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ARTICLE INFO ABSTRACT
Keywords: Self-cycling fermentation is an automated process used for culturing microorganisms. We
Self-cycling fermentation consider a model of n distinct species competing for a single non-reproducing nutrient in a self-
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cycling fermentor in which the nutrient level is used as the decanting condition. The model is
formulated in terms of impulsive ordinary differential equations. We prove that two species are
able to coexist in the fermentor under certain conditions. We also provide numerical simulations
that suggest coexistence of three species is possible and that competitor-mediated coexistence
can occur in this case. These results are in contrast to the chemostat, the continuous analogue,
where multiple species cannot coexist on a single nonreproducing nutrient.

1. Introduction

Self-cycling fermentation (SCF) is a technique used to culture microorganisms. In this process, a tank is filled with a liquid
medium that contains all the nutrients required for microbial growth. The medium is inoculated with microorganisms that use the
nutrient to grow and reproduce. The contents of the tank are carefully monitored by a computer, and when predefined conditions
(called the decanting criteria) are met, the computer then instigates a rapid emptying and refilling process, called a decanting
process. During the decanting process, a set fraction of the contents of the tank is removed and replaced by an equal volume of
fresh medium. Once the fresh medium has been added to the tank, the process begins anew, with the microorganism consuming
the new medium until the decanting criteria are met again. Under the right conditions, this cycling continues indefinitely, and the
process does not require an operator or any estimate of the natural cycle time of the microorganisms in advance.

SCF was originally developed as a method to cultivate synchronized cultures of bacteria; i.e., cultures in which all cells are the
same age [1,2]. The process quickly found use in wastewater treatment [3-5], where the decanting criteria could be set so that
the treated medium conformed to standards set by environmental-protection agencies. A two-stage variation on the SCF process
has been used for bacteriophage cultivation [6]. Bacteriophages have been identified as useful biomedical tools, not only in the
application of phage therapy [7] but also in bacterial control [8] and the production of recombinant proteins for drug delivery [9].
SCF has also shown promise as a method to produce some biologically derived compounds such as shikimic acid [10], which is an
important component of the antiviral drug Oseltamivir, and cellulosic ethanol [11,12], which is a type of biofuel produced from
otherwise unusable plant fibres.

The original model of SCF was developed using the dissolved oxygen concentration as the decanting condition [13]. The nutrient-
driven process, which uses a value of the nutrient concentration as the decanting condition, has been analysed more thoroughly. The
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initial model of the nutrient-driven SCF process [14] was used to determine an optimal decanting fraction to maximize fermentor
throughput under the assumption that the fermentor was being used for wastewater treatment. The nutrient-driven SCF model has
been extended to investigate the role of cell size [15], to investigate how resources that are inhibitory at high concentrations affect
the process [16] and to investigate how multiple resources affect the long-term dynamics [17,18]. The model is described using
impulsive differential equations, which accurately describe semi-continuous systems when the period being approximated is short
compared to the cycle times [19,20]. In the case of self-cycling fermentation, the emptying and refilling process is fast compared
to the time between such events, making it an ideal process for modelling with impulsive differential equations.

The outcomes of multiple-species competition have been discussed in many other scenarios. In the chemostat with constant
input resource concentration and dilution rate, the species that can subsist on the lowest resource concentration will exclude
all others [21,22]. In contrast, an arbitrary number of species are able to coexist in the periodic chemostat, provided that
certain conditions are met [23]. Similarly, at least two species have been shown to coexist in serial transfer cultures [24], which
can be thought of as a time-driven self-cycling fermentation process. Many of these theoretical results have also been verified
experimentally [25,26].

In wastewater systems, operators often want to curate an environment that selects for one species over another [27]. For example,
one of the main challenges facing the full-scale implementation of anaerobic ammonium oxidation is the competition between
nitrite-oxidizing bacteria and the desired anaerobic-ammonium-oxidizing bacteria [28]. Similarly, glycogen-accumulating organisms
must be excluded from biological phosphate-removal systems, since their presence can lead to reduced efficiency or even reactor
failure [29]. On the other hand, mixed-culture systems show promise as a method to reduce the production costs of some biologically
manufactured plastics such as polyhydroxyalkanoates [30]. Therefore, a solid theoretical understanding of the mechanisms that lead
to the coexistence of multiple species or competitive exclusion is important in order to achieve desired outcomes.

This paper is organized as follows. In Section 2, we introduce the model for n species competing for a single limiting nutrient. In
Section 3, we consider a simplified version of the model with two species, run some numerical simulations that suggest coexistence
under certain conditions, and present our main theorem. We prove that two species can coexist on a single nonreproducing nutrient,
under certain conditions. In Section 4, we display numerical simulations that suggest three species can also survive on a single
limiting nutrient, and we demonstrate that such survival is an example of competitor-mediated coexistence. In Section 5, we discuss
the implications of the results. The proofs of all of the results can be found in Appendix A.

2. A model for n competing species

For a given function z(r) and time 7, let z(r7) = lim,_,,- z(r) and z(t*) = lim,_,,+ z(r). We consider the following model for n species
competing for a single growth-limiting nutrient in a nutrient-driven self-cycling fermentor:

- xnw
s(t)#s (2.1a)
X
d_t’=xj(fj(s)—dj) j=1,...n
+Y\ — .oin _ -
s@T)=rs"+ A =r)s(t”) s@) =5, (2.1b)
xj(t+)=(1_r)xj(t_) j=1

This model is a generalization of the model described by Smith and Wolkowicz [14]. Here, s denotes the concentration of nutrient
in the fermentation vessel, x; is the biomass of the jth population of microorganisms that consume the nutrient, Y; is the cell yield
constant, d; is the natural decay rate of the jth population, 5 is the nutrient concentration that triggers the decanting process, s™ is
the concentration of nutrient in the medium added during the decanting process and r is the fraction of medium removed during
the decanting process. We assume that ¥; > 0, s" >35> 0, d; >0and 0 < r < 1. We note that by rescaling x; by the factor —,
these yield constants can be eliminated from the model. This rescaling is equivalent to setting each yield constant to 1. Thus, we
consider this rescaled model for the remainder of the paper.

The functions f; : R — R describe the rate at which the jth species consumes nutrient and converts it to biomass. We assume
the f; are continuously differentiable, monotone non-decreasing and satisfy f;(0) = 0. This class of functions includes the commonly
used mass-action and Monod forms [31]. In numerical simulations, we will use the Monod form for the response functions:

/= K +s
where m; is the maximum specific growth rate and K is the half saturation constant for the jth species. That is, f;(K;) = 5 e

For each Jj €1{1,...,n}, let 4; denote the nutrient concentratlon at which f;(4;) = d;. These values are referred to as break-even
concentrations, since if the nutrient level were to be held constant at 4;, then the jth species would not experience any growth or
decay.

Note that since s is decreasing, if s(0) < 5, then § is never reached and there will be no impulsive effect. In this case, the system
will approach an initial-condition-dependent equilibrium point with s = 0 or s = 5(0) if x;(0) = 0 for all j € {I,...,n}. We assume,
without loss of generality, that s(0) > 3, so that there is no immediate impulsive effect. For simplicity of notation, define

st=rst+ (1 -1
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For each j € {1,...,n}, let

5+

—/Y 1=y
L=l T e

This represents the net growth in the jth species throughout one cycle when it is the only species present in the fermentation vessel.
Throughout, we will make the technical assumption that

/AW minj(fj(s)—dj)d +/§+ min;(f;(s) — d;)
= —_as T T N
Hmin minj(fj(s)) p) Inan(fj(S))

where A,,,, = max{4,...,4,}, max;(f;(s)) = max{f(s), f2(s), ..., f,(5)} and min;(f;(s)) = min{ f1(s), f,(5), ..., f,,(s)}. We note that if

Hmin > 0, then p; > 0 for each j € {1,...,n}. Hence, if n = 1, then u,,, = y;. In particular, this condition is satisfied if each species
is selected so that 4; < 5 and the growth rate of each species remains positive throughout each cycle.

ds >0, (2.2)

max

Proposition 1. Assume the initial conditions of system (2.1) satisfy

s(0)=5%, x;(0020, je{l,....n}, ij(());&o
j=1

and that u,,;, > 0. Then all solutions remain nonnegative and bounded. If x;(0) > 0 for some j € {1, ...,n}, then x >0 forallt > 0.
Furthermore, there exists an infinite sequence of times {1}y Such that s(;) =5 and t; — oo as k — co.

The conditions of Proposition 1 ensure that each species is capable of surviving in the fermentor on their own and that the
fermentor will cycle indefinitely. In the case where only a single species is present initially (i.e., x,(0) > 0 for some ¢ € {1, ...,n}
and x ;0) =0 if j # £), model (2.1) reduces to the model studied in [14]. We summarize the main results of that paper in the
following proposition.

Proposition 2 (Smith & Wolkowicz [14]). Fix ¢ € {1,2,...,n}. Assume that the initial conditions of system (2.1) satisfy
5(0) = 5+, xj(O) =0forje{l,....,n}, j#¢, x,(0) >0,
and that u, > 0.

(1) There exists a unique nontrivial periodic orbit. This periodic orbit has exactly one impulse per period and is globally asymptotically
stable.

(2) At the times of impulse {1, },cy, the periodic orbit satisfies
s(ty) = s(t) = 5%,

1—r

5,
1 N
X)) = " Hes xp () = He-

3. Two-species competition in the self-cycling fermentation process

In this section, we consider pairwise competition between different species. We assume 4,,;,, > 0 so that each species is capable
of surviving in the fermentor if other species are not present. In the event that one of the species is a strictly better competitor than
another species, then the worst competitor will be driven to extinction.

Proposition 3. Consider system (2.1) and fix j. k € {1,...,n} with j # k. If f;(s) —d; > fi(s) — dj for dll s € (5,5%), then x, — 0 as

t— oo.

Geometrically, this means that the two response functions must cross at some point in order for coexistence to be possible
between these two species.

We now restrict our attention to model (2.1) in the case where n = 2. By Proposition 2, the (s, x;,0) subspace and (s,0, x,)
subspace each contain a periodic orbit that is globally attracting with respect to solutions with initial conditions in the interior of
that subspace. At the impulse points, these periodic orbits satisfy

)%, (6, X (1)) = (5, %,0) (3.1a)

(s(ED), x, (1), x,(67)) = <§+, @,o) (3.1b)
and

)%, (6, X (1)) = (5, 0, %) (3.2a)

(), x, (£, x(15)) = (§+,0, w> (3.2b)



S.R. Smith? et al. Nonlinear Analysis: Hybrid Systems 54 (2024) 101519

respectively.

We analyse the stability of these planar periodic orbits with respect to the interior of Ri using impulsive Floquet theory
(see [19,20]). Each of these periodic orbits has three Floquet multipliers; one of the multipliers equals one, and from calculations
in [14], another multiplier is 1 —r, which is strictly less than one. We denote the third multiplier for the orbit with x;(z) > 0 by A,
for j,k € {1,2} with j # k.

Theorem 1. Consider system (2.1) with n = 2. Assume u,,;,, > 0 and that |A; | > 1 for j, k € {1,2} with j # k. Then dll solutions with
initial conditions that satisfy

s(0)=5%, x,00)>0, x,(0)>0
are persistent; i.e.,
liminf x;(r) >0 and liminf x,(¢) > 0.
t—=o0 t—>00

Theorem 1 gives conditions under which there is coexistence of the two species, independent of initial conditions (provided both
species are present to begin with). However, it says nothing about the nature of that coexistence. In the special case with d|, =d, =0,
we can show that there is an attracting impulsive periodic orbit with one impulse per period. Numerical simulations in the case
where d; # 0 also indicate that coexistence is in this form.

3.1. Competition with d| = d, =0

The species-specific death rates are often assumed to be negligible in applications [32]. This is a valid approximation when the
cycle length is not too long, since bacteria in the fermentor will remain in their exponential growth phase for the duration of a
cycle. When d; = 0, all of the consumed nutrient is converted to biomass. Without any mass lost to cell death, the total amount of
mass in the fermentor is conserved between impulses. As a result, the total mass present in the fermentor converges to a constant
value as the number of impulses increases.

Lemma 1. Consider system (2.1) with d ;=0 fordll j € {1,...,n} and assume that the initial conditions satisfy

n

$©0) =5, x;0)20, j € {1.....n}, Y x;(0)#0.
j=1

Then s+ ¥i_, x; = s™ as t - co.

As a consequence of Lemma 1, we only need to consider solutions of system (2.1) restricted to the set {(s,x;,...,x,) € Rf" |
s+ ij , x; = s"}. Thus, for n =2 we consider the reduced system

ax, =x1fl(si“—x1 —X5) .
4o _ Xo fo (s = x; = x,) $1O)+x(0) # 57 =5, (3.32)
o =X olsT —xp—x,
Hy=(1- - .
§§§§+§ = El - 223—; } M) +x007) =" -5, (3.3b)

with (1 - r)(s'™ - 5) = s — 5% < x; + x, < s™ — 5. If 1; is the kth moment of impulse, then we can write x,(]) = s'" — 5% — x(7}) and
x,(t7) = s — 5 — x (1)) by Eq. (3.3b).

Theorem 2. Consider system (3.3) with initial conditions satisfying s™ — 5+ < x,(0) + x,(0) < s™ — 5. Exactly one of the following holds:

(1) There is at least one periodic orbit with both species present and one impulse per period.
(2) All solutions converge to the periodic orbit (3.1a)-(3.1b) with x,(t) > 0 and x,(t) = 0.
(3) All solutions converge to the periodic orbit (3.2a)—(3.2b) with x,(t) = 0 and x,(t) > 0.

Theorem 2 completely characterizes the long-term dynamics of system (3.3). Coupling this with Lemma 1, we have a complete
understanding of the possible dynamics of system (2.1) when n =2 and d, = d, = 0. Thus, if the conditions for Theorem 1 are met,
then every solution with positive initial conditions must converge to a positive periodic solution with one impulse per period. This
discussion suffices as proof of the following corollary.

Corollary 1. Consider system (2.1) with n =2 and d, = d, = 0. If |A;| > 1 for j,k € {1,2} with j # k, then all solutions with initial
conditions that satisfy
s0)=35% x;(00>0, x,(0)>0

converge to a positive periodic orbit with one impulse per period.



S.R. Smith? et al. Nonlinear Analysis: Hybrid Systems 54 (2024) 101519

0.0 0.5 C 1.0 15 2.0
my

Fig. 1. Outcomes of two species, x; and x,, competing in the fermentor. Parameters s, 5, m, and K, were fixed, and parameters m, and K, were varied. A.
f>(s) > fi(s) for 5§ < s < 5%, so species x, wins the competition. B. The two uptake functions cross, but x, still wins the competition. C. In the green region
in the centre, both Floquet multipliers are greater than 1, so, as predicted by Corollary 1, both species coexist. D. The uptake functions cross, but x, wins the
competition. E. f,(s) > f,(s) for § < s < 5%, so x; wins the competition.

Example. Consider system (2.1) with n =2, d; = d, = 0, and assume the response functions have Monod form

m;s
(s) = .
75 K;+s
It can be shown that the Floquet multipliers for the periodic orbit on the face x, =0 are 1, 1 — r and
mk(Kj+si“) . mk(Kj—Ifk)
I \mkesm "+ [ K + 57\ magesny )
A= (=) : k. 3.4
=1 K +5 i# (3.4)

See Appendix B for the calculations of this multiplier. By Corollary 1, if A;, > 1 and A,; > 1, then solutions converge to a positive
periodic solution.

In Fig. 1, we fix the parameters inherent to the system as well as m, and K,. This is equivalent to having species x, already in
the fermentor. We then vary m; and K, to simulate different possible choices of species x,. Fig. 1 shows the various states in m,-K;
space. The other constants are m, = 1, K, = 1, s =20, 5 = 0.1 and r = % Two species can coexist in the central green region
(C). The point (1, 1) corresponds to the case when the two uptake functions are identical and both multipliers are equal to one. The

bounding curves of the central green region (C) are tangent to one another at this point [33].
4. Three-species competition and simulations

The possibility of survival for two competing species in the self-cycling fermentation process raises the question of whether more
species can coexist on a single nonreproducing limiting nutrient. The results in the previous sections cannot easily be applied to
competition of n > 3 species. The impulsive Floquet multipliers can only be calculated with relative ease for systems that can be
reduced to two-dimensional systems. However, numerical simulations were run to determine whether three species could coexist.

For the system with three competitors, let A, denote the nontrivial Floquet multiplier for the periodic orbit on the boundary
x;, = 0, for the system where species j and k are present, but the third species is absent. Then A,; is the nontrivial Floquet multiplier
for the periodic orbit on the boundary x; = 0, where the third species is absent. We can then apply Theorem 1 to each of the three
cases where two species are present and the third species is absent.

System (2.1) with n = 3 was simulated using the DifferentialEquations.jl toolbox in Julia [34] with s™ =20, 5 = 0.1, r = % and
species-specific parameters listed in Table 1.

Using these data, if x; is absent, we have

Ay = 1137600, Ay, = 1.049998.
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Table 1

Species-specific parameters used in Fig. 2. The parameters for
Species x, were chosen from Region D in Fig. 1, while the
parameters for Species x; were chosen from Region C.

J m; K; d;
1 2.142653 6.33 0.0
2 1.0 1.0 0.0
3 7.0 32.5 0.0
A B
12.5 .
o
! () |:
: AU N
100 _': : OI_ 1 1 i 1 ']
: i 0 20 40 60 80 100
3 " C
Thp
5.0
25
| | | |

Fig. 2. A. Three microorganisms competing for a single resource in the self-cycling fermentor. The species appear to be persisting over time, suggesting coexistence.
Note in particular that x, is the weakest competitor. B. Species x, cannot survive in the presence of x, if x; is absent, demonstrating competitor-mediated

coexistence. C. Species x; and x; coexist. D. Species x, and x; coexist.

Thus, in the absence of x|, we see that x, and x; persist by Theorem 1. If x, is absent, we have

Aj; = 1.008808, Ay = 1.014487.

Thus, in the absence of x,, we see that x; and x; persist by Theorem 1. However, if x5 is absent, we have

A, = 0985852, A, = 1.089587.

Thus, in the absence of x;, we find that x; and x, cannot coexist. It follows that this system is an example of competitor-mediated
coexistence, since x, cannot survive in the presence of x; unless x5 is also present.

5. Discussion

Coexistence of more than one species is possible in the self-cycling fermentation process. The model with only two species is
simple enough that we are able to prove when two species are able to survive in the same environment using impulsive Floquet
theory. However, we are not able to determine the exact form of that coexistence in a general setting. In the special case where the
decay rates of both species are negligible, we are able to reduce the dynamics to those of a one-dimensional monotone dynamical
system. The general theory of monotone dynamical systems allows us to conclude that coexistence is in the form of a periodic
solution with one impulse per period.

In the analogous model of the chemostat, where the nutrient is pumped in continuously at a constant rate, coexistence of two
species competing for a single nonreproducing nutrient is not possible (aside from a few knife-edge cases involving the equality of
certain parameters) [21,22]. The results here are similar to competition in the chemostat with periodic dilution rate [23]. There,
multiple species are able to coexist provided that each species is the best competitor for a significant portion of the dilution cycle.
A similar condition was required for the coexistence of two species in a model of serial transfer cultures [24]. Here, we have
extended those results to competition in the self-cycling fermentation process. If one species is the best competitor at every nutrient
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concentration, then that species will out-compete the others. However, while being a better competitor at some nutrient levels is
necessary for survival, it is not sufficient.

We were unable to find analogous theoretical results to determine the outcome of three-species competition. However, numerical
simulations show that coexistence between three species is possible. Interestingly, two of the species in our example are unable to
coexist without the third species present. This phenomenon of competitor-mediated coexistence has also been observed in other
resource-competition models [35].

In applications where the system is best served by a particular class of microorganism, we give conditions for the exclusion of
other competing species or strains. Our results suggest that it may be possible to tune reactor parameters, such as the decanting
fraction r and decanting criterion §, in order to exclude unwanted competitors. This could be an important strategy used to maintain
desired populations in wastewater treatment systems [28,29,36].

For applications in which the goal is to maximize the throughput of the system — as would be the case in the production of
polyhydroxyalkanoates — having multiple species present may provide a more robust system. The coexistence of multiple species
offers a buffer in the event that one species abruptly dies off. Experimental evidence suggests that an increase in production efficiency
due to the presence of more species is possible [37]. The fact that three species can co-exist in the self-cycling fermentor suggests
the possibility of multiple species co-existing simultaneously under appropriate conditions. This has implications for more efficient
treatment of wastewater and greater yield, with a buffer against unexpected species extinction.
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Appendix A. Proofs

Proof of Proposition 1. That s(s) remains nonnegative is obvious. The faces of Rf” with x ; =0are invariant under (2.1a); therefore,
by the uniqueness of solutions to ODEs, the interior of ]Ri“ is invariant. Since impulses take x (1) to (1 =r)x; (D), if x ;(0) >0, then
x;(t) > 0 for all .
Next we show that solutions with the given initial conditions reach s(#) = 5 in finite time. Suppose not. Then there exists s* > 5

such that as t - oo, s(t) — s* and x;()—> 0 for each j € {1,...,n}. If u(r) = Z;’:l x;(1), then

du X () =dpx;

ds =X fx
Integrating with respect to s gives

st (fi(e) —d)x;(o)
u(s) —u(s*) = / l_ln ! L e
s Zj=1 fj(o')xj(o')

then the integrand is positive for all s* < s < §*. This implies that

If s* > 4

max>

0> —uG) / Zle(f,-w)—d,)x,(o)d
> —u(st) =

s Z;=1 fi(e)x;(o)
then

c>0,

yielding a contradiction. If 5 < s* < 4

) /§+ Z;:l(fj(o_)_dj)xj(o_)d
—u(s") = c
s* Zjn-zl fj(a)xj(o)
. /4 min,(f;(c) — d;) /f* min;(f;(c) — d;)
T s min; (f;(c)) A max;(f;(c))

max

b Hmin>
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where the last inequality follows since the integrand of the first integral is negative on the domain of integration. Therefore 5 is
reached in finite time and an impulse occurs.

The solution is then reset so that s = (1 — r)5 + rs™ > 5 (since s > ), and the sum of the x ;s remain positive. Therefore, the
original assumptions on the initial conditions are once again satisfied. Hence, solutions cycle indefinitely. []

Lemma 2. The function ¢ = ¢(t, 7, &) that solves (2.1a) for n = 2 with initial condition ¢(r,,&) = & is continuous in (1, 7, ).

Proof. We have

s’ =f1()x) = f2()x,
x’l = x,(f1(s) —dy) = F(t, w),
x) x(f2(5) = dy)
where w = (s, x|, x,). Then
—fIx% = % ~fil)  —frs)
F, = O Fi(s)—dy 0
x2£5() 0 fols) —d,

Each function f; (i = 1,2) is continuously differentiable, so F and F,, are continuous. Hence ¢(t, 7, &) is continuous in (¢, 7, &) by
Theorem 7.1 in [38]. [

Proof of Theorem 1. Consider any initial point (5%, x,(0), x,(0)) where x,(0) > 0 and x,(0) > 0. By Proposition 1, there exists a first
time ¢, such that solutions of (2.1) satisfy
s@)) =5 x1(7) > 0, x@)) > 0.
Then if 7, denotes the time of the nth impulse point, we have, for ¢,_; <t <t, (n> 1),
0<35<s@)<st,
and, for each j € {1,2}, either
0<(1=rx;(r;_) <x;() or 0<x;{;)<x;().
Therefore, it suffices to consider the sequence {(u,,, 9] e where u, = x,(t;) and v, = x,(¢;) and to show that
liminfu, > 0 and liminfov, > 0.
n—co n—co

The equilibrium point (5,0,0) of system (2.1) is unstable with a one-dimensional centre manifold along the s-axis and a
two-dimensional unstable manifold that intersects the plane

S = {(s,xl,xz) 1s=5x20,x, ZO}

along a smooth curve, say g(x,, x,) = 0. This curve in Ri connecting the boundary points (%,,0) and (0, %,), where %, > 0 and %, > 0,
divides the plane S; into a bounded region and an unbounded region. Without loss of generality, assume

X ={(x1,xp) : x; 20,x 20,8(x),x5) >0}

denotes the unbounded region.
Define the map f : X — X in the following way:

f(un! Un) = (un+1’ Un+l)’

where we set 5(0) = 5%, x;(0) = u, x,(0) = v} and then determine u,,; = X)) and v,,, = x(7) from system (2.1).

Note that for any initial condition of the form s(0) = 5%, x,(0) > 0 and x,(0) > 0, we have s(t) =5, x; (1)) > 0 and x,(t7) > 0, so
s(7) =5, x;(17) > 0 and x,(r}) > 0 and then s(r;) = 5 and g(x,(7;), x,(r;)) > 0. It follows that f(X) C X.

Next we show that f is continuous on X by showing that f is a composition pog : X — X of two continuous functions,

g:X->X and p:X—>X.
Define
q(x1, %) = ((1 = r)xy, (1 = r)xy)
and
p(xy, x3) = (u(xy, xp), (x5 X2)),

where u(x;,x,) = x,(7) and v(x, x,) = x,(f) such that (s(), x;(?), x,(¢)), 0 < ¢t < 7 is the solution of the associated ODE (2.1a) with
initial conditions

50 =35, x;0)=x;, x,00)=x,
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and 5 < s(r) < (1 —r)5+rs™ for 0 <t <7 and s(?) = 5.

It is clear that ¢ is continuous. That p is continuous follows from continuous dependence on initial data for ordinary differential
equations (see Lemma 2).

The map f has two equilibrium points, P, = (%;,0) and P, = (0,X,), where X; > 0, j = 1,2. P, and P, represent single species
survival equilibria of the map and correspond to the nontrivial periodic orbits on the s-x; and s-x, planes, respectively, of system
(2.1). Each P;, j = 1,2, is clearly an isolated invariant set.

Assume that (x,(#)),x,(¢))) is any point in X that satisfies x,(#;) > 0 and x,(¢t;) > 0. Consider the compact positive orbit
{x1@), 21}, <z, generated by the map f. Assume also that

liminf x(¢,) =0 or liminf x,(z,) =0.
n—oo n—o00
Then either
(a) there is a subsequence such that

kll)rgo x(t, ) =0 and klgg} x(t, ) >0, or

(b) there is a subsequence such that
lim x,(t,)>0 and  lim x,(t,, ) =0.
In case (a), we must have
Pcw ({xl(r,,), xz(zn)}n%) .
However, since A, > 1, the stable manifold of P, is the set
W+(P2) ={(x1,xy) : x; =0,x, > 0}.
Since x1(t,,) >0 for all k,
{x10). %)}, € Wig(PO\W T (Py).

Hence, by Theorem 3.1 of [39], there exists a positive orbit {a(z,), b(t,)}, ez, in

@ ({xl(tn)! Xz(tn)}n€Z+ )
such that (a(t)), b(t,)) # P, and
{a). b))}, CWH(Py).

Hence a(t,) = 0 for all n. It follows that the omega limit set of {x, (). x2(tn)}nez is a subset of W (P,).
+
The orbit {x, @), xz(’n)}n <z. is a pseudo-asymptotic orbit of f, so by Lemma 2.3 in [40] the omega limit set is nonempty, compact
and invariant. This set cannot include the portion of the x, axis above P,, since it is unbounded.
Consider the set
M={0,x): % <x; <%, }.

Clearly f(M) Cc M, but M ¢ f(M), since f is a non-decreasing map on M and f(0,%,) = (0,y) where y > %,. Thus M is not an
invariant set.
The only other invariant set in W*(P,) is P, itself. Thus

o ({x100. %20}z, ) = Po
However, this implies that
{xl(t,,),xz(tn)}nez+ CWH(Py),

which is a contradiction. Thus case (a) is impossible.
Case (b) can be ruled out in a similar fashion.
Hence, for any point (x;(#,), x,(¢;)) with x(#;) > 0, x,(¢;) > 0, we have

liminf x;(¢,) > 0 and liminf x,(¢,) > 0. O
n—oo n—0oo

Proof of Lemma 1. Assume that d =0, i=1,..,n Then, adding together all the equations in (2.1), it follows that between

i
impulses (s + Z;’:| x j> (t) = 0. Therefore, for each k € N, we can define a constant ¢, such that

s(t) + xj(t) =cy
j=1
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for 1, <t <t,,;. At the moments of impulse, we have

n
ot +
et = S )+ ij(’k+1
j=
n

=rs"+ (1= s, )+ (=) Y x(,)
=1

=rs" + (1 -1y,
a recurrence relation that has the general solution

= =rfe+rs"A+A =P+ 1=+ +(1 =
=1 =rfe; +s"1 -1 =P, keN.

Therefore, lim_, ¢, = 5", so it follows that s()+ X_, x;() > s™ as 1= co. [

Proof of Proposition 3. Assume without loss of generality that j = 1,k = 2 and that x,(0) > 0, x,(0) > 0. By Proposition 1, x;(r) > 0

and x,(r) > 0 for all 7, and there is an infinite sequence of impulse times {7, },<y. Thus, the ratio xz(r; is well defined. At the moments
of impulse, we have

xp(t

x(rh) _U=nx) X))
() A=nx ) x (1)

4 g —
by Eq. (2.1). For 1 € (i,14,) we have x,(1) = x,(r)ele "% for j € (1,2} and therefore

+ +
() X200) 1 (aswr-a) =i 0)-dy s

@, W)

Since f,(s) —d; > f,(s) — d, for all s € (5,5%), the exponential factor is strictly less than 1. Thus,
x(tF)
g
x1(17)

as/ — 0. [

Proof of Theorem 2. Let I'" = {(x|,x;) €R2 | x, =s" —5" —x;} and I'™ = {(x;.,x) €R? | x, =s" =5 —x,}. Let o : I'* > I'" be
the map that takes points in I'* to points in I'~ along the flow generated by (3.3a). Define

G(x)) =1 =1 (p(x;,s" = 5" = x))), . A1)

where (¢(x;, x,)); is the first component of ¢(x;, x,). Fixed points of G correspond to periodic orbits with one impulse per period
of system (3.3). Note that x; = 0 and x; = s — 5 are fixed points that correspond to the periodic orbits with only x, present and
only x, present, respectively.

The dynamical system defined by iterating G is a one-dimensional monotone dynamical system; by Theorem 5.6 in [41], every
orbit of this dynamical system converges to a fixed point.

Thus, if there exists x* € (0, s™ — 5%) such that G(x*) = x*, then the solution to system (3.3) with (x,(0), x,(0)) = (x*, s™ — 5% — x*)
is periodic with one impulse per period. If no such x* exists, then either G(x) > x or G(x) < x for all x € (0, s™ — 5). In the first case,
x 1(12) is increasing with k, and all solutions converge to the periodic orbit with x, = 0. In the second case, x 1(tZ) is decreasing with
k, and all solutions converge to the periodic orbit with x;, =0. [

Appendix B. Floquet multipliers

Consider the two-dimensional system

ds _ dx _
pria P(s,x), i (s, x) (s, x) &g M @B.1)
As = a(s, x), Ax = b(s, x) (s,x)eM,

where t € R and M C R? is the set defined by the equation ¢(s, x) = 0.
Assume that (B.1) has a T-periodic solution p(f) = [y(¢), n(¢)] with

dy
dt

dn

0.
dt *

Assume further that the periodic solution p(¢) has g instants of impulsive effect in the interval (0, T).

10
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One of the Floquet multipliers is equal to 1, since we have a periodic orbit. From Chapter 8 of Bainov and Simeonov [20], the
other is calculated according to the formula

q T
opr 0
w=T] 4 exp [ / (g(m), n)+ 22, n(t))) dr], ®.2)
k=1 0
where
b dp  dbap |, O da dp  da d0p , Op
P+(;x—x$+;)+9+(;a—ax+a)

A =
% %
Pz): +Q0x

Here, P, 0, 5, 30, ¢, 52, 5% and 2 are computed at the point (y(t,).n(t,)) and P, = P(r().n([), Q4 = Q). n(t}).
Consider the periodic orbit on the x,-face for system (2.1) with n = 2. Denote this periodic orbit by ({(z), &(r),0). We use the

notation
S0 =¢01), & =8, & =&0%), & = &)

From the condition of T-periodicity, ¢ = ¢, and & = &). Thus
G=5" & =1=nG"-5)
f1=5 & =@G"-9.

In particular,

1
f] = rfo,

1-—
and we have the relationship
CO+ &) = 5" (B.3)

by Lemma 1.
We thus have the two-dimensional system

N

%=—x1f1(s)—(si“—s—xl)fz(s) S#S

dx, -

?=xlf1(s) SFS (B.4)
As = —r5 +rs" s=73

Ax) = —rx; s=35.

Using impulsive Floquet theory and (B.3), we have

P= 60 e
0= ﬁfofl(f) 0r = /i)
dab "
o __, w_|
ox, o
a_, 2
as o
da N
2 0 s .
Thus
4~ NG 12004 D +6 /1Y) -0
=
‘ﬁiofl@) + ﬁfofl (5)-0
f1G61)
— (12 .
a=n f1(3)

Then, using (B.3), we have
Tlop 20 T in /
A E(C(t),f(f))+E(C(I),ﬁ(f)) dr = A [—§f1(§)+f2(é)—(s —C—i)f2(5)+f1(C)] dt

T
= /0 [~ 1O+ [1©O + 0] dr

—/T @qw—/w(a) dt
"l | A7 T e

11
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= §@dC+/ﬁ§0ﬁ+/Tf(§)dt
ENAG) Y

— fl(f) 1 T
= <f1(5+)> g+ /0 fr(©)d.

Now
T T
H©&
dr= | 222y
/0 @M= ot

A A
# [O6"=0)

+

=/§ my (K +¢) dc
s om(Ky+ O =)

_my fF [ K, +s™ N K, - K, ]d;
mJs o LK+ s =0) (K +sn(Ky + O]
using partial fraction decomposition. Therefore

T my(Ky +5™) my(K; = K3) "
=|-————In(s" — ————  In(X:
/0 Fr(©)dt [ (K, + ) n(s™ =)+ iy (K, + 57) n( 2+C)L
in _ —+
LGS T i VS L (G Bl SV <K2 *S )
my (K, + si) my (K, + s™) Ky, +5

_ omy(Ky +5™) . my(K; — Ky) n <K2 +5* >
T om(Ky sty L—r  my(K, + sih) K, +5

Denote the second Floquet multiplier for the periodic orbit on the x,-axis by A,, and the one on the x,-axis by A,,. We thus
have

5 5 (K417 L mK =Ky
Ap=01- r)2 N (S+) . m . L . (L) m?(K;+5iﬂ) ) K, + st ) (Kysih)
2 76 e 1= Uz s
oy (K +51) _ my (K| ~Ky)
— 1 m?(K;+Iin}_l K, + 5P\ Ky rsin)y
Ap=— . _ . e
1-r Kz +5
By an identical process applied to the orbit ({(r), 0, v(#)), we have the symmetric result
my (Ky+sih) L mKy-Kp)
Ay = (L) mz(K1+:in) 1 ) Kl + 5t my (K +si) (B 6)
21 T—; T . |

Note that we can calculate these Floquet multipliers only because the system reduces to a two-dimensional one in each case.
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