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Abstract

Hydrogen fuel cells are devices used to generate electricity from the electrochemical
reaction between air and hydrogen gas. An attractive advantage of these devices is
that their byproduct is water, which is very safe to the environment. However, hy-
drogen fuel cells still lack some improvements in terms of increasing their life time
and electricity production, decreasing power losses, and optimizing their operating
conditions. In this thesis, the cathode part of the hydrogen fuel cell will be consid-
ered. This part mainly consists of an air gas channel and a gas diffusion layer. To
simulate the fluid dynamics taking place in the cathode, we present two models, a
general model and a simple model both based on a set of conservation laws governing
the fluid dynamics and chemical reactions. A numerical method to solve these mod-
els is presented and verified in terms of accuracy. We also show that both models
give similar results and validate the simple model by recovering a polarization curve
obtained experimentally. Next, a shape optimization problem is introduced to find
an optimal design of the air gas channel. This problem is defined from the simple
model and a cost functional, F, that measures efficiency factors. The objective of
this functional is to maximize the electricity production, uniformize the reaction rate
in the catalytic layer and minimize the pressure drop in the gas channel. The impact
of the gas channel shape optimization is investigated with a series of test cases in
long and short fuel cell geometries. In most instances, the optimal design improves

efficiency in on- and off-design operating conditions by shifting the polarization curve

il
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vertically and to the right.

The second primary goal of the thesis is to analyze mathematical issues related to the
introduced shape optimization problem. This involves existence and uniqueness of
the solution for the presented model and differentiability of the state variables with
respect to the domain of the air channel. The optimization problem is solved using
the gradient method, and hence the gradient of E must be found. The gradient of £
is obtained by introducing an adjoint system of equations, which is coupled with the
state problem, namely the simple model of the fuel cell. The existence and uniqueness
of the solution for the adjoint system is shown, and the shape differentiability of the

cost functional F is proved.
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Chapter 1

Introduction

1.1 Fuel Cells and main objective of the thesis

Fuel cells are devices used to generate electricity from electrochemical reactions oc-
curring inside the cell between the fuel and the air. Fuel cells are classified by means
of the fuel used, which lead to different electrochemical reactions.

In a polymer electrolyte membrane fuel cell, there are three main parts: the
cathode, the membrane(M) and the anode, see Figure 1.1. Both the cathode and
the anode have a fluid (gas) flow channel, a gas diffusion layer (GDL or G) and a
catalyst layer (CL). The flow channel is used to deliver the fluid or the reactant. The
gas diffusion layer is a porous medium that helps to distribute the gas to the catalyst
layer, by which it speeds up the reactions taking place in the cathode or the anode.

In the thesis, hydrogen fuel cells are considered, which use hydrogen gas H,
as their fuel. The hydrogen gas is delivered into the anode flow channel, diffuses
through the anode GDL and then spreads over the anode CL. In the anode CL,

hydrogen molecules react to produce electrons and protons:
Hy, — 2HT +2¢. (1.1.1)
The two electrons, 2e~, are transported to the cathode through an external circuit.

4
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Anode

Cathode

Figure 1.1: 2d cross-section of a hydrogen fuel cell

However, the protons, 2H ™, are drained into the membrane. On the surface of the
membrane, these protons bind with water molecules to produce two ions of hydro-
nium:

Next, the hydronium ions travel through the membrane towards the cathode side.
In the cathode, air (or oxygen gas) is delivered into the cathode air channel. The air
diffuses in the cathode GDL and then spreads over the cathode CL, where the oxygen

molecules enter a reduction reaction by means of the two electrons coming from the

anode:
1 - 2
502 +2¢ — O °. (1.1.3)

Finally, the hydronium ions react with the oxygen atom to produce three molecules

of water and heat:

2H;0" + 0% — 3H,O+ Heat. (1.1.4)
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Hence, the overall reaction taking place at the cathode CL is
1
2H" + 502 +2¢~ — HyO+ Heat, (1.1.5)

where water, as the main product, is a great advantage to have a safe environment.

However, the products of the reaction (1.1.5), namely water and heat, may lead to
ineffective operation of the fuel cell. The heat, resulting from the exothermic reaction
at the cathode, can cause the membrane to dry out. In this case, the membrane
cannot transport the protons 2H " from the anode to the cathode, therefore the elec-
tricity generation decreases or stops. On the other hand, water can accumulate in
the cathode part of the cell. This, as well, prevents the reaction (1.1.5) to take place,

as all catalytic reaction sites are eventually flooded by water.

The main goal of the thesis is to investigate avenues for solving these issues, for
instance by improving the transport of reactants and products in the cathode. It
is noted experimentally that the reaction rate (1.1.5) is not uniform on the cathode
CL(decreasing along the channel direction), see for instance [14] and [22], where this
is remarkable for long air channel fuel cells. This leads to accumulation of heat in
regions where the reaction rate is high, and accumulation of water where the reaction
rate is low, see [22] where regions of water accumulation in cathode has been stud-
ied. Improving the performance of hydrogen fuel cells becomes a concern today for
researchers. In [30], the current density is maximized by finding the optimal compo-
sition of membrane electrode assembly(MEA), that is, finding the optimal platinum
loading, platinum to carbon ratio, electrolyte content and gas diffusion layer poros-
ity. The optimal assembly for the cathode was done in [27] and [29], and for the
anode in [28]. In [19], the goal was to maximize the current density with respect
to operating conditions. In [32], the objective was find the optimal thickness of the
cathode CL that maximizes the current density. In [10] and [11], the objective was

to find the optimal cathode dimensions and optimal inlet pressure that maximize the
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current density. In [16], finding an optimal geometry of the cathode air channels was
considered to maximize the current density, by testing rectangular, triangular and
hemispherical air channels. Only maximizing the current density is widely considered
in the literature, while considering uniform current density as an objective is rarely
seen though it is crucial, as explained above and for instance in [13]. However, in [26],
results show an optimal cathode catalyst (platinum) loading that makes the current
distribution even. Yet in this work, maximizing the current density is not considered.

This thesis combines three objectives through finding an optimal design of the
cathode air channel: maximizing the current density, uniformizing the current density,

and reducing the pressure drop along the gas channel.

1.2 Plan of the thesis

Chapter 2 is dedicated to the modeling of the cathode part of hydrogen fuel cells. It
considers two models: a general model and simplified model. A shape optimization
problem is defined to minimize an objective function representing the efficiency of
hydrogen fuel cells.

Chapter 3 presents a mathematical analysis of the shape optimization problem. The
first part is about finding the shape gradient of the cost functional defined in chapter
2. The second part investigates the shape differentiability of the variables involved,
by which the cost functional is defined. Also, the shape differentiability of the cost
functional is proved. The last part studies existence and uniqueness of an adjoint
problem, which is used to calculate the shape gradient of the cost functional.
Chapter 4 presents the numerical methods used to solve the optimization problem.
In chapter 5, the simplified and general models are first compared. The simplified
model is next validated with the model studied in [15]. The optimization problem is

solved and discussed for both long and short air channels.



Chapter 2

Statement of Problems

2.1 Mathematical Modeling

The goal of this section is to present mathematical modeling background to explain
the fluid dynamics taking place in the cathode part of hydrogen fuel cells. Of the cath-
ode part, two main domains are considered: the air channel A and the gas diffusion
layer GG, see Figure 2.1.

In this figure, I'; is the channel inlet, I', the channel outlet, I' and I',, walls, M
the catalytic interface between the GDL and the membrane, ¥ the interface between
A and G. In the thesis, M will be called the “membrane”.

Air is delivered at I'; while some water vapor, nitrogen and oxygen gases exit at

M

Water
Nitrogen
Oxygen

Figure 2.1: 2d cross-section of the cathode part of hydrogen fuel cells.
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r,.

Let ¢,, ¢, and ¢, denote the mass fractions of oxygen, water vapor and nitrogen,
respectively, and p,, py, pn and p, the densities of oxygen, water, nitrogen and the
gas mixture, respectively. Let also p, denote the pressure of the gas mixture and 1y
the velocity of the gas mixture.

The system is assumed to be in steady state, isothermal and has only gas phase.

Two models will be considered in this section. The first model, a general model,
takes into account the variation of both the gas density and the dynamic viscosity
due to change in the mass fractions of species. The second model, a simplified model,
assumes the gas density, the dynamic viscosity and the nitrogen mass fraction to be
constant. The later model improves the one presented in [21], a simplification of
the model considered in [22]. In both models, a particular attention is given to the
porosity of the domain GG and specifying the reaction rate at the membrane as well
as the dynamic viscosity of the gas mixture.

The assumptions of constant dynamic viscosity and constant gas density are
clearly not valid due to high change of mass fractions.

Comparing the two models will serve for two benefits. The first benefit is to verify
the assumptions taken in the simplified model. The second benefit is to consider the

simplified model in the analysis part.

2.1.1 The General Model

In the general model, ¢,, ¢y, Cy, Uy, Py, pg and 1 are all variables.

The mixture density p, is interpreted in terms of partial densities:

Pg = Pot Puw Tt Pn; (211)

and the mass fraction of each species is given by



2. Statement of Problems 10

Co =1L ¢, = pp—;“, Cp = 22, (2.1.2)
Hence, (2.1.2) gives the total mass fraction
CotCy+eE, = 1 (2.1.3)

Since no reaction happens in both domains A and G, the gas temperature T
is assumed to be constant in A U G; see also [3] and [22], where the variation of
temperature is small.

Assuming that the gases are ideal in both domains A and G, then their partial

pressures are given by

b, = LoBT 5 pwRT 5 pRT (2.1.4)

where M,, M, and M, are the molar masses of oxygen, water, and nitrogen, respec-
tively, and R is the universal ideal gas constant.

The mixture pressure or the total pressure p, is given by
Dy = Do+ Puw+ Dn (2.1.5)

From (2.1.2), it follows that p, = ¢opy, pw = Cwpy and p, = é,py. Then using
(2.1.3),(2.1.4) and (2.1.5) results in

ﬁg = ﬁo +ﬁw +ﬁn
& 1—é—8& &
N al (A R Y
Po Q@* M, +M)
pgRT

— L (BoCo + Bntn + 1), (2.1.6)

Whereﬁozﬁ—j—landﬁn:%—:—l.

Therefore, p, is written as
Myp,

— . 2.1.7
P9 = RT (Boto + Butn + 1) (2.1.7)
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It also follows from the ideal gas law that

b, b0 _Da

To=", Tp="-", XTyp=—. (2.1.8)
pg pg pg
Using (2.1.4), partial pressures in (2.1.8) are written in terms of the main variables:
RTp,c, RTpyc, RTp,cy
gy = Py = T P el (2.1.9)

A ) n A ) Iw A *
Mopg ang wag
Dynamic Viscosity

The dynamic viscosity of the mixture , u, is not constant in general as it is a function
of the molar fractions of the species, see [33] and [35]. For this, let z,, =, and
x,, denote the molar fractions of oxygen, nitrogen and water, respectively. Let also
tair and i, be the dynamic viscosities of dry air and water, respectively, at the
temperature 7. Then according to [33], the dynamic viscosity of moist air or the

mixture is well-approximated by

po= (PairZair + toTw) (1 4+ Tairxy/2.75) (2.1.10)

where the molar fraction of air z,; = x, + x, and z,, are obtained from (2.1.9). The
dynamic viscosity of the gas mixture (2.1.10) depends on the temperature 7. In our
models presented below, the gas temperature 7' is chosen within the validity rage of

this equation.

Relative Humidity

The system is assumed to be only in gas phase. To check the validity of this assump-
tion, the so called "relative humidity”, denoted by RH, is calculated.

Relative humidity measures the amount of water vapor in a mixture relative to
that in the mixture saturated with water vapor. Let n, denote the number of moles
of water molecules in the mixture. Let also n, be the total number of water moles in

the saturated mixture. Then, the relative humidity is defined as

RH = v (2.1.11)
Ux



2. Statement of Problems 12

see [35]. From the ideal gas law, (2.1.11) is written as
RH = v (2.1.12)
Ps
where p, is the pressure of water vapor at the saturation point. Also, ps is approxi-
mated by a polynomial in terms of temperature, see [35].
Dry air means RH = 0 while saturated air with water means RH = 1. When the
relative humidity of a system is greater than one, the system is called over-saturated,

and a liquid phase exists. In the numerical results presented in Chapter 5, the relative

humidity always remains below 1.

Fluid dynamics in the air channel

In the air channel, the system is governed by fluid dynamics laws: conservation of
momentum and conservation of mass.

Conservation of momentum gives
Ve [=p (Vg + Vi) +p,1] = 0 in A (2.1.13)

where g is the dynamic viscosity of the flowing fluid. The first term of (2.1.13)
represents the change of momentum due to shear stress and the second term the
change of momentum due to pressure drop. Equation(2.1.13) is the Stokes equation
for creeping flow [2].

Mass conservation of the mixture results in the continuity equation:

%Jrv.(pgﬁg) — 0 in A (2.1.14)

where t denotes the time. Since the system is assumed to be in steady state, (2.1.14)

simplifies to
V-(psuy) = 0 in A (2.1.15)

Equation (2.1.15) is the usual mass conservation equation for compressible fluids,

see [2].
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Let Ji be the diffusive mass flux of species k, and Ny, denote the combined (dif-
fusive and convective) mass flux of species k. Then from Fick’s law [2], the combined

mass flux of oxygen and nitrogen are given by

Néo = _Dongéo + pgﬁgém

Nz, = —Dup,Ve, + pguge, in A (2.1.16)
where D, and D,, are the diffusivity constants for oxygen and nitrogen, respectively.
The first term of the fluxes (2.1.16) represents the diffusive flux and the second term
the convective flux. The mass conservation of oxygen and nitrogen results in

V-N:;y = Rg,

where R;, and R;, are the reaction rates for ¢, and ¢,, respectively. Since the flow is
non-reactive in A, Rs, = R;, = 0. Using equation (2.1.15), it follows that

V- (pgligls) = pgy - Ve,

V- (pguyt,) = pgly-Vé, in A. (2.1.18)
Then equations (2.1.17) reduce to

—V - (DopgVié,) + pgay - Vi, = 0,

—V - (Dnp,Vé,) + pgay - Vé, = 0 in Al (2.1.19)

Therefore in the air channel, A, the following problem must be solved : Find 1y,

Dy, Co, ¢ and p, such that

Ve [ (Vi +Va)) +pI] = 0,
v'(/ogﬁg) = 0,

—V - (DopyViéo) + pgliy - Vé, = 0, in A (2.1.20)
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—V - (DppyVién) + potiy - Ve, = 0,
Mypy
RT (ﬁoéo + ﬁnén + ]-)

_= pg.

Fluid dynamics in the gas diffusion layer

In the gas diffusion layer, the fluid dynamics of the system is modeled by Darcy’s
equation and conservation of mass.

Darcy’s equation [2] models the gas velocity and the gas pressure in porous media:

%ﬁg—i-Vﬁg - 0 in G, (2.1.21)

where K is the permeability of the porous medium. Here 0, is the superficial velocity
or the extrinsic velocity, which is the averaged velocity over the porous domain G.

The pressure p is the intrinsic gas pressure.

Mass conservation of the mixture yields the continuity equation:

%Jrv-(pgﬁg) — 0 in G, (2.1.22)

Since the system is assumed to be in steady state, equation (2.1.22) simplifies to
V-(puy) = 0 in G. (2.1.23)
Like in the air channel, A, the mass conservation of oxygen and nitrogen gives

~V - (eDp,Vé,) + epgtay - Ve, = 0,

—V - (D p,NVé,) + epgty - Ve, = 0, in G
M.pg
RT (Boéo + 5nén + 1)

= g (2.1.24)

where ¢ is the porosity, the ratio of pore area (volume) to the total area (volume) of
the domain G.

The diffusivity of each of oxygen and nitrogen, D¢/ and D¢/ is the effective
diffusivity which takes into account the effect of porosity of the domain G. In fact
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for species i, the effective diffusivity D'/ := 5D, see [14]. Note also that 1, is the
fluid velocity obtained from (2.1.21) since the medium is porous.
In summary, the following problem has to be solved in the gas diffusion layer, G:

Find ug, py, Co, ¢, and p, such that

i, + Vi, = 0,

V- (pglyy) = 0,
—~V - (D p,NVé,) + epgty - Vé, = 0, in G (2.1.25)

—V - (D p,NVE,) + epgtn, - Ve, = 0,
Mypy
RT (BoCo + Bntn + 1)

Boundary Conditions

The above system of equations (2.1.20) and (2.1.25) are coupled with boundary con-
ditions. These boundary conditions are introduced in [3], [15], [21] and [22].

On the channel inlet, I';, the following boundary conditions are prescribed.

iy = 0, (2.1.26)
/al _— (2.1.27)
r;

" . 1 .
? T,
G = Coiny (2.1.29)
Gy = Coimy (2.1.30)

where ¢, ¢,;, and ¢, are given constants. Condition (2.1.26) implies that the
tangential velocity component is zero, and condition (2.1.27) specifies the volumetric
flow rate at the inlet. Condition (2.1.28) implies that the total stress tensor equals

to the average pressure p;, on I';, where p;, here is an unknown constant. Conditions
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(2.1.29) and (2.1.30), respectively, mean that oxygen and nitrogen mass fractions are
known at the channel inlet.

On the channel outlet, I, the following boundary conditions are considered.

i = 0, (2.1.31)

— i + Py = Pouts (2.1.32)
Jo v = 0, (2.1.33)
Jo v = 0, (2.1.34)

where pyy 18 a given constant. Condition (2.1.31) is the same as on the channel inlet.
Condition (2.1.32) specifies the total stress tensor. In conditions (2.1.33) and (2.1.34),
the diffusive flux of oxygen and nitrogen are zero; or equivalently that oxygen and
nitrogen mass fractions are constant along the x-direction near the outlet.

On the wall I', the boundary conditions are

=1, = O, (2.1.35)
Jo, v = 0, (2.1.36)
Jo, v = 0, (2.1.37)

where v denotes the exterior normal vector to 9€2, and 2 := AUG. The first condition
(2.1.35) specifies the usual no-slip velocity on a wall. Conditions (2.1.36) and (2.1.37)
state that diffusive fluxes for oxygen and nitrogen are zero. Hence, with condition
(2.1.35) the combined fluxes of oxygen and nitrogen are zero.

On the interface, ¥, it is assumed that

[s] = 0, (2.1.38)
—pOytiz + pg = Py(-,07), (2.1.39)

a1(.,07) = 0, (2.1.40)
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6] = [eD pyaé,] = 0, (2.1.41)
(6] = [eD py0aé,] = 0, (2.1.42)
) = 0, (2.1.43)

where [-] denotes the jump across X, and py(x, 0%) = lim,_o+py (2, y), for every z € 3.
In domain A, e = 1 and D%/ = D. Conditions (2.1.38), (2.1.41) and (2.1.42) as well
as (2.1.43) ensure that the diffusive and the convective fluxes of oxygen and nitrogen
are continuous on Y. Consequently, these are used to couple equations (2.1.19) and
(2.1.24). Condition (2.1.39) implies that the total stress tensor equals to p|y.. In
condition (2.1.40), it is assumed that the gas in domain A does not slip along the
interface 3.

On the walls, I',,, the boundary conditions are

i = 0, (2.1.44)
Jo, v = 0, (2.1.45)
Jo, v = 0. (2.1.46)

Conditions (2.1.45), (2.1.46) and (2.1.44) imply that the combined fluxes of oxygen
and nitrogen are zero.

In the catalyst layer M, the following reaction takes place:
4H" +4e” + 0y — 2H,0 + Heat. (2.1.47)

L N, -v), there will be two

This means that for every mole of oxygen consumed (or

moles of water vapor produced ( MLwNé -v). Hence

1 1
Ve v = Ve (2.1.48)

In addition, the reaction (2.1.47) implies that for every mole of oxygen consumed

(or MLONéO -v), there will be four moles of electrons (or 4F of charges) used, where F

is the Faraday constant. These electrons pass through an external circuit to generate
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electricity. Let ¢ denote the current density on M, which is the transport rate of
electrons per unit area or the flux of electrons. Then the current density is related to

the oxygen mass flux as follow

i = (O molar transport rate) x 4F
AF
= 3 Ne v (2.1.49)

Hence, the normal component of oxygen mass flux is then determined to be

M,
Ng, - = %3. 2.1.
oV ok (2.1.50)

Also, due to consumption of oxygen and production of water vapor on M, the

total mass is written as
pglla = Ne, - v+ (1L +200m)Ng, - v, (2.1.51)

where the factor 2a,, accounts for the water crossing the membrane from the anode

side. Now using equations (2.1.48), (2.1.49), and (2.1.50), it follows that

M, M, .
U  — — (1 + 2 . 2.1.52
pqu 4F7’ 2F ( + C(m>Z ( 5 )

The nitrogen mass flux is assumed to be zero, which means that the nitrogen gas

cannot cross the membrane:
N?: . V = 0. (2.1.53)
To find the current density 7, the Butler-Volmer equation is used

. . Co aF o F
i = 1 (é f> {e:z;p (ﬁn> —exp (— =T n)} , (2.1.54)

where i is the exchange current density, ¢, ..y oxygen reference mass fraction, and

a. the cathode side transfer coeficient, which are all fixed parameters, see [15].
Finally, the variable n, which is the catalyst layer activation over-potential, sat-

isfies the cell voltage formula:

Ece” = Erev - n— T](w, (2155)
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where F..; is the cell voltage, F,., the reversible cell voltage, r the ohmic resistance

of the cell, and I, is the averaged current density on M:

1 .
I, = W/Mz(.r)dx (2.1.56)

Then the boundary conditions considered on M are

M,
N, v = =2
R Y
M
N. v = —(1+2a,)-2
v = (14 20,) i
Né V= 0,
X M, . M, .
poliz = i — (14 2a,) o7 (2.1.57)

where 7 is determined by the following equations

. . Co aF o F
T = 1 2 ; ETP ﬁﬁ — €exrp —ﬁn )

Ecell = Erev - n— 71Iav' (2158)

Then the above boundary conditions are summarized below.

I Co — Cojin = Cp — Cnin = 90— fp Uy = Uy = —pdly + Pg — Pin = 0,

I': Ng-v=Ng v = U = Uy =0,

Ly: Joy-v=1Js -V = Uy = —pdily + Dg — Pout = 0,

X [G) =[Ng, v =en] = [Ne, - v] = 01 (.,07) = [o] = —pdaiiz + pg — p(-,07) =0,
Fw: Neg -v=DNg ‘v = u; =0,

M: Ny-v—12Li=N, v = pyliy — (B — (14 20,) &) i =0,

(2.1.59)

where K, @, ¢, in, Cnin, Dour are given constants, while p;, is an unknown constant.
In the following remark, the oxygen mass flux is written in terms of the oxygen
mass fraction, ¢,. This remark will be used in Chapter 3 to calculate shape derivatives;

in particular, it clarifies notations used there.
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Remark 2.1.1 Let H,, denote the consumption rate of oxygen on the membrane,

M. Then using the first equation of (2.1.57) gives

M
N - = H ¢ =2 2.1.
oV mCo 4FZ’ (2.1.60)

where it follows from the first equation of (2.1.58) that

Myig a aF
H, = — Tt ) - Bt B 2.1.61
1Fé,0s [exp (RT ’7) o ( RT ")] (2:1.61)
Also, from the last equation of (2.1.57), it follows that
X M, My| AF
EPgUz = —€ |:ﬁ(1 + QOém) — E] MHmCO
2M,, .
= —¢ ( (14 2a,,) — 1> H,.¢,. (2.1.62)
M,
Set
2M,,
8, = ¢ ( T (L 2am) - 1) , (2.1.63)
which is a positive quantity as % > 1. Then,
epgis = —BumHmbo. (2.1.64)
Since
N; v = —epgDeffa,,éo + epguc, - v, (2.1.65)

it follows from (2.1.60) and (2.1.64) that the normal component of the diffusive flux

on the membrane is given by

—epy D06, = Hpy (14 Bnéo) Co. (2.1.66)
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2.1.2 The Simplified Model

In the simplified model, the gas density and nitrogen mass fraction are assumed to
be constant. The general model: equations (2.1.20) and (2.1.25) are simplified after
dividing by ps. Then the following problem has to be solved: Find 1y, pg, ¢, such

that
—V - (DyVé,) + 1y - Ve, = 0,
A, +Vp, = 0, (2.1.67)
V-, = 0
in A, and
—V - (eDIVe,) + ety - Ve, = 0,
%{194_Vﬁg = 0, (2.1.68)
Vg, = 0
in G.

The above system of equations are grouped, and the problem is to find g, pg,

¢, such that

~V - (eDIVe,) +ety - Vi, = 0 in €, (2.1.69)
(—pAdy, + Vi) v(A) + (%ﬁg—i—Vﬁg) @)= 0 in AUG, (2.1.70)
V-t,= 0 in AUG, (2.1.71)

coupled with the same boundary conditions (2.1.59). Here x(.) denotes the charac-

teristic function, and € = 1 in A.
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2.2 Optimization Problem

Based on experimental observations [13],[19] and [26], hydrogen fuel cells are made
more efficient under the following conditions.

First, the current density ¢ must be uniformly distributed on the membrane M.
This makes the reaction of oxygen and hydrogen molecules occur uniformly at the
same rate on the entire membrane. In addition, having this uniform distribution
takes advantage of the cathode platinum catalyst layer, which is the most expensive
part in the fuel cell. But the current density (2.1.50) is proportional to the normal
component of the oxygen mass flux. Therefore, minimizing the total variance of the
current density or that of the normal component of the oxygen mass flux are the

same. Hence, the integral
1 2
N&O UV — —/ Néo . I/> 3 (221)
fu(er=pm ],

Second, the current density should be maximized as well on the membrane in

must be minimized.

order to increase the production of electricity. This is achieved when the normal

component of the oxygen mass flux is maximized on the membrane. Then,

/ N, v, (2.2.2)
M

must be maximized. Note also that maximizing the oxygen mass transport towards
the membrane usually decreases the amount of oxygen reaching the channel outlet.
This makes a maximum benefit of the oxygen gas delivered at the channel inlet.

Third, the pressure drop between the inlet and the outlet,

Pin — Pout, (223)

must be minimized. This leads to a lower operating cost for the fuel cell. This term is
proportional to the energy that is drawn from the fuel cell to maintain a flow through

the gas channel, for instance with a compressor that is attached to the fuel cell.
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Now, taking a weighted average of the above functionals leads to the following

cost functional E(I),

1 1 2
E) := —a/ Ne, - v — —/ Ne, -v) — b/ Nz, - v+ e (Din — Pout), (2.2.4)
2 Ju | M| J s M

where I' is the design parameter controlling the shape of the air channel, A, and a, b,
and e are some given nonnegative parameters. The coefficients (a, b, and e) should
come with proper units for F(I") to be non-dimensional if the variables in each term
are dimensional.

The optimal shape of the wall of the air channel, I',, is defined to be the solution
of the following problem: Find ', € C?(R) such that

Iy = arg minprecew E(I), (2.2.5)
subjected to the state equations (2.1.69)-(2.1.71) and (2.1.59).

Remark 2.2.1 The regularity of I' is needed to show the shape differentiability of

the cost functional E(I") as well as the state variables.



Chapter 3

Mathematical Analysis

The goal of this chapter is to discuss some mathematical analysis issues related to the
optimization problem introduced in Section 2.2. To recall, our optimization problem
is to find an optimal shape I', see Figure 2.1, minimizing a cost functional £ =
E, W (")), where W(I') denotes steady state variables, which satisfies a system of

equations represented by F'(I', W (I')) = 0. Therefore, our problem reads:

miny  E(I,W(I)), (3.0.1)
subject to  F(I',;W(I')) = 0. (3.0.2)

To solve this problem, we need to differentiate £ with respect to I':

dr OE  OFE dW

T oot owar (303)
where % is taken as a new variable. However, differentiating the state equation
. . . . dW‘
(3.0.2) with respect to I' gives an equation for the variable ‘=
oF  OF dW
— F+ —— = 0. 0.4
or towar = ° (3.0-4)

To derive equations (3.0.3) and (3.0.4), some background in differentiation with re-
spect to domains is presented in the first section of this chapter. This will help to

calculate derivatives with respect to I', which appear in the above equations (3.0.3)

24
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and (3.0.4). In the second section, the gradient of E is calculated using an adjoint

daw
> dr

problem. Existence of the shape derivative of the state variable will be discussed
in the third section. Finally, existence and uniqueness of the adjoint problem will be
proved.

In the course of this chapter, the domains A, G, and 2 = AU G as well as
their boundaries refer to the ones given in Figure 2.1, unless otherwise stated. These
domains are open sets of R? with Lipchitz boundaries. Also, v4, V¢ and v denote the

exterior unit normal vectors to A, G and (2, respectively.

3.1 Some Background in Shape Calculus

This section presents some background in shape calculus, that will be needed in this
chapter. The notations and proofs of this section are found in [31]. For comprehensive
and self-contained details in this subject, we refer the reader to [5].

Let 2 be a bounded open set of R™ with a regular boundary 9€2. Let also ( be
a regular vector field defined on R". Then a variable set €}, parametrized by ¢, is

defined as follows
Qe = {ze=2+((x),z € Q}. (3.1.1)
Let u(¢) be a real-valued function depending on 2, and defined on €. Then,
u(Q)(z¢) = u(C ), x¢€ Q. (3.1.2)

The above equation can be considered in the fixed domain €2 using the change of

variables x. = (I + (¢)(z), where [ is the identity vector field on R":

u(@) o (I+¢)(x) = u((,(I+)(z)), =€ (3.1.3)

Note that u(0) is defined on the fixed domain £y = 2.
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The function u(() either solves an equation (a PDE system, for instance), or is
involved in a cost functional that needs to be minimized or maximized. The goal of
this section is to present the main results to calculate derivatives with respect to ( of
equations and cost functionals involving u(().

First, let us introduce a diffeomorphism space, Cj, that is used to map the fixed

domain €2 to the transformed domain €2, as given above.

Definition 3.1.1 Let k > 1, where k is an integer. Then a diffeomorphism space Cy,

on R™ is defined as follows:

where CY denotes the space of bounded, continuous functions with compact support on

R™. This space is equipped with the norm

1Kl = sup {|D*C (2)],x € R",0 < |a] < k}. (3.1.5)

The following lemma shows the differentiability of the Jacobian function, Jac(I + ().

This lemma will be used to change the variable z¢ to x.

Lemma 3.1.2 Denote

Jac(I +¢) = ‘det (M> ‘ .

3.1.6
o (3.1.6)
Then the map ¢ — Jac(I + ¢) is differentiable at ¢ = 0 from C), into C*~1(R"™), and

for every & € Cy, its derivative in the direction £ is equal to

dJac(I + ¢)

ac (0) € = div (£). (3.1.7)
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Lemma 3.1.3 Let

(3.1.8)

V(I +Q)] = [M}

Ox;
denote the matriz derivative of the map [+ of R™ and [V (I + C)]_T be the transposed
inverse matriz. Then the function { — [V(I + Q)]fT 1s differentiable at ¢ = 0 from
C into (Cr_1)", and for every & € Cy, its derivative in the direction & is equal to

oVI+QI"

% (00§ =—[ve". (3.1.9)

The following remark gives a relation between the gradient operators V. and V.,

which is needed to change variables.

Remark 3.1.4 For every f € WH! (R") and ¢ € C}, small enough, it follows that

(Vo) o (I+¢) = VI + Q] Vo (foI+()). (3.1.10)

3.1.1 Differentiation of ( — fo (I + () and {( — f({) o ({ + ()

Let f be a function on R"”, which does not depend on (, and I4( be a diffeomorphism
on R™. Then fo (I + () is a function on R™.

Lemma 3.1.5 Let f € H'(R"). Then the map ¢ — fo (I +() is differentiable at
¢=0 from Cy into L>(R") and , for every & € Cy, its derivative at ( = 0 in the

direction & is equal to
df o (I+¢)
a¢

Now, the above lemma is extended by considering f(¢), a function of (.

0)¢=¢- V. (3.1.11)

Lemma 3.1.6 Let f(¢) € H'(R™), and suppose that { — f(¢)o (I + () is differen-
tiable at ¢ =0 from C) into H'(R™). Then ( — f(() is differentiable at ( =0
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from Cy into L*(R) and , for every & € Cy, its derivative in the direction £ is

equal to

af (¢) _
8—§(0)£_

0f (Q) o (I +¢)
a¢

(0)§—=¢-Vf(0). (3.1.12)

3.1.2 Local differentiation

For every ¢ € Cj, small enough, let Q; and u(¢) be defined as in (3.1.1) and (3.1.2),
respectively, and u(¢) € H'(€). Note first that for 2 € , the directional derivative

du(C) _ u(t€)(z) — u(0)(x)
a—C(O)(x)f' = lim;_o ;

(3.1.13)

is not defined in general as x € 2 may not belong to the domain of definition of u(t£).
Therefore, this directional derivative must be defined locally.

For x € Q, let € be an open set such that x € €/, and € CC (), meaning
that ' is strictly included in  and ' C Q. Then, wu (¢)|o is defined for small ¢
as Q' CC (I +¢)(92). Hence the differentiation of ¢ — u({)|or at ( =0 has a

meaning.

Definition 3.1.7 The map ¢ — u(¢) is said to be differentiable into W,"(Q), or
locally differentiable, if the map ¢ — u (C) |or s differentiable from Cy, into W™ (')

for every € CcC Q. Also, its local derivative ag(f) (0)¢ 1is defined in the whole

domain 2, for any direction & € C, by

du (C) ~ Ou(Q) |
aC A

0)¢ 0)¢, (3.1.14)

for every € cc Q.

Lemma 3.1.8 Let u(¢) € H'(Q) and ¢ — u(¢)o (I + ¢) be differentiable at ¢ =0
from Cy into H'(Q). Then ¢ — u(C) is differentiable at ¢ =0 from Cj, into
L2

e (82) and | for every & € Cy, its derivative in the direction & is equal to

ou(Q) v, _ du(Q)o(l+¢)
¢ aC

(0)¢ (0)§—=¢-Vu(0).
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Lemma 3.1.9 Suppose that 0 is a piecewise C' curve, u(() € WH(Q) and
¢ —u(C)o(I+) is differentiable at ( =0 from Cy into WH(Q). Assume also
that w (¢) =0 on 0S¢, and that w (0) € W (Q). Then, ¢ — u(¢) is differentiable
at (=0 from Cy into L. () and, for every & € Cy, its derivative at ( =0 in

the direction & satisfies a“—(CC) (0)¢ e W (Q) , and

9
Ou (¢)
a¢

where v denotes the outward unit normal vector to OS).

0)E=—(&-v)0u(0) on 09, (3.1.15)

3.1.3 Differentiation of cost functionals defined through an

integral form over () or 0f)

Consider a function u(¢) € H' (Q¢) and the cost functionals J(¢) and K (¢) given by

J(Q)=[ Cu(), (3.1.16)

Q¢

K() = / G(ul(©)) (3.1.17)

where C' and G are partial differential operators given in R™. For the problem to
make sense, we assume, for ¢ small enough, that the operators C' and G map H' (Q¢)
into L' (Q¢) and W(Q), respectively. We also assume, for ¢ small enough, that C
and G are differentiable from L? (Q¢) into D’ (). In other words, C is differentiable
if v— (C(v),yp) is differentiable for every ¢ € D ().

Let us assume that ¢ — u (¢)o (I + () is differentiable at ¢ =0 from C} into
H'(Q). Then by lemma 3.1.8, ¢ — u(¢) is differentiable at ( =0 from C} into
12

loc

(Q) and , for every £ € Cy, its derivative at ¢ = 0 in the direction ¢ is equal to

;. Ou(Q)
U ._8—C

Moreover, we have the following results.

(0) in € L*(Q). (3.1.18)
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Theorem 3.1.10 Suppose, for ¢ small enough, that w(¢) € H (), ¢ = u(¢)o
(I +¢) s differentiable at ¢ = 0 from Cj into H* (), C is differentiable from
L2 (Qe) into D' (Q), ¢ — C(u(()o(I+C) is differentiable at ¢ =0 from C,
into L' (Q),and C (u(0)) € WH (Q). Then, ¢ — J(C) is differentiable at { =0

from C} into R, and its derivative at ¢ = 0 in the direction £ 1is equal to

%(C(Df_/&]acgﬁio>)u/+/m (€-v) C(u(0). (3.1.19)

Definition 3.1.11 For every x € 052, let {Tj};:ll be an orthonormal system spanning
the tangent plane to 9 at . Then the tangential divergence of v € (C1(9Q))™ is
defined to be

divg(v)(z) = X070, v(x) on 09, (3.1.20)
where v € (C'(R™))" extends v.

Theorem 3.1.12 Let 0) be a C? curve and  locally on one side of OX). Suppose, for
¢ small enough, thatu (¢) € H* (), ¢ = u(¢)o(I + () is differentiable at ( = 0 from
Cy into H' (Q), G 1s differentiable from L* (Q¢) into D' (), ¢ = G (u(¢))o (I +¢)
is differentiable at ¢ =0 from C) into W11 (Q), and G (u(0)) € W21 (Q). Then,
¢ — K (Q) is differentiable at ¢ = 0 from Cy into R, and its derivative at { = 0 in

the direction & 1s equal to

dK (0) 9G(u(0))

e /a ) {T“ 4 (€ - 1) 8,G(u(0)) + divga(EG(u(0))] (3.1.21)

where divag s defined above.
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3.2 Derivative of the Cost Functional, £

To solve the optimization problem (2.2.5), the steepest gradient method is used to
find a minimizer, I',. For this, the shape gradient of the cost functional E is needed,

where

B(Q) = o [ (Nevm i [ M0} =8 [ Mo 0O o). 320

where ( is the parameter controlling the shape of the air channel A, and «, 8 and o
are some given nonnegative parameters.

From the boundary conditions (2.1.57) and (2.1.58), N, - v is written as

Néo V= Hm(n)éay (322)
where
Moio OéCF CKCF
H = —=1) = — 2.
and 7 is a function of (:
77(0 = Erev - Ecell - T[av. (324)

Hence, N;, - v contains both factors, H,,(n) and ¢é,, each depending on (.

Remark 3.2.1 From (3.2.3), H,, depends only on the overpotential 7, which from
the simple model in (3.2.4) is constant over M. This implies that H,, can be moved

in and out of any integral. This will be used below.

Definition 3.2.2 Let

E 1/(HA 1/HA)2 (3.2.5)
= = mCo — —— mCo | 2.
! 2 Jur (M| Ju

By, = /Hmc (3.2.6)
M
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where H,, is a positive constant for every (, and

E(C) = aFEi(() — BEC) + 0 (pin(C) — Pout) - (3.2.7)

As defined in the previous section I'c = (I + &)(T'), where £ € C? (R?*R?).
The vector & is chosen such that each point of I' is perturbed vertically, that is

€= (&,&) = (0,&). The space of perturbation, V', is defined as follows.
Definition 3.2.3 Let £ € V,
V o= C*(R%R*)N{(0,&),6=00nG}. (3.2.8)

Let also E' denotes the derivative of E at ( =0 in a direction £ € V:

E(t&) — E(0
E' = E'(0)§ = limtﬂow
The notation (.)" will only be used below for the directional derivative at ( = 0 in a
direction £ € V.
The objective of the following lemmas is to first find the shape derivative of the

cost functional E, and then to find the shape gradient of E using an adjoint system

of differential equations.

Lemma 3.2.4 The shape derivative of H,, at ( = 0 in the direction £ is given by

U a,F a.F !
o Tl acl’ el /Hon (3.2.9
m ek ] |“P\Rr ) T wmr ) ), e ) (329)

Proof:
Using Definition 3.2.3 and 3.2.4, it follows that

,  OHydn
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My, aF aF aF
= " = = —rl’ 3.2.10

where I} is given by

AF '
I('w = (/ Hméo) . 3.2.11
ATV (3:2.11)
|
Now let
TiOOKCF CYCF CVCF’
B = — — — 3.2.12

then B(n) is always positive.

Lemma 3.2.5 Using lemma 3.2.4, the shape derivative of E5 at ¢ = 0 in the direction
& 15 given by
Hp, R
Ey(0)¢ = —)/ . (3.2.13)
1+ 7 fM Co

Proof:
Multiplying equation (3.2.9) by ¢, and integrating over M gives

H ¢ = / /H’éO+Hm 3.2.14
/M |M| ). (3.2.14)

which results in

, . B Jyé y
/H = \M|+B(n)fMéo/MHm : (3.2.15)
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Hence using (3.2.15) gives

(/MHmc) /H’ /Hmo

= — —m 3.2.16
1+B(n chO/ ( )

|M]|

Lemma 3.2.6 The shape derivative of E1 at ( = 0 in the direction £ is given by

E1(0)§ = L[IMI_EJZ((Z))?MéfaH’Z” (c—y—j\lﬂ/Mcﬂc (3.2.17)

Proof:
For this, note that

s = [ (25 [ 5)
+H;/A4[(C—M c) (a’ |_J\14! M@')] (3.2.18)

The first term in (3.2.18) is simplified using lemma 3.2.4 and lemma 3.2.5 since

_B(n)
| M|

_ H,,B(n) y
SO fMCo/ ¢ (3.2.19)

H;, o E2(0)

For the second term in equation (3.2.18), note that

Sl o) (2= ).
Co— —— Co Cp— 7 C,
M [M| S IMI
(el Lo i)
v O My e M
. 1 /),
= Co — T Co | Cy- 3.2.20
[ (e, (3220
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Hence, equations (3.2.19) and (3.2.20) give the result. i

The following lemma gives the shape derivative of E.

Lemma 3.2.7 The shape derivative of E at ( = 0 in the direction £ is given by

E(0)¢ = /96’;+0p2m (3.2.21)
M
where
—2B(n)Eya — |M|H,,8 ) (A 1 /A)
g = ~ +aH | ¢o— = [ Co- (3.2.22)
|M|+ B(n) [y |M[ S
Proof:

The proof follows from the definition of the cost functional E from equation (3.2.1),

Lemma 3.2.5 and 3.2.6. |

We now take the shape derivatives of ¢, 1 and p assuming that the system,
(2.1.69)-(2.1.71) and (2.1.59), has a smooth solution. The following lemmas will be

needed to find the shape gradient of the cost functional E.

Lemma 3.2.8 Let o € C®(R?) such that ¢ = 0,T,(0) be a test function independent

of C. Then the shape derivative ¢ satisfies

- / V- (eDYIVp +epi) & + / epVeé- o
Q Q

= / [—eD0y0 + 9H,(3Bmé +1)] & — / (D70, + ot v) &
M

o

— / (eDN o) ¢ — / (&-v) (DYIVe V), (3.2.23)
Ul

r
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where

fm = ¢ <2Mw(1 + 200,,) — 1) : (3.2.24)

Proof:
Multiplying the advection-diffusion equation (2.1.69) by ¢ and integrating by parts
give

/ e (DVIVe- Vo + ot Ve) = / eD 0, ¢. (3.2.25)
Q¢ o0

From (2.1.59), 9,¢ = 0 on T UT, UT,. Also, Remark 2.1.1 gives —eD/9,¢ =
H,,¢é(1 + B,,¢) on M, assuming that p, = 1 on €. Then (3.2.25) simplifies to

/ e (DYIVe -V +pt-Ve) = —/ Doy — / H,,6(1 4 Bné). (3.2.26)
Q¢ Tic M
Taking the shape derivative of equation (3.2.26) leads to

/ e[(DYV+pa) Ve +oVe-d]+ [ e(&-v)(DVVeE Vo+pa-Ve)
Q 0N

— _/ Deffgoalé’—/ (Vor, - €) (Deffgpé’lé)—/ Hp(142B8,8)¢ . (3.2.27)
Fi 8Fi

M

Note that the above equation is derived using (3.1.19) in Theorem 3.1.10 by consid-
ering both Q¢ and I'; ; as volume domains. Since £ - v = 0 on OO\ and ¢ =0 on I;
and u =0 on I, (3.2.27) reduces to

/Qa[(Defngo +pu) - V& + pVe - 1]
= — /M H,o(1 +2B,8)¢ — /F (& v) (DVIVe- V). (3.2.28)
Integrating the volume term involving ¢ in (3.2.28) gives
/Qe (DNVp+pn) Ve = —/QV (eDNVp + epn)

+/ e (Do +pu-v)d.  (3.2.29)
o0
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Since ¢ is constant and £ - v = 0 on I';, it follows from Lemma 3.1.9 that ¢ = 0 on I';.

Since also - v =0 on I'UT',, the boundary integral in (3.2.29) simplifies to

/ e (DYIV +pt) vd = / e (DY70,p) ¢
o0 I'ul'y
+/ e (DYoo + pu-v) ¢, (3.2.30)
FoUM

Using (3.2.29), (3.2.30) and (2.1.64), which gives etiy = —2=m¢ on )M, (3.2.28) is

written as

- / V- (eDYIVp +ept) & + / cpVe- i
Q Q

= / (=D 0y + pH,, (3Bmé + 1)] & — / (D00 + - v) &
M

Ty

_/FUF E(Deffayw) é’—/(f-u) (DVeé- V). (3.2.31)

r

Lemma 3.2.9 Let v = (vy,v5) € C®(R?) x C°(R?) and q € C(R?) be test func-
tions independent of ¢, such that

vy = 0, I,urur,
v =0, Tuxurl,
[va] =[q] =0, X

V.v=0 AUG. (3.2.32)

Then the shape derivatives (0, p') satisfy
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—/ (Ugﬁ/ + Bmqu@') + / (&-v)(uo,v-0o,n0). (3.2.33)
M € r

Proof:
Multiplying Stokes equation by v, the divergence equation by ¢ and integrating by
parts lead to

/uVﬂvVv—i—/ﬂfyv—/ (pV -v —Vq-1u)

AC GK ACUG

=/ uvﬁmﬁ—/ (ﬁv—qﬁ)-m—/ (Ppv — qu) - vg
DA DA oG

= / puv - 0y, — / (pv — qu) - v. (3.2.34)
DA, O(AUG)\Z

A ~

Here we used [vo] = [p] = [t2] = [¢) = 0 on X. From (3.2.32), v; = 4; = 0 on X.

Hence, 0117 = 0 on ¥. Then, using the divergence free condition on u yields
V- 0,0 = ve0huy = —v01u; =0 on X. (3.2.35)

Using (3.2.32) and (3.2.35), (3.2.34) is written as

/ wﬁ-vV+/ﬂﬁ-v—/ (V- v — Vg - )

A( G K AQUG

= —/ pv261a2+/ uv-@,,frl—/ ,uv281112+/ (piv1 — qly)
F’L,( FC FO!C Flyc

A~ A A~ A mHm N
_/ (pv — q) - v — / (pov1 — qlig) — / (pvg + P qc) (3.2.36)
FC Fo,C M €

~ ~ H,\ ~
asu:()onfgandugz—'ngmconM.
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Before taking the shape derivative of the above equation, note that

</A<UG<ﬁv-v—Vq-ﬁ>>l

- / (p’v-v—vq~ﬁ’)+/ (§-v) (V- v —Vq-1u)
AUG

r;urur,

= — Vg -, (3.2.37)
AUG

where the last equality follows from V-v=00on AUG, ¢-v=0onI;UT,UY and
a=0onT.

Also, the shape derivative of the boundary integral over I'

(/r (pv — qu) - 1/) = 0. (3.2.38)

To see this, note that

(/F (ﬁv—qﬁ)-v) = /F{V'(ﬁV)/—q(ﬁ'V),+diUF[§(ﬁV—qfl>'V]}

+ [ @iy - aw-v (3239

r
where v - (pr) = 0 and divr[£ (pv —qid) -v] = 0on Tas @ = v = 0 on I'. Since
also & = 0 on I'¢, it follows from Lemma 3.1.9 that @' = — (¢ -v)d,4 on I'. These

simplify (3.2.39) to

(/ (pv — qu) - V) = / (&-v)v-[qo,a+ pd,v — qd,4]
I r

= [€nivey
= 0, (3.2.40)

asv-o,v=1-0,v+v-0,v=V-v=0onT.
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Similarly,

(/ U - 0Vﬁ> = /[uv - (0,0)" + divp (Epv - 0,0) + (€ - V) pod,v - 9,1]
I r
- / (€ - 1) pBv - Dy (3.2.41)
r
Using (3.2.37), (3.2.40), (3.2.41) and taking the shape derivative of (3.2.36) gives
/qu-Vﬁ'—k/ (§~VA)(MVV~Vﬂ)+/ﬂV-ﬁ'+ Vg - o
A DA oK AUG
= —/ (1020 Uy — / (var, - &) (Hv201uz)
r, ar,
+/ (&-v)pd,v- o0
r
+/ (10201 Uy + / (vor, - §) (pv201u2)
o 8Fo
+/ (piv1 — qiiy) +/ (Var, - €) (piv1 — qiin)
T or;

%

- / (Fon — qity) — /a (or, ) (s — i)

mHm A
—/ (vgﬁ' + g qc’) : (3.2.42)
M £

Since € - v4 =0 on OA\T, v, =0 on I UT,, v =0 on I and p/, = &0sp, = 0 on T,

(as p, is constant on I',), equation (3.2.42) reduces to

/quVu+/—vu+ Vg-u
AUG
[ o [ [
A~/ Bm m
— vop’ + qc’ ) . (3.2.43)
M 5

The first term of the above equation is integrated by parts:

/MVV VAT GES —/MAV : ﬁ'+/ puo, v - ' (3.2.44)
A A
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Since =—(§-v)d,uonl, @) =0on %, 4, =00onI;UT', and V-v =0in A, the

above equation is simplified to

/A,LLVV VU = —/A,uAv T /1“ (&-v) (uo,v-o,0). (3.2.45)

Substituting (3.2.45) in (3.2.43) leads to the result:

/A(—/LAv—l—Vq) -u / ([lz,v—FVq)

/Ul /QU1 /qul
FZ o

(1 + Bl
M

qc) + /F (€-v) (uo,v - 0,1) . (3.2.46)

The following lemmas introduces an adjoint system with appropriate boundary

conditions for the computation of the shape gradient of E.
Lemma 3.2.10 Consider the following adjoint system

—V~(€D6fng0—|—5<pﬁ) =0 Q

(~HAV + Vg + pVE) x(A) + (4

Kv—i—Vq—i—apVé) (@) =0 AUG,

Vv =0 AUG(3.247)

Then the shape derivatives (¢, 0',p") satisfy the following identity:

mHm A A A
0= /{—gD@ffaijH (3ﬁmé+1)¢—5 q] c’—/ (DO, + - v) &
M 19

—/ e(DY70,p) ¢ /gm (DNVe- V) +pl/ vy — /qa’1

Uy,

—l—/ qa’l—/ 02]3’+/ ) (po,v - 9,10) . (3.2.48)
° M
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Proof:
The adjoint system is motivated from Lemma 3.2.8 and Lemma 3.2.9: summing up

the equations (3.2.23) and (3.2.33), and equating the left side to zero, one obtains
(3.2.48). 1

The boundary conditions of the adjoint system are chosen so that the shape

gradient of F is easily computed.

Lemma 3.2.11 Consider the following boundary conditions for the adjoint system.

For the variable p, the boundary conditions are

¢ =0 on I}
de =0 on I'uly

Do o+up =0 on T,
B Hm

—eD0yp + H,, (3Bme — 1) p — =—g on M, (3.2.49)

and for (v, q)

The=
q— g= [ v1+0 =0 on Ij
Il Jr, T,

qg =0 on I,
v, =0 on TUXUT,,

v =0 on T;UTUT, UM, (3.2.50)
where g is given by (3.2.22). Then the shape gradient E' is given by

F(0) — /F (€ 0) (udv - 0 — DVE- Vo). (3.2.51)

Proof:
Using Lemma 3.2.7 and 3.2.10, namely combining similar terms of the identity (3.2.48)
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to those of £’ given in Lemma 3.2.7, leads to

mHm A A~ A
E = / (g — D0y + H,, (3Bpmé + 1) @ — b . q) c’+/ (—Deffalcp — gpul) ¢
M o
+ (0+/ vl) ﬁ;—f—/({-v) (o, v - 9,0 — DV - V¢)
r; r
—/ e (DY 9,p) ¢ — / qu} +/ quy — / v (3.2.52)
TUTy, T; I'o M

Note that since
T
and u; = 0 on JI';, it follows that

/a’l = 0. (3.2.54)
T

Hence, the integral in (3.2.52),

g/)qﬂ; _ 0 (3.2.55)
T

when ¢ is constant. Then, the boundary condition

! /‘ (3.2.56)
|F2’ I,

is suitable.
The other boundary integrals involving the shape derivatives ¢,0’, and p’ are
expensive to compute since they depend on the direction £&. To overcome this problem,

the coeflicients of these derivatives are set to be zero:

M : g — DOy + Hy, (3Bmé + 1) ¢ — Entlmg = 4y = 0,
r,: —D 910 — piiy = q =0,
I;: a+friv120,

rury,: od,p=0.
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The remaining boundary conditions were already considered in lemma (3.2.8) and

lemma (3.2.9). Then the shape gradient of F at ( = 0 in the direction ¢ is given by:

E'(0)¢ = /1“ (€ -v) (uoyv -9, — DVé- Vo). (3.2.57)
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3.3 Existence of the shape derivative of the state
variables

The goal of this section is to analyze the existence of the shape derivative of the state

variables: ¢(¢), u(¢) and p(¢), which are defined on Q(¢) := (I + ¢)(£2). Denote by

W) = (c(¢),u(¢), p(Q)) (3.3.1)

The state variables, given by W ((), satisfy state equations, written as
FGW(Q) = 0. (332)

Assuming that W(() is regular, then the shape derivative of W ({) at ( = 0 in the

direction ¢ is given by

oW (¢)
8—4(0)5

oW () oI +¢)
¢

Hence, the above equation (3.3.3) implies that the existence of the shape derivative

(0)6 — £ - VIV(0). (3.3.3)

an—EO(O)g reduces to the existence of the shape derivative %OC(HO(O){ and the
regularity of VIV (0).

. . . . . . OW ({)o(I
The goal of this section is to prove the existence of the shape derivative % (0)¢.
This is going to be achieved using the Implicit Mapping Theorem and Fixed Point
Theorem. For this, the state equations represented by equation (3.3.2) is reformulated

G(CW(Q)o(I+¢) = 0 (3.3.4)

where W (C o (I 4 ¢) is defined on the fixed domain §2. To prove the differentiability
of W(¢) o (I 4 (), the Implicit Mapping Theorem is implemented on G; namely the

following requirements are verified:

1. G is Fréchet differentiable near ( = 0,
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2. G(¢,W(¢) o (I+¢))=0near ¢ =0,
3. V+— 52-G(0,W(0))[V] is an isomorphism.

When the above requirements are met, then the Implicit Mapping Theorem gives the

existence and uniqueness of a Fréchet differentiable map f satisfying

G(¢, f(€) = 0, (3.3.5)

where ( is in a neighborhood of ¢ = 0. The uniqueness of such f and the second

requirement imply that

fQ) = W(Q)e(I+), (33.6)

and hence the shape differentiability of W (({) o (I 4+ ¢). The second and the third
requirements will be shown using a Fixed Point Theorem.

This section will be divided into subsections as follows. The first subsection introduces
the main results needed to write weak formulations of the steady state and adjoint
problems (see Section 3.2), and the results needed to implement the Fixed Point
Theorem. The second subsection defines a weak formulation for the steady state
problem. The third subsection investigates the differentiability of the steady state
variables and the shape differentiability of the cost functional E, given in (2.2.4).

3.3.1 Preliminaries

Lemma 3.3.1 ([34], page 32) Let A be a bounded open set of R™ with a Lipschitz

continuous boundary 0A. Define

L2(A)/R = {heLQ(A):/

A

h = } . (3.3.7)
Then the gradient operator,

grad: L*(A) — H(A), (3.3.8)
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is an isomorphism from L*(A)/R onto its range, Range(grad). Also, by transposition,

its adjoint grad* = —div,
—div: Hj(4) — L*(A), (3.3.9)
is an isomorphism from the subspace orthogonal to Range(grad) onto L*(A)/R.

Remark 3.3.2 From the above lemma 3.3.1, it follows that for every h € L?(A)/R,
there exits z(h) := div='(h) € H}(A) such that

V-zh) = h,

Cillhllzaym < [l2(B)[laya) < Collhllr2(a)mr, (3.3.10)
where C, Cy are constants independent of h.

Definition 3.3.3 Let D be the subspace orthogonal to Range(grad), given in lemma
3.3.1. We define divy by

divg := —grad® : D Cc H)(A) — L*(A)/R. (3.3.11)
Hence, divg is an isomorphism.

Theorem 3.3.4 (Trace Theorem, [24], page 10) Let A be a bounded open set of
R™ with Lipschitz continuous boundary 0A, and let s > 1/2.

1. There exists a unique linear continuous map -y, called the trace operator,
v HY(A) — H*VY2(0A), (3.3.12)
such that

Y(v) = vl|ga, ¥V v€ H(A)NCA). (3.3.13)
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2. There exists a linear continuous map 7, called the lifting operator,
v HV20A) — H*(A), (3.3.14)
such that

Yu(p) = ¢, ¥ e HT?0A). (3.3.15)

Remark 3.3.5 Theorem 3.3.4 implies that for every given ® € HY?(9A), there
exists z(®) := (®) € H!(A), such that

v(2(®) = @,

Cil®llmz0a < 12(2)[a1 ) < Col|®llm1/2(04)s (3.3.16)
for some constants C', Cy independent from &.

The following definition and theorem, [34], will be used to prove Proposition

3.4.4. Let (-,-) denote the L? inner product.
Definition 3.3.6 ([34], page 5) Let H(div; ) be the following linear space
H(div; Q) = {ueLl’Q):divueL*(Q)}. (3.3.17)
Then H(div; Q) is a Hilbert space when equipped with the scalar product
(w0, V)Hdino) = (W,v)+ (divu,div v), (3.3.18)
and the associated norm on H(div; Q) is defined as
[ulla@wo = (U, u);{/(zdiv;g). (3.3.19)

Theorem 3.3.7 ([34], page 9) Let Q) be an open set of class C*. Then there exists
a linear continuous operator vy, € L(H(div;Q), H~'/2(08)) such that

w(w) = u-vlpe, YueD®). (3.3.20)
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The following generalized Stokes formula is true for allu € H(div; Q) and w € H'(Q)

<N, YW >p-2oxmize = (W, grad w) + (div u,w). (3.3.21)

The above theorem is still valid for domain Q with Lipschitz boundary, see [34, page

13]. In the above theorem, - denotes the usual trace operator.

Definition 3.3.8 ([8], page 5) Let Q be a Lipschitz domain with boundary 02 and
' C 09). Then, the restriction vy, ulr of yv,u to I' is defined as follows:

< Y04, Yop >H*1/2(F)><H1/2(I‘)::< Y, u, Yo >H*1/2(8Q)XH1/2(8Q)7 (3322)
for all o € HY () with plaa/r = Yoploamr = 0.

Remark 3.3.9 The above definition uses the generalized Stokes formula (3.3.21) to

"recover” y,u on I' through functions ¢ € H'(Q) with ¢ = 0 on 9Q/T.
Lemma 3.3.10 Let ® € HY2(0A) and h € L*(A) be such that
/ oy = / 3 (3.3.23)
DA A
Then there ezists z(®, h) given by
2(®,h) = y(P)— divg' (V- v(®) — h), (3.3.24)
where

V-z(®,h) = h, v(2(®,h)) =9,

[2(2, D)l ) < CUI RNy + 1hllL2a)), (3.3.25)

for some constant C'.
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Proof: The result follows from Remark 3.3.2 and 3.3.5. Note that equation (3.3.23)

gives

/A(Vw(fb)—h) = /MCI)-V—/Ah:O (3.3.26)
Hence V - v(®) — h € L*(A)/R. 1

Lemma 3.3.11 Consider the domain G with boundaries M, ¥ and T',, shown in
Figure 2.1. Let g|lyy € HY?(M), g|ls € HY?*(X) and g|pr, = 0. Then there exists

2(g) := Vp, where p is uniquely determined by the solution of the following problem:
find p e H*(G)n{[,p=0} satisfying

—Ap = 0 in G,
Ovep = g on OG. (3.3.27)

Hence, V - z(g) = 0 in G. Moreover,
||Z(9)||H1(G) < C(”QHHUQ(M) + ||9”H1/2(Z)): (3.3.28)

for some constant C.

Proof:
Let

H = {p € H'(G), /p: 0}. (3.3.29)
G
We first show that there exists a unique p € H satisfying

—Ap = 0 wm G, in the sense of distribution
Ovep = g on O0G. (3.3.30)

Note that for p € H'(G) a solution of the first equation of (3.3.30), the boundary

condition 0,,p = g is defined in H ~1/2(0@). Existence and uniqueness is derived from
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a variational formulation of (3.3.30). The variational formulation reads: find p € H

such that

/Vp-Vw = —/gw+/ gw, Y w e H. (3.3.31)
G ) M

The Poincare-Friedrich’s inequality, [34],
Ipllz < ClVplee), (3.3.32)

for some constant C, gives the coercivity of the continuous bilinear form af(.,.) :

HxH—R,

/ Vp - Vuw. (3.3.33)

The continuity of the linear functional I(.) : H — R,

/gw+/ qu, (3.3.34)

follows because g € H~*/2(M) and g € H~'/?(X). The existence and uniqueness of
p € H follow from Lax-Milgram Lemma, [25].

Now to obtain more regularity of the solution p, we follow the approach used in [9] for
solutions of Neuman problems. Let G := [0, L,] x [0, L,], G := G + ([~ L, L,],0) =
[—L,,2L,] x [0, L,], and 8G' = X UT,, U M, where ¥ = [~L,, 2L,] x {0}, etc.

To show that p € H*(G), p is first extended to a harmonic function p in G by even
reflection across I',,. This extension is possible due to the boundary condition d,p = 0
on Ty, Similarly, on MUY the function g is extended to § on MUY by even reflection.
Then p € H'(G) satisfies

—Ap = 0 in G, in the sense of distribution

d,.p = § on 0G. (3.3.35)

G

Now, let 7 € D(R?) be such that n = 1 in G, and supp{n} NI, = 0. Setting ¢ = np,
it follows that

Aq = pAn+2Vp-Vne L*G)
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Ouyd = md+ po,m € H'*(G). (3.3.36)

Hence from [9], ¢ € H*(G). Since also g|¢ = p, this shows that p € H*(G). Moreover,
it follows from [17] that

IVplme < Clglmreee + 1VPlze)) - (3.3.37)

On the other hand, substituting w = p in (3.3.31) gives

vaﬂiz(c) < gllezllpllezs) + lgllz2anllpllzzan

< Gillgllzzuus) [Vpllize), (3.3.38)

which follows from Theorem 3.3.4 and Poincare-Friedrich inequality (3.3.32). Hence,

IVpllrzey < Cillgllrzamus)- (3.3.39)

Now writing z(g) := Vp and using the two estimates (3.3.37) and (3.3.39) together
with the embedding H'/2(.) < L?(.), this proves the required estimate (3.3.28):

Iz = IVPlae

< C(lgllmran +l9lmrs) (3.3.40)

for some constant C. |

Proposition 3.3.12 Let g € HY/*(M), ¢ € R, and h € L*(A) be given. Then there
exists z = %(g, ¢, h) € H'(AU G), satisfying the following:

V-z2 = h in A,
Z = Vp in G, (3.3.41)
V-z =0 n G,
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for some p € H*(G), and

Z-vg=—g on M,
z-vg=0 on D'y,
z-7=0 on LUIL;UT,, (3.3.42)
Jr 2 va=—¢ on Ty
z=0 on T,

where T denotes the unit tangential vector to 0AUIG, and vy, vg respectively denote

the exterior unit normal vector to OA,0G. Moreover,

|2[le ) + N12lle2ey < CUl + hllzzay + [lgllz2an),

2]l ) + |2l < CUS+ [1Bll2a) + 9l mrzon), (3.3.43)

for some constant C'.

Proof: Since it is required that V -z = 0 in G, it follows that

/V-iz/ Z-VG:—/g—{—/Z-V(;. (3.3.44)
G oG M s
/Z-VG = /g. (3.3.45)
2 M

Since also V -z = h in A, the boundary conditions (3.3.42) give

/Ah = /AV-Z:/M“ va=—¢— /g—l—/z VA, (3.3.46)

which results in
/ Z- vy = qb—i—/ g+/h. (3.3.47)
0 M A

Equations (3.3.45), (3.3.47) help to prescribe suitable boundary conditions for Z-v4 on
[;UXUT,. For this, choose ¢ € D(R?), (Ty), ¢ls € D(X), and ¢|r, € D(T,)

/r,fo N /sz/rosz (3.3.48)

Then,

such that
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Then the following boundary conditions can be written:
Z-ove = ¢ f,9 on X,
Z-vqa = —o¢p on T, (3.3.49)
z-va = (¢+ [, 9+ [,h)p on T,

Let

Py = Zfoa,
(I)G = Z- VG|8G7 (3350)
where z is substituted from the boundary conditions (3.3.42) and (3.3.49). Then

according to Lemma 3.3.10 and 3.3.11, there exists an extension z € H'(AUG) given
by

V(P 4) — divg (V-3 (®4) — h) in A,

z = (3.3.51)
Vp(®c) in G,
where p = p(®¢) € H?*(G) satisfies, as in Lemma 3.3.11:
—Ap = 0 in G
(3.3.52)

Ovep = P¢ on 0G.
Also using Lemma 3.3.10, 3.3.11 and inequality (3.3.39), it follows that
1zl ay < C (1Pallerzay + 17ll2)
1Zll2y < Cll®allreuny, and [|2]ai ) < CllPallmizsony. (3.3.53)

The above estimates in (3.3.53), the boundary conditions (3.3.49) and basic properties

of Sobolev spaces result in the required estimates (3.3.43):
12][er ) + 12l < Ol + 1ll2ay + ll9llz2n),
2] ) + 12l < CUS+ 1Bll2a) + [[9llmrzean)- (3.3.54)
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Remark 3.3.13 Let us consider the extension z defined in (3.3.51), and take h = 0.
Then 2 = 2(®4, ®¢) is bilinear, which follows from the linearity of 7;, divy*, div, and

p = p(P¢) being a linear function of .

The following remark is going to be used in the subsections 3.3.2 and 3.3.3.

Remark 3.3.14 1. Let 5,,, H,n, ¢ and ¢ be given positive constants. Consider
¢e HY?(M), and set

ts(¢) = — on M. (3.3.55)

Using Proposition 3.3.12 with g = 5(¢) and h = 0, then we obtain the extension
z =17z(¢) as in (3.3.51),

’)/l((I)A(é))—dZUO_I(V’Yl((I)A<é)) mn A,

z(¢) = (3.3.56)
Vp(Pc(¢)) in G,
where
( (0, 0) on T,
. (0,0) on T
Pa(e) = (3.3.57)
((¢+ [y 12(8)p,0) on T,
\ (0, —¢ [}, 12(€)) on X
and

(I)G(é) = 0 on Iy (3358)

Also, the following estimates hold

12() [ ) + 1200w < C (16l + lléllean)

120 r ) + 12Oy < C (0] + ellazan) (3.3.59)

A

where C' is a constant independent of ¢.
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2. The mapping (¢, ¢) — (¢, ¢) is continuous from HY?(M) x R into H' (AUG).
Note that from (3.3.57) and (3.3.58), ®4(¢) and ®g(¢) are linear functions of
¢ and ¢. This and Remark 3.3.13 implies that z(¢, ¢) is a linear function of ¢
and ¢. Hence, the second estimate of (3.3.59) results in the continuity of the

mapping
H72(M)xR — HY (AUG)
(¢,¢) — 2(¢¢) (3.3.60)

3. The mapping é — 2(¢) is C* from HY?(M) into H'(AU G).
This follows from the fact that this mapping is continuous and affine. Taking

the derivative of 2(¢) at ég € HY/2(M) in the direction ¢ € HY?(M) yields

e = 4 WP —ding (V- u(@ol@)lel) in A, g
V(P (é)[c]) in G,
where
( (an) on Fz
! /A (070> on T
PalCo)le] = . (3.3.62)
(¢ [y 42(c),0)  on T,
L <O’_90fMa2<C)) on X
and
—¢ [y d2(c) on X
P (éo)[c] = 0 on Iy (3.3.63)

— 1z (c) on M

This shows that 2/(¢)c € H' (AU G), and the following estimates hold

IN

12" (¢o)cllen a) + [12'(Co)ellLa(c) Cllellz2(an,

12" (Co)clleray + 12/ (Co)ellme) < Cllellmzan, (3.3.64)

where C' is a constant independent from ¢y and c.
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4. In subsections 3.3.2 and 3.3.3, the extension z(¢) will be considered in A, UG,
where A; = (I 4 (¢)(A) is a varying domain as a result of varying the boundary
I'e = (I + ¢)(I') with ¢ near zero. To avoid the dependency on I'¢ and for
differentiating z(¢) with respect to ¢, z(¢) is constructed independently from ¢

as follows. Let € > 0 and A, be an open rectangle such that for all { near zero
A = ¥ x (0, —6) C AC? AN PC = @, AC C As, (3365)

for some positive §. Next, the extension z(¢) is obtained in A. UG using Propo-

sition 3.3.12. Then, z(¢) is extended by zero in the set A.° N As.

In order to write the variational formulation of the steady state problem, (2.1.59)-
(2.1.69), appropriate spaces are defined by considering the boundary conditions (2.1.59).

For the oxygen mass fraction ¢, consider the following spaces

(}C ={ceC®(Q):¢c=cin on I'ic}, Ce={celC®),c=0 on I},
(3.3.66)

and their closure in H'(Q):

C.=C, C.=0C, (3.3.67)

For the velocity variable 1,

U = {ﬁ = (U1, U2) € COO(QQ)QaaﬂFguEUFw = 0,us|r, curur,. = 0,
[to]y =0, V-u=0,u=Vpin G, for somepe C*()},

U = {u = (uy,u3) € Ue - uy =0 on M}, (3.3.68)
and their closure for the norm ||.|[m1(4.) + |||z in HY(A¢) ® L*(G):

U =U, U,=0, (3.3.69)
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For the pressure variable p, we have
Py, = {p=(p,pin) € L*(Ac) xR}, (3.3.70)
with the following inner product:
<P A >Pa xPa, = <Dy >L2(A)xI2(A) TPindin: (3.3.71)
Hence P4, is a Hilbert space, and its norms is defined by means of the inner product:
B2, = <Pop >rarn = Iy + P (3:3.72)
When ¢ = 0, the above spaces are written simply as U, C, Py, etc.
Lemma 3.3.15 U, is a closed Hilbert space. In fact, every u € U, satisfies
1. V-u=0in HYG), u= Vp in L*(G) for some p € H'(G).

2.u-v e HY20G), u-v =0 on MUT,, and us(.,07) = lim, o+ us(.,y) €
H2(S).

3. ue HY(G) and ||ullarq) < Cllullar(ay, for some constant C' independent from

u.

Proof:

1. Let {u,} C Us, u, »ue U Then, V-u, =0in G, and Vo € H}(G),

<v'u7q)>H_1(G)><Hé(G) = —/GUV(I)——nh_}n(;lo Gun~V<I>
— lim [ (V-u,)®=0. (3.3.73)
n—oo Jo

Hence V-u=0in H(G).
Also, for every u, € U, u, = Vp, for some p, € H(G). Let w € D(G)* N

{V -w = 0}. Then,

/u-W = lim u, -w= lim Vo, -w
G
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= —lim [ p,V-w=0. (3.3.74)

n—0o0 el

Hence, from [34] there exists p € H'(G) such that u= Vp in G.

2. For every u € Ug, u € L*(G) N {V-u=0}. Then from [34], there exists
a continuous linear map (the normal component of the trace operator), v, :

U, — H™Y2(9G) such that
w(u)=u-v, ae on 0G, YueU,. (3.3.75)

Since u-v = 0 for every u € Uy, the continuity of 7, gives 7, (u) =u-v=0o0n
I'y, UM for every u € Ug.

To show that uy € HY2(X), let u,, — u € U;. Then from the continuity of the
trace, it follows that u}(.,0%) — ua(.,07) in H~Y2(X), and u}(.,07) — ugy(.,07)
in HY/2(%). Since uj(.,07) = u(.,0%) for all n, we obtain uy(.,07) = uy(.,0") in
H~/2(%). But, since uy(.,07) € HY/2(X), it follows that uy(.,07) = uy(.,07) €
HY2(%).

3. From items 1 and 2, every u € U, satisfies

u=Vp, V-u = 0 mn G,
op = 0 on I'yy UM,

dp = wu(.,07) on . (3.3.76)
Then from Lemma 3.3.11, it follows that u € H*(G) and

[ullar e < Cilluallpze) < Cllullaag (3.3.77)
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Proposition 3.3.16 For every q = (¢, ¢in) € Pa, there exists z(q) € H'(AUG) such

that

V-z(q) = —q in A,
/ Z(q) VA = —Qin,
r;

I1z(@)lezr ) + lz(@ ey < C (lginl + lallzeca)) .

where C' s a constant independent from q.

(3.3.78)

Proof: Using Lemma 3.3.12, and taking g = 0 on M, h = —q in A, and ¢ = g, it

follows from estimate (3.3.43) that

lz(e) e ) + (@) < C (gl + lallzzc)

where C' is independent from q.

Definition 3.3.17 Define the bilinear mappings

al,.):UxU — R,

B(,): Ux Py — R,

given by

au,v) = /A,uVu~Vv+/G%u-v,

B(U,CI) = _/qv'u_Qin/u'VA~
A ry;

(3.3.79)

(3.3.80)

(3.3.81)

Lemma 3.3.18 The mapping 5(.,.), defined above, is continuous. Also, it satisfies

the compatibility condition: there exits a constant Cp such that for every q € Pj,

there exists a nonzero z(q) € U such that

B(z(a),a) > Csllz(a)lulldlr,-

(3.3.82)
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Proof: The continuity of 3 results from

1B(u,q)] < IV -ullzeyllallzcay + lgnllla - vallzie,

N

< Cllullenay (llallzzca + lginl)
V20 [ullulallp, (3.3.83)

IN

where the second inequality follows from the embeddings H'(A4) — HY2(T;) —
LY(Ty).

For the compatibility, Proposition 3.3.16 gives: for every q € P, there exists
z(q) € U such that

V.z(q) = —q in A,
/ Z(q) VA = —(in,
I
lz(a)[lv < Cllallp,, (3.3.84)
where C' is independent from q. Hence, there exists a constant Cz := é for every

q € P4 such that

Bla(a),q) = / 2+ =llal?,
> Cullz@llullale,. (3.3.85)

The following lemma, [24], is going to be used to prove the existence and unique-

ness of the solution for Stokes problem.
Lemma 3.3.19 ([24], page 249) Let X and Y be Banach spaces, and

a(,): X xX — R,

b(,): X xY — R (3.3.86)
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be bilinear mappings. Consider the following problem: find (u,p) € X XY such that

a(u,v)+b(v,p) = < f,v>x:xx VveX,

b(u,q) = <g,q>y-xy VYgev. (3.3.87)
Suppose also that there exist v, 6, w, and B* positive constants such that
1. |a(u,u)| > wljul|%, for allu € X° := X N {ulb(u,q) =0,Vqg € Y};
2. |la(u, v)| < Alu|lx||v]x, for allu,v € X;
3. b(v, )| <d|vixllglly, for allv e X, g€ Y;

4. for every q € Y there exists v # 0:
b(v.q) > Blvlxllally- (3.3.88)

Then for every f € X* and g € Y™, there exists a unique solution (u,p) € X x Y
satisfying (3.3.87), and the map

(f,9) — (u,p) (3.3.89)

s an isomorphism from X* x Y* onto X x Y. Also,
W+

I

1
laly < 5| (14 2) 1t + 222

x* +

Y*} . (3.3.90)

Lemma 3.3.20 Let f € U* and g € P}, and af.,.) and B(.,.) be defined as in
Definition 3.3.17. Then the following problem has a unique solution: find (u,p) €
U x P4 such that

Oé(ll,V)‘l—B(V,p) = <f7V>U*><Ua VVGU,
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B(u,q) = <g,9>pixp,, VqE Pa, (3.3.91)
with

luflv < Ci(lIf]
Pl < Ca(llf

rs)

Py) s (3.3.92)

u- + gl

u- £ [lg]

where Cy and Cy are constants independent from u, p, f and g. Moreover,

lalla ) + e < C(1flu-+llglle) - (3.3.93)

Proof: The bilinear mapping «(.,.) defines an inner-product on U, and hence it is
a continuous, coercive bilinear form. Since also the mapping (., .) is continuous and
satisfies the compatibility condition, the existence and uniqueness of the solution for
this problem as well as the first two estimates (3.3.92) follow from Lemma 3.3.19.

The third estimate (3.3.93) is a result of Lemma 3.3.15, as for every u € U,
[ullare) < COllullm:a. (3.3.94)

Lemma 3.3.21 Let u € LP(Q) for some p > 2. Then the following problem: find
c € C such that

/ c (DeffVc -V + ot - Ve) +/ H,cp = —/ H,cinp, Yo € C(3.3.95)
) M M

has a unique solution c € CNWHP(Q), for some p > 2 satisfying + + * < % Also,

1
P
||VC||L2(Q) < ¢,Ch (1 + ||ﬁ||L2(Q)) , (3396)

Vel < Colltlliao) Vel ), (3.3.97)

for some constants Cy and Cs.
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Proof: See [6] and [21]. i

3.3.2 Variational Formulation of the Steady State Problem

The goal of this subsection is to write a weak formulation of the steady state equations
(2.1.69) coupled with the boundary conditions (2.1.59). This will be used to obtain
the existence and uniqueness of the solution for the steady state problem. Let ¢ € C¢.

Then from (2.1.69) and (2.1.59), it follows that the oxygen mass fraction ¢ satisfies

0 = /5(D€ffVé-ch+apﬁ-Vé)— Dd, ¢
Q¢ o8
— / e (DYIVe -V +pu-Ve) + / har (), (3.3.98)
Q¢ M
where
har(é) = Hpé (14 Bpé) = Hypé on M, (3.3.99)

since ¢ << 1 on M and B, < 1. Writing ¢ = ¢+ ¢;, ¢ € C;, then (3.3.98) reduces to
/ g(DeffVc~Vgo—|—g0ﬁ~Vc) —|—/ H,ép = 0, Vo€ Cr. (3.3.100)
Qc M

The following boundary conditions:

~

D=DPour on Lo, Uy =

B H
9

on M, / Uy = ¢, (3.3.101)
Fia(

will be treated as follows. The pressure variable is written as p = p + pow:. Then,
p=0onT,.. The velocity is written as i = u+2(¢), where z(¢) € H'(A; UG) is the
extension defined in Lemma 3.3.12 and Remark 3.3.14, with g = 2, = —&“THWé on M,
h = 0 in A and using the same ¢ given in (3.3.101). With this setting, it implies
that u € U, and upy = 0 on M, and fFi u; = 0. The extension z(¢) is constructed

independently from (, see item 4 in Remark 3.3.14.
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Now multiplying Stokes and Darcy equations in (2.1.69) by a test function v €

U, and using the divergence theorem gives
_ [ Cunasvp). Moy vp).
0 = /A( pAu + Vp) V+/G(Ku—|—Vp> v
¢
= / WV (u+2(¢) - Vv —pV - v| —|—/ ﬂ(u—iri(é))«v
—l—/ —uv -0, (u+2z(¢)) +/ pv-v, YwelU:. (3.3.102)
DA, DALUIG

Using the boundary conditions (2.1.59), (3.3.102) simplifies to

/ uVu-Vv—i—/ ﬂu-v—/ pV~v—pm/ vy = U(z(¢))(v)(3.3.103)

for all v € U, where [ : H'(A¢) ® L*(G) — UY is given by

1(3(0)(v) = —/A ,uVZ(é)-Vv—/%i(é)-v. (3.3.104)

G

To enforce the conditions V-u =0 in A; and fr- LU= 0, the velocity u must satisfy

—/ gV -u — qm/ up = 0, Vq=(qqn) € Pa,. (3.3.105)
A¢ Tic¢

Using equations (3.3.100), (3.3.103)-(3.3.105) and the mappings «(.,.) and (., .) given
in Definition 3.3.17, then the variational formulation of the state problem reads:

Find (c,u,p) € C; x U x Py satistying

/E(DeffVc-V@—prl-Vc)—l—/ Hnép = 0, Vo€ Cq,
Q¢ M
a(u,v) + B(v,p) = U(z(¢)(v), VveU
Bu,q) = 0, Yq€EPa,. (3.3.106)

The existence and uniqueness of the above problem is proved using a fixed point
technique. The proof follows from Proposition 3.3.20 and Lemma 3.3.21 beside the
work done by [21]. The proof is similar to the work presented in sections 3.3 and 3.4,

so it will not be repeated.
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3.3.3 Shape differentiability of the state variables

The goal of this section is to investigate the shape differentiability of the state vari-
ables. For this, the weak formulation (3.3.106) is first written in fixed domains: A,

G and (), which results by taking ¢ = 0. Let us use the following notations:

cc = c(C)o(I+),

uc = (ugr,uce) =ua(¢)o (I +¢),

p¢ = p(Q)o(l+(),

Pc = (P¢;Din) (3.3.107)

Then c¢, u¢, and p¢ are defined in fixed domains A, G and €2 independent of (.
To prove the shape differentiability of c¢,u; and p¢, the following implicit mapping

theorem is implemented.
Theorem 3.3.22 ([20], page 352) Let X, Y, Z be Banach spaces. Let the mapping
K:XxY — Z (3.3.108)
be Fréchet differentiable. If (xo,y0) € X X Y satisfies
1. K(xo,90) =0
2. y — 0,K(xo,y0) is a Banach space isomorphism from'Y onto Z,

then there exist neighborhoods Uy, of xy, Vy, of yo, and a Fréchet differentiable func-

tion
File — V, (3.3.100)
such that K(x, f(x)) =0, and

K(z,y) = 0 iff y=f(x), V(z,y) € Uy x V. (3.3.110)
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Now to write the weak formulation (3.3.106) in fixed domains, independent of ¢, some

shape calculus results from section 3.1 are used.

For z; € Q¢ = (I +¢)(?), then

re = (I+Q)(w),
dre = Jac(I + ()dz,
(Vo) (x¢) = M()Va (uo (I+0))(x), (3.3.111)

where M(¢) = [V, (I +¢)]", and T denotes the transpose operator. Hence,
(Vae - u(Q) (2¢) = 27,21 M3 5(); (ugi) (@) (3.3.112)

Then the variational problem (3.3.106) is written as:

Find (c¢,uc, pe) € C x U x Py such that
0 = / (DN M(C)Vee - MOV + ot - M(()Vee) Jac(I +¢) + / H,écp, Vo€ C,
M

0 = [ MOVuc MOV ol + O + [ Fucev

i

e
- [

— [ 0820 (©00) JacT + Q) — [ i1+ 0,6
A T
/.
V V J [ =y TV, v U7
Vi) - MOTY) Jaell + O + [ Foiieo) v ve

(€)0; ugl) Jac(I + )

] 1
Qm/ U1§|1 +0 CQ’ v q= (q,qm) - PA. (33113)
ry;

Now the shape differentiability of c.,u¢,p¢ at ¢ = 0 is proved by using Theorem
3.3.22, in which we take

X = C*(R%RY),
Y = CxUX Py,
Z = Y =C"xU"xPj. (3.3.114)
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Definition 3.3.23 Using (5.3.114) and settingy = (c,u,p) € Y,y = (p,v,q) € Y,

the mapping F.
F=(F,FF):C?(RER) xY — Y* (3.3.115)
is defined as
REHE) = [ (DTMQOTe- MOT+ it MQVE) JaclT +)
+/ Hyép, (3.3.116)
v

REYE) = [ MOV MEQOWY) Jactl+0) + [ Fuov

_/ (pZ?,jlem(C)ajvi) Jac(l + () —pm/ v1]1 + 0y (o|
A r;
n / (M (C)Va(e) - M(Q)VY) Jac(I + )
n G?ﬁ(é)-v, (3.3.117)
RBEYF) = - / (452, M; ;()05) Jac(l + )
—C]m/ u[1+ 9, Cal. (3.3.118)
s

(3

Now we verify the requirements of the Implicit Mapping Theorem 3.3.22.

Proposition 3.3.24 There exists y. = (cc,uc, pe) € Y that satisfies
F((y)y = 0, VyeY, (3.3.119)
for ¢ near zero.

Proof: This follows from existence and uniqueness of the solution for the weak for-
mulation (3.3.106) which results from Proposition 3.3.20 and Lemma 3.3.21 beside
the work done by [21]. i
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Proposition 3.3.25 The map F : C?*(R%;R?*)xY — Y*, given in Definition 3.5.23,

is Fréchet differentiable at (0,yo), where yo = (co,ug, Po) s a solution of (3.3.119).

Proof: Let us first note that the integrands appearing in the definition of F are con-
tinuously differentiable. This is a consequence of the continuity and differentiability

of the mappings:

CH(R%R?) —  Oy(R?)
¢ v+ Jac(I +0), (3.3.120)
Co(R*% R — (C1(R*,R?))?
¢ —  M(Q), (3.3.121)
HY2 (M) — HYAUG)
¢ — 20, (3.3.122)
V:H' — L% (3.3.123)
/ L' — R (3.3.124)

Let dF(0,yo)[y] denote the derivative of F at (0,yo) in the direction y. Then
dF(0,y0): Y — Y~ (3.3.125)

defines a continuous, linear map, given by:

dF (0, yo)[yly
Jo e {D¥IVe-Vo+ [(u+2(co)c) - Vg + 1o - Ve o} + [, Hncp,
=9 a(u,v)+ B(v,p) — U2 (co)c)Vv, (3.3.126)
Blu,q).
Hence, F is Fréchet differentiable. |

Now the second requirement of Theorem 3.3.22 is to show that the mapping dF(0, yo)
is an isomorphism from Y onto Y*, that is a continuous bijection. The continuity fol-

lows from Proposition 3.3.25, in particular from the expression (3.3.126) for dF(0, yo) .
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The bijectivity is proved by showing that the following problem has a unique solution:

Find y € Y such that

dF(0,yo)lyly = (f(¢).9(v),h(a))", (3.3.127)

where (f,g,h) € Y*, and ¥ = (p,v,q) € Y. This problem can be treated through a

fixed point theorem. First, consider the following mappings.
Definition 3.3.26 For every u € L4(Q2), ¢ > 2, let

T.: L) — C,

a — c, (3.3.128)
where ¢ is the solution of

/ e [DYIVe-Vo+ (- Ve +ug - Ve) ] +/ Hyco = f(e), (3.3.129)
0 M

for every ¢ € C.

This mapping is well-defined due to existence and uniqueness of ¢, which follows from

Lemma 3.3.21.
Definition 3.3.27 Let

Ty : C—>Lq(Q), q>2

c—u:=u-+72(¢)c, (3.3.130)
where u is the solution of the following system:

a(u,v)+ B(v,p) = g(v)+1(Z(¢)c)v,
B(u,q) = h(q) (3.3.131)

for every v € U, q € Py, and (g,h) € U* x P}.
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The mapping Ty is well-defined from Lemma 3.3.20. Note that u € L4(Q) since
u € HY(AUG), and L4(Q) is continuously embedded in H!(AU G).

Definition 3.3.28 Let

T = TyoT,:LIQ) — LIQ). (3.3.132)

Note that when T" has a fixed point @, € L4(Q2), then it follows that @, = TQ., and

there exists ¢, € C such that

Cx = Tcﬁ*a

G, = u +2(¢)c. (3.3.133)

Hence, when T has a fixed point, then (c,, u,, ps) is a solution of (3.3.127).
Now, let us show that 7" indeed has a fixed point by checking the requirements
of the following definition and Fixed Point Theorem, [7].

Definition 3.3.29 A continuous mapping between two Banach spaces is called com-

pact if the images of bounded sets are precompact.

Theorem 3.3.30 ([7], page 222) Let T' be a compact mapping of a Banach space

B into itself, and suppose there exists a constant N such that
|lz|lz < N (3.3.134)
for all x € B and € € |0, 1] satisfying x = eT'x. Then T has a fized point.

Theorem 3.3.31 The mapping T = Ty o T, is compact (that is, continuous and

compact), and there ezists a constant N such that

[flLa@) < N, (3.3.135)
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for all
uely() N {a:a=eTua,ec|0,1]}. (3.3.136)

In addition, T has a fized point 1 € LY(Q)NHY(AUG), and the fized point is unique

when the parameter c¢;, is sufficiently small.

Proof:

1. The mapping T := Tz o T, is continuous. This results from Ty and T, being
continuous mappings. To prove this, let us first show that T, is continuous. Let
{u,} C LY(Q), 0, — u € LY(Q), and set ¢, = T.u,, c=T.,éun, =1, —u,

and dc, = ¢, — c¢. Now define L : C — C* by

< L(e),p> = /

c (DeffvC -V + g - Ve) o+ / H,,cp(3.3.137)
Q M

Then the mapping L is a continuous, invertible linear map, which follows from
Lemma 3.3.21. Moreover, L™! : C* — C is a continuous linear map. Also,

from Definition 3.3.26, it follows that dc, and du,, satisfy

/€V5cn~ (Defngo + goﬁo) —|—/ H, ¢©dc, = -— / gp ou, - Ve
Q M Q
= Glyp). (3.3.138)

Note that G € C* as

G < el IVeollez@ 108 lo), (3.3.139)

where %—k% = 1. Also, from Sobolev embeddings, we obtain ||¢| sy < C|l¢llc

for some constant C' independent from ¢. In turn,

1G]

C* < OHVCOHL?(Q)”(5ﬁn”Lq(Q). (33140)

Hence,

locallc =I1L7'Gle < IL7MIIG

C*
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< C|L Y Veolra@ |0t L@

— 0 as n — oo. (3.3.141)

This shows that 7T, is a continuous mapping.

Now we show that T is continuous. Let ¢, — ¢ in C, and write u,, = Tzc,
and u = Tzc. Then from the definition of Ty, Definition 3.3.27, it follows that

0c, and du,, satisfy

a(dt,, v) + B(v,0pn) = U(Z'(¢o)dcn)v,

B(6a,,q) = 0. (3.3.142)
Using Lemma 3.3.20,

Il + Ioualline < ClUE (Eo)ocy)]

- (3.3.143)

From Remark 3.3.14, it follows that 2'(¢y)dc, € H'(AU G), and from estimate
(3.3.64) we deduce

11(Z(¢o)dcn)lu- < ChllZ'(éo)dcnlmr aue

A

< Galldeallreqan

< Cylldenlc, (3.3.144)

where the last inequality is deduced from the Trace Theorem 3.3.4. Therefore,

the above equations give

160, i) + 1000l < Clldenllc (3.3.145)

where C' is a constant independent form du,, and dc,. Since also H'(A U G) is

continuously embedded in L?(2), ¢ > 2, there exists a constant C; such that

10T lLa) < C1 ([|0Tn][m10a) + |00l 11(6))

< Ghlléenllc — 0 as n — oc. (3.3.146)
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This proves the continuity of 7. The continuity of Ty and T, result in the

continuity of 7'
2. There exists N > 0 such that
[l < N, (3.3.147)
for all
uecLi(Q)n{a:a=€ela, e€|0,1]}. (3.3.148)

For this, let 1 € L9(2) be such that @ = ¢7a. If € = 0, then & = 0 and any
N > 0 would satisfy the inequality (3.3.147). Now if € # 0, then

= Ta (3.3.149)

o | e

Let ¢ = T,u, then % = Tgzc. Hence, ¢ and u satisfy
/ e (DYIVe- Vo + piVe) +/ Hyco = f(p) — / gpti - Vg, (3.3.150)
Q M Q
a(@,v) + B(v,ep) = €[g(v) + 1(Z'(¢o)c)v] ,(3.3.151)

p(a,q) = eh(q).(3.3.152)

Using the Poincare inequality and the same argument made in (3.3.141), then

(3.3.150) gives

IVellz@ < Ci(]lf]

c- + ||ﬁ||L‘1(Q)||VCO||L2(Q)) . (3.3.153)
Using equations (3.3.151), (3.3.152) and Lemma 3.3.20, we obtain

”ﬁ”LQ(Q) < CHﬁHHl(AuG)

< €eCollg+ 1(Z'(¢)c)]

U (3.3.154)

Note also from the definition of I(-) that

(& (Co)o)lu- < C5 (V2 (Go)e) [z + 12 (o)) rzc))
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S O4||C||L2(M)u (33155)

where the last inequality follows from (3.3.64). The trace theorem and Poincare

inequality result in ||c[|z2(ar) < C|Ve|lr2(q). Then the above three inequalities

give
ey < €Cs [|lgllus + Ci (|| fller + [[alla@)l|Veolliewy)] (3.3.156)
Hence,
oo < T e ean (o + Cilsle)
< N, (3.3.157)
where
N 2¢C5 ([lgllu- + Crllflle-) (3.3.158)

1-— 60105||VCO||L2(Q)
Note that N can be made positive when ||[Vco||r2(q) is small enough. However,

it follows from Lemma 3.3.21 that
IVeollrz@) < cnC (1 + [[Tollr2()) - (3.3.159)
Therefore N is positive when ¢;, is sufficiently small.
3. T is compact. For this, let {@1,} be a bounded sequence in L9(2). We show
that {Tw,} has a convergent subsequence in L4(Q2). Let ¢, = T.u, and u, =

T, = Tyc,. Similar to the work done in equation (3.3.156), it follows that u,

and u, satisfy the following estimate:

[UnllLo) < Clltn]lnave)

Cs [llgllu- + C1 (|I/]
< oo, Vn, (3.3.160)

IN

o + ||f1n||Lq(Q)||VCO||L2(Q))}

as ||, ||La(q) is bounded. Hence, the sequence {1, } is bounded in H'(AUG) ¢
L9(Q2). Therefore, {u,} has a convergent subsequent in L%(2). This shows that

T is compact.
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4. T has a unique fixed point when ¢;, is sufficiently small. Existence of a fixed

point results from items 1-3 and Theorem 3.3.30.

For the uniqueness of the fixed point, let (c1, 1) and (cg, G2) be two fixed points,
and set dc = ¢; — ¢ and Ju = 0y — ty. Then similar estimates to (3.3.141) and

(3.3.146) are obtained:

||5C||C < Cl||vc0||L2(Q) ||5fl||Lq(Q), (33161)

and
16t < Callocllc. (3.3.162)
Now the above two estimates yield
(1= C1Co||Veo|lrz@) lloclc < 0, (3.3.163)

where || Vg ||r2(0) can be made as small as possible by choosing c;, small enough.

In turn, the estimate (3.3.163) gives ||dc||c = 0. Hence ¢; = ¢o and 0; = Q.

Remark 3.3.32 From Propositions 3.3.24, 3.3.25 and Theorem 3.3.31, all the hy-
potheses of Theorem 3.3.22 are met; hence the shape differentiability of the trans-

ported state variables c¢, us and p¢ is defined, and

s
o

duc

ac (0)¢ € U; %(0) e L*(A) @ HY(G). (3.3.164)

(0)¢ € C; o

On the other hand,

c(0) € C; u(0) e H'(A) @ H'(GQ); p(0) € L*(A)® H*(G). (3.3.165)
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Hence the shape derivatives of the state variables exist and satisfy the following

equations:
ag—?)g %—Z‘(O)g —£-Ve(0) in LA(Q), (3.3.166)
a‘é—?)g = ((;—124(0)5 —¢-Vu(0) in L*A)® L*(G), (3.3.167)
ag(C Je — %—%(0)5 —e.Vp(0) in HYA)® HY(G), (3.3.168)
The last equation is valid in A because
—puA(u+2(¢)+Vp=0 in H'(A), (3.3.169)
and consequently & - Vp is defined in H~'(A) as follows
<€ VP >u s / V(u+2(0)) - V(Ep), Vg € H(A33.170)

This shows the shape differentiability of the state variables.

Remark 3.3.33 Let us recall from (2.2.4) that the cost functional F is defined as

H? 1 ?
El) = a/ (c - — é) — Hmﬁ/ ¢+ 0(Pin — Pout), (3.3.171)
2 Ju | M| M
where H,, satisfies N;-v = H,,,¢ on M. In fact, ( — F(() is differentiable at ( =0
from C5 into R. This follows from Theorem 3.1.10.

Note first that since ( = 0 on M, one obtains
. 9c0) dc¢

¢ ¢

This implies the existence of the shape derivative H/ | given in (3.2.10). Also, the

(0)¢ in HY*(M). (3.3.172)

§

fact that dopsn, = 0 on I'; ¢ gives

o= B e = PRI 06— 600
= 6pm(§2)822(1+<2)(0)§2 in R, (3.3.173)

where (5 is the second component of (.
Since ¢(¢) € H'Y?(M), the integrands, in (3.3.171), are differentiable at ¢ = 0
from Cy into L'(M). This proves the differentiability of the cost functional E.
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3.4 Existence and Uniqueness for the Adjoint Prob-
lem

The adjoint problem serves to calculate the gradient of the cost functional, E. see
section 3.2. Therefore the study of existence and uniqueness of the solution for this
problem is important. In this section, it will be shown that for small parameters ¢;,,

¢, the adjoint problem has a unique solution.

3.4.1 The Adjoint Problem in Strong From

Let ¢, 0, p be the solution of the steady state problem (3.3.106). Then from Section
3.2, the strong form of the adjoint problem reads:
Find ¢, v = (v1,v2), q such that

—eDYTAp+et-Vo=0 in €
(—pAV +Vq) x(A) + (£v + Vq) x(G) = —pVe  in AUG (3.4.1)
V.-v=0 n AUG,

associated with the following boundary conditions:

I;: frivl—l—a = vy = pov1 — (¢ — qin) = ¢ = 0,

Lo v = —pdiv 4 q = DY 91p + el = 0,

e = n=0p=0, (3.4.2)
¥ u(,07) = [v)s =—poivs+[¢]z =0,

I'y: v = O,p =0,

M: vy = EDeffé?,,tp—i-(—ﬁzﬂLHm)(p-i-M—9:07

where g = a(é—ﬁ / 1 €)—B, a, B, and o are nonnegative given parameters considered

in the definition of the cost functional E, (2.2.4).
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3.4.2 Variational Formulation of the adjoint problem

To write a variational formulation of the adjoint system (3.4.1)-(3.4.2), consider the
linear spaces defined in Section 3.3: U, U,U,C,C, and P := Py ® HY(G).
Using (3.4.1)-(3.4.2), for every ® € C

/E(DeffV<I>+¢>ﬁ) -w+/ (—a2+Hm)<p<I>+/ 1P
Q

M o

_ /M h(g)®, (3.4.3)

where

BmHmq
g——-.

h(g) = .

(3.4.4)

Also, for every w € U and q* € Py, (3.4.1)-(3.4.2) gives

/,uVV-VW—i—/ﬁV-W—/qV-W—qm/ w, = —/5<pVé~w,
A oK A r; Q

—/q*V-v—qfn/ v = oq;, (3.4.5)
A r;

where the boundary integrals simplify as follows

W (U0, v + qua) —|—/ qQUua W = _Qin/ wi. (3.4.6)
oG r

0A i
Equations (3.4.3), (3.4.5) defines the following weak formulation of the adjoint
problem: Find (p,v,q) € C x U x P such that
/5 (DY + oa) -w+/ (—ts + Hy) g0<1>+/ P :/ h(q)®,
Q

M o M

alv,w) + f(q,w) = —/Q<pVé -W,

B¢, v) =04, (3.4.7)

for all ® € C, w € U and q* = (¢*, q},,) € Pa; where af.,.) and [(.,.) are defined in
Definition 3.3.17, and h(q) is given in (3.4.4).
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Proposition 3.4.1 : Let ¢ € W'P(Q) and ¢ € LP(Q) be given, where p = p%,
p > 2. Then the following problem has a unique solution:

Find (v,q) € U x P such that

a(v,w)+ﬁ(q,w)=—/ngé-W, Yw e U,
Q

B(q",v) =04, V4" =(¢",q;,) € Pa (3.4.8)
Also,

IVlo < € (o + el I Vello)

ldlle, < € (o4 llell gy | Vélluoe ) - (3.4.9)
Proof:

Note first that pVé € U*, which follows as ¢Vé € L*(Q):  + 2 = 3, and
\ %P 2/p
Lrevee < ([1er) ([ rver)
Q Q 0
= ||90H%F(Q)HVéH2LP(Q)- (3.4.10)

Since also o € P}, Lemma 3.3.20 completes the proof. |

Remark 3.4.2 Let us consider equation (3.4.8) and take w € D(AUG)N{V -w = 0} C
U. Then, it follows that the solution v € U satisfies

< —pAv + Ve, w >H—1(A)><H(1)(A) = 0,
< %v + Ve, W Spapiee = O (3.4.11)

Then from [34, Remark 1.4, page 15], there exists ¢ € L*(A) ® H'(G) such that

—pnAv+Vq = —pVe in H'(A), (3.4.12)
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%wrvq = —pVe in LX(G). (3.4.13)

Lemma 3.4.3 The solution (v,q) € U x Py of (3.4.8) satisfies

—pdiv +q = g in H VAT,

povy —q = 0 in HY*(T,),

pdyve —q = —qg in HY3(X), (3.4.14)
for some qq € H'(G).
Proof:
Let
Sy = —uVour +(q,0)", Sy :=—uVu, + (0,97, (3.4.15)

where 7' denotes the transpose operator. From Remark 3.4.2,
S; € LQ(A), and V- S; = —90(926 € Lz(A), (3416)

where i = 1,2. Then from Theorem 3.3.7, the trace of S; - v is defined in H~/2(9A),

and for every w € U

< 7S, Yowr > H-1/2(9A)x H'/2(9A)

= / [—qul : le -+ q31w1 — ((,0(916) wl] . (3417)
A

Since wy; = 0 on X UT', the above equation simplifies to

< VST, YOWT > F-1/2(1,UT ) x HY/2(TyUT)

= / [—qul : le + q@lwl — (90816) ’LUl] . (3418)
A
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Similarly,

< YwiS2, Y0W2 > F-1/2(9A)x HI/2(A)

= / [—,LLVUQ : V'I.UQ + qag’wg — (gpagé) ’wg] . (3419)
A

Since wo, =0 on I'; UL, UT, the above equation reduces to

< V52, YoW2 > g-1/2(s)x H1/2(5)
o / [—,LLVUQ : va + qang — (gpagé) ’wg] . (3420)
A
Adding equations (3.4.18) and (3.4.20) yields

— < W51 0WL > F-1/2(0,00,) x HY2(DUT,) — < Vo2, YoW2 > g-1/2(s)x H1/2(5)

= / Vv -Vw — ¢V -w + (¢Ve) - w]. (3.4.21)
A
On the other hand, Remark 3.4.2 gives

Ve = %v+¢Vé¢nL%Gy (3.4.22)

Since w; =0on 'y, we =0on M and V-w = 0 in GG; multiplying the above equation

by w and integrating the left side by parts result in

_ I 2) -
/quwg = /G<Kv+<,0Vc> w. (3.4.23)

Now, adding (3.4.21) and (3.4.23) gives

< =51 YW1 > g-1/2(0,ury) x HY/2(Tur,) T < 46 = Y052, YoW2 > f-1/2(x)x H1/2(%)

= / (Vv - Vw — ¢V -w+ (pVé) - w| + / <ﬂv + @Vé) CW. (3.4.24)
A a K

However, from Proposition 3.4.1, the solution v satisfies

Gin / wq
r;

:A[MVV-VW—QV'W+(¢V6)~W]+/C;

<%v+¢vg.wxa4%)



3. Mathematical Analysis 83

Hence, the above two equations result in

0 = < _’YVSh’yowl >H_1/2(F1'UF0)XHl/Q(FiUFo) _QZn/ w1
I

+ < g6 — WwS2, YoW2 > g-1/2(m)x H1/2(5)s (3.4.26)
which implies that the solution (v,q) € U x P4 of (3.4.8) satisfies

_’VVSIZ_,LLal'Ul_{—q = ({in m H_1/2(Fi)7
—Sy = pdvr—q = 0 in HY3(T,),

—Y, Sy = oo —q = —qg in H’l/Q(Z). (3.4.27)

Proposition 3.4.4 Let q, v be the solution of (3.4.8). Let also ® € C and z =
z(®) € H'(AUG) be the extension constructed in Proposition 3.5.12 by taking g =
®, h=0, and ¢ =0, that is

Z(®) = & on M,

V-z(®) = 0 in A

5(0) = 0. (3.4.28)
r;
Then,
/qu> _ —/[wv-vz@)ﬂovaz(@)]
M A
—/ (ﬂv+¢Vé> () (3.4.29)
a \K ’
where qo € H'(GQ) satisfies
Voo = Lv4eve in L2(G). (3.4.30)

K
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In addition,

| /M w6 < C (Il + ezl Velwe) 1@lea.  (3431)

Proof:
The proof of this proposition follows from Lemma 3.4.3. Let us first note that the

extension z(®), constructed in Proposition 3.3.12, satisfies as well the following

Z(®) = 0 on UTUXUT,,
22(@) = 0 on I'U Fz U F07
V-2(®) = 0 in G. (3.4.32)

Equation (3.4.21) in Lemma 3.4.3 gives

— < %S17%24(P) > g, xa 2o, — < WwS2,%02(P) > 12wy xmia)

_ /A VY - V3(®) — gV - () + (oVé) - (D)) . (3.4.33)

Since Z;(®) =0on I';, V-2(®) =0in G, 7,51 =0 on I', and 7,52 = qg on X, the

above equation reduces to

< qa,Y0%2(P) > H-1/2()x H/2(3)
_ / qen(®) = — / UV - Va(D) + (oVe) - 2(®)],  (3.4.34)
> A
where g¢ € H'(G) satisfies
Ve = %wwe in L(G). (3.4.35)

Multiplying the above equation by z(®) and integrating the left side by parts give

/E 4o (®) = /M gc® + /G (%v+w@)-2(q>). (3.4.36)
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Summing equations (3.4.34) and (3.4.36) results in

/ qc®
M

Consequently,
[ actl
< Ci(Ivllu + el Velue@) (12(2) [l a) + 12(2) ez ) » (3.4.38)

and from Proposition 3.3.12,

(@)l ) + 12(2) ey < Cll®lzzqan. (3.4.39)

Proposition 3.4.5 : For any given v € U and small parameters c;, and ¢, the

problem: Find ¢ € C such that

/E(Defqu)+q)ﬁ) -w+/ (—a2+Hm)<p<1>+/ 1 p®
Q

M o

:/ h(g)®, Yo € C, (3.4.40)

has a unique solution, where h(q) = g — 'Bmqu Also,

lelle < C(lgllzean + Ivilo) - (3.4.41)

Proof: The existence and uniqueness of the solution of the above problem follows
from the Lax-Milgram Lemma, [25, page 244]. Define the bilinear form a(-,-) : C x

C —Ras
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a(p,®) = /Qg(DeffV<I’+®ﬁ) -V
—i—/M(—ﬁg—i-Hm) g0<I>+/ 1P, (3.4.42)
and the functional [ : C — R as
(D) = /Mh(q)<1>. (3.4.43)

The functional [ is continuous since h(q) = g — 2224 where both g, ¢ € HY?(M).

Hence, h(q) € L*(M). Also, the bilinear form a(-,-) is continuous. This results from

la(p, @) < Cy (IVellrz@ IVl L2 + 19 oo [0l oy [ Vel 120
2o llell o) | Pl e )

= g + Hlzzqany el mon | @l oan) - (3.4.44)

Let us recall that G :=u+2(¢) € H'(AUG) as u € H'(AU G) from Lemma 3.3.20,
and z(¢) € H'(AU G) from Remark 3.3.14. Since also

HY*(T,) — LP(T,), HY*(M) < LP(M), p>2, (3.4.45)
estimate (3.4.44) reduces to
la(e, @) < C(1+ [allm ) lelcll®lc. (3.4.46)

for some constant C'. This proves the continuity of a(-, -). For the coercivity of a(-,-),

note that

alpg) = (eDeff||wn%2(m+ / eVt |

e + / (=g + Hp,) 902)
o M

> (wdfnwn%m - / v Vel - [ |ﬂ1<p2|) | (3.4.47)
T
noting that —uy = B, H,,¢ > 0 on M. Also,

- / ot Vol > [l Vellea
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> —Cllalla ave ll#llE- (3.4.48)
where the second inequality follows using the same argument as in (3.4.46). Also,

_/F [e?| > =Cillillzew,)lellzown ol )
> —Collallm el (3.4.49)

where the second inequality follows from the continuity of the trace operator ~, and
the Sobolev embedding vo(H'(Q2)) = HY2(02) — L7 (0S), r > 2. However, from
(3.3.59) and Lemma 3.3.20 (by taking f = [(Z(¢)) in this lemma), one obtains

IN

[ulleay + [12(6) [l )

C (12(&) e a) + 112(8) lL2(cy)

C1 (¢ + el 2 )

Gy (6+ Vel nze) (34.50)

|| exr )

INIA

IN

This and estimate (3.3.96) imply that |||/ (4) can be made small by choosing small
parameters ¢;;, and ¢. Hence (3.4.47), (3.4.48), (3.4.49) and (3.4.50) as well as the

Poincare inequality yield

a(e,0) = Alelle, (3.4.51)

for some positive constant A. Hence, the requirements of Lax-Milgram Lemma are
met, and therefore there exists a unique solution ¢ € C.

For the estimate (3.4.41), note that a(y, ¢) = [}, h(q)¢ gives

IVelZom < O (\ / h<q>so\+|rﬁ|rH1<AUc>r|v@ou%2<m)

< Co [l9llzzaanllelczan + (Ve + el o Vel @) lellzan]

A

+C [l ave Vel 20

IN

Cs (llgll2any + IvIlo) IVl @
+Cy (IVéllr + lalla aue) 1VellZ2q), (3.4.52)
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where the first inequality follows using the same argument as in (3.4.46), and the
second from the estimate (3.4.31) and ||¢[/z-(ar) < G||V<p||i2(9) for r > 2 (which
follows from the Sobolev embeddings and Poincare inequality). Again, ||G g aue
and ||V¢||Lr(o) can be made small by taking small parameters c;,, and ¢, the last two

terms of inequality (3.4.52) can be combined with the left side to give

IVellz@y < C (llgllzzan + Ivilv) - (3.4.53)

3.4.3 Fixed Point Formulation of the Adjoint Problem

In this section, the existence and uniqueness of the adjoint problem is proved using
the Fixed Point Theorem 3.3.30, assuming small parameters c;, and ¢. For this, the

following mappings are defined.
Definition 3.4.6 Let

T,:[’(Q) — U

Y =V, (3.4.54)
where v is given by the solution of the problem in Proposition 3.4.1. Also, let

T,:U — LP(Q)
vV o— o, (3.4.55)
where ¢ is given by the solution of the problem in (3.4.40). Finally, define

T:=T,0T,: LP(Q) — LP(Q). (3.4.56)

Then the mapping T is well-defined.



3. Mathematical Analysis 89

The Fixed Point Theorem 3.3.30 is implemented to show that the mapping 7" has a
fixed point, which proves the existence of a solution to the adjoint problem (3.4.7).

The uniqueness of the solution is proved under the assumption of small parameters

Cin and o.
Theorem 3.4.7 The mapping T' = T, oI5, has the following properties:
1. T s continuous
2. T 1s compact
3. there exists a constant N such that
lollzry < N, (3.4.57)
for all
e IP(Q) N {p:p=¢€Typ, for someee€[0,1]}. (3.4.58)
Then from Theorem 3.3.30, T has a fized point ¢ € LP(Q2) N C. Moreover,

4. the fixed point is unique when the parameters c;, and ¢ are sufficiently small.

Proof:

1. T is continuous: let {¢,} C LP(Q), p, — ¢ in LP(Q), and set dp, = ¢, —
0, v, =Typ,, v="T,p, 0v, =v, —v and dq, = q, — q, where q,, and q are

associated with v,, and v, respectively. Then v, satisfies

a(ovy, w) + B(dq,, w) = —/(5gané-w,
Q
Bla*,dv,) = 0, (3.4.59)

for all (w,q*) € U x P4. Hence from Proposition 3.4.1,

[vallo < Cilldull o Vélluoe. (3.4.60)
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Now let ,, = T,,v,, and p = T, v, then 09, satisfies
/Qg (DY + @) - V6P, + /M (—tig 4+ H,,) 07, +
+/ 1109, P = /M (h(gn) — h(q)) ®. (3.4.61)
Then it follows from H'(Q) < LP(€) and Proposition 3.4.5 that

108, lLr) < Col|0@,llc < Cslldva|lu

< Culldenllre) [ VellLr @), (3.4.62)

where the last inequality follows from the estimate (3.4.60). Hence, the last
estimate (3.4.62) gives g, = Top, — 01in LP(Q) as dp,, — 0 in LP(Q), which

proves the continuity of 7T'.

2. T is compact: let {p,} be a bounded sequence in LP(Q2). Then it is required
to show that {Tp,} has a convergent subsequence in LP(2). Note that for

v, = T,p,, Proposition 3.4.1 gives
IVallu < Ci(o+ lenllr) IVéllLr ) - (3.4.63)
Also for @, = T,,v,, = T'p,,, Proposition 3.4.5 gives
1Ballc < Co(llgllzzan + o + llenllr@) I VéllLr @) (3.4.64)

which implies that {%,} is bounded in H'(Q2). Since H'(Q2) —¢ LP(Q), the

sequence {p,} has a convergent subsequence in LP(Q2) N C.

3. Repeating the work done in item 2, it follows that for every ¢ € LP(Q) satisfying
@ = €l'p for some € # 0 that

lelme < €Ci(lglzon + o+ el Velune) . (3.4.65)

Taking c;, sufficiently small, the factor ||V¢||Lr) can be made small. Conse-

quently, the last term of the above inequality can be grouped with the left side
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to give
lellry < C(lgllean +0), (3.4.66)
which implies the existence of N < co.

4. Let 1 and 9 be two fixed points for the mapping T', and set dp = ¢ — ©o.

Then following the same work done in estimate (3.4.62), it follows that
10¢llre) < Clldpllre) [ VellLr@)- (3.4.67)

Since also the factor ||Vé[|Lro) can be made small by taking c;, small enough,

the right side is combined with the left side to give dp = 0.

The existence and uniqueness of the solution for the adjoint problem is proved under
the assumption ¢;, and ¢ being sufficiently small. Let us remark that ¢ was assumed
to be small only in Proposition 3.4.5 to prove the coercivity of the bilinear form a(-, -)

defined in (3.4.42). Elsewhere, only ¢;, is assumed to be small enough.



Chapter 4

Numerical Methods

The goal of this chapter is to present the numerical methods used to solve the two
FC models and the shape optimization problem. These involve the finite element
formulation of the steady state problem and the adjoint problem (presented below),
and calculating the shape gradient of the objective functional E as well as perturbing
the air channel. In this chapter, the simplified model will be considered, but the

derivation for the general model is similar.

4.1 The steady state problem

Let us first consider the steady state problem and show how to obtain its finite element

formulation. The strong form of this problem reads: Find ¢, 0, p4, and pg such that

—eDIAe+ea-VE = 0 on Q, (4.1.1)
—pAa+Vps = 0 on A, (4.1.2)
V-u = 0 on AUG, (4.1.3)

ﬁ+%VpG = 0 on G. (4.1.4)

92
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Equations (4.1.4) can be simplified by taking the divergence on both sides and using

equation (4.1.3), which results in
K
-V (;Vpg) = 0 on G. (4.1.5)

Hence the variable 1 is eliminated on G, yet can be recovered using equation (4.1.4)
while required in equation (4.1.1).

The boundary conditions are as follows (see Fig. 2.1 for the definition of boundaries):

i ¢=ci, poL iy — pa = _IF_lz-I fpi pa,
fri i = ¢, Uy =0
[,: —eD719,e=0, — o1ty + pa =0,
Uy =0
I': eDf9,e=0, (4.1.6)
i =0, Uy =0
Uy = —pdiiy +pa — pe = 0, —%32170 = Uy
I,: —eD79,6=0 — 50 =0

M: —eDH0,6 = (Hyp + BrHut) &, —Kdopg = —nllnt

IS 7
Let

then ¢ = 0 on I';. Therefore, the variables for the steady state problem are ¢ in 2, G

and py in A, and pg in G.
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4.2 The adjoint problem

The adjoint problem serves to compute the shape gradient of the cost functional E.
The strong form of the adjoint problem reads: Given the solution 1, ¢ of the steady

state problem, find c¢*, u*, p%, p¢; such that

—eDIA —ca- Vet = 0 on £, (4.2.1)
—pAu* +Vp, = —c"Ve on A, (4.2.2)

V-u' = 0 on AUG, (4.2.3)

u = —% (VPL+ec*Ve)  on G. (4.2.4)

The variable u* in G can be eliminated by using equations (4.2.3) and (4.2.4), which

gives
K . 3
-V ;(VpG—l—sc Ve)l = 0 on G. (4.2.5)

The variable u* in G can be recovered with equation (4.2.4) for using equation (4.2.1)
in domain G. Then the main variables of the adjoint problem are ¢* in 2, u* and p%
in A, and pf; in G.

The associated boundary conditions are:

Iry: ¢ =0, pov1 — Py = —\p_li\ fr‘i Pas
Jp,ui = o, up =0
I,: —eD9,c* = ety —pnoivr +ply =0,
uy =0
I': eDY9,cr =0,
uy =0, us =0
up = —pdiv + ply — p =0, — i (029 + e 0ge) = s
Iy: —eDY19,cx =0 —%81])5 =0

M: —eD9,c* = (H, — 3B Hpe) ¢ + % — g, —% (Oapls + ec*0ac) = 0,
(4.2.6)
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where

g = a<é—|1ﬁ|/Mé>—6, (4.2.7)

a, 0 and o are nonnegative parameters appearing in the definition of the cost func-

E = a/M(c—W ) —ﬁ/ ¢+ Opin, (4.2.8)

and p;, = palr, is the pressure at the inlet.

tional F,

4.3 Finite element formulations of the steady state
and the adjoint problems

Let Tn(A), Th(G), and Tn(Q2) = Th(A) U Tp(G) be triangulations of A, G and ,
respectively, where h represents the size of the largest element of the triangulation
Tn(€2).

To define the finite element spaces, let
VHQ) = {veCyQ): vk € B(K),VK € Th(Q)}, (4.3.1)

where V}/(A) and V}/(GQ) are defined similarly, and P;(K) is the space of polynomials
of degree [ on the triangle K. Then using the boundary conditions (4.1.6) and (4.2.6),

the following finite element spaces are considered:

C, = {ceVi(Q):r, =0}, (4.3.2)
Pen = V(G), (4.3.3)
Uy = {0= (1, 1) € VZ(A) x VZ(A) : tulrus = 0, dalr, =0},(4.3.4)
Pap = V4 (4). (4.3.5)

These discrete spaces are used to write the finite element formulation of the steady

state and the adjoint problems.
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To derive a finite element formulation, we multiply equation (4.1.1) by ¢, equa-
tion (4.1.2) by v, equation (4.1.3) by qa, equation (4.1.4) by qg; integrate by parts
and use boundary conditions (4.1.6). This results in the following finite element for-
mulation of the steady state problem:

For any given H,,, find c € C}, 1 € ﬂh, pa € Pay, and pg € Fg ), such that for all

@ € Ch,veUup, qa € Payand gg € Pay,

/ (eDVVe Vo +e(a- Vo)) + / (Hp + €BmHpé)ép = 0, (4.3.6)
Q M

/(uVﬁ-Vv—pAV-v)—/ ]3Av1+/pgv2 = 0, (4.3.7)
A r; »

_/A(v.a)qA—/Fi (Qs—/mal)qA ~ 0, (438)
/G “Vpe Vo= [ dnage— [ Gullaidc = 0. (439

where p, is the average pressure on I;.
Note that the Dirichlet boundary conditions are included in the finite element spaces.
The other boundary conditions are recovered, in the weak sense, from the above

formulation when the solution is regular either at the continuous level or as h — 0:

1. Integrating equation (4.3.6) by parts gives

/ (6Deff8,,c) wds

Ul UMy,

+ / (D7 8,¢ + (Hyp + BinHmt) €] ods = 0. (4.3.10)
M

Hence, —eD*/9,6 =0 on TUT, UT,, and —eD*/9,¢ = (H,, + B, H,,¢) ¢ on

M, almost everywhere.
2. Integrating equation (4.3.7) by parts gives
/ (U0, 0+ v —pav - v) ds—/ ﬁAvlds—i—/vagds = 0. (4.3.11)
9A I )
Substituting v = (v1,0)7 in the above equation gives

/(—u@ﬂll +pA—1_9A)v1ds—|—/ (udry — pa)ids = 0, (4.3.12)
b

T
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which implies that po14; —pa = —p,4 on I'; and —pdi iy +pa = 0 on I, almost

everywhere. Similarly, substituting v = (0, v2)? results in

/(Mazﬁz—pA +pa)vads = 0, (4.3.13)
>

which brings —updil, + pa = pe almost everywhere on 3.

3. Equation (4.3.8) implies that

/ (V-d)qga = O, (4.3.14)
A
/ (gb - / al) g = 0. (4.3.15)
r; r;
This leads to V-1 =0 in A and fFi @y = ¢ on I'; almost everywhere.

4. Integrating equation (4.3.9) by parts gives

K X K
/ (—8217(; + uz) qads + / (—@m) qcds
s \H w \H

K H,¢
+/ (—82p(,~ _B C) qads = 0, (4.3.16)
M\ H €

which results in —%agpg = Uy on X, —%8,,])(; =0onlI, and %82]9(; = M

on M, almost everywhere.

Similarly, the finite element formulation of the adjoint problem reads:
For given H,,, ¢ and 1, find ¢* € (), u* € ﬂh, Py € Pay, and p;, € Pg, such that

for every p* € C}, v* € IAJA,h, ¢4 € Pay and g € Pgp,

/(eDeffVc*-V(p*—s(ﬁ-Vc*)gp*)+/ (et c)p* (4.3.17)
Q Ty

mHm ¢
+/ [(Hm — 3BmHmc) ¢ + PP _ g} " = 0,(4.3.18)
M

/A(,uVu* Vv =iV -v* + Ve -v') — / Davy + / pevy = 0, (4.3.19)
r, s
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_/A(v.u*)q;_/m (g+/ria’;)q;g = 0, (4.3.20)

K
/ — (Vpg +ec"Ve) - Vi, — / Uy 4qe = 0,(4.3.21)
G M b

where p% denotes the average of p% on I';.

The above finite element formulations, for the steady state and the adjoint problems,
are solved by means of a commercial software, FemLab, which uses Newton’s method
to solve nonlinear systems. In our case, the linear system is solved using the direct
solver, UMFPACK.

The parameter H,,, however, needs to be determined. In fact, H,, is a function of
n (the catalyst layer activation over-potential, see chapter 2), where H,,(n) and 7

satisfy the following equations:

0 = Erew— Eeey —n—1rluw(n), (4.3.22)
L) = 5 [ S Ha (1323)
Ha(n) = 4]\;021 (eRTF " e ’7) . (4.3.24)
Hence H,, is determined once 7 is known. For this, set
0(n) = Erew — Eeen — 1 — rla(n). (4.3.25)

Then according to equation (4.3.22), the solution 7 must satisfy 6(n) = 0. Note also
that

5(0) = Erev - Ecell > 07 (4326)

6<Erev> = —Lell — TIav(Erev> < O, (4327>
which implies that the solution 7 satisfies
0< 1 < FErep (4.3.28)

The fact that the function 6(n) changes sings in the interval [0, E,.,] makes it possible

to implement the Bisection method to determine the zero of d(7n).
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Another approach to find 7 is by using a fixed point technique. Note that n must
satisty

n = Erey — Ecen — r[av(n)- (4329)

Setting f (1) = Erev—Ecenn—71a0y(n), then ) is a fixed point of the following formulation:

n o= f). (4.3.30)

Finding 7 using this approach requires iterations between 7 and f(n), which is ob-
tained after solving the state problem to find I,,(n). However, this technique was
attempted, but did not converge when I,,(n) is large. In turn, the whole polarization
curve could not be obtained using this technique. This situation is expected as the
fixed point approach does not guarantee convergence when the derivative of f at some
7 is greater than one in absolute value. In fact, this occurs when 7 is large enough to

make the derivative of I,,(n) be greater than one in absolute value.
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4.4 Algorithm

The goal of this section is to present the main steps involved to get the numerical
results. The algorithm is divided into three main parts for solving the optimal shape

problem:

1. solving the steady state problem,
2. solving the adjoint problem for computing the shape gradient VE,
3. perturbing the geometry to get the optimal shape design.

For this, let us set the following parameters: 7, = 0, 75 = Erep, Nsteps = 200,
TOL(H,,)=1le-4, TOL(I')=h4/100, where h4 denotes the thickness of the air channel.

o For n=1: Ngeps
e Solve the steady state problem

— while MEZI50L > TOL(H,,), 5, = 25,

m

— compute H,,(n.)
— solve the steady state problem

— update 7, as follows:

if d(na) x0(n.) <0, then ny, =1
else Na = Ne-
end (4.4.1)

— end of the while statement
e Use the H,, obtained to solve the adjoint problem

e Compute the cost functional E™ := E(I'") and the derivative of the cost func-

tional VE(I'™) from equation (3.2.57), and get DE! = [|[VE(I'")|

max
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e Stop if . = Nueps, DE",, =0, or |[["*! — "o, < TOL(T).

e Else perturb I'), as follows:

" = 1 -\, VE(T,), (4.4.2)
where
0.5 x* hA
Ay = 4.4.

max
e Repeat the main loop.
Note that with this choice of \,,, the maximum perturbation || —T"||,, < 0.5x%h4.

This choice is suitable to ensure that ™! stays, for some steps, within the lower and

upper limits set for I.



Chapter 5

Numerical Results

The goal of this chapter is to present and discuss the numerical results of the steady
state problem for the simplified and general models of the cathode presented in Chap-
ter 2, and the solution of the shape optimization problem (2.2.5).

In the first section, computational requirements are assessed in terms of mesh
resolution for the numerical solution using the simplified model. In the second section,
the numerical solutions of the simplified and general models will be compared and
shown to be close enough. This will be useful since it is much easier to deal with the
simplified model to solve the optimization problem. In the third section, the simplified
model is validated by comparing the polarization curve obtained with experimental
data from [15]. In the last section, the solution of the optimization problem (2.2.5) will
be presented for a long channel geometry and the short channel geometry considered

in [15).

102
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5.1 Description of the test cases

Two types of geometries will be considered to solve our optimization problem: long
and short air channel geometries. The short geometry was studied experimentally in
[15] while a longer channel and larger MEA (membrane electrode assembly) tends to
produce a larger current.

Table 5.1 lists the values of the parameters used to set the optimization problem
for both geometries. The values used for the short geometry are taken from [15]. For
the long geometry, the values for e, K, ¢,in, Cnin are used in [14] and [22]. Figure 5.1
shows the domains with the main geometrical parameters.

The two constants, ha min and hg mes, set lower and upper limits for the widths
of the optimized air channel geometries. Any optimized air channel geometry will be
required to have a minimum width not less that h4 ., and a maximum width not
greater than hg maq-

Table 5.2 lists standard parameters used for both geometries. These parameters

are documented in [35].

5.2 Verifying the numerical solution of the simpli-

fied model

The numerical solution is obtained using the finite element method presented in Chap-
ter 4. In this section, the long geometry is considered. To show that the numerical
solution is reliable, it must be verified that the solution is relatively independent from
the mesh used. Two meshes are considered: a coarser mesh (Mesh 1) and a mesh
obtained by refining Mesh 1 (Mesh 2), see Figure 5.2 and Table 5.3.

The numerical solutions corresponding to the two meshes are compared on the
cross-section x = 0.2m, see Figure 5.1. It is enough to compare the main variables:

the oxygen mass fraction ¢,, the gas pressure drop p — pi,, and the two velocity
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Table 5.1: Primary parameters used to solve the simplified and general mod-

els
Parameter | Long Geometry | Short Geometry | Description
l 0.4m 0.02m length of the air channel and GDL
ha 6 x 10™>m 10=3m width of the air channel
ha 3x1073m 3.8 x 107*m width of GDL
€ 0.74 0.4 porosity of GDL
K 10~ 2m? 1.76 x 10~ 1m? permeability of GDL
Covin 0.24 0.96 oxygen mass fraction at the inlet I';
Cnin 0.69 0 nitrogen mass fraction at the inlet I';
Dout 10° Pa 10°Pa gas pressure at the outlet I,
0 3.8 x 1073m?/s 6.4 x 107*m?/s volumetric flow rate at the inlet T
h A min ha/b ha/5 minimum width of the air channel
h A maz 3hy 3h 4 maximum width of the air channel
E.., 1.115V 1.115V reversible cell voltage
r 3.65 x 1075Qm? 3.65 x 107°Qm? ohmic resistance of the fuel cell
Coref Cin Cin oxygen reference mass fraction
O 0.3 0.3 net transported water across M

components (U, Uz). Figure 5.3 shows that the graphs of the two solutions coincide.

In conclusion, the numerical solution obtained using Mesh 1 is acceptable. All the

subsequent results will be computed with Mesh 1.
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Table 5.2: Standard parameters used to solve the simplified and general

models
Parameter | Value Description
air 2.0721 x 1075 kg/(m - s) | dynamic viscosity of air at T' = 348K
™ 1.0585 x 107* kg/(m.s) | dynamic viscosity of water at T = 348K
Lhsy 1.688 x 107° kg/(m.s) dynamic viscosity of the gas at the saturation point
T 348 K gas temperature
M, 32 x 1073 kg/mol molar mass of oxygen
M, 28 x 1073 kg/mol molar mass of nitrogen
M, 18 x 1073 kg/mol molar mass of water
R 8.314 J/(mol.K) universal ideal gas constant
F 96,485 A - s/mol Faraday’s constant

5.3 Comparing the numerical solutions of the sim-
plified and general models

The goal of this section is to compare the numerical solutions of the simplified and
general models. The two solutions are compared on the cross-section x = 0.2m.
Provided the two solutions are close enough, the simplified model can be used to
solve the optimal shape problem (2.2.5).

The simplified model makes the following assumptions: the gas density and the
nitrogen mass fraction are constant in both domains A and G. Figures 5.4 and 5.5
show these assumptions are reasonable since the oxygen mass fraction, ¢,, the gas
pressure drop, p — pi,, and the gas velocity components, (i1, Us), are close for both
models. These are the main variables that must match for the optimization problem
to be set with the simplified model.

Figure 5.5 also shows that both the gas density,p,, and the nitrogen mass fraction,
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Figure 5.1: Domains with the air channel and GDL, and the cross-section
x = 0.2m at which two numerical solutions are compared.

Cn, gradually deviate along the cross-section toward the membrane. Note that the
simplified model is derived assuming p, is constant, while the density in Figure 5.5
is recovered from the solution of the simplified model using the ideal gas law. The
general model gives slightly smaller nitrogen mass fraction and gas density in domain
GG than the ones assumed in the simplified model. Domain G is to a large extent
occupied by the water vapor, which reduces the relative mass fraction of nitrogen
and oxygen. Since also the molar mass of water is less than those of oxygen and
nitrogen, the gas density in domain G must decrease. This difference, however, has a
minor effect on the main variables ¢,, p, and (111, Giz) when compared to the simplified

model. Therefore, the simplified model well approximates the general model.

5.4 Validating the simplified model

The main objective of this section is to proceed with some validation of the numerical
solution of the simplified model by comparing it with experimental results. The
comparison is made on the short air channel. First, the simplified model is solved
as binary system involving oxygen and water vapor. The numerical solution of this
problem is shown in Figure 5.6.

A similar model has been considered in [15] to describe the fluid dynamics in
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Figure 5.2: The two meshes used to verify relative mesh independence of the
solution.

the cathode part of the fuel cell, where the “polarization curve” has been found ex-
perimentally. The polarization curve presets the fuel cell’s voltage (E.e;) versus its
averaged current density (/). The polarization curve is used to evaluate the perfor-
mance of the fuel cell.

Using the same parameters as in [15], the simplified model is solved at different
cell voltages, F.., and the polarization curve is then obtained. The polarization curve
obtained with the simplified model was compared with the experimental curve found

n [15]. As shown in Figure 5.7, the two curves are found to be close to each other
except for small mismatch at high current density. Hence, our model can produce a

valid polarization curve for a wide range of fuel cell voltage.
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Table 5.3: Properties of Mesh 1 and Mesh 2

Number of elements of Mesh 1 | Mesh 2
domain A (air channel) 3811 12967
domain G (GDL) 2686 6594
domains A and G 6497 19561
each of channel inlet and outlet | 11 16
channel wall (I") 104 200

the channel and GDL interface | 193 207
GDL walls 10 10
membrane 193 207

5.5 Optimal Shape Design of the Air Channel

The goal of this section is to present and discuss the solution of the shape optimization
problem (2.2.5). To recall, this problem consists in finding the optimal shape design

of the air channel’s wall, I', such that the following cost functional E(I") is minimized:

1 2
E(F):—a/ NeO-V——/ Ng, v —b/ Ne, - v+ e (pin — Dout), (5.5.1)

where a,b, and e are some given nonnegative parameters. The cost functional E(T")
has three objectives or terms: the first represents the total variance of the oxygen mass
flux on the membrane, the second term the total oxygen mass flux on the membrane,
and the last term the pressure drop between the inlet and the outlet ( see chapter 2
for more details). The optimization problem is going to be solved first by considering
one objective by setting one parameter, say a = 1, and the others to be zero. Next,
mixed objectives will be considered. In this case, the parameters a, b, and e are
chosen such that the considered terms of E(I") have the same order.

This optimization problem is going to be solved first for the long air channel with
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Figure 5.3: Comparison of the numerical solutions, obtained along a vertical
cross-section at = 0.2m, obtained using Mesh 1 (solid line) and Mesh 2
(dashed line). The curves are superposed. The abscissa of the graphs is the
y-coordinate [m] along the cross section.

length { = 0.4m and then for the short air channel (I = 0.02m) introduced in [15].
For both geometries, several cases are considered by choosing different values of the
parameters a, b, and e.

Recall that the optimal shape is computed with the gradient method and that
steps refer to the iterations of this method. For every iteration of the Gradient
method, it is required to find the numerical solutions of the state and adjoint problems
as well as computing the shape gradient of the cost functional £. Solving the state and
adjoint problems, for every given 7, takes about one minute for the simplified model
and two minutes for the general model. However, solving for n using the Bisection
method requires 14 iterations to meet the tolerance. Therefore, every iteration of the
gradient method requires about 14 minutes for the simplified model and 28 minutes

for the general model. Hence, finding an optimal shape I' in 25 Gradient method
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iterations requires about 6 hours.

5.5.1 Long air channel: [ = 0.4m

Case 1l: a=1,b=e=0

In this case, it is required to find the optimal shape of the air channel so that the
oxygen mass flux or the current density is as uniform as possible on the membrane.
With the initial geometry, the oxygen mass flux on M is not uniform and decreases
along the air channel as shown in Figure 5.8. Unlike the initial geometry, the opti-
mized geometry leads to a more uniform oxygen mass flux on M (see Figure 5.8) and
therefore a more uniform current density on M. In turn, the cathode catalyst layer
is used efficiently. Also, having a uniform oxygen mass flux on M makes the water
mass flux uniform, which is very useful to avoid accumulation of water in the cell and
also to avoid the dry out of the membrane.

In comparison with the initial geometry, note that the optimized geometry of the
air channel is wider near the inlet and narrower near the outlet in order to have the
oxygen mass flux uniform.

Table 5.4 shows that the optimized geometry not only decreases the total variance
of the oxygen mass flux, but also increases the total oxygen mass flux on the mem-
brane. One drawback, however, is that the optimized geometry leads to an increase
in the pressure drop, which is due to the narrow channel shape near the outlet.

The last two figures in Figure 5.8 present the convergence of the air channel wall,
I', while approaching the optimal shape design of the air channel and the associated
oxygen mass flux on the membrane N; . These figures show that the convergence is

fast enough as the geometry obtained at step 10 is very close the final one.
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Case 2: b=1,a=e=0

In this case, it is required to find the optimal shape of the air channel so that
the total oxygen mass flux is maximized on the membrane, which is equivalent to
maximizing the total current generated. Figure 5.9 shows that the optimal channel
shape turns to be the one with smallest width. Yet having the air channel as such
would increase the pressure drop as noted in Table 5.4. Note also that with the
optimized geometry, the oxygen mass flux or the current density is maximized but not

uniform on the membrane, resulting in a non-optimal use of the membrane catalyst.
Case 3: e=1,a=b=0

In this case, it is required to find the optimal shape of the air channel minimizing
the pressure drop between the inlet and the outlet. Figure 5.10 shows that the optimal
channel shape turns to be the one with largest width. As shown in Figure 5.10
and Table 5.4, the optimal geometry leads to minimal pressure drop, but smaller,

nonuniform oxygen mass flux on the membrane.
Case 4: a=1,b=33e—6,e=0

In this case, the problem is to find the optimal shape of the air channel so that
oxygen mass flux is made uniform but also maximum on the membrane. As shown in
Figure 5.11 and Table 5.4, the optimal shape design maximizes the oxygen mass flux
(or the current density) while keeping the flux relatively uniform on the membrane.
Note also that the pressure drop has increased due the narrow channel shape near

the outlet.
Case 5: a=1,e=35e—-10,b=0

In this case, it is required to find the optimal shape of the air channel minimizing

the total variance of the oxygen mass flux on the membrane and minimizing the
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pressure drop between the inlet and the outlet. Figure 5.12 and Table 5.4 show an
improvement in the design meeting these two objectives.

In this case it is hard to satisfy the two objectives as the pressure drop increases
when the variance of the oxygen mass flux decreases, see case 1 for example.

To compare these cases at different E..; voltages, it is essential to find the polar-
ization curve corresponding to each optimized geometry. This helps us compare the
the averaged current densities of the above cases at different cell voltages. Figure 5.13
presents the polarization curves corresponding to the optimal shape designs obtained
in the above cases.

The polarization curve for the initial geometry is denoted by case 0 with black
color. All cases have almost same current density at low voltages. The polarization
curve for case 1 shows that the current density is increased while it is uniform on the
membrane. The polarization curve for case 2 shows the maximum current density as
required, yet the pressure drop is very high. An intermediate case between case 1 and
case 2 is case 4, where it is required to have maximal, and uniform current density.
The polarization curve corresponding to this case shows a remarkable improvement in
the current density in comparison with that in case 0. In addition, the pressure drop
is reasonable in comparison with the one obtained from case 2. The least pressure
drop is achieved by case 3, where in this case the polarization curve shows the least
current density in comparison with the other cases. An intermediate case between
case 1 and case 3 is case b, where the polarization curve shows a little increase in the

current density.

5.5.2 Short air channel with [ = 0.02m and ¢ = 0.4

Small fuel cells are important since they are needed for small devices. In this subsec-
tion, the fuel cell considered has the same dimensions as in [15], and the system is

binary involving oxygen and water vapor. The objective of this subsection is to solve
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the optimization problem for the short air channel (I = 0.02m).

First, let us comment on the steady state solution with the initial geometry.
Note that in Figure 5.14, the depletion of the oxygen along the channel and across
the GDL is very small due to the small size of the fuel cell. Also, the variance of
the oxygen mass flux on the membrane is already small enough. However, some
design improvements can still be made by having a uniform current density on the

membrane, and a lower pressure drop between the inlet and the outlet.
Casel: a=1,b=e=0

In this case, it is required to minimize the variance of the oxygen mass flux on the
membrane, which is equivalent to have a uniform current density on the membrane.
Figure 5.14 and Table 5.5 show that the optimized geometry of the air channel leads
to a smaller variance of the oxygen mass flux on the membrane. However, the total
oxygen mass flux on the membrane negligibly decreased, unlike the increase observed
for the same case with the long air channel (compare with Figure 5.8 and Table 5.4).

As for the long channel geometry, this case results in an increase in the pressure drop.
Case 2: b=1,a=e=0

In this case, it is required to find the optimal air channel shape maximizing the
oxygen mass flux on the membrane. Figure 5.15 shows that the optimal channel shape
found is the one with the smallest width possible. This causes the pressure drop to
increase dramatically while the increase in the total oxygen mass flux is negligible, as

noted in Table 5.5.
Case 3: e=1,a=b=0

In this case, it is required to find the optimal air channel shape minimizing the

pressure drop. Figure 5.16 shows that the optimal shape is the one with maximum
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width. More interestingly, as shown in Table 5.5, the total oxygen mass flux negligibly
decreased though the width of the air channel is set to the maximum allowed, while
the pressure drop is a lot smaller. Hence, the optimized geometry leads to a minimal
pressure drop while still having the total oxygen mass flux very close to the one in

the initial case, or even the geometry with maximal total oxygen flux on M.
Case 4: a=1,e=63e—14,b=0

From the above cases, it follows that it is better to consider wider air channels
which contribute to decrease the pressure drop with almost the same total oxygen
mass flux on the membrane. Since the variance of the oxygen mass flux is important
as well, it is interesting to consider the present case.

This case requires to find the optimal channel shape that minimizes the total
variance of the oxygen mass flux and minimizes the pressure drop. Figure 5.17 and

Table 5.5 show that the optimized geometry leads to the required objectives.

5.6 Long versus short channel design

Let us make some remarks on the differences of impact when designing long and short
air channels. For long air channels, the impact of the optimal design on values of the
cost functional is evident in all cases: the total oxygen mass flux on the membrane
notably increased while its variance decreased, and the pressure drop between the
inlet and outlet decreased.

However, for short air channels the depletion of the oxygen mass fraction is very
small in both the air channel and GDL. This is due to the small size of the fuel
cell. Consequently, the variance of the oxygen mass flux is small on the membrane.
Hence, redesigning the air channel cannot improve a lot the oxygen mass flux or
its variance on the membrane. Yet, optimal design can decrease the pressure drop

between the inlet and outlet, while maintaining almost the same oxygen mass flux on
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Table 5.4: Values of the cost functional corresponding to different cases, for

the long channel geometry

Case Number | Step | Total Variance of Ny | Total No [kg/s| | pin — pout[Pa] | E
0 0 7.7¢-010 2.3e-004 2.1 -
1 66 4.9e-011 2.4e-004 68.8 4.9¢-011
2 1 6.4e-010 2.4e-004 255.4 -2.4e-004
3 1 1.7e-009 2.1e-004 0.080 0.080
4 61 5.6e-011 2.4e-004 88.4 -7.3e-010
5 51 4.5e-010 2.337e-004 2.8 1.49e-009
Table 5.5: Values of the cost functional corresponding to different cases, for
the short channel geometry
Case Number | Step | Total Variance of No | Total No [kg/s] | pin — Pou [Pa] | E
0 0 2.8e-013 1.34608e-005 4.4 —
1 96 5.2e-014 1.34607e-005 99.2 5.2e-014
2 23 2.849¢-013 1.34609e-005 545.6 -1.34609e-005
3 1 5.3e-013 1.344e-005 0.17 0.17
4 27 1.6e-013 1.345e-005 1.2 2.4e-013

the membrane.

In conclusion, redesigning the cathode air channel is effective for both long and

short channels.
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Chapter 6

Conclusion

This chapter summarizes the contributions of the thesis. It also lists interesting future

work that could result from our investigations.

6.1 The contribution of the thesis

In chapter 2, the thesis pays a particular attention in modeling the cathode part of the
fuel cells by considering the following model parameters as variables: the gas mixture
density, the mixture viscosity, and the reaction taking place at the cathode/anode
interface. These parameters are taken constants by many authors to simplify the
model, yet without investigation. Investigating the sensitivity of these parameters is
done by considering two models: a general model and a simplified model assuming
constant gas mixture density and constant nitrogen mass fraction. This led to sim-
plify the general model to reduce the cost of numerical computations after careful
comparison with the general model to evaluate the sensitivity of these parameters.
Chapter 2 also contributes in that it couples the model used by [22] with a model for
the reaction kinetics to obtain polarization curves. A new optimization problem was

stated that includes a cost functional E representing the fuel cell performance and
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the shape of the gas channel as design variable.

Chapter 3 consists of three mathematical analysis parts. In the first part, the
shape gradient of the cost functional E is calculated by using the theory of shape
calculus and an adjoint system. This is a primary step for solving the shape opti-
mization problem in chapter 2 with the least computational expenses. The second
part of this chapter proves the existence of the shape derivatives of the state variables
¢, u, p and p;,, using the implicit mapping theorem, Sobolev embeddings, and fixed
point formulation. The shape differentiability of the cost functional E is also proved.
Existence of the shape derivative of such complex problems coupling several PDEs
over several domains is rarely discussed in the literature. The third part proves the
existence and uniqueness of the solution of the adjoint system, which is needed to
compute the shape gradient. In the second and the third part, both the volumetric
flow rate ¢ at the channel inlet and the oxygen mass fraction ¢;, at the channel inlet
are assumed to be small enough. To our knowledge, the shape optimization and the
analysis of the related problems have never been done for fuel cell applications.

Chapter 4 presents the numerical methods used to solve the shape optimization
problem. This involves the finite element formulation for the steady state and adjoint
problems. We proposed a method to compute the reaction rate H,, for arbitrary cell
voltage E.e;. This problem is resolved by using the Bisection method. Resolving this
problem makes it possible to compute the entire polarization curve, which is a tool to
evaluate the efficiency of the fuel cell and validate the model. A fixed point method
was attempted, as is often done to solve nonlinearities in fuel cell problems, but could
not provide the whole polarization curve. We think that the Bisection method as
implemented here is a simple and powerful alternative.

In chapter 5, the numerical solution of the simplified and general models are
computed and compared. The conclusion of the comparison is that the assumptions
made in the simplified model are reasonable. Also, the simplified model is shown

to be able to produce a valid polarization when compared to the experimental one
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in [15]. Both short and long air channels are considered to solve different shape
optimization cases while treating single and mixed objectives. A main contribution
in this chapter is that these cases are compared by considering their polarization
curves along with the cost functional E. To our knowledge, this consideration is not
found in the literature, where only polarization curves are used.

We found that designing long and short air channels has a different impact on
increasing the current density of the fuel cell. Designing long air channels leads to a
relatively large increase in the current density. However, for short air channels this
objective is already met before redesigning the air channel, which refers to the high
oxygen mass fraction on the membrane. On the other hand, designing both short and
long air channels has a notable improvement on making the reaction rate uniform on
the membrane and decreasing the pressure drop between the inlet and outlet of the

air channel.

6.2 Future work

There is still some interesting future work:

1. Considering the three dimensional shape optimization problem since it reflects

the real situation. One challenge will be treating the computational expense.

2. Finding the optimal design of the cathode/anode interface M instead of T'. This
could lead to a greater impact on the performance of the fuel cell. Another

controlling parameter to consider is the porosity ¢.

3. Investigating if the existence and uniqueness of the steady state and adjoint

problems can be proved with ¢ or ¢;, not necessarily small.
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