+1/2) ]
Finally, ¢}, = 121/((21)' x2)and ch,, | = dszl/(Zz + !, fori=1,2,. O

The following finite difference formulae are useful for the construction of new time-stepping
methods by applying the deferred correction method to first order backward or forward schemes.
These formulae agree with those given in [5] but differ by their special form suited for DC

methods.
10
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Theorem 7. (Forward-centered and backward-centered approximations)
There exist two sequences {a;};, and {b;};s» of real numbers such that, for any function u €
Ccr+ (0,71, X) and a partition 0 =ty < t; < ... <ty =T, t, = nk, of [0, T], we have

W (t,) = M - Z ak ' D' (D, D_YDut,) + OKP), (31)

i=2

and ,
W (tye) = M(tn+1)k— u(t,) . Z b,-kHDi([)(DJer)”(i)M(tml) + O(kP), (32)

i=2
Sfor u(p)+71(p) < n < N—pu(p), where u(i) and t(i) are, respectively, the quotient and the remain-
der of the Euclidean division of the integer i by 2, that is i = 2u(i) +7(i), 7(i) = 0 or 1. The errors
constants for the finite differences approximations (31)-(32) are a1 and by, respectively, and
we have the relation a, = by, and a; = —b;, fori =3,4,---.
Table 3 gives the coefficients a;, fori =2,3,---,11.

Table 3: Table of coefficients, for differed correction backward Euler method.

a az  ay as de a as dag ao ar
1 1l 2 _4 12 36 144 576 28380 14400
2 31 4l 51 ! 7! 1 ! 10! 11!

Proof. Taylor expansion of the function u at order p around ¢ = ¢, gives
P Ko
u(tnsr) = u(ty) + Ap k' (t,) + Z Al,i.—,u(l)(fn) + Ok, (33)
L
i=2

where A;; = 1,fori=1,2,3, ..., p. Suppose that

Utnsr) = u(ty) + Ap ki (1) + Az ok” D D_u(ty) + A3 3k° D_(D, D )u(ty) + ...

p
- » 34
+ Ag1g K DIDLD Y u(n,) + )" A ki (1) + O, G

i=q

for an arbitrary integer ¢ > 2, where (33) is the formula for ¢ = 2. From (20)-(21) and (15) we
have
o0 ki_q ) q {q )
u9(t,) = DXV(D. DY Pu(ty) - > ——u(,) Z(—D’( ) ORI
i=q+1 i! Jj=0 J

and it follows that

p P i
o k4 ko k4
> A ik u®(t,) = At (0 + D A i) = A1y DM DDV Puty)
i=q : i=q+1 : :

!
i=g+1 q:

2 Ap1y & ) Nk .
+ Z Agri— =51 Z(;(—l)-’(j.)(u(w—j)’]ﬁu<’>(tn>+0<k"“>.
=
11
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Substituting the last identity in (34), we deduce that
Utne1) = u(ty) + ki (t,) + Ayok® D, D_u(t,) + As 36> D_(Dy D u(ty) + ...

p
+ Agk"DID DY Du(ty) + ) Agiku(1,) + OKP),

i=q+1
where, for g = 2,3,--- , p we have
Agg =Ag-1g
and
A, < (q N )
Agi=Ag1i— ﬁ Z(;(—l)/(j) (u(q) — j) fori=q+1,qg+2,...p.
=

We can then deduce by induction on ¢ that formula (31) holds with a; = A;;, fori =2, ..., p. The
sequence {b;};», can be obtained similarly.

O
Remark 4. The standard forward formula writes
oy = W) —u(t) XD
(1) = = = Sk D) + OG). (35)

i=2

It can be obtained by substituting successively the derivative u®(t,), ud(t,), ..., in (33) by the
expansion (18), and the standard backward formula writes

u(tn+1) - u(tn) +

P
1 . :
p 2, KD u(ten) + OR), (36)

i=2

M/(tn+1) =

and can be obtained from (19). The errors constants in the new forward-centered and backward-
centered formulae are smaller than for the standard forward and backward formulae (35) and
(36), respectively. For example, the error constant for an approximation of order 10 for v’ (t,,) by
the formulae (35)-(36) is 1/11 while the corresponding error constant for (31)-(32) is 14400/111.

More generally, we have the following result:

Theorem 8 (General finite difference formulae). For an analytic function u : R — X, given an
integer m and a real k > 0, we can write, for any integer p > m and a real t,

)4
u™ () = k™ Z Z C,i(k) D” u(t) + OkP+1=m), (37)
i=m |af|=i

where C,i are constants, k,, = k, k; = g;k (for i > m + 1, where &; > 0 is arbitrarily chosen), and
each finite difference operator D is related to k; in the sense that

(ki) D" u(t) = Z(—l)f(j.)u (r+ @) = k). forla’l =1i. (38)
=0
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Proof. For a double index o' = (@}, a)) such that || = i and a spacing k; > 0, since D* is
related to k; > 0, we deduce from (38) and Theorem 3 that

W1y = D" u(t) - Z k ’) (1)(t)Z( 1)1( ) (o - J) - (39)

I=i+1

Therefore, we can choose one double index @™ such that |@”*| = m and deduce that

0

K"u™ (1) = K" D" u(r) - Z “)(’)Z( 1)( )a I

1= m+1

This identity can be written

Ky (m)(t) _kmDa u(t)+ Z Cm+1 ( m+1)

I=m+1

u® (@), (40)
where k1 = Eni1k, for areal €, > 0 arbitrarily chosen, and

m+ll—_(‘9m+l) Z( l)j( )(Y —_]) f0rlZm+l.

Next, we choose one double index ’"*! such that [a"*!| = m + 1 and substitute the identity (39)
for i = m + 1 into (40) to obtain

k"™ (@) = KD u(t) + Coret ot (ki)™ D™ 1) + Z Consrs— (’"*2) WP, @)

I=m+2

where k42 = €ni2kims1, for areal €, > 0 arbitrarily chosen, and, for [ > m + 2,

C m+1 I
_ —] m+1,m+1 m+1 .
Cns2g = Ems2)™ | Ciner — i Z( b’ ( )(0‘1 o= J) ]

This procedure is repeated until obtaining the expected order of accuracy. O

Remark 5. As a simple application of Theorem 8, the standard central difference for the second
derivative (see, e.g., [7, Formulae (3.3.10)-(3.3.11)]) can be obtained as follows: We choose
m = 1 in formula (21) and obtain

.
29 2 @
Kow(t,) = k(D3 D-Ju(ty) 22 G o). 42)

which is the second order approximation of u”(t,) with error constant K, = —1/12. The same
formula for m = 2 gives

) 2i 4
K1) = DD utty) — Y (1) Z(—l)/‘(“.)(z -
— (2i)! = j

13
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Substituting the last identity in (42), we deduce that
2i
2 5 2 _ < 2i (2i)
K2 (ty) =k*(D,. D_yu(ty) —(D+D)u(zn)+2[ 2+ Z( 1)1( )(2 P ](2), (tn)-

The last formula gives the approximation of order 4 for u’(t,) with error constant

2 11
2+ ( 1)1( )(2—]')6]—:—.
= 6! 90

The arbitrary high order central difference can be obtained by continuing the procedure.

Ky

Remark 6. The finite differences introduced by Li (see [5]), for uniformly spaced grid points
fo <t <--- <ty t, =ty +nk, can be recovered by the following formulae:

- For the boundary points ty and t,, the approximations for uP(t,) and uP(ty), 1 < p < n, are
obtained by the formulae

kP DPu(t,) = kPuP(t,) + Z @p k" D u(t,) + O™,

m=p+1
and
n
kP DLu(to) = KuP(t0) + > @po k" Dtulto) + OK™™),
m=p+1

- For 1 < j < n, the approximation for u'(t;) can be deduced from the formulae

J n
kD_u(t) = ki (1) + @1 k"D u(t) + )" ik DL DLute) + O™

m=2 m=j+1

- The approximation for u”(t;), 1 < j < n, can be deduced from the following formulae. For
Jj=1we have

DD u(t) = Ru’(t) + ) o1 wk" D D u(ty) + OK™),

m=3

and for2 < j<n,

J n
D2u(t) = () + ) ik Du(t)) + Y. @2 k" DY Dlute) + 0K,

m=3 m=j+1

The approximation for u(t;), 1 < j < nandi = 3,4,---n can be obtained similarly, and the
coefficients a;; , result from Theorem 8.

Remark 7. To obtain a FD formula for the numerical approximation u'(t;+1/2), 0 < i < n, for
example, using the interpolating points ty < t; < --- < ty, t, = to + nk, one can use formula (22)

and obtains
sl k2m+1
Du(tiv172) = ku'(ti2) + Z —ZM(2m+l)(fi+|/2)-
L4 (2m+ 1)1 22
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Then, an application of Theorem 8 provides coefficients B3, - - - , 8, such that

Du(tiy12) = ki (tie12) + ZﬂmkmD'f*'DM(ml/z)

m=3
n
+ Z Bk D" DI Du(tiy1 1) + OG™).

m=max({3,i+1}

Different forms of the last formula are possible.

5. Numerical test

This section deals with a comparison between the standard finite difference formulae and the
new formulae obtained in Theorem 6 and 7. The comparisons address the numerical differenti-
ation of the functions u(x) = sin(1007x) and u(x) = sin(10007rx) which are taken from the list
of tests functions in [2]. For the classical finite difference formulae we just select the backward
formulae of order 6 and 10, denoted B6 and B10, respectively. For the new finite difference
formulae we choose the backward-centered formulae of order 6 and 10, denoted BC6 and BC10,
respectively, and the interior-centered formulae of order 6 and 10, denoted /C6 and IC10, respec-
tively. We drop the standard forward finite difference formula since it reaches the same accuracy
as the backward formula (for a same order of approximation). The standard centered finite dif-
ference formula has the accuracy of the interior-centered formula so that we choose to not show
it. Finally, the forward-centered formula reaches the same accuracy as the backward-centered
formula.

Figure 1 shows that each of the finite difference formulae choosen gives a good approximate
derivative of the functions considered. The accuracy of the approximations are related to both
the order of accuracy of the corresponding formula and its error constant. Moreover, the new
formulae are less prone to floating point error when the approximation reaches machine accuracy.

Errors for approximate derivatives of u(x)=sin(100x) at x=0 Errors for approximate derivatives of u(x)=sin(1000x) at x=0
4
10 7

——>- B6

10 - - - BC6
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Figure 1: Graphs of absolute error for the numerical derivative of u(x) = sin(1007rx) (left) and u(x) = sin(10007x) (right)
at x = 0 with B6, B10, BC6, BC10, IC6 and IC10.
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Chapter 2

Arbitrary order A-stable methods
for ordinary differential equations
via deferred correction

This chapter is presented in terms of a journal article and submitted to BIT Numerical
Mathematics (BIT), carrying the same title as mentioned above. Please see the
attached paper for the content.
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1 Introduction

In [9, 18], Gustafsson and Kress introduced a new version of deferred correction
strategy for the numerical solution of linear systems of ODEs [9] and initial bound-
ary value problems [18], under a monotonicity condition. Numerical experiments
with one-dimensional linear parabolic and hyperbolic equations were performed and
showed that the method is effective (orders 2, 4 and 6 of accuracy are achieved). We
propose to extend the method from [9,18] to the time-discretization of more general
time-evolution partial differential equations (PDEs). In this paper, we restrict to the
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case of the initial value problem (IVP)

du
{ o = Fltw), te[0.T], (1)
u(0)

uQ,

where the unknown u is from [0,7] into a Banach space X, up is a given data
and F is a sufficiently differentiable function such that w exists and is sufficiently
differentiable. The main objective is to show the properties of the numerical method
(consistency, stability, convergence and order of accuracy). A complete analysis of
the DC method applied to reaction-diffusion equations leads to an arbitrary high
order and unconditionally stable method (see [17]).

The deferred correction (DC) method is used to improve the order of accuracy

of numerical methods of lower order. This method is explored by many authors,

g [1,2,6,7,9,11,19,21]. The method in [6] is an application of iterative deferred
correction (IDC). The authors proved that an asymptotic improvement of order p
can be accomplished, from a scheme of order p, at each step of the IDC procedure,
provided suitable finite difference operators are employed. Numerical experiments
are performed with the IDC applied to the trapezoidal rule, Taylor-2 and Adams-
Bashforth of order 2. The results are promising even though they point out some
difficulties of the proposed algorithms: inacuracy for “large” time step and no asymp-
totic improvement for high levels of correction. The approaches in [1,2,7,9,11,19] are
quite similar and consist in a linear perturbation of a low order scheme. However,
solving stiff problems (problems extremely hard to solve by standard explicit step-
by-step methods [23]) is a challenge unfavorable for these methods. In particular,
the method in [19], concerning a highly accurate solver for stiff ODEs, requires suf-
ficiently small time steps for moderately stiff problems while convergence is reduced
to order 2 for “very stiff” problems.

Our schemes are based on nonlinear perturbations (corrections) of the implicit
midpoint rule and inherit the A-stable property of the trapezoidal rule [5] at any
stage of the correction. Starting from an approximation {uQ’" }ZZO of the exact solu-
tion u by the implicit midpoint rule on a uniform partition 0 =ty <t; <--- <ty =T
of [0,T], at the stage j = 1,2,--- of the correction we obtain an approximation

; N . o
{u23+2’"} e of u, expected to be of order 2j + 2 of accuracy, on the same partition.

FEach approxunate solution {u23 ”} to be corrected is subject to a deferred cor-
rection condition (DCC) which guarantees the improvement of the order of accuracy.
‘We prove that if {uQJ "} _ satisfies the DCC and its correction {u2f +2 ”}7]:/ o con-
verges to u at the dlscrete pomts 0=ty <t1 <---<ty=T (or is simply bounded,
when X is finite dimensional) then {uQJ +2, "}: approximates u with order 2j + 2.
Moreover, provided the function F' is Lipschitz Wlth respect to its second variable
or satisfies a one-sided Lipschitz condition, each {u27 "}n:o satisfies the DCC and
then converges with order 2j of accuracy, for arbitrary positive integer j. The theory
is illustrated by numerical tests, for the schemes of order 2, 4, ..., 10.

The paper is organized as follows: in section 2 we recall some basic results from
finite difference approximations and present the DC schemes; section 3 deals with
the consistency of the method; the analysis of convergence and order of accuracy is
given in section 4; absolute stability is proved is section 5, and section 6 is devoted
to numerical experiments.
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2 Deferred correction schemes for the implicit midpoint rule

We suppose that F' e C?P*2(]0,T] x X, X), for a positive integer p, so that (1) has
a unique solution u € C?P3([0,T],X). We simply denote by | - ||, the norm in the
Banach space X . For a time step k >0, we denote t,, = nk and t,, 19 = (n+1/2)k,
for each integer n. This implies that t9 = 0. We consider the time steps k such that
0=tyg<t1 < <ty=T is a partition of [0,T], for a non-negative integer N. The
centered, forward and backward difference operators D, Dy and D_, respectively,
related to k and applied to u, are defined as follows:

u(tnt1) —ultn)

Du(t,11/2) = -5
Dyulty) = 7u(t"“)k_u(t"),
and
D_u(ty) = M,n >1.

k
The average operator is denoted by E:
u(tnt1) +ulty)

Bultn1/2) = ltas) = S 200,

The composition of Dy and D_ is defined recursively. They commute, that is
(DD )u(ty) = (D_Dy)u(t,) = D_Diu(ty,), and satisfy the identities

2m (om
(D4 D_)™ult,) = k‘QmZH)’( : )u(tnm_i), (2)

=0

and _—
LAy (Qm +1

D_ (D+D7)"Lu(tn) = k72m71 Z (—1)L )u(tTL«‘r'an’i)’ (3)
=0

7

for each integer m > 1 such that 0 <t,_p—1 <tpitm < T. We have the estimate

D7 Duten)| <

dmitmag, 1
— (1
022 N gz || (4)
provided [tp—mq,tnt+m,] C [0,7] and mq +mao < 2p+3 (see [14, p.249] or [16]).
If {u™},, is a sequence of approximation of u at the discrete points ¢,, the finite

difference operators apply to {u"},, and we define

un+1 —un

Dun+1/2 _ D+un —D_y"tl = - ,
and “
Eunt1/2 _ g1 _ uT Hut
2
From the centered finite difference approximation (see [16, Thm 5] or [3,4,12])
we have

du w(tpy1) —u(ty d i i .
g tnt1/2) = % =Y e201k* (D D) Dulty11/2)) + O(K+2) (5)

i=1
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and
Wltng1) Fultn) &
+ 1t i i i
Ultnsr/o) = =G0 =Y Tk (D4 D) Bultyay2) + O(K), - (6)
i=1
for each integer 1 < j < p. These approximations lead to the schemes

n+1 n J

U kfu ,Z(:2i+1k2i(D+D_)iDun+1/2
i=1
’ L ™)
w4 i i
=F (tn+1/27 f - Zlc2ik2l(D+D)2Eun+l/2) .
i=

The schemes (7) are multi-steps and prone to stability restrictions. We resort to DC
method to transform them into a sequence of one step schemes as follows: For j =0,
we have the implicit midpoint rule

2,n+1 2.n 2,n+1 2,n
us —u® us +u”
—= r (t"H/Q, f) w0 = . (8)

For j > 1,

w22+l _ 25420

J
- Z caip 1k (DyD_ )’.Duzj”“rl/2

k i=1
im
2j+2,n+1 4, 25+2 J ©)
j+2.n j+2n ) ) )
_r <tn+l/27 U 2+u - ZCQikZz(D+D_)2Eu21,n+l/2> 7
i=1
w20 — g (10)

The scheme (9)-(10) has unknowns u?+2™ n=1,2,....N, and is deduced from (7)
by substituting the unknown «™ under the summation symbols by 425", The index
2j indicates that {uzj "}n is expected to be an approximation of the exact solution
u with order 2j of accuracy. We call the schemes (9)-(10) Deferred Correction of
order 2j + 2 for the implicit midpoint rule, denoted DC(2j+2).

27,—1

Remark 1 The scheme (9)-(10), forn=1,2,3,---,j, should involve unknowns u -

which represent approximate solutions of (1) at the discrete points t = —k, ..., —jk, re-
spectively. To avoid those approximations for ¢ < 0, we propose the following scheme
which is efficient for the computation of «27+21 .. 42727 using only points within
the solution interval [0,7].

2j42.n4+1 _, 2j42.n J_
w2it2m+l _ 25+ -t ZC;_+1k_2_i+1(D+D7)iDﬁ2j¢(2j+l)n+j+1/2
k ; e
i=1 ; (11)
—F (tn+1/2 Fuit2n+1/2 chék?i(D+D )iEﬂ2j,(2j+1)n+]‘+1/2)
) 7 - )
i=1
w20 — . (12)
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The finite difference operator in (11) are related to the time step k; = k/(2j +1).
The approximations {ﬂQj*’” ,, and {uzj’”}n are computed from the same scheme,
(8) or (9)-(10), but for the time steps k; and k, respectively. The scheme (11) results
from the finite difference approximations

u(t —u(t 1 I . ) )
' (tnt1/2) = w % > i kST D(Dy D) ulrj41/2) + Ok H?)
i=1

(13)
and

I (DY D) Bu(rjy12) + 07 T2),  (14)

J
u tn +u t'n, j
’U,(tn+1/2) _ ( +1)2 ( ) _ C;

i=1

where t, =70 <7 < ... < Toj41 = tpy1, With 7, =t, +mk;, for m=1,2,--- 25+ 1.
Table 1 gives the coefficients ¢! for j =1,2,3,4.

Table 1 Coefficients of the approximations (13)-(14) for j =1,2,3,4

J J J
i < ck €y ck S C7 = ch
9 9
1 8 8
9 25 125 125 125
s 24 128 128
3 49 343 637 13377 1029 1029
S 24 128 1920 1024 1024
4 81 243 1917 17253 7173 64557 32733 32733
8 8 128 640 1024 7168 32768 32768

Remark 2 Each u? 127+ n > j is an iterative solution of the system
a:—a%—kF(tn+1/2,0.5$+bZL) =0, (15)

where x is the unknown, and aJ, and b}, are constants depending on u?*2" and
w2ImHIFT gy 2im+i L. 2m=3 The total number of vectors (in the solution space
X) stored for the computation of u2i+27+1 is j2 4 35+ 1: w242 and the u?"9, for
1=1,2,---,j,and n+ (j—i+1)(j+1%)/2-2i<qg<n+1+(G—i+1)(j+1)/2.

3 Deferred correction condition (DCC)

In this section we give a sufficient condition for the scheme (9)-(10) to achieve order
2j+2 of accuracy. Hereafter, the letter C' will denote any constant independent from
k, and that can be calculated explicitly in term of known quantities. The exact value
of C' may change from a line to another line. We have the following definition:

Definition 1 Let u be the exact solution of the Cauchy problem (1). Given a posi-

tive integer j, a sequence {UQJ’"}n:O of approximations of u at the discrete points

0=tp<--- <ty =T is said to satisfy the Deferred Correction Condition (DCC) for
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6

the implicit midpoint rule if {u%”}nzo approximates u with order 25 of accuracy,
and we have

1D+ D)D" 42 —u(ty y19)) | + D4 D (@™ —ultnr1))|| < CKY, (16)

forn=1,2,..., N —2and k < kg, where kg > 0 is fixed and C'is a constant independent
from k.

Remark 3 Condition (16) is equivalent to
J

Zczz—k% (D+D,)i (u2j’"’ — u(tn))
i=1

< CE¥2, (17)

and

< OkHT2 (18)

J
> (eair1 —coi)k* (DyD_)' D (UZj’"+1/2 - U(tn+1/2)>
=1

forn=75,j4+1,--- N —j. This is due to the transform
; — 2i—2
K2 (Dy Do) (u?" —u(ty)) = k2 (-1)! ( z >D+D, (u?" —u(ty))
1=0

and a similar transform for k* (D1 D_)" D (uzj”“rl/z —u(tpi1/2))-
We have the following result:

AN
Theorem 1 Let u be the exact solution of (1) and {u%”}nzo, 1<j<p, a se-
quence of approzimations of u satisfying DCC for the implicit midpoint rule. Let

{g?i;rj’”}ijzo be the solution of (9)-(10) built from {u2'7*"}§:o. We suppose that
w221

o u?I20 gre given and satisfy
w2327 —u(t,)| < Ck¥ T2, for n=1,2,...,4, (19)
where C' is a constant independent from k. Furthermore, we suppose that one of the
following four conditions holds:
(i) F is Lipschitz with respect to the second variable z: there exists p >0 such that
1F(t,2) = F(ty)| < pllz—yll, V(t2,y) € [0,T]x X x X. (20)

, N
(i) X is finite dimensional, and {u23+2*”}n:0 remains close to u in the sense that
there exists M >0 such that

lu23F27 —u(t,)|| < M,  for each n=0,1,...,N. (21)

(iii) X is infinite dimensional, and {u21+2’”}n converges to the exact solution u.
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(iv) X is a Hilbert space with inner product (.,.), and F satisfied the following so-
called one-sided Lipschitz condition, with a constant p >0,

(F(t,z) = F(t.y),e —y) < plle—y)?, V(t2y) €[0,T]x X x X. (22)
Then {u2j+2*”}n approximates u with order 2j +2 of accuracy, that is
[[u23F27 —u(t,)|| < Ck¥ T2, for each n=0,1,...,N, (23)

where C' is a constant depending only on j, T, DCC, a Lipschitz constant on F and
the derivatives of u up to order 2j+3, for time steps k sufficiently small.

Proof
1. First we consider the case where the function F = F(t,x) is Lipschitz with respect
to the second variable z. Combining (1) and (9), we obtain the identity

DOX+2n+1/2 _ [2j+2n+1/2 | (A —rHD (u2j,n+l/2 7u(tn+1/2)> o1
F F (tyy)0,u 20— DIG2MTY) — F (£, 44 0, U(tpg1) — TV t(tng1))

where A7 and I'7 are finite difference operators defined for arbitrary integer j > 1 by

J
Nu(ty) =" caig1k* (D4 D) ulty),
i=1

and _
J
Dhuty) = ok (Dy D_)'ulty),
i=1
provided u(t,4+;) exists for i =0,1,2,---,j. We have defined
eXt2n — (u2j+2’” - u(fn)) —1 (11,2j’" —u(tn)) , (25)
and
o222 - [t (tns1/2) — Du(tyq1/2) +AjDU(tn+1/2)]
- [F(tn+1/27u(tn+1/2)) — F(tpy1/2:u(tn+1) — I(tng1))] -

From (5) we have

Hu/(t7L+l/2) = Du(tny1/2) +AjDu(tn+1/2) H < CKIH2,

and, since F is differentiable and w is sufficiently regular, we deduce from the mean
value theorem and the approximation (6) that

|F(tns1 20 ultng1j2) = Ftyin 2, t(tngr) = Tt 41))|| < CETH2,

for each n=0,1,---,N, where C is a constant depending only on j, T, F' and the
derivatives of u up to order 25 + 3. The last two inequalities imply that

Ha2j+2,n+1/2H < CR2T2, (26)
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Since the sequence {qu ”}n satisfies DCC, from Remark 3 we have
[ (47 = 19) D (w2412 gt )| < CH2342, (27)

From the Lipschitz condition on F' we have

| F (g1, u? T2 = DIRHH) — F (t41 2, U(tn1) = TV U(tng) ) ||

oy 28
< @2, -

Substituting inequalities (26)-(28) in the identity (24), we deduce that

”D@2j+2,n+1/2” < Ck2j+2 +/L||é\2j+2’yb+l||,

and it follows from the triangle inequality that
k2543 n 24 pk
2—puk  2—puk

for 0 < puk < 2. We then deduce by induction on n that

||92]'+2,n+1” <C ||@2j+27’ﬂ||7

. 1 (2+uk\" 7 2wk "
¥t < 0—nu B2 ST O&F2I|. (29
| I < 5=k \ 23—k M [ - (29)

From hypothesis (19) and the DCC we have

©29+2:0 < w2IT2T (0| + || 79 (0259 — u(t < Ck2j+27 30

J J
n
where C is a constant independent from k. Moreover, the sequence {(%) } is
bounded above by exp(2uT/(2—¢)), for 0 < pk <e < 2. Whence "
”62j+2,n” S Ck2j+2.
=4

Finally, by the triangle inequality, identity (25) and DCC, we have

[ 52" —u(ty)|| < [|©27F2"

|+ Hl“j(uzj’" _“(t"))H < CK*T2

where C is a constant depending only on j, 7', the DCC constant, x and the deriva-
tives of u up to order 2j + 3.

2. Suppose that {u2j+2*" }nN:0 satisfies (21) and X is finite dimensional. We can write
F (tpg1y2, 0 T2 — DI H ) — F (41 0, 0(tng1) — T (tng1))
- /1 duF (tn+1/2.ﬁ(tn+l) —DI0(tyy1) + sé2j+2’"+l> (éﬁ“‘r"“) ds.
0
From (21) and the DCC there exists k1 > 0 such that 0 < k < k1 < ko implies

|&% T2 < M+ CRYH2 < M 41,
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On the other hand, we have

[@(tns1) = M a(tns1)]| = <R,

(tn+1) iizo sz( ')U(tnﬂ'—z)

where
R:= <1+2221021> maxu(®)]]
i=1

It follows (28) for

sup llde F°(t, )|
0<t<T,||z||<M+R+1

Since F is differentiable and the set {z € X :||z|| < M+ R+ 1} is compact in the
finite dimensional linear space X, the supremum exists and is finite. The theorem is
then deduced from the case (i).

3. If {ugj +2’”}n converges to the exact solution u, taking the DDC and the finite
difference formula (6) into account, we have

(ﬂ(tm_l) — (1) +sé2j+2’"+1) —u(tpq1/2) =0, a8 k=0, for 0 <s < 1.

It follows from the continuity of u+ d,, F(¢,u) that there exists 0 < k2 < ko such
that 0 < k < ko implies

(2 2) — Dt )+ 70X 200 <14 o [P (1) .
The theorem, in this case, follows by taking p = 14+maxo<¢<7 ||duF (t,u(t))] in (i).

4. Here we consider the case where X is a Hilbert space and F' satisfies the mono-
tonicity condition (22). Then, taking the inner product of the identity (24) with
©23+2:n+1 we deduce the inequality

<D92j+2,n+1/2 é2j+2,n+1> < <U2j+2,n+1/2‘é\2j+2,n+1> Jr’u||(’9‘2j-s-2,n+1”2
o , o (31)
(47 = 1D 12—ty 1)), 6242041

since, according to (22), we have
(F (tn+1/2,a2j+2’”+1 — Fﬂ2j’”+1) —F (tn+1/2,ﬁ(tn+1) — Fa(tn+1)) 7’9\2j+2,n+1)

~ 2
<u 92;+2,n+1H .

Inequalities (26)-(27) together with the Cauchy-Schwartz inequality yield

‘ <02j+2,n+1/27é\2j+2,n+1> ‘ < Ck2j+2‘|é\2j+2,n+l I,

and

(49 = D) D@12ty 112)), 8242741 )| < Cp2I+2| @242 41
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where C is a constant depending only on j, T', a Lipschitz constant on F' and the
derivatives of u up to order 2j 4 3. Substituting the last three inequalities into (31),
we obtain

(D@2j+2,n+1/2’é\2j+2,n+1> < Ck2j+2Hé2j+2,n+1H +M||é\2j+2,n+1”27

and we deduce from the identity

) P 1 . .
2j+2,n+1/2 52j+2,n+1 2j+2,n+1/2 2j42,n 2
(D@ J+2,n+1/ ,0 J+2,n+ ): 5% (”@ J+2,n+ I>—1e J+ | )
and the inequality
Py 1 . .
2j42,n+1 2j42,n+1 2542,
[O2F=m < 2 (1O T2 +[|@2 =)

that 2jt3
. J
||@2]+2,n+1|| < C k + 2+ﬂk
2—puk  2—puk

for 0 < pk < 2. The conclusion follows from the case (i).

e F2n,

Remark 4 Theorem 1 shows that the correction may be applied for any other scheme
satisfying DCC.

Remark 5 In practice, the estimate (23) takes the form

; 24 uk\" T o
[[uP+27 —u(t,)| < C (2 —Zk) k2942, (32)
where p ~ 01r<nta<xT||duF(1f,u(t)) I. This inequality requires 0 < pk < 2. If pk > 2 the

estimate does not hold, but the methods may produce accurate solutions which are
prone to oscillations around the exact solution (this is the case when the eigenvalues
of the Jacobian d,, F(t,u(t)) along the solution curve have negative real part).

4 Convergence and order of accuracy

In this section we prove the following theorem:

Theorem 2 Let u € C?P*3([0,T],X) be the exact solution of the problem (1). Sup-
pose that one of the four conditions (i)-(iv) of Theorem 1 holds, with condition (ii) or
(@) holding for all j=0,1,---,p+1. Then each sequence {uzj’"}ijzo, 1< <p+1,
solution of the scheme (8) or (9)-(10), approzimates u with order 2j of accuracy.
Furthermore, we have the estimate

(D4 D)™ D™ 2 —uty )|+ (D D)™ (@ —u(tni1))]| < Ck*
(33)
form=0,1,...p—j andn=m+j—1,m+j,...N —j—m, where C is a constant
depending only on p, T, and the derivatives of u and F up to order 2m+2j+1 and
2m+2j5 — 1, respectively.

To prove this theorem we need Theorem 1 and the the following lemma:
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Lemma 1 Let {uz*"}gzo be the solution of the scheme (8). Suppose that one of the
conditions (i), (iii) or (iv) of Theorem 1 holds, or {uZ’"}:’:O is bounded in the sense

N
of the condition (i) of this theorem. Then {uz’"}nzo approximates u with order 2
of accuracy, and we have the inequality

(D4 D)™ D(u*™ 1% —u(t, 1 2)) ||+ (D D)™ (> —utni1))|| < CK?,
(34)
form=0,1,....p andn=m,m+1,.... N —m—1, where C is a constant depending only
on p, T, and the derivatives of u and F' up to order 2m+3 and 2m+ 1, respectively.

Proof (Proof of Lemma 1) For the sake of simplification we suppose that F = F(z).
The general case can be handled by transforming (1) into an autonomous system.
From the hypotheses of the Lemma, Theorem 1 implies that { u?m }nN=o approximates
u with order two of accuracy:

llu(tn) —u®™|| < Ck?, for each n=0,1,2,--, N, (35)

where C' is a constant depending only on 7', F' and the derivatives of u up to order
3. To establish (34) we proceed by induction on the integer m = 0,1,...,p.

1. Inequality (34) for m = 0.
As in Theorem 1, we combine (1) and (8) and deduce the identity

DE>™HV2 = [F (@2™H1) = F (W(tns1))] + 02" 1/2, (36)
where
92,71 _ u2,n _ u(tn),

and

g2t/ = [0 (tng1/2) = Dultyi1/2)] = [F (wtygr/2) = F (@(tng1))] -

From Taylor’s formula with integral remainder and the estimate (4), there exists a
function g such that

0_2,n+1/2 — k2g(tn+1),

with
D7D g(tng1)|| < C, for mp—1<n<N-—my—1, (37)
for each nonnegative integers mj and meo such that mj +meo < 2p, where C is a

constant depending only on T, F', and the derivatives of v up to order mj +msg+ 3.
We can write

1
F (@) = F (U(tnt1)) = / dF (K771 (62" )dr,
0

where R
KT =0(tng1) + 102"

The last identities substituted into (36) yield

1
DO*™H/2 = / dF (K7) (67" )dr 4+ K g(tn). (38)
0
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Proceeding as in Theorem 1, we deduce from (35) and the regularity of u that

Therefore, taking the norm on both sides of (38), we deduce by the triangle inequality
and the inequalities (35) and (37), for my = mg =0, that

1
/ dF(K?+1)(é2’n+1)dT1 §C||é\2’n+1”.
0

D> V2| < ClO>" | + K2 g tna)l| < CF, (39)
where C' is a constant depending only on 7" and the derivatives of v and F up to
order 3 and 1, respectively. The last inequality combined with (35) implies that (34)
holds for m = 0.

. Here we are going to prove that inequality (34) remains true for m+ 1, assuming
that it holds for an arbitrary integer m such that 0 <m <p—1.

We apply (D+D_)™ Dy to (38) and obtain

(D4 D)™ 2" = (Dy D )" Dyh(tni1) +5* (Dy D)™ Dyg(tnsr), (40)
where we set

1
h(tna1) :/ dF (K1Y (627 ) dry.
0

The main difficulty is to bound (D4 D_)" Dy h(tn41) = D_2'_m+1h(tn+1,m). We have

1 1 1
D+h(tn):/ dF(K{L“)(DJFQZ’")dﬁ—i-/ / EF(KD) (DJFK{L,@Q*") dridra,
0 0 0

1 1 1
Dih(t,) = / dF(K}2)(D26%™)dr + / / PF(KyTY (DK, DL 6% dr?
0 0 Jo

1 1 1 1
+/ / d2F(K§+1)(DiK?,@2*"“)d72+/ / PF(KFY(DLK?, Dy 6%™)dr?
0 0 0 0

1 1 1
+/ / / d3F(K§)(D+K§‘,D+K?,92*”) drd,
0 0 0

where dr? = dry - --dr;, and
i
n =K (K - KY) =K+ > Tiy i k' DYLKTL (41)
1=12<i1 < <iy<it1
It follows the general formula

q+1
DY h(tn) = Z Z Ll for¢=1,2,..,2p+1, and n <N —g, (42)

i=1 |agl=q
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where a; = (a},-n,af*l,aﬁ) € {1,2,--- ,q}Fl x{0,1,---,g—i+1}, and LZ;;’Z. is a

linear combination, with properly chosen coefficients, of the quantities
i—1

) ) i—1 1 1 i i .
L f/ waF“Pﬂ@ﬁ Miﬂw~DTKFQD?@W%)MC
[0,1]¢

i,00,8;
where 8; = (81,871, 80 € {1,2,---,q}" ' x{0,1,--- ,g—i+1} with ! +al <g—
I+1, for I=1,---,i. From (41) and (35) we have
KM =u(t,11/2)+O(k), for i=1,2,-++ 2p+2,
and we deduce that there exists k3 > 0 such that 0 < k < ks implies
[|d'F (K| <Ci, fori=1,2,..,2p+2, and 0<n < N—i+1, (43)

where C; is a constant depending only on k3, T, and the derivatives of u and F' up
to order 3 and i, respectively. From the inductions hypothesis (34) and inequality
(4) we have

IDLK}| <C, for 1<r<i<2m+3,1<n<N—-i—-r+1, (44)
and R
|D7.O%*™|| < CK?, for 1<r<2m+1,1<n<N-—r, (45)

where C is a constant depending only on m, T, and the derivatives of v and F' up to
order r+2 and r, respectively. Each L?g_ 3 being multilinear continuous, we deduce

from (43)-(45) and the relation Bl +al <g—1+1, for [=1,--- 4, that
|9 | <Ck?, for 1<i<q+1<2m+2,n<N-—gq.

i,05,8;
It follows by the triangle inequality that (42) for ¢ =2m+1 yields
[ (D4+D-)" Dy h(tng1)l = ||D3-m+1h(tn+lfm)’| < Ckzv

forn=m,m+1,--- N —(m+1)—1, where C is a constant depending only on p, T,
and the derivatives of u and F' up to order 2m+4 and 2m + 2, respectively . Passing
to the norm in identity (40), we deduce from (37) and the last inequality that

[(Dy D)™t o>+ < Ck?. (46)
Otherwise, applying D_ to (40), inequalities (43)-(45) and (46) yield
I (D+D7)m+1 h(tni1)ll = HD-QfmjLQh(tnfm)H < Ckzv

for n=m,m+1,---,N—(m+1)—1, where C is a constant depending only on p,
T, and the derivatives of w and F up to order 2m +5 and 2m + 3, respectively.
Therefore, passing to the norm in the identity obtained by applying D_ to (40), we
deduce from (40) and the last inequality that

|D_ (DyD_ )"t o>+ < Ck?, (47)

forn=m,m+1,--- ,N—(m+1)—1, with the constant C' depending only on p, T, and
the derivatives of w and F' up to order 2m+5 and 2m + 3, respectively. Inequalities
(46) and (47) imply that the induction hypothesis is also true for m+ 1, and we
deduce that (34) is true for each integer m =0,1,...,p.
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Proof (Proof of Theorem 2) We proceed by induction on j =1,2,...,p+ 1. The case

j =1 is immediate from Lemma 1. Suppose that {uzj’"}iv approximates u with
order 2j of accuracy and satisfies (33), for an arbitrary j such that j <p. We are

going to prove that {u27+2’”}fj approximates u with order 2j+ 2 of accuracy and
(33) holds substituting j by j+ 1.

From the induction hypothesis, {u2j’"}n satisfies DCC. Because {qu’”}n and
{ﬂZj’m}m are computed from the same scheme DC2j, but for different time steps,
{ﬂ2j ’m}m also satisfies DCC. Therefore, as in 29, Theorem 1 applied to the approx-

imation {u2j+2’" }1:0, built from {ﬂQj*m}m, yields

; 1 Qb uk\"t L 2 ik \" o
87" < <+M> g () @R,

T 2—pk \2—puk 2 —puk
where

2j+2, ; (2 (2 i .
[ (u27+2’" fu(tn)) —IJ (uzﬁ@ﬁrl)nﬂ fu(t(QjJrl)nﬂ-)) yfor 1<n<j.
According to the DCC and the condition u?+2:0 = u(ty) = ug, we have

62 =l 2 - < cae.
By the triangle inequality and the DCC, the last two inequalities yield
[[u29+27 —u(t,)|| < CE¥+2, for n=0,1,--- 4. (48)

From the DCC on {u2j*”}n and the inequality (48), Theorem 1 again implies that

{uzj +2n }i\;o approximates the exact solution u with order 25+ 2 of accuracy. There-
fore, it is enough to establish (33) for j+1, j < p. To this end we rewrite identity
(24) as follows

DEMHAM2 = H(ty 1) + 0% A2 (= DDA —u(ty45)),
(49)

with

H(tni1) = / duF (tn 125t 1) = Tt 1) +n@2]+2=”+1) (@2#2’"“) dr,
0

where ©27+2:7 and ¢2i+27+1/2 416 a5 in Theorem 1. Proceeding as in Lemma 1 and

taking the finite difference formulae (5) and (6) into account, we can write

2542 1/2 25+2
o2I+2n+1/2 _ 25+ e1(tng1),

where
DY D™ 261 (tns1)|| < C, for my+mo <2p—2j and mp—1<n<N—my—1,

C' is a constant depending only on p, T', and the derivatives of v and F. According
to the inequality (33) from the induction hypothesis, we may write

(A =TI D@™" 2 —u(ty 41 9)) = k2 ea (),
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where
D D™ ey (tny1)|| < C, for my+mp <2p—2j+2and my—1<n<N—my—1.
Therefore, writing (49) as follows
D_@¥+2nH+ — {(t, 1)+ E22G (),

with
G(tnt1) = e1(tn+1) +e2(tntr),
the induction hypothesis and the reasoning from Lemma 1, substituting the functions
h and g, respectively, by H and G, @>"t! by ©23+2n+1 and k2 by k%912, yields
||(D+D,)mDéQj+2’n+l/2H + ||(D+D7)mé\2j+2,n+l ” < Ck2j+2,

form=0,1,...p—jand n=m+j—1,m+j,....,N —j—m, where C is a constant
depending only on p, T, and the derivatives of u and F up to order 2(m+j+1)+1
and 2(m+j) + 1, respectively. Inequality (33) holds for {u2j ‘*‘2*”}” by the triangle
inequality from the last inequality.

5 Absolute stability

In this section we prove the absolute stability of the DC schemes. The notion of
absolute stability is introduced by Dahlquist [5] to characterize methods able to
solve stiff ODEs. Considering the following IVP,

{uioy 22" (50

where ) is a complex number, we have the following definition (see [5,20]):

Definition 2 A numerical method is said to be absolutely stable if the correspond-
ing solution for the problem (50) for fixed & > 0 and some Re(\) < 0 is such that

lim |u"|=0. (51)

n——+4oo

The region of absolute stability of a numerical method is defined as the subset of the
complex plane

A={z= Xk eC:(51) is satisfied }. (52)

If ANC_ =C_, C_ ={X e C: Re()\) <0}, the numerical method is said to be A-
stable.

Before establishing absolute stability results for the deferred correction schemes
(8) and (9)-(10), we recall the following result.

Lemma 2 Let P,, be a polynomial of degree m in one variable. Then the sum
Z?:O P, (%) is a polynomial of degree m+ 1 in the variable n.
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Proof Without loss of generality we assume that P, (xz) = 2™ and set Fp,(n) =
22:1 p™. It is then enough to prove that Fj,(n) is a polynomial of degree m+1 in
the variable n, for each non-negative integer m. We proceed by induction on m. The
cases m = 0,1 are trivial. Assume that Fj,,(n) is a polynomial of degree m+1 in n,
for arbitrary positive integer m. We have the identities

n n m+1l
(n+1)m+2_1:Z[(q+1)m+2_qm+2] :Z Z (mj—2)qz

=1 g=1 i=0
m—+1
m—+2
-y ( Z, )Fi(n)
=0

which implies that

1
m-+2 m+ i T m+2

K2

=0

According to the induction hypothesis, Z:Zo (mjz)Fl(n) is a polynomial of degree
m+1 in the variable n. Therefore, the last identity implies that Fy,4+1(n) is a poly-
nomial of degree m+ 2 with respect to n, and we can deduce by induction that each
F},(n) is a polynomial of degree m+1 in the variable n, for each non-negative integer

m.

Lemma 3 Suppose that F(t,u) = A and ug =1 in the initial value problem (1),
where X is a complex number with negative real part (A € C_ ). Then the corresponding
approzimate solutions from the schemes (8) and (9)-(10) can be written as follows

, 2406\ "
w2it2n — (2+)\k) Pj(n), for j=0,1,2,..., and n> j, (53)

where Pj(n) is a polynomial of degree j in the variable n.

Proof We suppose that Ak # —2, otherwise we trivially have u2"*1 =0, for n > j.
Since F(t,u) = Au, we can rewrite (9) as follows

. 24Nk o 2 . .
2j4+2,n+1 _ 2542, 2j,n+1 2j,n+1
u] n —mﬂj n+m(k‘D_AJU‘]n 7)\kF]u]n )
where, according to formulae (2) and (3), we have
kD A" = "o 1 KD _(Dy D)
i=1
J 2i41

2041\ o1
— i —_1)m J,n+i—m
> D (-1 ( m )U :

i=1m=0

and

J J 2 .
o Z ; 2 ZZ 20\ o i
FJ,LLQj,n — CQik2l(D+D7)lu2j,n — C2i(_1)m( Z) u2],n+z m
m

i=1 i=1m=0
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Combining the last three identities, we deduce that
2541

. 2t Nk o , . ,
w2it2ntl mu2]+2,n+ Y2 E ) aj,,-()\k)u%"+1+7 1’ forn>j>1, (54)
i=

where o ; is affine in Ak. Under the hypothesis of the lemma, (8) matches the
trapezoidal rule, and we have
2 [(2EAR)"
2-Xk/)

that is (53) is true for j = 0. Suppose that (53) holds for an arbitrary integer j > 0.
From (54) we have

24Nk 2 sy

2j+4,n _ 2j+4,n—1 o 2j+2,n+1+j—i

u =5 +2—)\k anﬁ_l,,()\k)u ,
i=

with n > j +2, and, substituting each u2/1t27+14i=% by the formula given by the
induction hypothesis (53), we deduce that

n—j—1
y2itam _ 2HAE ojian n <2+/\k> Q;(n),

3k 3k
where
2j+2 j+2—i
2 2+ Mk .
Qj(”)zngaﬁl,i()\k)(Q)\k) Pj(n+1+j—1).
=

It follows that

) 24 AL\t L i .
y2itn — <2_/\k> u2]+4,,7+1 + Z Qj(l)
i=j+2

It is clear that Q;(n) is a polynomial of degree j in the variable n as Pj(n). Therefore,
according to the Lemma 2, Z;L:j+2 Q;(7) is a polynomial of degree (j+1) in the
variable n. Whence,

_ 242\ :
L2 — (27,\k:) Pjii(n), n>j+1,

where N
Py (n) = w41 13 Qi)
i=j+2
is a polynomial of degree j+1 in the variable n. We then deduce by induction that
the lemma is true for arbitrary non-negative integer j.

Theorem 3 FEach of the deferred correction schemes (8) and (9)-(10) is A-stable.
Proof From Lemma 3 we have, for Re(\k) <0,

n—j
<2+)\k) Py (n)

(n—3)in| 353K | _
2k ¢ 0

lim [u?*2" = lim
n——+oo n—-+oo

= lim_|P;
L [P (n)]

since, under the condition Re(Ak) < 0, we have |gf§’,§‘ <1.
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6 Numerical experiments

In this section we evaluate the accuracy and order of convergence of the schemes
DC2,DC4,---,DC10, implemented using the Scilab programming language. The
starting values are computed using the scheme (11)-(12). We choose five standard
problems for the evaluation: the first problem concerns the effect of high order deriva-
tives, the second is about long term integration, and the three others are about
stiffness. For a comparison of accuracy we implement in Scilab the backward differ-
entiation formulae (BDF) of order 2, 4 and 6 and the explicit Runge-Kutta (RK) of
order 4, in the case of problems having analytic solutions. The implemented BDF
are then run with exact starting values. For the problems without analytic solu-
tions we use the functions stiff (implementing BDF with adaptive steps) and rkf
(Runge-Kutta 4-5) of the solver ode from Scilab. For each of the problems, except
the first one, we give a table of absolute error and order of accuracy for pairs of two
consecutive time steps, for the approximate solutions with the DC methods, and we
present the optimal absolute error for the solvers stiff and rkf. For the problems
(59) and (60) that do not have an analytic solution, we consider a small time step
such that the approximate solutions with DC6,---,DC10 are almost identical (to
machine precision for problem (59)), and we choose one of the approximate solutions
as reference solution. We denote by k4, the maximal time step allowed to compute
an optimal approximate solution with the solver stiff or rkf.

For solutions u = (ug,--- ,uq) : [0,7] = R? 1 <d <6, the absolute errors on the
approximate solutions {u2j’”}0<n<N, 1 <j <5, is computed with the norm

2j 2j .
[[u;? —uill = 0SneN ;7" —ui(tn)], 1<i<d.

For very large N we extract solutions at 2 x 10 or 3 x 10% discrete times evenly
spread over the interval [0,77].

6.1 Bernoulli differential equation

o' (t) = F(t,u) = —0.1u(t) —1000u2°(t) , w(0)=1, te]0,10]. (55)

Figure 1 shows the graph of the absolute error with DC2,---, DC'10, BDF2, BDF4,
BDF6 and RK4.

6.2 Oscillatory problem [13]

u' = Aucos(t) , u(0)=1, T =10%X=10. (56)
The exact solution is u(t) = e*¥™(), The original problem is set with A =1 in [13].
The author in [15] solved this problem with Runge-Kutta methods of orders 4 and
8, for A =2 and T = 25807, to “ illustrate the need of higher order methods when a
long-term integration problem is considered”. Table 2 gives the absolute error and the
order of convergence for each pair of consecutive time steps. The maximal absolute
errors with the implemented BDF 2, 4 and 6 for the time step k = 1.5625 x 1073
are respectively 22026.46, 14836.76 and 5578.40. The solvers rkf and stiff, used
with ke = 0.1 and tolerances rtol = 100 x atol = 10719, give the absolute errors
22026.46 and 2636.00, respectively.
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Bernoulli differential equation with DC
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Fig. 1 Graphs of the maximal absolute error for the Bernoulli differential equation with
DC2,---,DC10 at left and BDF2, BDF4, BDF6 and RK4 at right .

Table 2 Absolute error (order of convergence) for the oscillatory problem

k DC2 DC4
5.00e-2 3418 456.26
2.50e-2  790.2 (2.1)  25.351 (4.2)
1.25e-2  193.8 (2.0) 1.5493 (4.0)
6.25¢-3  48.23 (2.0)  9.67e-2 (4.0)
1.56e-3  3.010 (2.0)  3.8¢-4 (3.99)

DC6

42.665
0.5959 (6.2)
9.17¢-3 (6.0)
1.4e-4 (5.99)
4.72e-6 (2.5)

DC8 DCI10
3.2350 0.2132
1.17e-2 (8.1)  1.9e-4 (10.1)
5.28¢-5 (7.8)  2.79¢-6 (6.1)
2.78¢-6 (0.0)  2.78¢-6 (0.0)
4.67e-6 (-0.3)  4.7e-6 (-0.3)

6.3 Problem B5 modified [8], stiff with complex eigenvalues of negative real parts

-10 o 0 O
—a—10 0 0
, 0o 0-4 0
Y=1 0 0o o0 -1
0 0 0 0—
0 0 0 0

This problem, originally set with a =100, is an illustration of ODEs resulting from
a semidiscretization by finite element methods of parabolic PDEs [24]. We choose
a = 5000 to make the problem a little more difficult. Table 3 gives the errors for
the first component of the approximate solutions which is similar for the second

coocococo

5

vy, y(0)

Scoocococo

O S gy

, a=5000, T = 20.

7)

component. The errors for the others components quickly achieve machine precision.
The maximal absolute errors with the implementing BDF 2, 4 and 6 for the time

step k= 1.25x 1079 are respectively 3.38 x 1073, 7.94 x 108 and 2.3 x 10712 (for
the first two components) while, for atol =10 x rtol = 10715 and kpas = 2x 1075,
the solvers stiff and rkf give, respectively, the absolute errors 6.6 x 10719 and

2.36 x 1076,
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Table 3 Error (order of convergence) for the first component of the solution for B5 modified

k DC2 DC4 DC6 DC8 DC10
2.000e-5 0.2152 6.51e-2 2.22¢-2 8.00e-3 2.98¢-3
5.000e-6 1.35¢-2 (2) 2.59e-4 (4) 5.59e-6 (6) 1.27e-7 (8) 2.97e-9 (10)
2.500e-6  3.38¢-3 (2) 1.62e-5 (4) 8.74e-8 (6) 4.9¢-10 (8)  2.9¢-12 (10)
1.250e-6  8.47e-4 (2) 1.01e-6 (4) 1.36e-9 (6) 1.9¢-12 (8) 7.4e-14 (5.3)
3.125¢-7  5.29¢-5 (2) 4.00e-9 (4) 3.6e-13 (6) Te-14 (2.4) 6.3e-14
6.250e-8  2.11e-6 (2) 6.3¢-12 (4)  6.02¢-13 2.33¢-13 1.19-13

6.4 Problem E5 [8], stiff with complex eigenvalues of predominantly negative real
parts

Yy =—7.89x 10710 — 1.1 x 107y 32
yh =7.89x 107109 —1.13 x 10%y3
yh =T7.89x 1070y — 1.1 x 107152 + 1.13 x 1034 — 1.13 x 10%90y3 (58)
¥y =1.1x 107192 +1.13 x 103y,
y(0) = (1.76 x 10~2,0;0;0)*, T = 1000.

A reference solution is computed with DC10 for k = 1073, The solution of this prob-
lem has small magnitude in [1.618 x 1073,1.76 x 1073] x [0,1.46 x 10719] x [0,8.27 x
10712 x [0,1.38 x 10719] and the eigenvalues of the Jacobian matrix dF(y) along
the solution curve belong to the region [—20490,3.68 x 10712] x [-9.17 x 1075,9.17 x
10~°] of the complex plane. Table 4 gives the absolute errors and order of accuracy
for the four components of the approximate solutions. For the stepsize k = 1073, the
maximal absolute errors in all the four components of the solution are equal on sev-
enteen digits for DC'4, DC'6 and DC8. The implemented RK4 diverges to oo for time
step k >2x 10~ while its absolute errors for k =10"% are 2.03 x 10716, 2.78 x 10722,
1.29 x 10718 and 1.29 x 1078, respectively, for the four components. The absolute
errors from the solver stiff for kjq. = 1072 and rtol = 108 x atol = 10715 are
1.29 x 10716, 7.46 x 10722, 4.72 x 10723 and 7.14 x 10722, respectively, for the four
components. The solver rkf is not efficient for this problem. The errors for the first
component of the approximate solution for the implemented BDF1,--- / BDF2
with initial value deduced from the reference solution, for k= 10 are, respectively,
44%1077,5.7%x1078,5.5 x 1079,6.6 x 10719,2.3 x 10~10,3.5 x 10~ 11,

6.5 Robertson (1966) [10], stiff with real negative eigenvalues

(59)

y(0) = (1 0,0), T =10°.

This is one of the three problems considered as stiffest in [10]. We compute a reference
solution with DC10 for the time step k = 1/6000. The solution belongs to the region
[1.78 x 1072,1.00] x [0,3.58 x 107°] x [0,0.983] and the eigenvalues of the Jacobian
dF(y) along the solution curve belong to [—9825.744,0]. Table 5 gives absolute errors
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Table 4 Absolute error (order of convergence) for the problem E5

k DC2 DC4 DC6 DC8 DC10
2.79¢-07 5.34e-08 8.31e-09 4.266-09 1.04e-09
100 8.30e-12 9.68¢-13 6.86¢-14 6.14c-14 1.66¢-14
4.47¢-13 5.31e-14 3.28¢-15 3.40e-15 8.42¢-16
7.85¢-12 9.14¢-13 6.54e-14 5.81e-14 1.57e-14
4.94¢-09(1.94)  5.88¢-11(3.27)  1.84¢-12(4.04) 4.98c-14(5.46)  4.44e-15(5.95)
125 1.22¢-13(2.03)  6.42¢-16(3.52)  9.07¢-18(4.29)  7.45¢-19(5.44)  6.33¢-20(5.99)
: 6.71e-15(2.02)  9.18¢-17(3.06)  6.08¢-17(1.92)  6.44e-17(1.91)  7.03e-17(1.19)
1.156-13(2.03)  6.63¢-16(3.48)  6.89¢-17(3.29)  6.51e-17(3.27)  7.04e-17(2.60)
3.16e-09(1.99)  2.37e-11(4.07)  5.26e-13(5.62)  1.28¢-14(6.08)  4.51e-16(10.3)
10 7.77¢-14(2.00)  2.79¢-16(3.74)  3.02¢-18(4.93)  1.15¢-19(8.38)  7.28¢-21(9.69)
4.31e-15(1.98)  7.08e-17(1.16)  5.91e-17(0.13)  6.27e-17(0.12)  6.84e-17(0.12)
7.34¢-14(2.00)  3.20e-16(3.26)  6.18¢-17(0.49)  6.28¢-17(0.16)  6.84¢-17(0.13)

and orders of accuracy for each component of the solution. For rtol = 100 x atol =
1071 and kmaz = 1/300, the solver stiff gives the absolute errors 7.28 x 10713,
0 and 7.02 x 10713, respectively for the first, second and third components of the
approximate solution. The solver rkf is not able to solve this problem. It would
require kmqq =~ 107% (see the argument in [22] about initial time step).

Table 5 Absolute error (order of convergence) for Robertson problem

k DC2 DC4 DC6 DC8 DC10

3.63¢-5 4.46¢-6 2.08¢-6 2.91e-6 3.09¢-6

0.5 3.63e-5 4.46¢-6 2.08¢-6 2.91e-6 3.09¢-6
7.12¢-5 4.37e-7 1.02e-7 4.12e-7 4.26¢-7
4.7¢-9 (1.8)  1.09e-9 (1.7)  4.0e-10 (1.7)  3e-10 (1.9)  2e-10 (1.9)

1/300 7.4e-9 (1.7) 2.23e-8 (1.1) 4.16e-8 (0.8) 2.9¢-8 (0.9)  2.5¢-8 (0.9)
4.7¢-9 (1.9)  2.12e-8 (0.6) 4.12¢-8 (0.6) 2.8¢-8 (0.5)  2.5¢-8 (0.6)
1.0e-9 (2.2) 1.5¢-10 (2.8) 1.0e-12 (8.6) 9.9e-13 (8.)  7.5¢-13(8.2)

1/600 5e-13 (14.)  3e-14 (19.6)  2e-16 (27.7)  2e-16 (27.1)  3e-16 (26.1)

1.0e-9 (2.2) 1.5e-10 (7.1) 1le-12 (15.3)  9.9e-13 (15)  4e-13 (15.8)

9.24D-12 7.31D-14 1.48D-14 4.57D-14 -
1/6000 5.38D-15 0. 0. 0. -
9.25D-12 2.07D-13 1.36D-13 8.27D-14 -

6.6 van der Pol oscillator [8,22], stiff, arbitrary complex eigenvalues

?/1 =92 )
vy = n(1—yi)y2 — (60)
y1(0) =2, ya(0) = 0,7 = 3000, 12 = 1000.

This problem was initially proposed for T'=1 and p =5 in [8]. The actual ver-
sion results from a suggestion by Shampine [22]. We compute a reference solution
with DC8 for k = 1.875 x x1076. The solution belong to the region [~2,2.000073] x
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[—1323.04,1231.35] of the real plan and the eigenvalues along the solution curve
belong to the region [—3000.29,1123.17] x [—1158.48,1158.48] of the complex plan.
Table 6 gives the absolute errors and orders of accuracy. For rtol = 10atol = 10716
and kpqe = 7.5 X 1072, the absolute errors from the solvers rkf are 3.54 x 10~2 and
64.76, respectively, for the first and second components of the solution while stiff
gives 2.16 x 107 and 3.48 x 1073,

Table 6 Absolute error for the van der Pol’s equation

k DC2 DC4 DC6 DC8 DC10
4755 30089 2.9999 2.9440 0.1838 3.12¢-3

' 1322.9 1327.5 1320.6 197.79 3.26792
L5005 29769 (0) 29999 (0)  0.1080 (3.6)  1.90e-4 (7.5)  5.le-5 (4.5)

' 1333.3 (0) 1330.3 (0)  113.69 (2.7)  0.18281 (7.6) 5.le-2 (4.5)
7500 28706 (0)  2.6947 (0)  1.60e-3 (6.0) 1.74e-6 (6.7)  1.27e-5 (1.9)

' 1327.4 (0) 1286.5 (0)  1.6349 (6.1)  1.80e-3 (6.7)  1.29e-2 (1.9)
Lsmsee  0-74(0-9) 0339 (15)  2.50e-7 (6.3) - 2.88¢-7 (2.7)

' 659. (0.5) 373.2 (0.9) 29le4 (6.2) - 2.92e-4 (2.7)

6.7 Discussion of the numerical results

1. The Bernoulli equation is stiff and strongly nonlinear (the approximate solutions
with the explicit forth order Runge-Kutta method diverges to —oo for time steps
k>2.03 x 1073). The magnitude of the derivatives of F' = F(u) with respect to
u increases exponentially with the order of the derivative, and the magnitude of
the solution w is neither large nor small since 0.226 < u(t) < 1, for 0 <t < 10.
Nevertheless, the errors for 10 steps, which corresponds to a time step k =1,
decrease with the level of correction and are less than 2.5 x 10~4, for DC6, DC8
and DC10. This illustrates that high order derivatives of F' do not strongly affect
the quality of the approximate solutions with the DC schemes.

2. The behavior of the DC schemes on the oscillatory problem shows the ability of
the DC method for long-term integration. Each DC scheme reached its theoretical
order of convergence with a good accuracy way better than from the BDF and
RK methods.

3. For the modified problem B5, each DC scheme converges towards machine ac-
curacy with its theoretical order of convergence, but the time step required is
somewhat small. This behaviour is not generic. For the problem E5 in [8], which
also has complex eigenvalues, very accurate solutions are obtained from the DC
methods even for time steps greater than 100.

4. For the Robertson problem, which corresponds to a system with real negative
eigenvalues, there is no restriction on the time step k for an accurate approximate
solution with the DC schemes, and high order DC methods can be avoided (DC6
is enough). The convergence is slow for k > 1/300, but superconvergent happens
for k in the asymptotic region (k < 1/300).

5. The van der Pol oscillator is stiff and the solution has a large magnitude. DC6
and DCS8 reached their order of accuracy. The order of convergence for DC10
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is not observed because of a quick saturation of the error while DC2 and DC4
require smaller time steps.

In general, a careful assessment of the proof of Theorem 1 points out to the fact
that, for a system with complex eigenvalues A = A; +i\2, we only need a time
step k such that kMaz{\1,|\2|} < 2 for a good accuracy (superconvergence hap-
pens when —A; >> |A2|). However, time steps k such that ku ~ k|| < 2, p~
r<nta<xT||sz(t7u(t)) I, is necessary for an asymptotic convergence (see Remark 3).

F(_)r_examplo, in the case of the Bernoulli equation we have A\ ~ —20000.1 < 0 and
= 20000.1. There is no restriction on the time steps for accurate approximation,
but asymptotic convergences are observed only for ku < 2.

For the computational effort of the DC methods, we recall that to compute
an approximate solution on discrete points 0 =tg < t1 < --- <ty =T, DC2 solves
N nonlinear systems while DC2j, j > 2, solves j x N systems. In the case of the
Bernoulli equation, for example, DC10 achieves the maximal error of about 1.1 x
10~ by solving approximately 5 x 10% nonlinear systems while the maximal absolute
error for DC?2 is about 8.9 x 10~7 for N =5 x 10%. Since the resolution of nonlinear
systems is the main burden for these methods, using high order DC methods is
advantageous.

7 Conclusions

We have presented a new approach of deferred correction methods for the numerical
solution of general first order ordinary differential equations. Proofs for consistency,
order of convergence and stability of the method are given. The numerical exper-
iments comply with the theory and show a high accuracy of the method and its
satisfactory A-stable property. Globally, each DC scheme reaches its proper order of
convergence and applies to any category of problem, providing accurate approxima-
tions for time steps not necessarily small. The accuracy of the DC schemes increases
with the level of correction.
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Chapter 3

Arbitrary high-order
unconditionally stable methods for
reaction-diffusion equations via
Deferred Correction

This chapter is presented in terms of a journal article and submitted to Mathematical
Modelling and Numerical Analysis (ESAIM Math. Model. Numer. Anal), carrying
the same title as mentioned above. Please see the attached paper for the content.
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Modélisation Mathématique et Analyse Numérique

ARBITRARY HIGH-ORDER UNCONDITIONALLY STABLE METHODS FOR
REACTION-DIFFUSION EQUATIONS VIA DEFERRED CORRECTION:
CASE OF THE IMPLICIT MIDPOINT RULE

SAINT-CYR E.R. KOYAGUEREBO-IME AND YVES BOURGAULT!

Abstract. In this paper we analyse full discretizations of an initial boundary value problem (IBVP)
related to reaction-diffusion equations. The IBVP is first discretized in time via the deferred correction
method for the implicit midpoint rule and leads to a time-stepping scheme of order 2p+ 2 of accuracy
at the stage p=0,1,2,--- of the correction. Each semi-discretized scheme results in a nonlinear elliptic
equation for which the existence of a solution is proven using the Schaefer fixed point theorem. The
elliptic equation corresponding to the stage p of the correction is discretized by the Galerkin finite ele-
ment method and gives a full discretization of the IBVP. This fully discretized scheme is unconditionlly
stable with order 2p+ 2 of accuracy in time. The order of accuracy in space is equal to the degree
of the finite element used when the family of meshes considered is shape-regular while an increment
of one order is proven for shape-regular and quasi-uniform family of meshes. A numerical test with
a bistable reaction-diffusion equation having a strong stiffness ratio is performed and shows that the
orders 2,4,6,8 and 10 of accuracy in time are achieved with a very strong stability.

1991 Mathematics Subject Classification. 35K57, 35B05, 65N30, 65M12.

INTRODUCTION

Let Q be a bounded domain in R% (d = 1,2,3) with smooth boundary dQ and T > 0. Consider the following
reaction-diffusion system with Cauchy-Dirichlet conditions

W — MAu+ f(u) =S5 in Qx(0,7T)
u=0on 0N x (0,T) (1)
u(.,0) = up in £,

where u: Q x [0,T] — R” is the unknown, for a positive integer .J, M is an J x .J constant matrix, f: R/ — R/
and S: Qx (0,T) — R are given smooth functions. This is a general form of reaction-diffusion equations (see
for instance [1]) that model various phenomena in physics, combustion, chemical reactions, population dynamics
and biomedical science (cancer modelling and other physiological processes) (see, e.g., [1-5]).

Keywords and phrases: time-stepping methods, deferred correction ,high order methods, reaction-diffusion equations, finite
elements
1 Department of Mathematics and Statistics, University of Ottawa, STEM Complex, 150 Louis-Pasteur Pvt, Ottawa, ON,
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We suppose that M is positive definite and the function f satisfies the following two monotonicity conditions
(f() = f(y),z—y) > alz —y|?+7(y)|z —y|*,Va,y € R7 for some a >0, > 1, (2)

and

(df (z)y) -y > —polyl®, Yo,y R, (3)
where i is a nonnegative real, and 7 is an arbitrary continuous real-valued function. These conditions guarantee
the existence of a solution of problem (1) in L? (0,T; Hg () NH?(2)) (see for instance [6-8]), and uniqueness
and high order regularity can be deduced. The conditions (2)-(3) are at least satisfied by any polynomial of
odd degree with positive leading coefficient, and the matrix M is supposed to be constant only for the sake of
simplicity. In fact, all our results remain true replacing the operator M A by an elliptic operator L:

J J
Lu=— Z ab (T)Ua; +ij(x)uml +co(2)u, (4)
i,j=1 i=1

where the coefficients a®/, b’ and ¢y are smooth functions, and a®J = a’** (see, e.g., [8, p.292] for a definition
of elliptic operator). The analysis also remains true substituting the Dirichlet condition in (1) by Neumann
conditions.

The numerical analysis of reaction-diffusion equations takes advantage of many results available from the
numerical analysis of semi-linear parabolic partial differential equations (PDEs). The method of lines (MOL)
is commonly used. By this method the PDE is first discretized in space by finite element or finite difference
methods, leading to a system of ordinary differential equations (ODEs). The resulting system of ODEs is
then discretized by fully implicit or implicit-explicit (IMEX) time-stepping methods (see for instance [9-16]).
In [9-11], linear implicit-explicit multistep methods in time together with finite element methods in space are
analysed for a class of abstract semi-linear parabolic equations that includes a large class of reaction-diffusion
systems. The approaches in [9-11] are the same. The authors investigate approximate solutions expected to be
in a tube around the exact solution. They proceeded by induction by adapting the time step k and the space step
h and established that if k and k~1h?", r > 2, are small enough then the global error of the scheme is of order p
(p=1,2,...,5) in time and 7 in space. IMEX schemes with finite difference in space and Runge-Kutta of order
1 and 2 in time are also analysed in [17,18] for a class of reaction-diffusion systems. Otherwise, in [12,13,19]
fully implicit numerical methods for reaction-diffusion equations with restrictive conditions on the nonlinear
term are introduced, combining finite elements in space and backward Euler, Crank-Nicolson or fractional-step
6 methods in time. The resulting schemes are unconditionally stable (the time step is independent from the
space step) with order 1 or 2 of accuracy in time. The time-stepping method in [16] is constructed via a deferred
correction strategy applied to the trapezoidal rule and is of arbitrary high order. However, this method concerns
only linear initial value problems (IVP) (resulting eventually from a MOL) satisfying a monotonicity condition
and has an issue for the starting procedure. Furthermore, the stability analysis proposed in this paper does
not guarantee unconditional stability and/or an optimal a priori error estimate, when a full discretization is
considered.

In practice, the space-discretization of time-evolution PDEs leads to a stiff IVP of large dimension (we
recall that a stiff problem is a problem extremely hard to solve by standard explicit step-by-step methods (see,
e.g., [20]). To avoid overly small time steps, accurate approximate solutions for these IVPs require high order
time-stepping methods having good stability properties (A-stable methods are of great interest). Backward
differentiation formulae (BDF) of order 1 and 2 are commonly used according to their A-stability. However,
BDF methods of order 3 and higher lack stability properties (e.g. for systems with complex eigenvalues).
Moreover, Runge-Kutta methods applied to such IVPs have order of convergence reduced to 1 or 2 (see [21]),
and are inefficient when the IVPs are stiffer.

The aim of this paper is to apply the deferred correction (DC) method introduced in [22] for the semi-
discretization in time of the problem (1). The deferred correction method consists in a successive perturbation
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(correction) of the implicit midpoint rule, leading to A-stable schemes of order 2p+2 at the stage p=1,2,---
of the correction. The order of accuracy of the DC schemes is guaranteed by a deferred correction condition
(DCC). Applying the DC method to (1), the main difficulty is to prove that the resulting schemes satisfy DCC
up to a certain stage p of the correction so that we obtain a time semi-discrete approximate solution with order
2p+2 of accuracy. To overcome this difficulty, we suppose that the exact solution u of (1) is stationary in a small
time interval [0, (2p+ 1)ko], where k¢ is a maximal time step for the time semi-discretized schemes and satisfies
kopo < 2 (po is the constant introduced in (3)). The stationary hypothesis is a simple trick to simplify our
proof. Indeed, the DCC is proven without restrictive condition in the case of IVP (see [22]), but the difficulty
in the case of PDEs is related to the presence of unbounded operator. Each semi-discretized scheme in time
leads to a nonlinear elliptic equation that is discretized using the Galerkin finite element method. It results
an arbitrary high-order unconditionally stable methods for the numerical solution of problem (1). A numerical
illustration using the bistable reaction-diffusion equation with the schemes of order 2, 4, 6, 8 and 10 in time is
given.

The paper is organized as follows. We recall some algebraic property of finite difference operators in section
1. In section 2 we introduce the semi-discretized schemes in time and prove the existence of a solution. The
analysis of convergence and order of accuracy of solutions for the semi-discretized schemes in time is done in
section 3. The fully discretized schemes are presented and analysed in section 4, and numerical experiments are
carried in section 5.

1. FINITE DIFFERENCE OPERATORS

In this section we recall main results from finite difference (FD) approximations. Details and proofs for these
results can be found in [23]. For a time step k >0, we denote ¢, =nk and t,, 1,9 = (n+1/2)k, for each integer
n. This implies that tg = 0. We consider the time steps k such that 0 =ty <t; <--- <ty =T is a partition of
[0,77], for a nonnegative integer N. The centered, forward and backward difference operators D, Dy and D_,
respectively, related to k and applied to a function v from [0,77] into a Banach space X (with norm ||-||x), are
defined as follows:

V(tnt1) —v(tn)

Du(tny1/2) = B R—
Dyv(tn) = M’
and
D_v(ty) = Utn) —v(tn—1)

k
The average operator is denoted by E:

N V(tnt1) +o(tn
Ev(tnﬂ/z):v(tn“):%.

The composites of Dy and D_ are defined recursively. They commute, that is (D1 D_)v(t,) = (D_Dy)v(t,) =
D_D_,v(ty), and satisfy the identities

2m
(D+D,)mv(tn) = k72m2(71)i (27)U(tn+m7i)’ (5)
=0
and

2m+1 <2m + 1
)

DD D" o(t) =2 Y (0 (P uttnim (©)
1=0
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for each integer m > 1 such that 0 <t,,_—1 < tppm < T. If {0"},, is a sequence of approximation of v at the
discrete points ¢, the finite difference operators apply to {v™} and we define

Un+1 n

—v

Dy"t/2 = p g =D "t =
- k

and
iy

Eont1/2 — gl — 5

We have the following three results:

Result 1

For nonnegative integers mj and mg, provided v € C™1+™2(]0,7],X) and mg <n < N —mg, we have

1D D2 tn) || < (7)

dtmi+ma2

dmitmay, H

max
tn—mg Stftn+m1

Result 2 (Central finite difference approximations)

There exists a sequences {c; },~ of real numbers such that, for all v € C?P*+3([0,T],X), where p is a positive
integer, and p <n < N —1—p, we have

v(ty —v(ty P i i
V(taaje) = ) S KDDL D) 0(t412) + O, (¥
=1
and
V(tnt1) +o(tn 2i( 2p+2
V(tns1/2) = 5 Z@ k(D4 D) Bu(tyga72) + O(KH2). 9)
=1

Table 1 gives the ten first coefficients ¢;.

TABLE 1. Ten first coefficients of central difference approximations (8) and (9)

C2 (3 C4 Cs Ce c7 (&) C9 €10 C11
1 1 _ 18 _ 18 450 450 22050 _ 22050 1786050 1786050
8 24 4125 5125 6127 7127 8129 9129 101211 111211

Result 3 (Interior central finite difference approximations)

For each positive integer p there exists reals b, c},- - ,c§p+1 such that, for each v € C?P*3 ([a,b], X) and a
uniform partition a =19 < 71 < ... < Top41 = b of the interval [a,b], with 7, =a+nk, k= (b—a)/(2p+1) and
Tpt+1/2 = (a+0)/2, we have

u(b) —u(a 1 &
“/(Tp+1/2): ( 2 a T b az 21+1k21+1D (D4+D— ) (Tp+1/2)+0(k2p+2)7 (10)

and ,
Wlrpirya) = SOTUD NS 42D Dy Bu(ry )+ O, (11)

i=1

Table 2 gives the coefficients ¢ for p=1,2,3,4.
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TABLE 2. Coefficients of the approximations (10)-(11) for p=1,2,3,4

4 & a4 & & a

125 125
24 128 128

343 637 13377 1029 1029

24 128 1920 1024 1024

243 1917 17253 7173 64557 32733 32733
8 128 640 1024 7168 32768 32768

=W NN R
00| & 0] 0]} aoieo 1S

2. SEMI-DISCRETE SCHEMES IN TIME: EXISTENCE OF A SOLUTION

Hereafter we suppose that (1) has a unique solution u € C?P*4 ([0, T], H""1(Q) N H{ (), for some positive
integers p and 7. We denote by (-,-) the inner product in L?(2) and by ||-|| the corresponding norm. The norm in
the Sobolev spaces H™(Q2) will be noted || - ||, for each nonnegative integer m, and we note || - [|oc = || - || o0 (02)-
We use h and k to denote stepsizes for space and time discretizations, respectively. The letter C' will denote
any constant independent from h and k, and that can be calculated explicitly in term of known quantities. The
exact value of C' may change from a line to another line.

As in [22], we can apply deferred correction method to (1) and deduce the following schemes:

For j =0, we have the implicit midpoint rule

2,n+1 2,n 2,n+1 2,n 2,n+1 2.n
u —u® us +u* us +u .
T (B (U

k 2
12
=0 on 09, (12)
u?0 = ug.
For 7 > 1, we have
2j+2,n+1 _, 2j+2,
wH PR TR G 22 A <a2j+2,n+1 _FjEUQj,n+1/2)
k
2j+2,n+1 4, 2j+2,n

u +u ; i . .

+f ( 5 ,FJEu2J7n+1/2) =5(tpty1/2), in Q, forn > j+1, (13)

w2127 = on 89,
425 +2:0

= uo,
where T and A are finite differences operators defined for each positive integer j, and n > j, by

Ay ngzﬂk ‘(DyD_) = ZZQHI <li)u(tn+i71)7 (14)

1=1 1=11=0
and
2 2%
Zcm (04D yutta) = 3310 (7 Jultorica) (15)
1=11=0

The scheme (12) has unknowns {u2’”}5:1 corresponding to approximations of u(t,), expected to be of order
2 of accuracy. For (13) the unknowns are {u2j+27”}5=j+1, expected to be of order 2j + 2, while {u2j7"}nN=j
is supposed known from the preceding stage. To avoid computing approximate solution of (1) for ¢ < 0, the
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scheme (13) is used only for n > j. For the starting values, 0 <n < j— 1, we consider the scheme

Dy2i+2m+1/2_ 1 A Da2imit/2 _ A (ﬁ2j+2,n+1 _ ijQQj,nme)

2j+1
+f (a2j+2,n+l — ijﬂZj’anrl/z) = S(tn+1/2)a (16)
w227 = on 99,
W20 — gy
where we set n; = (2j+1)n+j,
J 2i+1 %41
y IAjDﬁQj,(2j+1)n+j+1/2 — ! E Z Cgiﬂ(*l)l( z;— >a2j,(2j+l)n+j+ifl+l7 (17)
J+ i=1 1=0
and
I RN 2%\ i (0 i
g2 (2it0mtd = 3 S () ( l )ﬁ%(?ﬂ“)"ﬂ“*l. (18)
i=11=0

This scheme is built from (10) and (11), for a =1t,, and b =ty1. {112’”}2]:1 is computed from (12) with time
the step k/3 instead of k. Similarly, {ﬂ%"}i:[:j, j > 2, is computed from the scheme (13) with the time step

k/(2j+1) instead of k.
To prove the existence of a solution for the schemes (12) and (13), we need the following lemma.

Lemma 1. Let k >0 such that k|7(0)| < 1/4, and v € L?(Q). Then the elliptic problem

u—kMAu+kf(u)=v inQ, (19)

u=0 on 0Q, (20)
has a solution uw € H2(Q)NHE(Q) satisfying the inequality

Julla < C (I (k7o =l + V0l T ) (21)
where 7y is the smallest eigenvalue of the positive definite matriz M, ||M]| is any norm of the matriz M, and
the function T and the scalar po are defined in (2) and (3), respectively.

Proof. The existence can be deduced from the Schaefer fixed point theorem [8, p. 504]. In fact, given u €
H?(Q)N HA (), the problem
w—kMAw+kf(u)=v in Q, (22)
w=0 on 09, (23)
has a unique solution w € H2(Q)N H(Q) (see [8, p.317]). Consider the nonlinear mapping
A H2(Q)NHYQ) — HX(Q)NHI(Q),

which maps u € H2(Q)N H(Q) to the unique solution w = A[u] of (22)-(23). It is enough to prove that A is
continuous, compact, and that the set

v={ue H2(Q)NHE(Q)|u = AA[u], for some X € [0,1] } (24)

%)
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is bounded.

(i) The mapping A is continuous. Indeed, let {u,, }or_; in H2(Q)NH (Q2) which converges to u € H2(Q)NH{ ().
For each m =1,2,---, let wy, = Alum] and w = Afu]. Then w —wy, belongs to H2(Q) N H(2) and satisfies the
equation

(w—wp) —EMA(w—wp)+k(f(u) = fum)) =0 in Q. (25)
The inner product of the last identity with w —w,, yields

[w = win |* + ARV (w = wi) |2+ k (f () = f (), w0 —wpm) <0. (26)
We can write,

1
fu(@)) = fum(z)) = /0 df (u(z) =& (u(x) = um (2))) (u(z) = um(z)) d.

Since w,y, — u in H2(Q) and H?(Q) < C°(Q), there exists a positive integer mg such that m >mg implies

max [u(x) — um ()| < callu—umll2 <1, (27)
e

where ¢z is the constant from the Sobolev embedding. It follows that

[ (w(z)) = f(um(2))] < Blu(z) — um(z)], (28)

where

p=  _max  |df(y)|-

yIitesllullz
Therefore, by Cauchy-Schwartz inequality we have

(kB)Q‘
2

RI(f () = f(tm), w = wim)| < EBlu—tm||[|w—wm| <
The last inequality substituted into (26) yields
[ —win || + 29|V (w —wimn ) [I* < (kB)?[|u— .

It follows that w;, — w in H& (©) when m — +o00. On the other hand, elliptic regularity results applied to the
identity (25) yields, owing to (28) and the last inequality,

= wimll2 < € (k™ w = wanl| + £ () ~ F ) ) < 28C |u— | = 0 25 m = +0.

Whence {wm};‘fl converges to w in H2(Q)N H3 (), and the continuity of the mapping A follows.

(ii) The mapping A is compact. Indeed, given a bounded sequence {um},,cy in H2(Q) N HE(Q), from the
compact embedding H?2(Q2) — H& (©) we can extract a subsequence {umj }jeN that converges to u strongly in

HZ(Q) and weakly in H2(f2). The subsequence {umj }jeN is then bounded in H2(Q)NH (). Let

|df (y)]-

k= sup |[umll2 and B’ = max
meN [yl <ez(r+lull2)

Therefore, proceeding exactly as in part (i), substituting m by m;, the inequality (27) by

max |um; (7)| < c2 sup [[um, [l2 = c2k,
€N meN
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and § by B in (28), we deduce that wy,; = Afum;] — w strongly in H2(Q)N H (). Hence A is compact.

(iii) The set ¥ is bounded.
Let u € H2(Q) N HE(Q) such that u = AA[u] for some A\ € (0,1]. Then u satisfies

u—kMAu+Mcf(u)=Av in Q, (29)
u=0 on 9. (30)

By elliptic regularity results we have
lulla < Cllk™ (A0 —u) = Af(u)|| = C|| M Aul. (31)

The inner product of (29) with u, taking the boundary condition (30) into account, yields
l|w]|? +~E||Vul|® + )\k:/ f(u) ude = /\/ v-udz.
Q Q

Without loss of generality we suppose that f(0) =0, otherwise we change f by f = f — f(0) and v by & =v—kf(0).
Then the monotonicity condition (2) combined with the hypothesis of the lemma yields

1
/\k/ f(u)-udz > aXk|lul|?+ Xer (0)[u]|® > ark|ul|? — ZHUH% v e (0,1]. (32)
Q
From Cauchy-Schwartz inequality and the Cauchy inequality with € =1, we have
20,12 0 Ly 2
A voude <7 4 = ||ul]®
Q 4
Substituting the last two inequalities in the previous identity, we deduce that
ull? + 2k Vul|* < 22%||v]>. (33)
On the other hand, the inner product of (29) with —Auw yields

'yHAuHZ§k_l/Q()\v—u)~(—Au)dw+/9/\f(u)~Audx. (34)

We can write

J J
du du
Flu)-Du=3 V- (fi(w)Vui) =Y (df(w) (5= ) )5~
i=1 i=1 Oz; 9z
and deduce from (3), the boundary condition and the hypothesis f(0) =0 that

/Qf(u)-Aud;c——Z]:l/Q(df(u)(aaZ))'aade<”0§_l:l

By Cauchy-Schwartz inequality and the Cauchy inequality with ¢ =1/(2v) we have

2

ou
= po|| Vul|*.

al‘i

<K —ullf|Aul| <

‘k_l /Q()\v —u)- (—Au)dz

1 2,7 2
2,Y?H)\U—U” +§||AU|| .
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Substituting the last two inequalities in (34), we obtain
Y Aul? < k2 [A0 =l 4+ 2240 V.

Therefore,
1M Aul® < (1M11/7)? (k1A = ul|* + 230 Vul?)
since 0 < A <1, and we deduce from (31) that

lullz < C (IMI1/) (K 1A0 = ull+ /2780 Tl ) (35)

The last inequality together with (33) yields

lulla < C UMK (14 V242 ) o]
and it follows that ¥ is bounded. From (i)-(iii) we deduce by the Schaefer fixed point theorem that (19)-(20)
has a solution u € H2(Q)N H(Q) and (21) follows, taking A =1 in (35). O
The following theorem shows the existence of a solution for the schemes (12) and (13).

Theorem 1. Suppose that up € H2(Q) NHA (). Then, for each nonnegative integer n, the scheme (12) and
(18) has a solution in H%(Q)N H(Q).

Proof. Proceeding by induction, the proof is immediate from Lemma 1 for a suitable choice of the functions «
and v. For example, multiplying the first equation in (12) by k/2, we deduce (19)-(20) for u = (u>"+1 +u?")/2,
v= ks(tn+1/2)/2+u2’" and k substituted by k/2. O

Hereafter we suppose that 2™ € H™ 1 (Q)NH (), for 1 <j <p+1 and each n=0,1---,N. Convergence
results for these semi-discrete solutions are proven in section 3.
3. CONVERGENCE AND ORDER OF ACCURACY OF THE SEMI-DISCRETE SOLUTION

The deferred correction condition (DCC) defined in [22] for ODEs applies to PDEs.

Definition 1. Let u be the exact solution of (1). For a positive integer j, a sequence {u2j’"}n C H(Q) of
approzimations of u on the uniform partition 0 =tg <ty <--- <ty =T, t, =nk, is said to satisfy the Deferred
Correction Condition (DCC) for the implicit midpoint rule if {u2j7”}n approzimates u(ty) with order 2j of
accuracy in time, and for n=1,2,...,N —2 we have

I(D4+- D) D" HY2 —u(ty 19)) | 4 | D D= (@™ —u(t41))|| < CK, (36)

for each time steps k < k1, where k1 >0 is fized and C is a constant independent from k.
Remark 1. Condition (36) is equivalent to

|17 (w7 —u(ty)) || < CK¥ 2, (37)

and
(A7 =19\ D (w2412 (41 0) ) | < O, (38)
form=j,7+1,--- N —j. This is due to the transforms

i—1 i )
K2 (Dy D) (™ —u(ty)) = k> (—1)! (2 z 2) DiD_ (u®™ —ulty)),
=0
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and

1—1 .
i ] j,n 20 -2 j,n
kz'(D+D,)’D(u2J’ +1/2—u(tn+1/2)) -1y (—1)’( l )(D+D,)D(u2j* +1/2—u(1:n+1/2)),
=0

The following theorem gives a sufficient condition for the semi-discrete schemes in time to converge with the
expected order of accuracy.

Theorem 2. Let j be a positive integer and {u2j7"}n - HOI(Q) a sequence of approximations of u, on the
discrete points to =0 <ty <--- <ty =T, satisfying DCC for the implicit midpoint rule. Suppose that k < ki,
and that w2321 w2123 gre given and satisfy

227 —u(t)| < CRHF2, for n=0,1,....3 (39)

Then the sequence {u2j+2*”}n>j, solution of the scheme (13) built from {u2j’”}n, approzimates u with order

27+ 2 of accuracy in time, and we have, for n=20,1,--- N,
1
n 2
Hu2]+2,n —u(ty)||+ ’Ykz Hv@2j+2,zH2 < C’k2j+2’ (40)
=7
where . ) ) .
@2+2n _ (u2]+2~,’ﬂ _ u(tn)) -1V (U,QJ’" — u(tn)) R (41)

and C is a constant depending only on j, T, M, u € C?I+3 ([O,TLHQ(Q)), a Lipschitz constant on f and the
DCC constant.

Proof. Combining (13) and (1), we obtain the identity

DO2i+2.n+1/2 +F (@2j+2m+1 _ Fja2j,n+1) —f (a(th) _ Fjﬂ(tnﬂ))

42
~MABF2nAL — 52+2n+1/2 | (AT )Py 20m+1/2 —utyi1/2)), (42)

where _ ‘
gHITRnFL/2 - U (tyg1/2) = Dultygr/2) + N Dulty g1 2) + f(u(tng)2))

—f (@tns1) =T 0(tyr1/2)) = MA (utpgr2) = Utnr1) + T (tg1/2)) -
The inner product of (42) with ©2+2n+1 taking into account the monotonicity condition (2) and the fact that
©21+2:n+1l = ( on 99, yields
(D®2j+2,n+% , @2j+2,n+1) +7Hv@2j+2,n+1 H2 < T(a(tn+1) _ Fjﬁ(tn+1)) ||@2j+2,n+l ”2

. . ) . PO (43)
+ (0-23+2,"+1/2 + (N =)D (u@mt1/2 u(tn+1/2)),@23+2’”+1) )

From the central finite differences (8)-(9) and the mean value theorem we have
||0_2j+2,n+1/2H < Ck2j+2,

where C is a constant depending only on a Lipschitz condition on f and the norm of u as element of C%/73 ([0, 7], H%(%)),
and there exists 0 < ko < k1 such that k < ko implies that

[a@(tnr1) =T altn)lloo < lultns1/2) = @ltns1) + T At 1) oo + [u(tngr/2)lloe < 1+ [[ull Lo @)
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where Qr =Q x (0,T). It follows that, for k < ko,

HT(a(th)—Fja(tnﬂ))H [7(y)| =: p.

0o = |y|§1+m6h}£0°(QT)
On the other hand, from the DCC we immediately have

I(A7 —D9)D@H ™2 u(t,, )] < CHHH2,
Substituting the last inequalities in (43), taking into account the identity

<D®2j+2,n+1/27@2j+2,n+1) _ % (|‘®2j+2,n+1”2 o ”@2j+2,n”2) 7
we deduce that
H92j+2,n+1H2 _ H@2j+2,n”2 —|—2k:fy\|VC:)2j+2*"+1 HZ S Ck2j+3‘|é2j+2’n+l H +2]€M‘|é2j+2’n+l H2 (44)
This inequality yields

H@2j+2,n+1 HQ _ H@2j+2,nH2 < Ck2j+3H@2j+2’n+1H + 2ku”@2j+2’"+1”2,
and, for pk < 2, we deduce from the inequality
H@Qj+2,n+1H < 1 (H@2j+2,n+1H + H@2j+2,nH)
-2

that 0iis
o K 2k i
[Cadsian| <Ok WHG%H’ I

It follows by induction on n that

2j+2, U240k \" T i (240K aiiay
e s et (SEE) T wena (2EAE) o).

From the hypothesis (39) and the DCC we have

1O < [[u®*27 —ulty)| + |17 (w7 —u(t;) | < CR¥F2, (45)

n
where C' is a constant independent from k. Moreover, the sequence {(?_rﬁ’,z) } is bounded above by
n
exp(2uT’/(2—¢)), for 0 < pk <e < 2. Whence

|©%+2n|| < CkA+2, (46)
Finally, by the triangle inequality, the identity (41) and the DCC, we have

w2 T2 —(t,)|| < CE¥ T2 4 Hl“j (W™ —u(ty,)) | < Ck2+2 (47)

where C is a constant depending only on j, T', 1, M, a Lipschitz constant on f and u as element of C27+3 ([07 T),H? (Q))
Substituting (46) in (44), we have

H@2j+2,n+1|‘2 _ ”@2j+2,n”2 +2k,,vaé2j+2,n+1 H2 < Ck4j+5,
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and it follows by induction, taking (45) into account, that

n
||®2j+2’n+1”2+2]€’}/Z|‘Vé2j+2’i”2 S Ck?4j+4.
i=j

Inequality (40) follows from (47) and the last inequality. O
To prove DCC for the schemes (12) and (13) we need the following lemma:

Lemma 2. The sequence {uz’"}n from the scheme (12) approximates u, the exact solution of (1), with order
2 of accuracy. Furthermore, if u(.,t) =ug for all t € [0,(2p+1)ko], where ko is the initial time step defined in
the introduction (kopo < 2), then we have

||D_ (D+D_)m®2,n+1H + ||(D+D_)me2,n+1 H + H(D+D_)7VL@2,’H+1 H2

n N 1/2 (48)
+ (vk ) ||V<D+D>MD@2“1/“) < oK,

i=m

form=0,1,2,...,p, n=m,m+1,--- \N—m, and k < ko, where 0" =" —u(t,), forn=0,1,2,--- N, uo
is from (3), and C' is a constant depending only on T, Q, uo, ko, M, the continuity of the source term S, the
derivatives of f up to order 2m+2, and the derivatives of u with respect to the time variable t up to order
2m+4.

Proof. According to Theorem 2, it is immediate that the sequence {uzn}n from the scheme (12) approximates
u with order 2 of accuracy in time, and

102" +~k > VO < Ck*, for n=0,1,--- N, (49)
i=0

where C is a constant depending only on T, 2, a Lipschitz constant on f and the derivatives of u € C3 ([0, T),H 2(9))
To prove (48) we proceed by induction on the integer m.

1) The case m = 0.
Combining (1) and (12), we obtain the identity

D®27n+1/2 o MA@2’n+1 +h(tn+1) — wQ,n«‘»l/Q7 (50)
where .
h(tn) = (@) = f(u(tn)) :/ df (K1) (©*™)dry,
0
with
K =1(ty) + 110%™,
and

w2 = [0/ (tn41/2) = Dultng1/2)] = MA (ultyy1/2) = U(tns1)) = [fultng1y2)) = f (@tng1))] -
Applying D4 to (50), we obtain

DD, 0> 1/2 _ MAD, 0> 4 D h(tpy1) = Dyw>" /2,
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and the inner product of this identity with D027+ yields
| D @272 || Dy ©2" 2 4 29k VD4 2|2 < 2k (=D bty 1) + Dy w12, D) (51)

We can write
1 N 1,1 R
Dih(ty) = / df (K71 (D4 82™)dry + / / 2 f(KD) (D+K{L,@2’”) drydrs, (52)
0 0 JO
where, for n+1i < N, we have
i
P =K (KT =K = KP4+ > Tiy Ty k' DY K (53)
1=12<i1 << <i+1

The scheme (12) can be transformed into equations (19)-(20), substituting k& by k/2 and choosing u = a2"+1!
and v = (k/2)S(tp11/2) +u?m. Tt follows from (21) and the triangle inequality that

HaZ,n

2 < C (IS(t,_ )l +[D-6>"

[+ V& |+ D—u(tn) | + 78

where C' is a constant depending only on €2, the matrix M and yo. From inequalities (7), (49) and the Sobolev

embedding H?(Q) < C°(Q), the last inequality implies the existence of a real R > 0, depending only on T, €,

the regularity of S, the first derivative of f, and the second derivative of u with respect to ¢, such that
IK] oo <R, fori=1,2,---,2p+1. (54)

From the condition (3) we have

(ar (K1) (D+8%"), D, 82") = —puo | D4 6" 2 (55)

From (54) and (7) we have, for almost every z € €,
|5 (53) (D4 K762 ) ()] < mase |02 (9)] D1 K (2)[167 2)
< 0 (1827 (@) +| D487 (2)] [0 ().
Therefore,
Hde(KQ‘) (D+K?7@2"n+l) H < C(H@z’"HH + |\D+é2’n+l\|L4(Q)\|é2’"“||L4(Q))7
and we deduce from the Sobolev embedding H}(Q) < L*(Q) and the Poincaré inequality that
|27 (k3) (Da k7,827 ) || < € (1O + |V D4 0271 || V&2 1)) . (56)
This inequality and (55) together with the Cauchy-Schwartz inequality yield
k(D bt 1), D4 &™) < kol DL 8P 4 Lok VD, &2

+CH| D+ 8271 (82741 |+ [+ 12| D, &2 ),
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where we have used the Cauchy inequality with ¢ =~/2:

. ~ ~ y ~ 1 ~ .
VD821 |82 | D, 621 < TV, O 2 4 [ VO 2D, 62 2

According to (49), we have
”vé2,n+1H2HD+@2,71,+1” < kleV@Z,rH»lHZ (|‘é2,n+2‘| + H@Q,n+1”> < Ck4.

From Taylor’s formula with integral remainder we can write

w2,’n+1/2 = kQQ(tn+1 )7

where, according to (7), we have

[ D" D™ g(t,)|| < C, for my<n<N-—m,

(58)

(59)

for each nonnegative integers m; and mg such that mj; +mo <2p+1. C is a constant depending only on T,
the derivatives of f up to order mq+ms+1, and the norm of u in C™1+m2+3 ([0, T], H?(Q)). It follows from

Cauchy-Schwartz inequality that

‘(kD+w2,n+1/27D+é2,n+1)‘ < Ck?’HD+@)2’"+1H.

Substituting the last inequality and the inequality (57) in (51), taking (49) and (58) into account, we deduce

that

1D4 @24 2| DL @2 k| VDL B3 L2 < 2y | Dy 2| 4 CHY | D, 627

(60)

where C is a constant depending only on T, Q, S, the second derivative of f and u € C*([0,T], H%(Q)). This

inequality yields
D021 — || D4 O™ < kpo D+ O>" || + CE.
Since kug < kouo < 2, it follows by induction that

24+ kpo\" | (2+kpo\"
D, ©*"|| < Ck? D, %!
Dy < cr (3E0) (20 ) o,

[
The condition u(t,) = ug, for 0 < t, < (2p+1)kg, implies ||D;©%!| = 0. Whence
|D-©*"| = [ D+©>" || < Ck?, for n=1,2,---,N.

Substituting (61) in the right hand side of (60), we deduce that

n
|D_©2™ |2 +~k Y [VDL O < k™.

=0

(61)

(62)

On the other hand, by the elliptic regularity results applied to (50), we deduce from (54), (59) for mi =ms =0,

and (61) that
162711y < & (ID-02 1| 4 (ko) + 242 ) < CR2.
Inequality (48) for m =0 holds from (49), (62) and the last inequality.

2) Inequality (48) for m+ 1, assuming that it holds for arbitrary m <p—1.
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We apply (DLD_)™*! to the identity (50) and take the inner product of the resulting identity with
(D4 D_)m @21+l (o obtain, as in (51),

H(D+D_)m+1®2,n+1”2 _ ||(D+D_)m+1@2,n”2 + 2’kaV(D+D_)m+1®2’"+1H2 <

~ (63)
2k (_(D+D—)m“h(tn+1) +(Dy D)2, (D+D7)m+1@2’n+1) '
As in [22] we can write
s+1
Dih(tn) = Z Z LZ’OZ, for s=1,2,...,2p+1, and n < N — s, (64)
i=1|a;|=s
where a; = (%1, e 7042717042:) e{L,2,-- ,8}1;1 x{0,1,--+,s—i+1}. L?’asl is a linear combination of the quantities

i—1

. . i—1 1 1 [P i .
s / sz(K;@-&-S-k—l—Z) (Djf K:L:Bl Lo 7Djii K?+Bi 7Dii@2,’ﬂ+ﬁi) dr®,
[0,1]?

i0,8;

where ; = ( }7...752*1752) €{1,2, - 7s}i_l x {0,1,---,s—i+1} with le-—i—ozé <s—I+1,forl=1,---,i, and
dr* =dry ---dr;. From (54) and the regularity of f we have

|d'f (K[| <Ci, fori=1,2,...2p+1,0<n<N—i+1, (65)

where C; is a constant depending only on 7', the i-th derivative of f and the second derivative of u. From the
induction hypothesis (48), the Sobolev embedding H?(Q) < L>®(£), and inequality (7), we have

[ DY KPloo <O, for 1<1<2m+2,0<n<N—i—1+1, (66)

and
|DLO%*"| < Ck?, for 1<1<2m+1,0<n <N -1 (67)
- For i =1 we have L
Ly = /0 df () (D382 ) dr,
and, by taking s =2m+2, it follows from (3) that

(Ln—m72m+27 (D+D_)m+1©2,n+1) > _M0‘|(D+D—)m+lé2’n+1 HQ (68)

1aq

since N R

D2+m+2®2,n—m _ (D+D_)m+1 @2,71—}—1‘
- For i =2 and |ag| <2m+2, we have 1 < a% <2m+2and 0< a% <2m+1. It follows by the triangle inequality,
the inequalities (7) and (65)-(67) that

| < Ck?, for s* <2m+2. (69)

s* s* — 1 + 1 2~
125 sl < |28 (551 ||_IDS2 R o | D262

- For i > 3 and |a;| <2m+3, we have 1 < aé <2m+2, for [=1,2,---,i—1, and 0 < ! <2m+1. It follows by
the triangle inequality, the inequalities (7) and (65)-(67) that, for s* <2m+3,

) i—1
s i (s 1 92+ e
I3 5, < N P17 oo [ D@24 TTIDT K oo < CK2. (70)
=1
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From the identity (64), inequalities (68)-(70) yield

(=D D)™ hltn41), (D1 D) 12 ) < g (D D) 12|24 CR?|(Dy D)™ H1§2 4

(71)
From inequality (59) we have
(D3 D)+ Lw2+1/2)| < CR2, (72)
Substituting (71) and (72) in (63), we obtain
(D5 Doy 1O (D D)™ 2R 4 29k V (D D)@ 2 )
< 2kpol|(D4 D)™ O> |2 4 O3 (D1 D) O
Proceeding as in (60), we deduce by induction that
/ , 2.4k n—m—1
H(D+D_)m+1@2,nH < (Ck,2+||(D+D_)m+1@2,m+1”) + Ko )
2—kpo
Since u(ty,) = ug for 0 < t, < (2p+1)ko, we have ||(DyD_)"+1@2m+L|| =0, for m < p—1. Whence
[(D+D_)"*t1e%"| < Ck?, for n =m+1,m+2,---,N —m—1. (74)

Substituting (74) in the right hand side of (73), we deduce by induction that

I(Dy D)™+ 120|2 4 29k S [ V(D4 D) 1822 < Ok,
i=m-+1

It is immediate from (65)-(67) that

| < Ck2.

|32 < (424 o | DR 2

1,0(1

Therefore, applying D_ (D1 D_)™ to (50), we deduce from the elliptic regularity inequality, the identity (64),
the last inequality, the inequalities (69)-(70), (74) and (59) that

|D—(D4 Dy &2 < | D— (D4 D)™ (DO>" /2 4 h(ty 1) + w2 1) || < CR2.

It follows that

n 1/2
||<D+D>m+le2’”“|+<vk > ||V(D+D>m“62“> +ID_(Dy D_Ym@*" 1|, <CR2. (75)
i=m+1

Otherwise, applying Dy (DyD_)™t! to (50), the same reasoning, taking the induction hypothesis and the
inequality (75) into account, yields (48) for m +1. Finally, we deduce by induction that Lemma 2 is true for
each m=0,1,---,p. O

The following theorem shows DCC for the schemes (12) and (13) .

Theorem 3. Suppose that the exact solution w of (1) satisfies u(.,t) =ug for each t € [0,(2p+ 1)ko], where
ko >0 is a fized real such that kouo < 2. Then, for k < kg, each sequence {uzjvn}n, i=12,...,p+1, from the
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schemes (12) or (13) approzimates u with order 25 of accuracy in time and we have the estimate

(D4 D)™ @~ 41)) ||y + | B D VD-(Dy D)™ (@2 — (k) ||

i=m

HID- (D4 D)™ (@27 —ultn 1) [+ | (D D™ (7 ()| < CH

(76)

form=0,1,...p—j andn=m+j—1,m+j, ... N —j—m, where uo is from (3), and C is a constant depending
only on m, T, po, ko, M, the function S, and the derivatives of f and uw = u(t) up to order 2m+2j and
2m+2j 4 2, respectively.
Proof. We proceed by induction on j =1,2,...,p+1, and the case j = 1 results from Lemma 2. Suppose that
{u2j’"}n satisfies (76) up to an arbitrary order j < p. Let us prove that the theorem is still true for j+1.
Since {u?/"} satisfies (76), it also satisfies DCC, and then Theorem 2 together with the condition u(.,t) = ug
in [0,(2p+ 1)ko] implies that {u2j+2*”}n approximates u with order 2j + 2 of accuracy in time. Therefore, it is
enough to establish (76) for j+ 1. We can rewrite the identity (42) as follows

DOH2nH1/2 _ \TA@2IHZ L L [ ) = 2 H2m41/2, 77
+

where
H(tni1) :/ df (g(tnﬂ),p]a(tn+1)+ﬁ®2j+2,n+1) (®2j+2,n+1) dr,
0
and

w2j+2,n+1/2 — 0_2j+2,n+1/2 + (Aj _ Fj)D(UQj,'rH»l/Q _ u(tn+1/2)).

Here ©212:n+1 and ¢27+2:7+1/2 are as in Theorem 2. From the central finite difference (8)-(9) and the regularity
of u with respect to t, we can write

2j5+2 1/2 2j+2
oHTRIHE = |22 G b 41 /2),

where

| D" D™ G(ty)|| < C, for mg <n<N—my,
for each nonnegative integers m; and meo such that m; +mgo <2p—2j+1. C is a constant depending only on
T, the derivatives of f up to order mi+ma+2j+1 and the norm of u in C™1+m2+25+3 ([0, T], H2(12)). On
the other hand, from the induction hypothesis and Remark 1, we immediately have

|D_ (D4 D_)™ (AT =) (¥ —u(ty))]| < CKH42, for m = 0,1,...,p— (j+1).
The last two inequalities implies that
HDTIDT2w2j+2’”+1/2H < CE**2 for mq+mo <2p—2j—2,

and mg+j <n < N—mj —j—1. Therefore, the reasoning from Lemma 2, substituting the functions h by H,
w2nt1/2 by w2j+2,n+1/2’ @2,n+1 by é2j+2,n+1 and k2 by kzj+27 yields

|D_(D4D_)m@% 2+l 4 }|(D+D7)m@2j+2,n+l ” + H(D+D7)mé2j+2,n+l HQ

. 1/2
+ (k Z ||VD(D+D_)m(:)2j+2,i+1/2”2> < CR,

i=m
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for m=0,1,...p—(j+1), and (76) for j+1 follows by the triangle inequality. Inequality (76) then holds for
arbitrary integer j < p+ 1. O

4. FULLY DISCRETIZED SCHEMES AND CONVERGENCE RESULTS

Let Sj, be a finite dimensional subspace of H} (Q2) and {¢; fvzhl a basis for S}, consisting in continuous piecewise

polynomials of degree r > 1 (see for instance [24] for an introduction to finite element subspaces Sp; the integer
r is related to the regularity of the exact solution of (1) in space). We suppose that there exist an interpolating
operator I} from H} () onto S;, and a constant ¢ > 0 such that 0 <! < r implies

lo—Iol + RV (0 = Tio) | < ch™[olig1,2.0, Yo € HHH Q)N HG(9), (78)

and
llo = Tholl pagoy + IV (0 = Thv) | Laga) < b olipr a0, Yo € WHRHQ)NHG (), (79)

where |- |;41,p,0 is the following seminorm in W1 (Q):

Wliipn= Y 10%Leo).
la|=l4+1

We say that S}, satisfies the inverse inequality if
B2 vp |, Yo € Sp, and m =0, 1. (80)

[onlloc < ¢

The estimates (78) and (79) hold when S}, is obtained from a shape-regular family of meshes {75}, [24,
Corollary 1.109 & 1.110 | while (80) is due to [25, Theorem 3.2.6] or [24, Lemma 1.142] for a family of meshes
{Th}n>o that is shape-regular and quasi-uniform. We consider the elliptic operator Rj, orthogonal projection
of H}(Q) onto S}, with respect to the inner product (v,w) — (M Vv, Vw). Proceeding as in [13, Theorem 1.1],
we deduce from (78) that

[ Rpv = vl + BV (Ryo —v)|| < ch!* o]l g1 (g, Yo € Hy(QNHTHQ),0<1 <7 (81)

Furthermore, if S}, satisfies the inverse inequality (80), we deduce from (81) and (78) for I =1, and (79) for
1 =0 together with the continuous embedding H?(Q) — W14(Q) — L>*°(Q), that

IRnvlloo < |1 Rrv = Ihvlloo + [l = Tiolloo + [[v]loe < ch'2[[oll2 +C]lo]l2, (82)
for each v € H2(Q) N H}(Q).

For j=0,1,2,---,p and each positive integer n < N, we look for a function uij+2’n € H& (Q) of the form

Np,
ui]+2>" _ Z Ul23+27n¢l7 (83)
=1

satisfying

(Dufj“*”“/ 2N Dyt 2,¢>) + (Mv (Euzj+2’”+1/ >_ripuintt 2) ,v¢>

2j+2,n+1/2 ] 2j5,n+1/2 . (84)
+ (1 (Bup BT BT 6) = (s(tg12),0) V6 € Sy, and n >
w20 = Ryug, (85)
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where AjDui]’"+1/2 = Fjﬂij’n+1/2 =0 if j =0. The scheme (84)-(85), denoted DC(2j+2), constitutes a full
discretization of the problem (1) with deferred correction in time, at the discrete points 0 =tg <t; <--- <ty =T,
t,, = nk, and finite element in space. For the starting values in (84)-(85), 0 <n < j—1, we consider the following
scheme which is deduced from (16):

i 1 - 2jni+1/2 25 i _2§mi+1/2
(Duij+2’n+l/27 AJDth nj+1/ +f(uij+2’n+1/2*FjEuhj nj+1/ )7¢>

2j+1
+ (M (@ PR R ) (90) = (st 1/2),6) o € S,

up? " = Ryuo, (87)
The following theorem proves the existence of a solution for the schemes (84)-(85).

Theorem 4 (Existence of a solution for the fully discretized scheme). We suppose that k|7(0)| < 2. Then, for

each j =1,2,---, there exists a sequence {uij’n}:[_o of elements of the form (83) satisfying (84)-(85).

To prove this theorem we need the following lemma which is an adaptation of the lemma on zeros of a vector
field [8, p.493].

Lemma 3. Let m be a positive integer and v: R"™ — R™ a continuous function satisfying

v(z)-2>0 if||z]|l« =R, (88)
for a positive real R, where |||« is an arbitrary norm on R™. Then there exists a point z in the closed ball

B(0,R)={z€R™:||z|l« <R}

such that v(z) = 0.
Proof of Lemma 3. Suppose that v (z) # 0 for each z € B(0, R). The mapping

¢ : B(0O,R)— B(0,R)
defined by

R
A TET RN

is continuous. Since B(0,R) is a compact and convex subset of R™, we deduce from Schauder’s fixed-point
theorem [8, p.502] that ¢ has a fixed point z € B(0, R). Therefore, |||« = R, and this leads to the contradiction

R

2 _ 2z =——uo
0 <l =vle) ==~

v(z)-2z<0.

O

Proof of Theorem 4. We proceed by double induction on j=1,2,--- and n=0,1,---, N, using Lemma 3 for the
function v : RNk — RNr defined by

vl(z) = (@Jﬁl) + (MVzh,Vdn) + (f (Zh) - S(tn+1/2)7¢l) 5 (89)
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for 1=1,2---, Ny, where aj, € S}, is fixed and zj, is the unique element of S}, associated to z € RVr and defined
by

Ni
=Y a0
=1

We take ||z]|« = ||z]|. The function v is continuous. For j =1, we have ui’o = Rpug and, supposing that u,zl"

2n

exists for an arbitrary integer n < N and taking ap, =u,’" in (89), we have

2z — 202"
’U(Z) TZ= (hkh7zh) + (]\/IVZ}“VZ}L) + (f (Zh) - S(tn+1/2)7zh)

[EA] o (90)
> 20 @4k (O))llznl — 2up™ | =k (1FO) |+ s(tnr1/2)])]
>0,
for )
Ielle = 5y (1 21"+ Rl )]+ K1) = B

Then, from Lemma 3, there exists a point z in the closed ball B(0,R) of (R™%,||-||,) such that v(z) = 0. Taking

2,n+1 _ 2,n+1 2n+1Y) _ 2,
Uzn _(U1 U )_szU n

h
we have
U2,n+1 +U2,n
- 7 ).eg=0,
1)( B ) €]
for each ¢; in the standard basis of RV:. The last identity implies the existence of ui’"+1 of the form (83)

YN
satisfying (84)-(85). Moreover, if {ui]’n} exists and satisfies (84)-(85), for an arbitrary integer j > 1, then
2j42,0 "=0 et

we have u); = Rpug, and the existence of u}’ is immediate from the existence of uij +2’", proceeding
as in the case j =1, taking aj, = ui]Jrz’" — 192+ 4 0.5kAT Du2m+1/2 in (89). O

The following theorem shows the convergence and order of accuracy of the fully discretized schemes.

Theorem 5 (Order of convergence of the fully discretized schemes). Suppose that the exact solution u of (1)
is C?PFA([0,T], H™ P (Q) N H(Q)) and satisfies u(.,t) =ug for t € [0,(2p+ 1)ko], where p is a positive integer
and ko > 0 is a real such that komax{po,7(0)} <2, po and 7 are defined in (2)-(3). In addition, suppose that

YN

Sp satisfies the inverse inequality (80). Then, for j =1,2,--- ,p+1, the solution {uij’"} of the scheme
n=0

(84)-(85) approzimates u with order 2j of accuracy in time and order r+1 in space, that is

2™ — (e + B Hv (uij’n —u(tn)) H <OKY + 1Y, (91)
for k < ko. Furthermore, we have the estimate

n n
;. . 2,i+1/2 i
e Ryu® " 4k Y D 2 = Ry )2 20k Yy~ Rpw? | ) < ORTEE (92)
i=0 =0

where C' is a constant depending only on j, T, Q, M, ko, po and the derivatives of S, f and u.
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Proof. Inequality (91) is immediate from (92) by quadruple triangle inequality, writing
uij,n - u(tn) —_ <uij,n - Rhu2j,n> - [u(tn) - u2j,n] _ [u(tn) - Rhu(tn)] + [u(tn) — 2 Rh(u(tn) 7u2j7n)] ’

and taking (81) and (76) into account. Therefore, we just need to establish (92). We proceed by induction on
j=1,2,--- ,p+1. For this purpose, we need the following claim which proof is a straightforward application of
the mean value theorem, the triangle inequality, and inequalities (76), (81)-(82).

Claim 1. There exist 0 < ks < kg and h1 > 0 such that k < ks and h < hy imply,
| R (@H 27 —T702 ) | oo <14Cllul oo 0,7, 52 (02) (93)

and )
g 272 < onr (94)

for each j=0,1,-- ,p, and n=0,1,--- , N, where we define
wij+2,n+1/2 _ f (ﬁ2j+2,n+1 7I\ja2j,n+1) o f (Rh(a2j+2,n+1 71—\ja2j,n+1))

+D (u2j+2,n+1/2 B Aju2j,n+1/2> —R,D <u2j+2,n+1/2 B Aju2j,n+1/2)

and we set u%™ = 0.

1. The case j = 1. We proceed in two steps:

(i) First, we are going to prove the inequality

n n
2,i+1/2 ; 2.i11/2 ,
HU%H*R};UQ’”FJF?’VICZHVE(uhZJr / *Rhu2ﬂ+1/2)”2+2ak2‘|E(uhl+ / *Rhu2’1+1/2)”%q(ﬂ) < Cp2r+2,

i=0 i=0
(96)
The scheme (12) yields
(Du2mt1/2,6) + (MY, Vo) + / F@ ™ gde = (s(tns1/2),6) . V6 € Sh.
Q
Therefore, combining this identity and (84), for j =0, we deduce that
(DO} 7%, 0) + (MV&} . Va) + [ (#@"H) = f(RAT>"H)) o o
= (i V2,0) + (MY (@ = Rya> 1) Vo) , Vo € S,
where
@i’" = ui’n — Rpu®™,
and wi’n+1/ % is defined in (95). Hypothesis (2) and inequality (93) yield
~2. 41 ~2.n 32,n+1 32,n+1 32,n+1
/Q (£ = F(ERa)) 07 dw = al| "4, ) — 07, (98)
where

p= max 17 ()|
|y‘§1+“uHLoo(g’T;H2(Q>)
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From the properties of orthogonal projection we have,
(MV (%" = Rpa® ") | Ve) =0,V € Sy (99)

Therefore, choosing ¢ = @i""ﬂ in (97), we deduce from the Cauchy-Schwartz inequality and the inequalities
(94) and (98) that

2,n+1/2 32, 1 A2, 1 a2, 1 a2, 1 A2, 1
(Dehn / 7@hn+ >+7||V@hn+ H2+O‘”@hn+ H%q(g) SChT+1H®hn+ H+,u||@h"+ H27 (100)

for 0 < k < k3 and 0 < h < hy. This inequality yields

2

’

(poimr/2.83met) s onr @+ + a0

and it follows for 0 < kp < ksp < 2 that

2+ku
2—ku

o3|

ot <yt

Proceeding by induction as in Theorem 2, the last inequality yields

i

<( r+1 2,0 2+k/j‘ " r+1
S nkCh + @h ) m SC}L (101)

since nk < T and @Z’O = 0. Inequality (96) follows by substituting (101) in (100).

(ii) Now we are going to prove the inequality

n
2
S i
i=0
We choose ¢ = D@i’nﬂ/2 in (97) and obtain

/ (r@mh = f(ryam+)) DOR" Pz 4 (VS VDO
Q

, (103)
4 HD@imH/QH _ (wi,n+1/27D@Z,n+1/2) .
We can write )
FE - ate ) = [ (Rt e (8 de
From the inverse inequality (80) and the inequality (101), we have
187" Moo < ch™#/2[O7™| < ChT =12 1 > 1. (104)

This inequality together with (93) implies that there exists 0 < hg < hy such that, for 0 < h < ha, we have

oY 22n41
HRhUQ’nJrl +§9hn loo <2+ HuHLoe(o,T;H‘Z(Q))'
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The last identity yields

@ = rraazeth | < awl|ert| <ol o)

max

‘y|§2+”u”L°°(O,T;H2(Q))

Substituting (105) in (103), we deduce by Cauchy-Schwartz inequality and (94) that
KIDOT" TR 24 (M) ver ) - (MVepT, verT) < Crn e,

for n=0,1,---,N — 1. It follows the inequality

n 2
Ky HD@?;"*” 2H i (MV@%”“,V@Z’"H) < Cnkh?+2
1=0

since @i’o = 0. The last inequality gives exactly (102), where C' is a constant depending only on T, Q, ki1, hs,
i1 =1,2, and the derivatives of f and u.
Estimates (96) and (102) gives (92) for j =1.

2. Here we prove inequality (92) for j+ 1, assuming that it holds up to order j, 1 <j <p.
From the scheme (13) we have

(Du2j+2,n+1/2 _ AjDqu,n+1/27¢) + (MV (a2j+2,n+1 _ Fjan,n-‘rl) 7v¢)

. L (106)
b [ F@IRT TG g — (s(ta 11/2),6) . Y6 € Sh.
Q
Combining this identity and (84), we deduce that
(D@ij+2,n+l/2 ny (aij+2,n+1 7Fjaij,n+l> — f(Rp(@2+2n+1 _pig2intl) 7¢> o,
n (Mvéij+2,n+l’v¢) _ (ijJrQ,nJrl/Q n (Aj _Fj)D(uijerl/Z _Rhu2j,n+1/2)7¢) 7
for any ¢ € Sp,, where we define
@Zj-&-Z,n _ uij+2,n _ Rhu2j+2,n _ F] (uij,n _ Rhqu,n)7
and we use the identity
(MV(Id—Ry,) (@® 2" —TIg2"+) V) =0,Y¢ € S),. (108)

Id denotes the identity application. As in (98) we have

~2j+2,n+1 i ~2j,n41 ~2j42,n+1 i~2j,n+1\) §27+2,n+1
/Q(f(uh -y >ff(Rh(uJ T T ))Oh dz

B2j+2,n+1 B2j+2,n+1
ZOZHGhj " ”qu(Q)_N”@hj " ”2

Therefore, choosing ¢ = @ZJ 2ntl gy (107), we deduce by the triangle inequality, the last inequality and (94)
that
2j+2,n+1/2 32j+2,n+1 A2j+2,n+1 A2,n+1 A2j+2,n+1
(DOPHFHIHZ GUFEIHL) Lo VORI Lo Op 1900y < HlO =P+ (109)
(Cn T I D)D" = Ry ) €572
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This inequality implies that
IO = 03727 | < kyal 8372+ e (OB |[(A7 = T9) D (w2 = Ryt 1/2) ) (110)
and we deduce, for ku < 2, that

k o , , 24k ;
274+2,n+1 r+41 i_1i 2j,n+1/2 2j,n+1/2 H H H 2J+27’ﬂH
|e> 1< 5= (oh +H(A 9)D (uh Ryu ) )+rku o> .

It follows by induction that,

Hgij+2,n+1” SC(2+]€M) (h”l—i—H@iﬁg’j

)

2+kp\" T O T 2j,m41/2 ; (111)
() S D R )
/ =
for n > j, and for 0 <n < j—1 we have
~2j4+2n+1 2+ kp\" ~242,0
63 +2mH| sc(Q_ o (fﬂ“+|\6;f+ 1)
2+ kp\ " (112)
L 224, (25 A D)mAGH1/2 225,254 1) mej+1/2 H
H(5H) 3 - (s )

where we define

oy ; , =i (25,24 D) n4j+1 i (2j ;
O2T2m _ 2it2n _p 2i2n T (uh]’( J+1)n+j+ _Rhu2]7(2]+1)"+ﬂ+1) )

. N 7
Since {uiﬂn} o and {uij m} are obtained from the same scheme, but for different time steps k and
n= m=

kj =k/(2j+1), respectively, as for {qu’"}::]:O and {u? m}fn _g» We deduce from the induction hypothesis and
the formulae (17) and (18) that

2j
1077200y = I[P (@9 = Rp@® 740 ) |1 < C Y [[a ™ = Ry ™|y < CR7F, (113)

m=0
and

J
k Z H(]\j ~)D <ﬁij,(2j+1)m+j+1/2 _ Rhﬂ2j,(2j+1)m+j+1/2) H

252435 4
<Cy\[k Y D@ ™~ Ry 1/2)|2 < L

m=0

Substituting the last two inequalities in (112), we deduce that

22742,
[l
and it follows by the triangle inequality and the induction hypothesis that

w727 — Rpu® 27| < CR™F, for 0 < n < j. (114)
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By the triangle inequality and the induction hypothesis, (114) in turn yields

[CriasadEeliags
and we have from (14) and (15)
k E (A7 ,FJ)D(U?LJ-MH/? thUQJ’mH/Q)H < CVnk, | k E ||D(uij’m+1/2 — Rpu2im+1/2)|12 < Ch7
=j m=0

The last two inequalities and (114) substituted in (111) yields
€32 < Ch™+1, for j <n <N, (115)

and it follows from (109) and (114) that

n
Huij+2,n_Rhu2j+2,n|‘2+2ak2 Haiﬁ&,z _Rha2j+2,i“qm(m < Ch2r+2. (116)
i=0

Otherwise, proceeding as in the step 1-(ii) of this proof, we choose ¢ = D@ij+2"n+1/2 in (107) and deduce from
(115) that

n . . 2 ) 2 . . . .
EY HD@EL””“/ 2H +y Hve?f”ﬂ”ﬂ‘ <CORr+2 4 (Mveif“vﬂveif“ﬂ) : (117)
=
for j <n<N,and, for 0<n<j-—1,
J o . 2 a 2
ES HD@?LJ“"H/QH +y HVG?H’”HH < CRp2r+? (118)
=0

since, from Cauchy-Schwartz inequality and (113), we have

‘(Mvéij“’o,véij“’o)‘ < [|M|[|VO%+20)12 < cp2rt2,

By the triangle inequality and the induction hypothesis, inequality (118) for n =j —1 yields
(M09, vep )| < || M| Ve |12 < e,

Substituting the last identity in (117), we deduce from (118), the induction hypothesis, and the triangle in-
equality that

n
kz ”D(aij+2,l+1/2 _ Rha2j+2,i+1/2)”2 4|V (aiﬁr?m _ Rhﬂ2j+2’n> ”2 < Ch2’f+27 (119)
=0

for 0 <n < N —1, where C is a constant depending only on j, T, 2, M, and the derivatives of f and u. Inequality
(92) for the case j+1 follows from (116) and (119). Therefore, we can conclude by induction that the Theorem
holds for 1 < j <p-+1. O
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Corollary 1. Under the conditions of Theorem &, if Sy does not satisfy the inverse inequality, provided that,
in addition to conditions (2) and (3), f satisfies the inequality

[f(2) = f@) <C(lx—yl+|z—y|*7"), for each z,y eR7, (120)
. 25, Y . .
then the solution {uh ’ } o 1<j<p+1, of the scheme (84)-(85) satisfies

™ —u(ta) | < O +K), ¥ =0,1,.. Nk < o. (12

Furthermore, we have the estimate

n n
2j, 2j,m)|2 2j,i 25,0112 2j,i 2j,i 2
7™ = PP |34k Y 1D = Tu®h)|* +-2ak Y |l — Tu* | o) < CR*" (122)
i=0 i=0
where C' is a constant depending only on j, T, Q, M, ko, po, and the derivatives of S, f and u.

Proof. Inequality (122) is deduced from Theorem 5 substituting the elliptic operator Ry by the interpolating
operator I;. By this substitution, the corresponding Claim 1 is obtained from (78) and (79). Since (104) does
not hold without inverse inequality, (105) is replaced by the inequality

’/ﬂ (f(ai,n+1) —f([}ﬁQ’TLJ”l)) (ai,n-‘rl _I;L-az,nH) dz| < C (Haimﬂ a2y Hai,nﬂ —Iﬁaz’"HHqu(g)) ’

owing to the hypothesis (120). The order of accuracy in space is reduced since, instead of identities (99) and
(108), we have

[(MV(Id—I;) @27 17?0t V)| < C||V(Id— I;) (@20 - 17a% ||| Ve || < ChT [V,
for each ¢ € Sy,. O

5. NUMERICAL EXPERIMENT

For the numerical experiment we consider the bistable reaction-diffusion equation

Ut — Ugy + 10 u(u — 1) (u—0.25) = 0 in Q x (0,T),
ou

I 0 on 002 x (0,T), (123)

u(-,0) = e1002% iy

We choose Q = (0,1) and 7' = 0.0295. We are interested in the order of convergence in time. For this purpose,
we simply use P; Lagrange finite elements in space with uniform mesh and the step h = 1073. We compute a
reference solution using DC10 with the time step k = 1.64 x 1075 (N=1800). Table 3 gives the maximal absolute
error in time, norm L?(Q) in space, and the order of convergence for each pair of consecutive time steps.

For this problem, we have

f(u) =10*u(u—1)(u—0.25),

and inequalities (2) and (3) hold with 7(0) = —1500 and o = 8125/3. Therefore, according to Theorem 5,
the maximal time step to solve the problem with the DC methods is kg = 6/8125 ~ 7.38 x 1074, that is N =
39.9479 ~ 40.

For the computational effort of the DC methods, we recall that to compute an approximate solution at
the discrete points 0 =tg <t; < --- <ty =71, DC2 solves N nonlinear systems while DC2j, j > 2, solves

5
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j X N systems. For the bistable reaction-diffusion, it is clear that, for N > 180, higher order DC method have
the smallest maximal error by solving less systems of equations. For exemple, DC10 achieves an absolute
error of about 2.48 x 10715 by solving approximately 2250 while DC4 achieves almost the same accuracy by
solving 3600 nonlinear systems. DC10, DC8, DC4 and DC?2 solve approximately 1800 nonlinear systems,
but the corresponding errors are, respectively, 8.57 x 10714, 2.4 x 10~1*, 5.63 x 10~13 and 6.25 x 10~°. Since
the resolution of nonlinear systems is the main burden for these methods, using high order DC methods is
advantageous.

TABLE 3. Absolute error (order of convergence) for the bistable reaction-diffusion equation

N  DC2 DC4 DC6 DC8 DC10

40 0.115 4.62¢-03 9.14e-04 1.97e-04 1.11e-03

90  8.48e-04(3.21) 4.59¢-05(5.68) 2.05e-06(7.52)  1.55¢-06(5.97)  1.45¢-06(8.22)
180  5.91e-05(3.84) 2.17e-06(7.72) 5.53¢-09(8.53)  4.09e-09(8.56)  1.90e-09(9.57)
360  3.87¢-06(3.93) 8.59¢-10(7.98) 2.57e-12(11.07) 4.51e-13(13.15) 8.57c-14(14.44)
450 1.55e-06(3.96) 1.44e-10(8.01) 2.33e-13(10.74) 2.40e-14(13.14) 2.48¢-15(15.88)
900  9.97e-08(4.00) 5.63¢-13(7.99) 2.67e-16(9.77)  8.62e-19(14.75) 7.36e-21(18.36)
1800 6.25¢-09(3.99) 2.18e-15(8.00) 2.13e-19(10.29) 1.74e-22(12.27) —
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Conclusion and perspectives

The aim of this thesis was to investigate time-stepping methods having both high
order of accuracy and a good stability, for the numerical approximations of reaction-
diffusion equations. The idea consists in a generalization and improvement of a family
of arbitrary high order time-stepping schemes introduced by Gustafsson and Kress
(2002). The time-stepping method from Gustafsson and Kress are constructed via
a deferred correction (DC) strategy and adresses only linear initial value problems
(IVP) satisfying a monotonicity condition while they have an issue for their starting
procedures. The generalization and improvement of these time-stepping methods and
their application to reaction-diffusion equations are done in three steps corresponding
to three submitted articles that constitute the chapter 1, 2 and 3 of the thesis:

1) The paper in chapter 1 introduces a new approach to derive various finite differ-
ences formulae of arbitrary high order for the numerical approximation of the deriva-
tives of any order of analytic functions. Many examples of arbitrary high order finite
difference formulae suited for DC methods are given in this paper. Furthermore, the
new approach recovers the standard centered, backward and forward finite difference
formulae given in terms of formal power series of finite difference operators.

2) The paper in chapter 2 gives a sequence {DC2j} ; of A-stable arbitrary high or-
der time-stepping schemes which are self-starting, for the numerical approximation
of general initial value problems. The schemes are built recursively from the im-
plicit midpoint rule using the deferred correction strategy inspired by Gustafsson and
Kress. The starting procedures are made automatic and optimal owing to an efficient
centered finite difference formula introduced in chapter 1, and the complete analysis
of the convergence is done using a deferred correction condition (DCC) which guar-
antees the improvement of the order of accuracy by two from a scheme DC2j to the
scheme DC'(2j + 2). Numerical experiments on standard stiff and non-stiff IVPs are
performed and showed that the DC schemes have large stability region, achieved their
proper order of accuracy (case of DC2--- , DC10), and are adapted for approximate
solutions on large time intervals. The step sizes used by the schemes to compute an
approximate solution are not necessarily small.

3) The paper in chapter 3 constitutes the application of the new DC method intro-
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duced in chapter 2 to an initial boundary value problem (IBVP) related to reaction-
diffusion equations. The IBVP is first discretized in time via the DC method, followed
by a space discretization using the Galerkin finite element method. It results a family
of fully discrete schemes for the numerical approximation of the IBVP which is proven
to be:

e of arbitrary high order both in time and space (the order of accuracy in time is
2j + 2 at the stage j = 0,1, 2, ... of the correction while the order of accuracy
in space is at least equal to the degree of the finite element used);

e unconditionally stable (convergences of the fully discrete schemes hold with time
steps independent from space steps);

e and strongly stable (the method is compatible with the monotonicity condition
of the reaction-diffusion equations).

A complete analysis of the method is given using a deferred correction condition, as
in the case of IVPs, and a numerical test on a bistable reaction-diffusion equation
having a strong stiffness ratio agrees with the theory. The higher order DC methods
reach smaller error levels by solving a smaller number of nonlinear systems than
lower order DC methods, for time steps not necessarily small, and the convergence is
towards machine accuracy.

The existing time-stepping methods face at least one of the following challenges:
lack of stability when order 3 or greater is investigated, overly small time step or/and
reduction of the order of convergence for stiff problems, inefficiency for long term in-
tegration. In fact, our DC time-stepping methods have a large stability region, they
are not prone to order reduction or a stability restriction even for a stiff problems
(ODEs as PDEs) of large dimension and are adapted for long intervals of integration.
Their convergence are toward machine accuracy with time steps not necessarily small,
and the computational effort favors higher order DC methods for a given accuracy
(at least in the region of asymptotic convergence). Furthermore, the discretizations
in chapter 3 give efficient schemes for the numerical approximation of parabolic equa-
tions in general, and the techniques used for our proofs constitute some new tools
for the analysis of the DC methods applied to more general time-evolution PDEs.
Consequently, our work in this thesis constitutes a very important contribution to
the literature on the numerical analysis of time-stepping methods.

The work done in this thesis gives rise to many perspectives for which the fol-
lowing list is far from being complete:

e Apply the DC methods constructed to more general time-evolution partial dif-
ferential equations such as hyperbolic PDEs and Naviers-Stokes equations. In
fact, the DC methods have a simple structure and can be easily applied, as time
stepping methods, to more general ODEs and PDEs.
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e Investigate a solver with adaptive time-steps for the DC schemes constructed.
In fact, our convergence analysis of the DC schemes pointed out the necessity
of an initial time step kg for a global convergence. Constant stepsize codes
use time steps k < ky to compute accurate approximate solutions, resulting in
high computational efforts. In practice, the stepsizes needed for an accurate
approximate solution of an IVP by the DC methods depend locally on the
Jacobian matrix of a linearized form of the IVP along its solution curve. Since
the Jacobian matrix is not constant along the solution curve (except for some
linear systems), a variable-stepsize code should allow the use of time steps k > kg
in regions with mild variations and then significantly reduces the CPU time.

e Investigate the impact of starting values on standard high order time-stepping
methods that require a starting procedure. In fact, we have done a careful study
on starting values versus possible order reduction, which allowed us to built
the efficient starting procedures for our DC schemes. However, the numerical
experiments performed in chapter 2, comparing our DC schemes with respect
to implemented backward differentiation formulae (BDF) using exact starting
values and the BDF solver with adaptive steps, showed an impact of starting
values on the BDF methods. As a consequence, a study about the impact of
starting values on high order time-stepping methods in general is necessary.

e Investigate new variant of DC time-stepping methods based on the BDF and
the Runge Kutta methods. In fact, DC method for BDF1 was analysed in first
versions of the papers in chapter 2 and 3, but the theory was not complete (in
the case of PDEs) and numerical experiments were not performed. It is possible
to continue such study and investigate more general extensions. We recall that
a correction on, for example, BDF4 will lead to a scheme of order 8 of accuracy
with about the double of the computational effort required by BDF4.
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