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Intermittent androgen-deprivation therapy (IADT) can be beneficial to delay the occurrence of treatment
resistance and cancer relapse compared to the standard continuous therapy. To study the effect of IADT in
controlling prostate cancer, we developed a Filippov prostate cancer model with a joint threshold function:
therapy is implemented once the total population of androgen-dependent cells (AC-Ds) and androgen-
independent cells (AC-Is) is greater than the threshold value ET, and it is suspended once the population is
less than ET. As the parameters vary, our model undergoes a series of sliding bifurcations, including boundary

node, focus, saddle, saddle-node and tangency bifurcations. We also obtained the coexistence of one, two or
three real equilibria and the bistability of two equilibria. Our results demonstrate that the population of AC-Is
can be contained at a predetermined level if the initial population of AC-Is is less than this level, and we
choose a suitable threshold value.

1. Introduction

Prostate cancer, one of the most common forms of malignant cancer,
is the second leading cause of cancer-related mortality in men in
the global north [1]. Approximately one in six men are diagnosed
with prostate cancer. The average five-year survival rate of prostate
cancer is about 99%, dropping to 30% after the cancer metastasizes.
Although the rate of prostate-cancer progression is very slow, the
incidence of prostate cancer keeps increasing worldwide [2,3]. In 1941,
Huggins demonstrated that castration induces the regression of prostate
tumours, suggesting high dependence of prostate cancer cells on andro-
gen, a male-characteristic hormone similar to testosterone [4]. There-
fore, androgen-deprivation therapy (ADT) — a type of hormonal ther-
apy inhibiting prostate cancer cell proliferation, promoting the death
of prostate cancer cells and preventing prostate cancer cells’ mutation
— has become the most commonly used method to treat prostate
cancer [5]. However, ADT was initially administrated continuously,
known as continuous androgen-deprivation therapy (CADT), which
is often associated with such side effects as impotence, depression,
bone demineralization, dementia and even therapy resistance [6-8].
Intermittent androgen-deprivation therapy (IADT), which consists of
patients going on and off therapy according to either a prostate-specific
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antigen threshold or a fixed time interval, has been proposed as an
alternative to CADT to reduce the side effects, which can significantly
improve patients’ quality of life [9,10].

Since the effect of the therapy and the mechanism of prostate
cancer is far from understood, mathematical models have been pro-
posed to better explain the observation from experimental and clinical
studies [11-22]. To identify the models with the highest likelihood
to mimic the clinically observed dynamics, Pasetto et al. performed
Bayesian inference and model calibration in order to determine the
treatment schedule of hormone therapy [11,12]. Kuang et al. focused
on the modelling and parameterization of the progression dynamics
of prostate cancer during the implementation of ADT [13-16]. Wang
et al. studied the dynamics of prostate-cancer models with ADT in
which the different competition intensities between AC-Ds and AC-Is
was mimicked [17-19]. Pei et al. modelled the impact of intermittent
therapy on the development of the tumour cells by formulating impul-
sive models, which include the residual effect of chemotherapy [20,21].
They found that optimal IADT plus chemotherapy can greatly reduce
the on-treatment time, as well as the level of prostate-specific anti-
gen. Hirata et al. found that intermittent androgen suppression cannot
stabilize the origin (where no cancer cells exist for some patients), so
they highlighted the importance of seeking to delay the relapse [23].
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Cunningham et al. applied evolutionary game theory to mimic evo-
lution within a patient, and the best therapy schedule was explored
based on optimal control theory [22]. Adamiecki et al. reviewed the
literature of in vitro, ex vivo and in vivo models of prostate cancer, in
order to help tackle the question of which model associated with the
development of prostate cancer best suits their future studies [24,25].
Many of the existing models account for the interaction between AC-
Ds and AC-Is, the microenvironment of inter-patients, the acquisition
of therapy resistance and the efficacy of treatments. Most modelling
work considering the effects of ADT assumes that ADT is administrated
continuously or is activated following a fixed time interval. There are
limitations to these studies, although ADT has been revealed to make
crucial contributions to tumour inhibition and yields useful insights on
the treatment of prostate cancer.

In order to examine the effect of intermittent therapy, Filippov
models have been proposed. These models are continuous but have dis-
continuities in the derivatives, which have been shown to correspond to
delays in the application of interventions [26]. Filippov models include
multiple subsystems with different dynamics that are distinguished by
the value of the adjoining thresholds [27,28]; such models can improve
on impulsive models and classic continuous models. Here, we adopt a
Filippov model with a single threshold to mimic the impact of IADT
on the evolution of the prostate cancer, in order determine when
to administer the treatment as determined by the population of AC-
Ds [29]. Ideally, the populations of AC-Ds and AC-Is could be detected
separately, resulting in a single threshold strategy dependent on AC-D
population. However, it is difficult to measure the population of these
two cancer cells independently, so a joint threshold is required. The
control strategy with a joint threshold is defined as follows: when the
sum of the population of AC-Ds and AC-Is exceeds a certain level, the
therapy is activated; otherwise, the therapy is suspended.

Filippov systems have been successfully applied in plant diseases
[30], pest management [31-33] and epidemic control [34-38], includ-
ing modelling the spread of HIV and COVID-19 [39,40], and there
are various results on the dynamics of Filippov systems with a single
threshold. However, there are still very few results for the dynamics of
Filippov systems with more complex threshold functions or generalized
threshold functions [41-43]. We address the question of how to analyse
the dynamics of Filippov system with a joint threshold and find effec-
tive ADT schedules for prostate cancer. The organization of our paper
is as follows: In Section 2, we establish a Filippov model of prostate
cancer cells with joint threshold function and analyse the dynamics of
the subsystems. In Section 3, we explore the sliding-mode region as well
as the sliding dynamics. The sliding bifurcation, including boundary-
equilibrium bifurcation and tangency bifurcation, and global dynamics
will be addressed in Section 4. We present a discussion in the last
section.

2. A Filippov prostate cancer model with joint threshold

We assume that whether ADT is implemented depends not only
on the population of AC-Ds but also on that of AC-Is, which owes to
the fact that it is hard to measure the population of AC-Ds and AC-
Is individually. This induces a joint threshold that depends on both
AC-D and AC-I populations. Therefore, we established a novel model
with joint threshold by improving our previous model [29]. The joint
threshold is defined as follows: ADT is implemented once the total
population of AC-Ds and AC-Is is greater than the threshold value ET;
the therapy is suspended once the total population of AC-Ds and AC-Is is
less than this threshold. ADT has three main effects for prostate cancer:
inhibiting prostate-cancer-cell proliferation, accelerating cell mortality
and preventing cell mutation. Thus we established the following Filipov
prostate cancer model:

WX (1 Kt
dr =r €u K

dX X+ X
=2 =r <1 —ﬂl—K2> X, + mueX,

> X, —(dy + meuX,,
(@)

dt
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with

€= 0,
=11

where X, represents the population of AC-Ds and X, represents the
population of AC-Is, r; denotes the growth rate of AC-Ds, d; denotes
ADT-induced mortality rate of AC-Ds, r, represents the net growth rate
of AC-Is, K is the carrying capacity of cancer cells, « and § represent
the positive competition coefficients between AC-Ds and AC-Is, m,
represents the irreversible mutation rate from AC-Ds to AC-Is and u is
the efficacy of ADT for prostate cancer. In model (1)—(2), 6(X;, X,) is a
joint threshold function, which depends on the sum of the population of
AC-Ds and AC-Is; i.e., 6(X |, X,) = X, +X,—ET, and ¢ is a discontinuous
control function. The detailed definitions and values of each parameter
are as shown in Table 1. It is worth noting that our targeted model (1)-
(2) is a non-smooth model with discontinuous right-hand sides, which
mimics the situation where activating or suspending ADT depends
on the total population of the AC-Ds and AC-Is. However, the model
that Pei et al. formulated is a piecewise one with pulsed pattern, in
which on-treatment and off-treatment processes are activated at fixed
moments [20]. The model that Hirata et al. studied is piecewise linear,
and its dynamics are modelled with rapid shifts between two levels
according to fixed intervals [23]. It follows that a substantial difference
exists between the targeted model proposed in this work and the above
models.
In the following, we define the hyperplane

o(X1,X,) =X+ X, - ET <0,

2
6(X,,X,)= X, + X, — ET > 0, 2)

= {(xl,xz) € R|o(X,,X,) =o}

. 5 .
separating R? into two regions:

G, = {(Xl,Xz) € R2Jo(X), Xy) < 0},

G,

{(Xl,Xz) € R2Jo(X), X)) > 0}‘

In region G;, system (1)-(2) is denoted as Fg,(X); the components of
Fg,(X) are denoted as F;; and F,, where i = 1,2. Letting Z = (X, x)7,
we get

F6,(2) = <r1(1 - %)le ”2(1 - %))Q)T,

| X taX,

X, —d + Xy,
K )1(1’"1)“1

Fo,(2) = <r1(1 -

X, + X T
r2<1— %)X2+mluX]> .

Then system (1)-(2) constitutes the following Filippov system:

Z:{ FG](Z)s
F,(2).

VASKGR

Z € G,. )

We denote the Filippov system in the region G, as Subsystem S, and
the Filippov system in the region G, as Subsystem .S,. Therefore, the
dynamics of Filippov system (3) consist of the dynamics of Subsystems
S, and S, and the dynamics on the hyperplane X.

Note that the trajectory of the Filippov system (3) consists of the
standard trajectory in each region G, (i = 1,2) and the sliding trajectory
on X. To deal with the trajectory of the Filippov system (3) through a
point Z € X, we split X into three parts, depending on whether or not
the vector field points towards it:

+ crossing-mode region: X, = {Z € 2|Fg0(Z) - Fg,0(Z) > 0},
+ sliding-mode region: >, = {Z € 2|Fg,0(Z) >0, Fg,0(Z) <0},
+ escaping-mode region: X, = {Z € Zchlo(Z) <0, FGZG(Z) > 0}.

Here Fg (Z)o(Z) = Fg(Z) - Vo(Z) (i = 1,2) is the Lie derivative of
o(Z) =X, + X, — ET at point Z on the vector field Fg,.

It is worth emphasizing that the sliding-mode region plays an impor-
tant role in the dynamics of the Filippov system (3). Mathematically,
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Table 1

Definitions and values of parameters for model (1)-(2).
Parameters Definition Value Source
r Growth rate of AC-Ds 0.5/day [13]
d, Mortality rate of AC-Ds 0.064/day [13]
ry Net growth rate of AC-Is 0.006/day [13]
m Irreversible mutation rate from AC-Ds to AC-Is 0.00005/day [19]
K Cancer cell carrying capacity 11 billion [13]
u Efficacy of ADT for prostate cancer 0.5 [17]
a, f Positive competition coefficients between AC-Ds and AC-Is varied -

once a trajectory reaches the sliding-mode region, it will slide along
this region. Biologically, in the sliding-mode region, there is a rapid
alternation between implementing ADT and suspending ADT, resulting
in shorter periods of both modalities.

In the following, we define three types of equilibria and two types
of tangencies of Filippov system (3), which will be used in the rest of
this paper.

Definition 1. (i) A point Z* is called a real equilibrium of (3) if
Fg,(Z*)=0,0(Z*) <0, or Fg,(Z*)=0,0(Z*)> 0.

(ii) A point Z* is called a virtual equilibrium of (3) if Fg,(Z *) =
0,6(Z*) >0, or FGZ(Z*) =0,0(Z%) <0.

A real equilibrium is an equilibrium belonging to the region it lies
in, which has not been excised. A virtual equilibrium is an equilibrium
in a region that has been excised due the to Filippov definition, but
which may still attract trajectories from another region. Both the real
equilibrium and virtual equilibrium are called regular equilibria.

Let F(Z) = 9Fg (2) + (1 — 9)Fg,(2) be the convex combination of
the two vectors Fg (Z) and Fg,(Z) to each nonsingular point Z € X,
where

Fg,(Z)o(Z)

q= .
(Fa,(2) = Fo,(2))o(2)
Thus the sliding-mode dynamics of Filippov system (3) can be deter-

mined by

dz _ -
— =F(2),
& (Z)

Zezx, (C)]

which is smooth on the sliding-mode region X,.

Definition 2. A point Z* is called a pseudo-equilibrium of Filippov
system (3) if it is an equilibrium of the system (4).

Definition 3. A point Z* is called a boundary equilibrium of Filippov
system (3) if FGI(Z*) =0,0(Z*) =0, or FGZ(Z*) =0,6(Z*)=0

Definition 4. A point Z* is called a tangency point of Filippov system
(3) if Z* € X and Fg,6(Z*) =0 or Fg,0(Z*) =0

Such points are not equilibria of any individual region but are rather
formed by the boundaries of Filippov regions. Note that X, + X, = ET
holds true in (4), so (4) is in fact of dimension one. Thus the stability of
the pseudo-equilibrium can be derived by the sign of the function on the
right-hand side of (4). If a pseudo-equilibrium of Filippov system (3) is
stable, the population of the prostate cancer cells can be contained at a
predetermined level, which can be pivotal in the treatment of prostate
cancer.

2.1. Dynamics of subsystem S|

Free-subsystem. When X, +X, < ET (i.e., ¢ = 0), ADT is suspended
and system (3) takes the following form:

dX, X, +aX,
Lo (12222 x,,

dt K ©)
dX, ( ﬂX1+X2>
—=r(l-—)X,.

dt K

We call system (5) the free-subsystem.

For subsystem .S|, we have a trivial equilibrium E;, = (0,0), two
boundary equilibria E,; = (0, K), E;q = (K,0) and a positive equilibrium
El =X, Xy) = (“1:—";): % . The following four cases illustrate
the existence and stability of equilibria for the free-subsystem (5):

Case A;: « < 1, § < 1. There exist four equilibria E!, E,, Ey,, E,, for
the free-subsystem (5); the regular equilibrium E 1’ is a stable node, E,
is an unstable node, and both E,, and E,, are saddles.

Case A,: @ < 1,$ > 1. There exist three equilibria E,, E,, E, for
the free-subsystem (5); E, is an unstable node, E,, is a saddle and E,,
is a stable node.

Case A;: a > 1, < 1. There exist three equilibria E,, E,, E, for
the free-subsystem (5); E, is an unstable node, E, is a stable node and
E), is a saddle.

Case A,: a > 1, > 1. There exist four equilibria E1’ Ey, Ey,, E; for
the free-subsystem (5); the regular equilibrium Ell is a saddle, E; is an
unstable node, and both E;,, and E,, are stable nodes.

2.2. Dynamics of subsystem S,

Control-subsystem. When X,+X, > ET (i.e., ¢ = 1), ADT is carried
out. The therapy will affect the proliferation rate, the mortality rate
and the mutation rate of AC-Ds, so the following system can be used to
describe the changes in the population of AC-Ds and AC-Is:

dX; X +aX,
7=r1(1—u) I_T —(dy + mpuXy,

6
dX, X+ X, ©)
721'2 I_T X2+m1qu.

We call system (6) the control-subsystem. System (6) has an unstable
trivial equilibrium E; = (0,0), a boundary equilibrium E;; = (0, K) and
five possible positive equilibria:

(i) When a < Q,af # 1, there exists one positive equilibrium E’ 1

(ii) When a > Q,aff > 1,—- % < ==
equilibria £/ and E];

(iii) When « > Q,af > 1,—2"72l < K2 4,
positive equilibrium E]

(iv) When a < Q,af = 1, there exists one positive equilibrium E;’;

(v) When a = Q,ap > 1,amu < ry(af — 1), there exists one positive
equilibrium E!!, where

Al > 0, there exist two positive

= 0, there exists one

ElT=x].x))=(K0-aX),

—Az—\/A_1>,

24,

A2+\/_>

E” (XZ,XZ)_ KO XZ

2’ 24,

EII x4, X4

KQ+a—‘ ——)

2

(ve
(ve
1= oxtx = (Kot 22,
(
<

17, 5 o5y __amu amu
EN=X3,Xx3) = (1 rz(aﬁ_1)>aK,r2(aﬁ_l)K>,
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and
(dy +mpu
0=1- TR A =ryaf—1), Ay=r,K(—-p0O)—amuKk,
-
Ay = mukK?®Q, A= AL —4A A,

We summarize the existence and stability of all possible equilibria
for system S, and have the following three cases.

Case B: a < Q. In this case, we have two scenarios depending on
the relationship between af and 1.

Case B;: When a < Q and af # 1, there exist three equilibria E!/,
Ey and Ey,; the regular equilibrium E/! is a stable node or focus,
is an unstable node and the equilibrium E,;; is a saddle.

Case B): When a < Q and af = 1, there exist three equilibria EI”,
E, and E;,; the regular equilibrium Ei ! is a stable node or focus, E,
is an unstable node and the equilibrium E|,, is a saddle.

Case C: a > Q. In this case, there are three scenarios to consider.

Case C,: When a > Q,aff > 1,—2"72] < %2 and A2-44,4; > 0, there
exist four equilibria EJ’, EI', E, and Ey; the regular equilibrium E//
is a stable node or focus, the regular equilibrium E2’ !'is a saddle, E, is
an unstable node and the equilibrium E,, is a stable node.

Case C,: When a > Q,aff > 1,—2’472 < % and A§—4A1A3 = 0, there
exist three equilibria E!’, E and E,; the regular equilibrium E3” isa
saddle-node, E; is an unstable node and the equilibrium E|; is a stable
node.

Case C3: When a > Q,aff > 1,—;72 > % or af < 1, there exist two
equilibria Ej; and E; E,, is a stable node and E, is an unstable node.

Case D: « = Q. In this case, we have two further scenarios to
consider.

Case D;: When @ = Q,af > 1 and amu < ry(af—1), there exist three
equilibria E!', E, and E;; the regular equilibrium E!” is a stable node
or focus, E, is an unstable node and the equilibrium E;, is a saddle.

Case D,: When a = Q and af > l,amu > ry(ap — 1) or af < 1,
there exist two equilibria E,; and E,; E, is a stable node and E, is an
unstable node.

3. Sliding dynamics

In this section, we will examine the dynamics on the hyperplane
X, which lies along the boundary of adjacent regions. To this end,
we initially investigate the existence of the sliding-mode region for
Filippov system (3) and further analyse the dynamics of such a region.
When the trajectories of the free subsystem and the control subsystem
reach the sliding-mode region, new sliding dynamics will be generated
in the sliding-mode region, and a class of new equilibria, which do not
belong to the free-subsystem or the control-subsystem, will occur on
the sliding-mode region. The total population of AC-Ds and AC-Is can
then be theoretically contained at a predetermined threshold value.

3.1. Sliding-mode region of Filippov system (3)

In the previous section, we saw that Filippov system (3) consists
of three parts: the free-subsystem, control-subsystem and the system
defined exactly on the hyperplane X. The sliding-mode regions refer
to the subregions of X with special properties; i.e., the vector fields
of the free-subsystem and the control-subsystem on the sliding-mode
region point towards each other. The sliding-mode region is defined as
follows:

3, = {z € X|Fg,(2)0(2) 2 0, Fg,(2)0(Z) < o}A

From the definition of the Lie derivative, we get that:

X, +aX X+ X
FG](Z)G(Z)=V1<1—IT“>X1+r2<1—%)Xz

and

Fo,(2)0(Z) = r1<1_u)(1_M>X1+r2<l_ﬂX1 X,

X X >X2—d1uX1.
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When Fs,(2)0(2) 2 0, we have
X +aX, X+ X,
r1<1 —T>X1+r2<l - X, > 0.

On the sliding-mode region, we have ¢(Z) = X; + X, — ET = 0.
Substituting into the above inequality gives the following inequality
with respect to X

(rl(a— 1)+ ry(f — 1))X12+(rl(K—aET)—rz(K—ET) .
+ ry(1 = PET ) X, +ry(K — ET)ET > 0.

Denote

Li(X) = Iy X2+ 1, X + 1oy,

where

=ri(a—1)+r@-1),

I;; = r (K = @ET) = ry(K — ET) + r5(1 — p)ET,
loy = ro(K — ET)ET.

\.
R
|

It is natural to assume ET < K due to the biological interpretation of
K, which results in /j; > 0. If L,(X,) =0, one can obtain two roots

X,,_—ln—\/Al X,;__lll+\/Al
L T

where 4, = lfl —4l,,1y,. For (7), we have the following three possibili-
ties.
* If 1) >0and /;; <0, we have X{ - X7 >0 and X{ + X{ > 0; the
solution to (7) is 0 < X < X‘]‘ or X, > le.
« If ;) > 0 and /;; > 0, we have X{ - X/ > 0 and X{ + X} < 0;
solving (7) gives X > 0.
* If 15, <0, then (7) is true if and only if 0 < X; < X{.

When Fg,(Z)0(Z) <0, we have

X, +aX X, +X
"t —u)(l - ITO’Z)XI +r2<l - %>X2 —dyuX, <0.

Substituting X, + X, — ET = 0 into the above inequality, we have an
inequality in X,

IpXE+15,X, + 1y, <0, ®
where

Ly=rid-—w@=-D+r@ -1, lg=ryK-ETET,

Ly =r(1 —u)K — «ET) —ud, K + r,QET — ET — K).

Let L,(X) = 122X12 + 15X, + . If Ly,(X,) =0, we have two roots

on_ T =Vh L et VA

1 21y ’ 1 21y, ’

where 4, = 1122 — 4l 1y, For (8), there are also three possibilities.

* If 1, > 0,1}, <0, then X{" and X7 satisfy X{"- X > 0, X]"+X{ > 0.
Thus solving (8) yields X i" <X, <X ;’

* If 1, > 0,11, > 0, then X" and X satisfy X|"- X > 0, X]"+X| <0.
Thus inequality (8) is not satisfied for any X.

* If [, <0, we have X' - X{ <0 and L,(X;) <0 for X; > X{".

According to all possible conditions that satisfy L,(X;) >0, L,(X;) <
0 (i.e., F6,(2)o(Z) > 0,F;,(Z)e(Z) < 0), we have the following six
cases to describe the sliding-mode region of Filippov system (3).

Case H: a > 1,l5; >0 and /;; < 0. Denote

zl= {(Xl,xz)eRi) X7 <X <X, X2=ET—X1},

2= {(Xl,xz)e R| X} <X, <X}, X, =ET—X1},
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Table 2

Conditions for the occurrence of different sliding-mode regions.
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Conditions

Sliding modes

X< XU, X< XY z! or 53
Iy, > 0,1, <0 XU < X1 X4 < X" 32 or 3
Case H, a> 1,1, > 0,1, <0 X< XU, XV < X} zlus?
Xi< X™m< XY >4
1q <0 1 1 1 s
2 P ERD ¢ sluz!
1, > 0,1, <0 33
Case Hy a > 1,1y > 0,1, >0 2o o 5
2 @ 21 11 Ly <0 Zf
Case Hy a> 1,1, <0 1 <0 Xy <Xy %
Case H, a < 1,1, >0,1;; <0 Iy > 0,1, <0 zlux?
Case Hs a <1, I, >0,1;; >0 Iy, > 0,0, <0 3
Ly > 0,0, <0 Xm< X4 >!lor 33
Case Hg a < 1,5, <0 2o ! ! 5 s
ase Ho @< hin Iy <0 X7 < X 5!

= {(xl,xz)eRi X" <X, <X, X2=ET—X1}.

If we further have I,, > 0,/), < 0, the sliding-mode region X! or x?
exists when X7' < X{ and X| < X7 are satisfied; the sliding-mode
region X2 or *? exists when X! < X7 and X < X" are satisfied; if
and only if both conditions X" < X{ and X < X[ are satisfied, the
sliding-mode region is X! |J 2.

Denote

4= {(X,,Xz)e R| X, > X7, X, :ET—XI}.

If we further have I,, < 0, the sliding-mode region is * when X' 1<
X" < XV is satisfied, while the sliding-mode region is =} |J =} when
X' < X{ is satisfied.

Case Hy: a > 1,1,; > 0and /;; > 0. If we further have /,, > 0,1}, <0,
the sliding-mode region X3 exists. If we have I, < 0, the sliding-mode
region X3 exists, where

= {(Xl,Xz) €RY| X, 2 X", X,=ET-X, }

Case H3: @ > 1 and /,; < 0. It is easy to get /,, < 0 since I, > I,,
for a > 1. The sliding-mode region X! exists when X T < Xi.

Case Hy: a < 1, 1, > 0 and /;; < 0. It is easy to get I,, > 0
since I, < Iy, for @ < 1. In this case, we get L;(X|) > L,(X). If we
further have /,, < 0, then the roots of L;(X;) = 0 and L,(X;) = 0
satisfy X{" < X{ < X < X7, so the sliding-mode region takes the form
=1 J =2 If we have I}, > 0, no sliding-mode region exists.

Case Hs: a« < 1, I,; > 0 and /;; > 0. In this case, we similarly
have /,, > 0 since I, < I,, for a < 1. If we further have /,, < 0, the
sliding-mode region is Zg. If we have /,, > 0, no sliding-mode region
exists.

Case Hg: a < 1 and I,; < 0. If we further have I,, > 0,1}, < 0,
the sliding-mode region X! or X3 exists when X I < X{ is satisfied. If
we have I, < 0, the sliding-mode region X! exists when X < Xlis
satisfied.

We summarize all conditions in which sliding-mode regions may
occur in Table 2.

3.2. Sliding dynamics of Filippov system (3)

From the above discussion, we can get that the sliding-mode regions
are different under different parameters. Further, we will examine the
sliding dynamics of Filippov system (3). Generally, there are three
methods to solve the dynamics of system (3) on the sliding-mode
region: the Filippov convex method, Utkin’s equivalent control method
and the singular perturbation method. In the following, we will employ

the Filippov convex method to determine the sliding-mode dynamics of
Filippov system (3).

Denote any sliding-mode region as X,. It follows from Section 2 that
the sliding-mode dynamics of Filippov system (3) are determined by
(4), where X, is given in Table 2. Since F(Z) is tangent to the sliding-
mode region X, one can obtain that F(Z)o(Z) = 0 on the sliding-mode
region. It follows that

qF1(Z2) + (1 = ) F(Z2) + qF 1 (Z) + (1 = ) Fp(Z2) = 0.

Solving with respect to ¢ gives

_ F (Z2)+ Fyy(Z)
Fo(Z) — Fi|(Z) + Fxp(Z) — F5(Z)°

q ©

Substituting (9) into (4), we derive the sliding dynamics of the Filippov
system (3) as follows

dx, I
— =qF () +(A -9F(Z)=—,
dt r, 10)
dx, I
e qF 2 (2) + (1 = F»(2) = —72,
where
I' = Fyy(Z2)F(Z) = F5(2)F,(Z2)
X +aX X+ X
=rX, <1 - ‘—“) [rz <1 - u) X2+um]X|]
K K
X+ X, X, +aX,
- X, <1 - ) [ n-wx (1= =2
= (d; + muX, ],
X +aX,
I =F(Z)= F|((Z)+ Fp(Z) = F,(Z) = —rjuX, | 1 - —x
—ud X;.
an
Since on the sliding-mode region X, we have X + X, = ET, direct
calculation yields that % = —%, which can also be derived from
(10). Therefore, we only focus on the dynamics of
D¢ T,
=11 12)
dt T,

We next examine the existence of the equilibria on the sliding mode
X; i.e., the pseudo-equilibria of Filippov system (3). To this end, we
need to compute all possible nonnegative equilibria of (12), which is
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equivalent to I, = 0. Let

vz =rirua — DB -1),

vy = riruBa —2af 4+ f—2)ET + riryu(f — a)K + ryuK(dy + m)(f— 1)
+rymuK(a—1),

y1 =rru(af +1— 3a)ET?+ [ rirpuKQa—p+1)
+ruK(dy +m)2 - f) — arymuK ] ET
- r1r2uK2 —ryu(d; + ml)K2 + rlmluKz,

Yo = (K — ET)ET [r1r2u(1< — aET) + ryu(d, +m, )K].

Substituting X; + X, = ET into I'| = 0 is equivalent to the following
equations with respect to X

I(X) =73 X} +nX] +1n X +70=0. 13)
For convenience, we rewrite y;,7, as

11 =BT+ ET + 110, 172 =1 ET + 12,

where

Yo = riru(af —3a + 1),

yi =ruKQe = f+ 1)+ ruk(dy +m)(2 - f) — arymuk,
v10 = —rirouk® = rou(dy, +m)K? + rymuk?,

721 = riruBa —2ap + f —2),

Y20 = riru(f — a)K + rouK(dy +m)(f — 1) + rymuK(a — 1).

There are at most three roots for I'(X;), which we denote as X X f
and X{. According to Vieta’s theorem, we have

Xtexbexe=-2 xo.xtoxe=-1 a4
73 73
Let X; =y— 37723 and divide both sides of (13) by y;, so that (13) can
be rewritten as”
Y +my+ny=0, (15)
where
2 3
S R S N N Y
1 32 v 2Tr 33
n 3 n 2 .

enote = (Z) +(2). using Cardano’s formula an e

Denote N 3 20 By g Cardano’s f 1 d th

relationship between Egs. (13) and (15), we have the following three
cases:

« If N <0, there are three distinct real roots for I'(X)).

« If N =0, there is one real root of multiple three or two distinct
real roots with one of them being multiple two for I'(X)).

« If N > 0, there exists one real root and a pair of conjugate
complex roots for I'(X,).

In order to verify the existence of pseudo-equilibria, we analyse
the sign of each real root by using Vieta’s theorem. There are three
possibilities to consider: y, > 0,7, < 0 and y, = 0. We initially consider
the first possibility y, > 0, which is equivalent to K—« ET > — M,
and we have three further cases to discuss. "

Case Q,: 7y > 0, N < 0. In this case, there exist three roots X{, X f
and X' 1” for (13), and we next examine the existence of positive real
roots. There are four further possibilities to consider depending on the
sign of y, and y;.

Case Ql: v, > 0,73 > 0. It is easy to derive X + X + X¢ <
0, X i‘ X {’ X 1” < 0 in this scenario. It follows that there is one negative
root and two positive roots (shown in as shown in Fig. 1(a)) or three
negative roots (shown in Fig. 1(b)). Direct calculation yields y; > 0 if

a<l,p<1
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Table 3
Conditions for the existence of two positive roots in Case Q}.
Y21 > 0,75 >0 for all ET
a<l,f<ly <0 Va1 > 0,75 <0 ET>—%
21
72
Yo > 0,N <0 Y21 < 0,75 >0 0<ET<—ﬁ
721> 0,75 >0 for all ET
a>1,p>1,y <0 Y21 > 0,75 <0 ET>—%
2
Va1 < 0,75 >0 0<ET<—:A
o

or
a>1,0>1.

To ensure y, > 0, it is necessary to discuss the sign of y,, and y,,. We
get y, > 0 if one of the following conditions holds:

* 721 > 0,75 > 0;

* 721 > 0,759 <0, ET > —:2—“;
21

* 721 < 0,759 > 0,0 < ET < —;2—0.
21

Concluding the above discussions, we obtain that there exist two
positive roots and one negative root or three negative roots for (13) if
one of the following conditions is true:

ca<l,f <1,y >0,y >0;

ca<1,p <1y >07y <o,ET>—:2—°;
21

ca<l,p<lyy <0,y20>0,O<ET<—:2—°;
21

ca>1,>1,7 >0,y >0;

ca>1,p> Ly, >O,y20<O,ET>—:2—°;
21

ca>1L,p> Ly <0,y20>0,O<ET<—;2—°.
21

Differentiating I'(X ;) with respect to X, gives
r'x,) = 373)(.2 +2n X+

Solving I'"(X,) = 0 with respect to X, yields two roots, the larger of
which is

, Tnt \/}’22 -3 1
X, = T (16)
If X], > 0, there are two positive roots and one negative root for
(13), as shown in Fig. 1. In fact, we have X{l > 0 if y3 > 0 and
7, < 0. Thus the conditions for the existence of two positive roots
(X, x i ), can be obtained. For convenience, we denote the conditions
(N < 0,579 > 0,7, < 0,73 > 0,5, > 0) to guarantee two positive roots
in this case as Qil below. The detailed conditions for the two positive
roots are summarized in Table 3.

Case Q%: y; > 0 and y, < 0. In this case, we have X+ X + X¢ >0
and X reX f - X{ <0, s0 there exists one negative root (X & shown in
Fig. 1(a)) and two positive roots (Xf and XIC, shown in Fig. 1(a)). We
similarly get y, <0 if one of the following conditions is true:

* 751 > 0,750 <0,0< ET < —;2—0;
21

* 721 < 0,73 <0;

* 731 <0,759 >0, ET > —ZLU;

¢ ET =10, B

721

Similarly, we derive the conditions to guarantee the existence of
exactly two positive roots and summarize them in Table 4.

Case Q3: y; < 0 and y, < 0. In this case, we have X7+ X’ + X¢ <0
and X X f - X{ >0, s0 there exist one positive root (X' i shown in
Fig. 2(a)) and two negative roots (XIE and X{’, shown in Fig. 2(a)). We
obtain the conditions for the existence of exactly one positive root and
summarize them in Table 5.
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\

(b)

Fig. 1. Schematic diagram to show the potential arrangement of the roots of (13) in Cases Q| and Q3.

(b)

Fig. 2. Schematic diagram to show the potential arrangement of the roots of (13) in Cases Q3 and Q1.
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Table 4
Conditions for the existence of two positive roots in Case Q%.
721 > 0,72 <0 0<ET<—;270
21
a<l,p<1 721 < 0,75 <0 for all ET
721 < 0,75 >0 ET>—%
o1
= =_"0
% >0,N <0 =0 ET = o
Y21 > 0,75 <0 0<ET<—$A‘
21
721 < 0,759 <0 for all ET
721 < 0,75 >0 ET>—%
21
=0 ET = -1
Y21
Table 5
Conditions for the existence of one positive root in Case Q?.
Y21 > 0,75 <0 0<ET<—:ﬂ
21
721 < 0,75 <0 for all ET
721 < 0,75 >0 ET>—%
21
= =0
Y0>0,N <0 7, =0 ET = y;:
721> 0,759 <0 O<ET<—;2—"
21
721 < 0,759 <0 for all ET
721 <0,75 >0 ET>—%
o1
=0 ET =-1

"1

Case Q}: y; < 0 and y, > 0. In this case, we have X+ X’ + X¢ >0
and X rX f X{>0,s0 there is one positive root (X ) shown in Fig. 2(a))
and two negative roots (X i and X lb, shown in Fig. 2(a)) or three positive
roots (X4, X {’ and X f , shown in Fig. 2(b)). Whether there is only one
positive root or three positive roots in this scenario depends on the sign
of the smaller root X/, of I''(X,) = 0, where X, is defined as in formula

(16). If X {1 > 0, there are three positive roots, as shown in Fig. 2(b).
Otherwise, there is only one positive root. Direct calculation yields that
X{, > 0fory; < 0,7y <0Oand X], <O for y; <0,y > 0. Similarly, we
can derive the conditions for the existence of three positive roots or one
positive root. For convenience, we denote the conditions (N < 0,y, >
0,7, > 0,73 < 0,7, > 0) guaranteeing one positive root as Q‘l”, while
the conditions (N < 0,y, > 0,7, < 0,73 < 0,y, > 0) guaranteeing three
positive root are denoted as Q‘l‘z. The detailed conditions for one or
three positive roots are summarized in Table 6.

Case Q,: When N = 0, there are three real roots for I'(X;) = 0. If we
further have n; # 0, ny # 0, there is a real root of multiplicity two and
a single real root (shown in Fig. 3(a),(b),(d),(e)); otherwise, we have
a real root of multiplicity three (shown in Fig. 3(c)). It is sufficient to
examine the existence of positive real roots for (13), as shown in Fig. 3.
In Fig. 3(a), X is the single positive real root and X f is the positive
real root of multiplicity two. The single positive real root and positive
real root of multiplicity two are X{ and X 1B in Fig. 3(b), respectively.
Only one single positive real root X f exists for (13) in Fig. 3(d), while
a positive real root of multiplicity two (X f‘) exists for (13) in Fig. 3(e).
In Fig. 3(c), X 1D is the real root of multiplicity three. Similar to Case
0, we can obtain the conditions (N = 0,5y > 0,n; # 0,ny # 0,7, <
0,73 < 0,7, > 0) for the existence of two distinct positive real roots, as
shown in Fig. 3(a) and (b). For convenience, we denote the conditions
as Qé below. By replacing n; # 0,n, # 0 with n; = 0,n, = 0, we obtain
the conditions that Eq. (13) has one positive real root of multiplicity
three, as shown in Fig. 3(c). We similarly denote this set of conditions
as Q% in the following. We can get only one positive root X{ for (13)
if N=0,790>0,n #0,ny# 0,7, <0,73 > 0,7, > 0, which we denote
as Q; below, are true. There exists one positive root X 1" of multiplicity
two if N = 0,7y > 0,n; # 0,ny # 0,7, > 0,73 < 0,5, > 0, which we
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Table 6
Conditions for the existence of positive roots for Case Qf.
Conditions Number of
positive roots
721> 0.7 <0,ET > =22
21
a>1,p<1,7,<0 Y21 > 0,75 > 0, for all ET
721 < 0,759 > 0,0 < ET < —% Three
121 > 0,79 <0, ET > _%
21
ON <0 a<l,p>1y <0 721 > 0,75 > 0, for all ET
70> 0N < 11 < 0.1y > 0.0 < ET < -2
o
Ya1 > 0.7 <0.ET > -2
a>1,p<1l,7,>0 721 > 0,7 > 0, for all ET
yz,<0,y20>O,O<ET<—% One
Y21 > 0.1y < 0, ET > =12
21
a<l,p>1,y,>0 721 > 0,75 > 0, for all ET
721 <0,y > 0,0 < ET < -2
n
z z z
z=I'(X
y Xp #T(X)
/ #T(X)
c A
X| X
0 X, > xP
B d L
(0] X X X] 0 X1
(a) (b) ©
z
#T(X)
X,
X 0 X X

(d)

(e)

Fig. 3. Possible roots of I'(X,) =0 for Case Q,.

Table 7
Conditions for the existence of two distinct real roots for Case Q,.

721 > 0,720 <0’ET>_%
21
a>1,p<1,y, <0 Y21 > 0,75 > 0, for all ET

T2
%> 0,N =0,n #0,ny%#0 1’21<0~}’zo>0~0<ET<—_/T0

Va1 >0,720<0,ET>—%
a<Lp>1ly <0 721 > 0,759 > 0, for all ET

V21 < 0,75 >0,0< ET < —/—“
o

denote as Q‘z‘ below. We listed the detailed conditions to guarantee the
existence of two positive real roots in this case in Table 7.

Case Q;: When N > 0, there is one real root and two conjugate
complex roots for I'(X,) = 0, as shown in Fig. 4. Since the product of
two conjugate complex roots is positive, there is one positive real root
for Eq. (13) if y; < 0 according to (14). Further discussion yields that
y3<0ifandonlyifa>1,f<lora<1,p>1.

From the positive real root of Eq. (13), we derive the possible
pseudo-equilibria for the sliding-mode dynamics (12). Denote all the

(boundary) pseudo-equilibria by EZ = (XZ,X2Z),z € {a,b,c,A, B,D},
where X7 is defined as above and X7 = ET — X7. The existence
of all possible pseudo-equilibria has thus been examined above. If
the possible pseudo-equilibrium E?,z € {a,b,c, A, B, D} lies on the
sliding-mode region (i.e., E € X), then it is a pseudo-equilibrium of
Filippov system (3). If E?,z € {a,b,c, A, B, D} is a pseudo-equilibria
of Filippov system (3), the stability can be analysed by examining the
sign of Eq. (12) at any point (X, X;) € U(E?), where U(E?) is some
neighbourhood of E?. Since I, < 0 for any X, X, < ET, we get that

sgn{ X1 :sgn{—F(X)}
dr 1x.x0) !

for any (X,,X,) € U(E?). For the pseudo-equilibrium E? in case Q!!,
it follows from the discussion in Q%' and Fig. 1 that I'(X,) > 0 for
X, € U(X?)and X, < X? while I'(X;) < 0 for X, € U(X?) and X, > X?,
so E’ is unstable. Similarly, we get that the pseudo-equilibrium E? is
unstable in Cases Q?, Q‘l“, Q;, Q;, Q‘l‘2 and Q;; the pseudo-equilibrium
E! in Case Q% is unstable, but it is stable in Case Q‘l‘z; the pseudo-
equilibrium E¢ is stable in Cases Q}l and Q% but it is unstable in Cases
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Z:F(X])

(a)
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2=I(X))

(d)

Fig. 4. The roots of I'(X,) = 0 for Case Q5.

Table 8

Conditions for the existence of different pseudo-equilibria and their stability. In the penultimate row, the parentheses refer
to the two possibilities for a single pseudo-equilibrium and a pseudo-equilibrium of multiplicity two in Fig. 3(b), as distinct

from Fig. 3(a).

Number of Conditions

pseudo-equilibria

Pseudo-equilibria and
their stability

N <0,79>0,73<0,7, <0 Q? Fa
One N <0,79>0,7,>0,73<0,7,>0 Q‘,” s
N =0,70>0,n #0,ny#0,7, <0,73> 0,7, >0 Q;
N >0,7>0,73<0 0, E® or E"
N =0,70>0,n #0,ny #0,7, > 0,73 <0,7, >0 Q; E:“
N=0,70>0,n=0,ny=0,7, <0,73 <0,7, >0 Q% ESD"
N <0,70> 0,7, <0,73>0,7, >0 o' e pes
Two N <0,75>0,73> 0,7, <0 o e
N =0,70>0,n #0,ny #0,7, <0,73<0,7, >0 0] EA (EB), E® (E™)
Three N <0,7%>0,7, <0,73 < 0,7, >0 oy E™ EY, E™

Qiz Q1 and Qs; the pseudo-equilibria E4, EB and EP in Cases Q1 and
Q; are unstable Concluding the above dlscusswn we get the followmg
result

Theorem 1. When y, > 0, the sliding dynamics of Filippov system (3) are
as follows.

(i) There exists one unstable pseudo-equilibrium if one of the conditions
01.071',03.05.03.0; holds.

(ii) Two pseudo-equilibria exist if the condition Q}l or Q% holds, one
of which is stable and the other one is unstable; conversely, two unstable
pseudo-equilibria exist if the condition Q1 holds.

(iii) Three pseudo-equilibria exist if the condition Q42 holds and one of
them is stable.

For clarity, we have listed the conditions for the existence of all
pseudo-equilibria and the stability of each pseudo-equilibrium in Ta-
ble 8. In Table 8, the superscript ‘s’ of the pseudo-equilibrium E?
represents stable and the superscript ‘u’ represents unstable. For in-
stance, E¢* demonstrates that E¢ is stable and E demonstrates that
E? is unstable.

Next, we examine the existence of all possible pseudo-equilibria
and their stability for y, < 0 by implementing a similar analysis for
the case y, > 0. The details are given in Appendix A. It follows from
this appendix that there are a total of six possible positive real roots
(X",X{’,XIC,X;“,XIB and XID) for (15). Thus we can get all possible
pseudo-equilibria E¢, E*, E¢, EA, EB and EP for the sliding-mode dy-
namics (3). If the pseudo-equilibrium EZ,z € {a,b,c,A B,D} lie on the
sliding-mode region X, the stability can be analysed. Here we omit the
details and summarize the conditions for the existence of all pseudo-
equilibria and the stability of each pseudo-equilibrium in the following
theorem.

Theorem 2. When y, < 0, the sliding dynamics of Filippov system (3) is as
follows.

(D) There is a stable pseudo-equilibrium if one of the conditions
Pll,P121,P3,P23,P24 or 15’22 hold, whereas an unstable pseudo-equilibrium
exists if the condition P, or P$ holds.

(ii) There are two pseudo-equilibria if one of the conditions P13', P|4 or
le hold. One is stable, and the other is unstable.

(iii) Three pseudo-equilibria exist, two of which are stable if the condi-
tion P22 holds.

For clarity, we list the conditions for the existence of all pseudo-
equilibria and the stability of each pseudo-equilibrium in Table 9. It
follows from Table 9 that the pseudo-equilibrium E? is unstable in
Cases P131 and P!, and it is stable in Cases P?? and P2', the pseudo-
equilibrium E? is stable in Cases P! and P, and it is unstable in Case
P2 EC is stable in Cases P!, P, P]22 P, Pé P} and P;; E2 and Ef are
unstable in Cases P}, P} and PS; ED is Stable 1n Case P;.

Next, we examlne the eXIStence of pseudo-equilibria for the Filippov
system (3) when y, = 0; i.e., K — aET = M or K = ET. See
Appendix B for the details. It follows from this appendlx that there are
four possible pseudo-equilibria E} = (X7, X3), where X7 = ET — X7
and z € {e, f, E, F}. We summarize the results in Theorem 3 and omit
the details here.

Theorem 3. When y, = 0, the sliding dynamics of Filippov system (3) are
as follows.

(i) There is one stable pseudo-equilibrium if one of the conditions
M 1‘,M22 or M, 52 hold, whereas there is one unstable pseudo-equilibrium if
one of the conditions M), M;, M51 or M61 hold.

(ii) There are two pseudo-equilibria, and one of them is stable, if one of
M, or M32 holds.
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Table 9
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Conditions for the existence of all pseudo-equilibria and their stability.

Number of Conditions

pseudo-equilibria

Pseudo-equilibria and
their stability

N <0,70<0,73>0,97,2>20 PI1
One N <0,75<0,7, <0,73>0,7, <0 P!

N >0,75<0,73>0 Py E

N =0,7<0,n #0,ny#0,7;>0,7, >0 P}

N =0,7y<0,n; #0,ny #0,7, <0,73 >0,7, <0 Pz"1

N =0,y <0,n #0,ny #0,73 <0,7, <0 P:f oy

N =0,7y<0,n; #0,ny #0,7, <0,73 <0,7, 20 PZ[’ s

N =0,7,<0,n, =0,ny=0,7, > 0,73 > 0,7, <0 P} EPs

N <0,75<0,7,>0,73<0,7, <0 P! paphs
Two N <0,790<0,73<0,7, >0 PI4 s * s

N =0,7<0,n, #0,ny# 0,7, > 0,73 >0,7, <0 P} EM (EBY), E® (E®)
Three N <0,79<0,7,>0,7,>0,7, <0 P2 E%, EM E®
Table 10

Conditions for the existence of different pseudo-equilibria and their stabilities when y, = 0.

Number of Conditions

pseudo-equilibria

Pseudo-equilibria and
their stability

£2y>0,73>0,7,> 0,7

<0

1 E/s
2y >0,73> 0,7, <0,7, <0 Mzz :
1
One 2y>0,73<0,7,>0,7, >0 M}] o
2)>0,73<0,7, <0,7, >0 M, $
2,>0,7;<0,7,=0,7, >0 M) EE
2> 0,7,>0.7,=0,7, <0 M2 EEs
Qy=0.7;7, <0 Mg E™
Two 2)>0,73>0,7,<0,7, >0 le EEU,E{A
2)>0,73<0,7,> 0,7, <0 M s

For clarity, we summarize the conditions for the existence of all
pseudo-equilibria and the stability of each pseudo-equilibrium in Ta-
ble 10. According to Table 10, in Case M 11’ there exists only one stable
pseudo-equilibrium Elf. In Case M,, there exists one stable pseudo-
equilibrium E{ and one unstable pseudo-equilibrium EY if y; > 0,
while there exists one stable pseudo-equilibrium E/ if 71 < 0. In Case
M3, there exists one stable pseudo-equilibrium E'l’] and one unstable
pseudo-equilibrium EY if y; < 0, while there exists one stable pseudo-
equilibrium Elf if y, > 0. In Case M j, there exists one unstable
pseudo-equilibrium E{. In Case Ms, there exists one unstable (resp.
stable) pseudo-equilibrium EF if y; > 0 (resp. y; < 0). In Case M, 6', only
one unstable pseudo-equilibrium EIF exists for the Filippov system (3).

Up to this point, we have examined the sliding-mode region and
the sliding dynamics of Filippov system (3). In fact, Filippov system (3)
exhibits quite rich sliding dynamics as the parameters vary, including a
series of sliding-mode regions and many pseudo-equilibria. There are a
total of seven sliding-mode regions, including !, 32, 53, 54 55 51|
22 and x!|J X%, for Filippov system (3). If we choose suitable pa-
rameters — for example, the parameters in Cases H, and H, — two
sliding-mode regions X! and >? or X! and X# coexist. For other param-
eters, only one sliding-mode region, which will take a different form for
different parameters, exists for Filippov system (3). The details about
the sliding-mode regions and the conditions for each sliding-mode
region are listed in Table 2. There exist at most three pseudo-equilibria
for Filippov system (3). All possible pseudo-equilibria consist of E¢, E?,
E¢, EA, EB EDP, E°, E/, EF and EF. By choosing suitable parameters,
we can derive the existence of a unique pseudo-equilibrium or coexis-
tence of two pseudo-equilibria. Two pseudo-equilibria Ef and E¢, E}
and E¢, or EZ and E“ coexist in Cases Q%l, Q% and Q%. We can also get
the coexistence of the two pseudo-equilibria E¢ and E7 in Cases P]31 and
P! and the coexistence of EA and E¢ or EZ and E¢ in case P}. Two
pseudo-equilibria E¢ and E( coexist in case M21 and M32. Three pseudo-
equilibria E¢, E? and E¢ coexist for Filippov system (3) in cases Q1? and
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P22, The detailed results are shown in Theorems 1-3 and Tables 8 and
9, 10.

It is worth emphasizing that the pseudo-equilibrium, as a special
equilibrium of Filippov system, plays an important role in the global
dynamics of the system. In particular, if the solutions of model (3)
eventually approach a pseudo-equilibrium, the number of prostate-
cancer cells can be controlled at a predetermined level, which is a
desirable outcome.

3.3. Impact of the threshold value on sliding-mode region and pseudo-
equilibria

Next we examine the variation of the sliding-mode regions and
pseudo-equilibria under different parameter values. To this end, we fix
the parameters in Table 1 and parameter f and select two different
values for the parameter « in order to explore how the sliding-mode
regions and pseudo-equilibria vary, as shown in Fig. 5. Each subplot
in Fig. 5 shows the length of sliding-mode region and the number of
pseudo-equilibria with different joint threshold value ET. In Fig. 5,
the light grey dotted lines represent the crossing region of X, while
thick dark grey solid lines represent the sliding-mode regions X,. The
grey-blue curves and purple curves represent g;(X,,ET) = 0 and
g(X,, ET) =0, where

&1(X 1, ET) = [r (1 —u)a — 1)+ ry(f — DIX? =y ET? + [-r (1 — e

+ 12— PIETX, + ,KET

+ [ —w)K —ud| K —r, K] X,
&(X |, ET) = [ri(a = 1) + ry(f — DIX? = ET?

+ [—ria+rQ2 = PIET X, +r, KET + (r K — r, K)X,.
These two curves specify the endpoints of the sliding-mode regions.

In fact, the part of any straight line ET = c that falls between these
two curves g,(X;, ET) =0 and g,(X,, ET) = 0 is a sliding-mode region
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(X ED)=0
° 1‘(xI.ET):04/, 10
'y

2,(X ED=0

Fig. 5. The sliding-mode regions (thick grey lines) and pseudo-equilibria (red stars) of Filippov system (3) under different parameters «,f and joint threshold value ET. The
parameter values are (a) a =099, =14, (b) a =1.3,§=1.4 and (c) a = 1.3, = 1.4. Subplot (c) is a close-up of subplot (b).

X, where ¢ represents any positive constant. The red curves represent
I'(X;) = 0, in which ET is a variable other than the variable X,
so we denote these curves as I'(X;, ET) = 0. The intersection points
of I'(X|,ET) = 0 and ET = c are pseudo-equilibria provided they
lie on the sliding-mode region. The red stars in Fig. 5 indicate the
pseudo-equilibria.

When we select the competition coefficient of AC-Ds due to the
presence of AC-Is « = 0.99 and the competition coefficient of AC-Is due
to the presence of AC-Ds # = 1.4, the sliding-mode regions of Filippov
system (3) are shown in Fig. 5(a). There exists one sliding-mode region
for different threshold values ET. In this case, Conditions H, are
satisfied, so the sliding-mode region is X!. At the joint threshold value
ET =17, two pseudo-equilibria appear on the sliding-mode region >!.
If the threshold value ET increases (for example, ET = 8), the pseudo-
equilibrium disappears; i.e., there is no equilibrium on the sliding-mode
region. When ET continues to increase (for example, ET = 9), there
are again two pseudo-equilibria on the sliding-mode region. As the
threshold value ET increases further, the sliding-mode region remains
as X!, although it enlarges.

When we choose the competition coefficients « = 1.3 and f =
1.4, the sliding-mode regions and pseudo-equilibria are as shown in
Fig. 5(b). At the joint threshold value ET = 8, there is only one sliding-
mode region, and no pseudo-equilibrium exists for system (3). In this
scenario, Conditions H, hold, so the sliding-mode region is 23. As ET
increases (for example, ET = 9), two sliding-mode regions appear for
system (3). Then system (3) satisfies Conditions H, and the sliding-
mode regions take the form X! and X2, which we show in thick solid
black lines and thick solid grey lines in Fig. 5(b). A pseudo-equilibrium
appears on the grey sliding-mode region 2. When ET continues to
increase (for example, ET = 9.5), there is only one sliding-mode region
22 for the Filippov system (3) and the pseudo-equilibrium disappears.
The existence of two sliding-mode regions X! and >2 are shown clearly
in Fig. 5(c), which is a close-up of Fig. 5(b).

4. Sliding bifurcation and global dynamics

In this section, we focus our attention on the bifurcation phenomena
of Filippov system (3), in which some sliding-mode region is involved.
There are four types of equilibria and a special point for Filippov system
(3): a real equilibrium, a virtual equilibrium, a pseudo-equilibrium, a
boundary equilibrium and a tangent point.

4.1. Equilibria of Filippov system (3)

Regular equilibrium. For system (3), El’ is a real equilibrium for
ET > X, + X,;, while it is a virtual equilibrium for ET < X|; + X,;. If
ET < Xi+X}, E!! is a real equilibrium, while it is a virtual equilibrium
for ET > X +X5, where i € {1,2,3,4,5}. Both the real equilibrium and
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the virtual equilibrium are called regular equilibria, and only those real
equilibria can be attractors of the system.

Pseudo-equilibrium. It follows from Section 3 that Filippov system
(3) can have at most three pseudo-equilibria E%(X¢, X9), E4(X?, X2)
and ES(X{, X5) if the conditions in case Q‘l‘2 or P122 hold. Two pseudo-
equilibria exist for (3) if the conditions in Cases Q!!, 02, 0!, P131,
P!, P}, M, or MZ hold. There is only one pseudo-equilibrium if the
conditions in other cases listed in Tables 8, Tables 9 and 10 hold.

Boundary equilibrium. The boundary equilibrium of Filippov sys-
tem (3) satisfies the following condition

< X +aX,
P B

X >(l—eu)X]—(d1+m1)euX1 =0,

X, + X
ry <l - u>X2+mlueX1 =0,
K

X, + X, = ET.

a7

Solving (17) yields one boundary equilibrium E; (X1, X,)) if ET =
X1 + X5 We similarly derive five boundary equilibria Ef(X|, X)) if
ET = X{ +X§, where i = 1,2,3,4,5. The boundary equilibria E; and Ejs
are boundary nodes or boundary foci with i € {1,4,5}, Elzg is a boundary
saddle and E% is a boundary saddle node.

Tangent point. The possible tangent point of Filippov system (3)
satisfies the following condition

X, +aX, X+ X,
ril—en){ 1l = ———— ) X, +r,(1 - ———)X, —djeuX; =0,
K K
X, + X, = ET.
18)
Letting ¢ = 0, we obtain
X +aX X, + X

rl<l—]—a2>X1+r2<l—L>X2=0,

K K 19

X, + X, = ET.

Substituting the second equation of (19) into the first equation, we have

X, +a(ET - X
r1<1——1 o l)>X1

K
X ET - X
o (1o T
It follows that

< >(ET—X1)=0.

’12X12+’11X1+’10=0s (20)

where
tp=rila=1D)+rf-1),t,=r(K—-aET)+r,2ET - fET - K),
t1o = ro(K — ET)ET.



A. Wang et al.

Solving (20) gives two roots

[2 [2
. =t + /17 — 42t , =t — /1, — 42t
X=X = :

2t 12 2t15

Thus there are two tangent points E!(X' X
system S|, where

¢ and EX(X!,, X! ) for

=ET - X!

t o _ t
X 11 Xzz—ET_Xlz'

When € = 1, we obtain
X2+ 15 X| +15 =0,
where
tyy=ri(l—w(a—-1)+rF-1) t,y =r(K — ET)ET,
ty = r;(1 = u)(K — aET) + r,(QET — BET — K) — d,u.
Solving the above equation with respect to X, one can obtain two roots
—ty + /12, — 4yt —ty — [, — Ayt
21 21 22120 21 21 22120

X —uno—o— X =
1 2ty 12 215y

Thus there are two tangent points EL(X7,X1) and E2(XT,

X7
1 Xy, for
system .S,, where

=ET - Xx"

T T _ T
X 11° Xzz—ET_Xlz'

4.2. Boundary-equilibrium bifurcation of Filippov system (3)
It follows from Section 4.1 that there are six boundary equilibria

for system (3). Denote the Jacobians of the free subsystem (5) and the
control subsystem (6) as

2X +aX, «
Ji (X1, Xp) = rl(l_ﬁr; ) r (I_Kl:)l(ilzxz>
x2X2 2 e
and
(X, X,)
rl(l—u)(l—%)—(dﬁml)u ~Lr (1 - wX,

B BX,+2X ’
_;r2X2+m1u r2<1_lTZ>

respectively. By the boundary-equilibrium coordinates, we have

det (J,(Ep)) = "1"2% #0.
1 1-
det (JZ(E )) =rrp(l - )# +rou(d; + ml)l — aﬂﬁ
+r (1 —u)amlull__aaﬁ.

When a < 1,4 < 1, we have det (J5(E})) # 0, so a boundary-node

bifurcation occurs at E} if ET = X, + Xjy; i.e, ET = %
When a > 1,8 > 1, a boundary saddle bifurcation occurs at E; if

det (J5(E})) # 0 and ET = 208
Similarly, we have
) Xix; X!/ xi
det (Jo(E%)) = rirpy(1 —u) e —u)7 (7; +a> >0,
; 2 —af—2+4
det (Jy(Ep)) = = 2= (X)) 4 ryry T Wh-2440 i

K 2
+riry(1 - pOX1 - 20),

with i =1,2,3,4,5. Let

B, = -2rira, B =rrpa-af-2+40)K, B,= rlrz(l—ﬂQ)(l—ZQ)K2

and

By(X,)* + By X, + B, = 0. (21)
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Then we have
sgn(det (Jl(E;))> = sgn(Bz()q;)2 +B X} + BO).

Solving (21) with respect to X, yields two possible roots:

—B, + /B> —4B,B, R —B, — /B> —4B,B,

x5 = , X8 =
22 232

21 2 32

Then we have the following three possibilities to consider: B, < 0, B, >
0and B, =0

When By, < 0 holds, one can obtain that X2 - X2 > 0. If we further
have B, > 0, then Xﬁ +X§ > 0 holds. It follows that det (J;(E%)) # 0 if
X} P X5 B and X} I X . Therefore, a boundary-equilibrium bifurcation
occurs at EL if and only if ET = Xi +X§ and X; # Xﬁ or X’ #X 22,
where i = 1,2,3,4,5. If we further have B, < 0, then det (J, (Ei)) £0
for all X since

xB+xf<o=x}<0i=12

in this scenario. Hence, a boundary-equilibrium bifurcation occurs at
Ey if ET = X| + X} with i = 1,2,3,4,5.

When B, > 0, we have Xﬁ < 0 and X,fz > 0, so det (J,(E)) # 0 if
and only if Xé #XE 5»- Then a boundary-equilibrium bifurcation occurs
at Ep,i=1,2,3,4,5if ET = X| + X} and X} # X},

When B, = 0, one can obtain that X2 =0 or X2 = 0. If we further
have B, > 0, then Xﬁ =0 and Xz'; > 0, so we have det (Jl(Ei)) #+ 0 if
and only if X ‘2 #X g. Hence, a boundary-equilibrium bifurcation occurs
at EL,i=1,2,3,4,5,if ET = Xi + X; and X; # Xf. If we further have
| <0, then Xﬁ < 0 and Xz‘; =0, so det (Jl(E;)3 # 0 holds true for
all Xﬁ, where i = 1,2,3,4,5. Then a boundary-equilibrium bifurcation
occurs at Eg,i =1,2,3,4,5,if ET = Xi +Xé.

Hence a series of boundary-equilibrium bifurcations occur for Filip-
pov system (3). A boundary node (focus) bifurcation, boundary saddle
bifurcation or boundary saddle-node bifurcation occurs with different
parameter values. To better understand the boundary-equilibrium bi-
furcation, we next demonstrate how it occurs by varying the control
parameter ET with all other parameters fixed, as shown Fig. 6. In
Fig. 6, the red diamonds represent the saddle points; the red asterisks,
red stars and red circles represent nodes, boundary equilibria and trivial
equilibria, respectively, which are all the regular real equilibria. The
grey thick solid lines and grey thin dashed lines represent the sliding-
mode regions and crossing regions, respectively. The orange curves
and green curves represent the stable and unstable manifolds of the
saddle points Eé‘,E%, Eg and E!, while the black solid curves are
the trajectories of Filippov system (3). When we select threshold value
ET =8, we have ET < X12+X§ < Xl le, so both E/! and E;! are in
the region G,; i.e., they are real. The equilibria Ell I"and E,, are stable
nodes and Eé’ is a saddle. The conditions in Case H, are satisfied, so
the sliding-mode region X; exists, as shown in Table 2 and Fig. 6(a).
As ET increases to the critical value ET = X12 + X% (i.e., ET = 8.73),
the boundary equilibrium E% appears, in which B, > 0,B; > 0 and
X5 2 oz X22, so a boundary-equilibrium bifurcation occurs, as shown
1n Fig. 6(b). Then the conditions in Case H, are true, so the sliding-
mode region takes the form X2. As ET continues to increase until it
satisfies X 12 +X % <ET <X 11 + X21, the boundary saddle E% disappears,
in which the conditions in Case Q% are true, so an unstable pseudo-
equilibrium Eg appears, as shown in Table 8 and Fig. 6(c), and the
sliding-mode region X2 still exists. If we increase the threshold value
ET to 9.53, the pseudo-equilibrium Eg disappears. Direct calculation
gives ET = X + X, By > 0, B; > 0 and X, # X5, so another boundary
equilibrium E ]13 occurs. Then another boundary-equilibrium bifurcation
occurs, as shown in Fig. 6(d). When ET continues to increase such that
ET > X 11 2, the boundary equilibrium E ! disappears, in which the
conditions in Case P1 hold, so the pseudo- equ1hbr1um E appears, as
shown in Table 9 and Fig. 6(e). The real equilibria El’ and Ey, still
exist, where E]’ is a saddle and E, is a stable node.

With the continuous variation of the control threshold ET above,
two boundary-equilibrium bifurcations occur for Filippov system (3).
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Fig. 6. Boundary-equilibrium bifurcation for Filippov system (3) showing the movement of sliding modes (thick grey lines) and appearance of pseudo-equilibria (red stars). The
parameters are r; = 0.5, r, =0.006, « = 1.3, f =14, u=0.5, d; =0.064, m; =0.00005 and K =11. (a) ET =38, (b) ET =8.73, (¢c) ET =9, (d) ET =9.53, (¢) ET =10.5.

Denoting the values of ET in the five scenarios above as ET,, ET,,
ET;, ET, and ET;, we have
ET) < X2+ X2 = ET, < ETy < X| + X} = ET, < ET;.

As ET goes through the variation ET, — ET, — ET;, the first
boundary-equilibrium bifurcation occurs, in which we have the fol-
lowing transformation E}! — E2 — E%; ie, the real saddle

13

Eé’ becomes the boundary saddle Eé first, and second it becomes
the unstable pseudo-equilibrium Eg, as shown in Fig. 6(a)-(c). Simi-
larly, as ET goes through the variation ET; — ET, — ET;, the
second boundary-equilibrium bifurcation occurs, in which the transfor-
mation E/! — Ej, — E$ happens; i.e., the real node E{’ becomes
the boundary node Ezla first, and then it becomes the stable pseudo-
equilibrium ES, as shown in Fig. 6(c)-(e). Thus, as ET goes through
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E,, (stable) E,, (stable) E,, (stable)
E ' (stable) E ! (stable) E (pseudo node)
EU (saddle) E‘S’ (pseudo-saddle) E: (saddle)
—_—— —_—

ET = ET,

E,, (stable)
E il (stable)
E ; (boundary saddle node)

Boundary-equilibrium bifurcation (I)

ET, < ET <ET,

ET = ET,

E,, (stable)
EL (boundary node)
E f (saddle)

Boundary-equilibrium bifurcation (II)

Fig. 7. Flow diagram of the boundary equilibrium bifurcation of Filippov system (3) as the threshold value ET varies.

ET, — ET, — ET; — ET, — ET;, two different boundary-
equilibrium bifurcations occur. For clarity, we summarize the main
result in Fig. 7. In Fig. 7, boundary-equilibrium bifurcation (I)/(II)
refers to the first/second boundary-equilibrium bifurcation.

According to the above analysis, small changes in the threshold
value ET will cause substantial changes in the dynamic behaviour
of Filippov system (3). Fig. 6 shows that when the threshold level is
ET = 8.73, if the sum of the initial population of AC-Ds and AC-Is is
8.73, then after rapid switching between implementing and suspending
ADT, the AC-Is may eventually be contained at a higher level. When the
threshold level is greater than 8.73 — for instance, ET = 9 — if the
sum of the population of AC-Is and AC-Ds is still equal to the threshold
value 9, the population of AC-Is may eventually stabilize at a higher
level or at a lower level.

4.3. Tangency bifurcation of Filippov system (3)

It follows from Section 3 that there are many sliding-mode regions
for Filippov system (3). As the parameters vary, two, one or no sliding-
mode regions occur, as shown in Table 2. In the above subsection,
we found that a total of four tangent points exist for Filippov system
(3). When the number of sliding-mode regions and the tangent points
change as the parameters vary, Filippov system (3) will undergo a
tangency bifurcation. In the following, we vary the threshold value
ET and let other parameters be fixed to illustrate the phenomenon
of tangency bifurcation for Filippov system (3), as shown in Fig. 8.
In Fig. 8, the grey thick solid lines denote the sliding-mode regions,
and the grey circles stand for the tangent points. The competition
coefficients between AC-Ds and AC-Is, « and f, are specified as 1.3 and
1.4, respectively, while all other parameters except ET are the same as
in Table 1. Then as the threshold value ET varies, a series of tangency
bifurcations occur. If the threshold value ET = 9.4, Condition H, holds,
so there exists one sliding-mode region X? with two tangent points E/
and E} for Filippov system (3), as shown in Table 2 and Fig. 8(a). Case
Qf also holds in this scenario, so an unstable pseudo-equilibrium Eg
exists with two stable regular equilibria Ej; and E/’. If the threshold
value ET decreases to 9.25, Condition H, also holds, so another sliding-
mode region ZSI appears, although it consists of only one point that
is the collision of the two tangent points E? and E% This suggests a
tangency bifurcation. Thus there are two sliding-mode regions >! and
22 for Filippov system (3), as shown in Fig. 8(b). If we continue to
decrease the threshold value ET such that ET = 8.83, then Condition
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H, holds too, so the sliding-mode region X! expands to a segment
with two tangent points E,2 and E% from a collision point, as shown
in Fig. 8(c). Thus two sliding-mode regions X!, bounded by the two
tangent points E? and EZ, and X2, bounded by the two tangent points
E} and E} coexist for Filippov system (3). When ET decreases to 8.82,
Condition H, holds, so the two tangent points E! and E? collide to
one regular point, while the two sliding-mode regions >! and >? merge
into one sliding-mode region X; with two tangent points E. and EZ., as
shown in Fig. 8(d). This demonstrates a second tangency bifurcation.
When ET continues to decrease such that ET = 8.5, Condition H, is
also true, so there is also only one sliding-mode region X3, as shown
in Fig. 8(e). When the threshold value ET decreases to 7.92, Condition
H, also holds, so the two tangent points E; and E% collide such that
the sliding-mode region 253 shrinks to one point, as shown in Fig. 8(e).
This indicates the occurrence of a third tangency bifurcation. When ET
decreases continuously, the sliding-mode region 23 disappears.

It is worth emphasizing that when the control threshold ET de-
creases continuously, as addressed above, three tangency bifurcations
occur for Filippov system (3). Let the values of ET in the above six
scenarios be ET,,i = 1,2,3,4,5,6, with ET,, = 94, ET,, = 9.25,

ET, =883, ET,, =8.82, ET.s = 8.5 and ET,s =7.92. Then we have
ET,, < ET,, < ET,; < ET,, < ET,5 < ET,4.

As ET goes through the variation ET,;, — ET,, — ET,;, the first
tangency bifurcation occurs, as shown in Fig. 8(a)-(c). In particular,
when ET = ET,,, the sliding-mode region X! appears with only one
point that is the collision of the two tangent points E? and E%, so the
sliding-mode region becomes X! J =2 from X2, as shown in Fig. 8(b).
As ET goes through the variation ET,; — ET,, — ET,s, the second
tangency bifurcation occurs, as shown in Fig. 8(c)-(e). In particular,
when ET = ET,,, the two tangent points E! and E? collide to one
point, so the two sliding-mode regions X! and X2 merge into one
sliding-mode region 253, as shown in Fig. 8(d). Similarly, as ET goes
through the variation ET,; — ET,, the third tangency bifurcation
occurs, as shown in Fig. 8(e)-(f). In particular, when ET = ET,, the
two tangent points E; and E% collide to one point, so the sliding-mode
region 23 shrinks to one point, as shown in Fig. 8(f). For clarity, we
summarize the main result in the following flow diagram. In Fig. 9,
tangency bifurcations (I), (II) and (III) refer to the first, second and
third tangency bifurcation, respectively. ‘SR’ and ‘TP’ represent the
sliding-mode region and the tangent points, respectively.

The above analysis demonstrates that varying the threshold level
ET has a significant effect on the evolution of the population of
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Fig. 8. Tangency bifurcation for Filippov system (3) showing the movement and eventual collapse of the sliding mode (thick grey lines and circles). The parameters are r; = 0.5,
r, =0.006, « =13, =14, u=0.5, d; =0.064,m; =0.00005 and K = 11. (a) ET =9.4, (b) ET =9.25, (c) ET =8.83, (d) ET =8.82, (e) ET =8.5, (f) ET =7.92.

prostate cancer cells. For example, as shown in Fig. 8, if the threshold
level satisfied ET > 9.25 and the population of AC-Is eventually
stabilizes at the level K, then a period of rapid switching between
implementing and suspending ADT is initiated before the population
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of AC-Is goes to the level K. If the threshold level is less than 9.25
— for instance, ET = 8.83 — then although the population of AC-Is
eventually stabilizes at level K, two periods of rapid switching between
implementing and suspending ADT are initiated.
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Fig. 9. Flow diagram of the tangency bifurcation of Filippov system (3) with the variation of the threshold value ET.

4.4. Global dynamics of Filippov system (3)

According to Section 2 and Subsection 4.1, there are a total of nine
possible regular equilibria for Filippov system (3), including six positive
equilibria (EII and E!7,i 1,2,3,4,5) and three trivial equilibria
(Ey, Ey; and Ejj). Every real equilibrium can be the attractor of
Filippov system (3). There exists a pseudo-equilibrium, and three or
two pseudo-equilibria coexist if we choose suitable parameters, while
only one pseudo-equilibrium exists in some parameter spaces, as shown
in Tables 8, 9 and 10. Among these pseudo-equilibria, some are stable
and can be the attractors of Filippov system (3), while the others are
unstable. In different parameter spaces, one or two of the seven possi-
ble sliding-mode regions X!, 32, 33, x4 55 51| 52 and ! | J =% exist
for Filippov system (3). So as the parameters vary, different sliding-
mode regions, regular equilibria and pseudo-equilibria appear, which
results in rich dynamics. In the following, we choose the competition
coefficients between AC-Ds and AC-Is «, # as 1.3 and 1.4, respectively,
while all other parameters except ET are fixed as in Table 1. Then, for
different threshold values ET, our targeted model (3) exhibits different
behaviour.

When the threshold value ET = 7.92, there are four equilibria
EO,Em,El” and E2” for system (3), as shown in Fig. 10(a). The
equilibria Ey; and E]7 are stable nodes, while E, and E]” are saddle
points. There is one sliding-mode region, 2 with only one point. For
convenience, we denote the stable manifolds of the saddle point E2”
as @) and @2. Thus @) and @? divide R? into two subregions. The
subregion consisting of all points above (resp. below) @i and 47% is
denoted as I, (resp. I'»,). We denote the initial point of system (3)
as Z = (X;o, Xy) in the following. Thus every trajectory starting from
Z, € I,; will tend to the regular equilibrium E,;, while every trajectory
starting from Z, € I, will tend to the regular equilibrium El’ I as
shown in Fig. 10(a). Hence, we have bistability of the equilibria E,
and E1” in system (3).

When the threshold value increases to ET 8, as shown in
Fig. 10(b), the unique sliding-mode region X? becomes longer, which
satisfies Condition H;. The regular equilibria Ey and E]' also are
attractors of Filippov system (3). In Fig. 10(c), the threshold value ET
increases to 8.83, and two sliding-mode regions X! and >? occur. Both
E, and El’ ! also exist, which are two stable nodes. There exists one
pseudo-equilibrium Ef’? for Filippov system (3), which is a saddle in
Case Q% on the longer sliding-mode region >2. Similarly, denote the

16

stable manifolds of pseudo-equilibrium E% as &, and @2, which divide
R%r into two subregions, I'y; and I,. Subregion I, (resp. I'};,) consists
of all points above (resp. below) tD,‘) and dbg. Hence every orbit starting
from all points Z, € I'; will tend to the regular equilibrium E,;, and
every orbit starting from all points Z;, € I'y, will tend to another regular
equilibrium EII I Thus, there are also two attractors, EII I'and Ey,, for
system (3).

When the threshold value ET increases to 9, as shown in Fig. 10(d),
the shorter sliding-mode region 251 in the above situation disappears,
and there is one sliding-mode region 2. The unique pseudo-equilibrium
Eg exists in the form of a saddle, and E,; and E[' are two attractors of
Filippov system (3). In Fig. 10(e), the threshold value ET continues to
increase to 9.53, and the sliding-mode region X still exists, but pseudo-
equilibrium E’; disappears and changes into a regular equilibrium E’,
which is a saddle. The regular equilibrium El’ ! changes into a boundary
equilibrium E}g, which is a stable node. Denote the stable manifolds of
real equilibrium E! as &} and ®?; they divide R2 into two subregions,
Iy, and I'y,, where I, (resp. I'},) consists of all points above (resp.
below) (D} and dif. Every orbit starting from all points Z, € I'; will
tend to the regular equilibrium E,;, and every orbit starting from all
points Z, € I';, will tend to the boundary equilibrium Ells' Hence, we
have bistability of the two equilibria, E 11; and E,, in system (3).

When the threshold value ET continues to increases to 10.5, as
shown in Fig. 10(f). A saddle EI’ and a stable node E; still exist.
Boundary equilibrium E}B disappears, and a stable pseudo-equilibrium
E¢ occurs. Every orbit starting from all points Z,, € I}, will tend to the
regular equilibrium E,, and every orbit starting from all points Z, €
Iy, will tend to the pseudo-equilibrium Ef. Hence we have bistability
of equilibria E¢ and E,, in system (3). For clarity, we summarize the
main result in Table 11.

According to the above analysis, the final population of prostate
cancer cells not only depends on the threshold level ET but also
depends on the population of AC-Ds and AC-Is at the initial moment.
Choosing a suitable threshold level ET can contain the population of
AC-Is at a very low level in patients whose population of prostate cancer
cells in their early treatment can very widely.

5. Discussion

Androgen-deprivation therapy (ADT) is the main method to control
prostate cancer, and many models have been established to study the
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Fig. 10. X,-X, phase plane for Filippov system (3), showing the global dynamics of Filippov system (3). Sliding modes are created, merge and change stability (thick grey lines).
The parameters are r; = 0.5, r, = 0.006, « = 1.3, p = 1.4, u = 0.5, d; = 0.064, m; = 0.00005 and K = 11. (a) ET =7.92, (b) ET =8, (c) ET =883, (d) ET =9, (e) ET =9.53, ()

ET =10.5.

effect of ADT in controlling the development of the prostate cancer.
These models mainly focus on the efficacy of continuous therapy, but
intermittent androgen-deprivation therapy (IADT) plays a vital role in
the treatment. In this study, we establish a type of novel non-smooth
model to mimic the effect of IADT to combat the development of ADT
by introducing a joint piecewise-defined control function. The joint
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control measure is defined as follows: ADT is carried out once the to-
tal population of androgen-dependent cells and androgen-independent
cells (AC-Is) of the patients exceeds the threshold value ET, while the
treatment is suspended once the population of cancer cells is below ET.

We first analysed the existence of all possible equilibria for the free-
subsystem and control-subsystem and then examined the dynamics of
the two subsystems. The sliding-mode region as well as the sliding
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Table 11
Attractors, attraction regions and sliding-mode regions for Filippov system (3) with the
variation of threshold values.

Threshold values Sliding-mode regions Attractors with attraction regions

ET =792 Z3(E}/E2) Ey (D), E['(In), E'@,J®})
ET =38 Zj Ey (Iy), E{I(Fzz)’ Ezu@équ)
ET =883 2z Eg(Ty), El'(Iy), EX@y o))
ET =9 x? Ep (L), El(Iy), E'@)®?)
ET =9.53 23 Ey (1)), E;;(FIZ)’ Ell(‘p; U‘D%)
ET =105 52 Ep(I), Eg(In),  Ej@; U

dynamics are discussed for the proposed Filippov system. We found that
seven possible sliding-mode regions may occur for our targeted system.
As the parameters vary, there are either one or two sliding-mode
regions for the targeted system. Two pieces of sliding-mode regions
coexist for system (3) if certain conditions are satisfied; while two other
pieces of sliding-mode regions exist if other conditions are satisfied. In
different parameter space, there are one, two or at most three pseudo-
equilibria for the targeted Filippov system. The most interesting is that
a total of three pseudo-equilibria can coexist under certain conditions;
one of these pseudo-equilibria is stable, while the other two pseudo-
equilibria are unstable. These three pseudo-equilibria also exist for our
targeted Filippov system when other conditions hold, where two of
them are stable and the other is unstable. The conditions and stability of
all pseudo-equilibria are shown in Tables 8, 9 and 10. Biologically, the
existence of a sliding-mode region provides the possibility of a rapid
alternation of initiating ADT while suspending ADT and vice versa,
which leads to shorter periods of both modalities. The existence of
a stable pseudo-equilibrium suggests that the population of prostate
cancer cells can be curbed at a predetermined level.

A series of boundary-equilibrium bifurcations — including a
boundary-node (focus) bifurcation, a boundary-saddle bifurcation and
a boundary-saddle-node bifurcation — occur for our targeted Filippov
system. In particular, as the threshold value ET increases from ET;
to ETs, two boundary-equilibrium bifurcations (i.e., a boundary saddle
bifurcation and a boundary-node bifurcation) occur for the targeted
Filippov system. As the threshold value ET varies, the number of
sliding-mode regions and tangent points will change, resulting in a
series of tangency bifurcations for targeted Filippov system. As ET
decreases from ET,, to ET,, the targeted Filippov system undergoes a
total of three tangency bifurcations, in which one sliding-mode region
changes to two sliding-mode regions, or these two sliding-mode regions
merge into one sliding-mode region, or the sliding-mode region shrinks
to a single point. These phenomena indicate that small changes in
the threshold value will cause substantial changes in the dynamic
behaviour of the targeted Filippov system. In particular, small changes
in ET result in a variation of the attractors or the sliding mode regions,
which suggests a variation of procession dynamics or a stabilized level
of the population of prostate cancer cells occurring as the threshold
value crosses the critical value.

Due to the complexity of the dynamics for Filippov system (3), it
is hard to theoretically determine the global dynamics in the whole
parameter space, and our numerical simulations show some special
cases, in which we have addressed the coexistence of three equilibria
as well as the bistability of two equilibria. With different threshold
values and initial states, the trajectory of the targeted Filippov system
ultimately approaches the trivial equilibrium, one of the regular equi-
libria, one of the boundary equilibria or the pseudo-equilibrium. The
main findings indicate that the population of AC-Is can be contained
at a relatively low level or a predetermined level if its initial value is
below the critical value and a proper threshold value is chosen. We can
further choose a threshold such that the rapid alternation of activating
ADT and suspending ADT is required for one period, two periods or no
period of time before the population of prostate cancer cells stabilizes.
This is related to studies focused on optimal schedules of treatment or
on whether cancer cells can be eliminated. For example, Pei et al. [20]
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proposed optimal durations of on- and off-treatment and chemotherapy
dosages. Hirata et al. [23] found that for those patients, the relapse of
prostate cancer can be delayed by IADT compared with CADT, but that
IADT cannot stabilize the origin where no cancer cells exist. In contrast
to these studies, we have proposed strategies to contain the prostate
cancer cells at a specified level when elimination is not possible.

Our model has several limitations, which should be acknowledged.
We ignore the possibility of back mutation in our model, which we
will consider in future work. Filippov systems are an approximate
description of the switching between two distinctive control measures
in the real world after a threshold is reached; a piecewise model with
a threshold window constituted by a lower threshold and an upper
threshold could better mimic real-world activation. This would result
in a system that is different and much less smooth than the Filippov
system. Treatment may also work asymmetrically for AC-Ds versus AC-
Is, which can be mimicked by a more detailed model and will be
addressed in a future study.

We focused on the effect of the IADT in controlling prostate cancer,
which leads to a Filippov model with a joint threshold. The main results
obtained in this work indicate that we can choose an appropriate joint
threshold such that as few AC-Ds mutate into AC-Is as possible and that
we can reduce the population of AC-Ds and AC-Is as much as possible
after IADT treatment. Designing such treatment schedules could greatly
ease the burden of prostate-cancer treatment and vastly increase patient
quality of life.
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Appendix A. Existence of pseudo-equilibrium for the case y, > 0

In the following, we examine the existence of all possible pseudo-
equilibria and their stability for y, < 0 by implementing a similar
analysis for the case y, > 0. In this case, there are also three scenarios.

Case P;: yp < 0,N < 0. In this case, there also exist three roots
X{, X lb and X i for I'(X,) = 0, and we have the following four further
possibilities to consider according to the sign of y; and y,.

Case Pllz y3 > 0,7, > 0. In this case, two negative roots and one
positive root (i.e., Xf) exist for I'(X,) = 0 since X7+ Xi’ +X7<0 and
X7 X f - X{ > 0. Performing a similar analysis to Case Q,, we get the
detailed conditions for the existence of one positive root and describe
them in Table 12.

Case Plz: 73 > 0,7, < 0. In this case, there exist two negative roots
and one positive root (i.e., X{) or three positive roots (i.e., X{, X {’ and
le) since X7 +X{’ +X7>0 and X7 X{’ - X{ > 0. One positive root or
three positive roots exist if one of the following conditions are satisfied:
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Table 12
Conditions for the existence of one positive root in Case P/.
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Table 14
Conditions for the existence of two positive roots in Case P}.

721 > 0,75 >0, for all ET
Y21 > 0,759 <0, ET>—Q

a<l,p<l1
721 <0, 920>00<ET< ;“
21
— _
N <0,70<0 ET=-7
721 > 0,75 > 0, for all ET
pely
w1051 721 > 0,759 <0, ET > —
721 <0, 920>00<ET< o
ET=-2 "
Y21
Table 13
Conditions for the existence of positive roots in Case P]z.
Conditions Number of
roots
Va1 > 0,72 < 0,0 < ET < =12
i
a<Lf<lLy <0 4 <0,79>0ET>— ;2“
21
721 < 0,759 <0, for all ET One
Y21 > 0,75 <0,0< ET < =12
a>1,p>1y <0 <0,759 > 0,ET > -1
Yo <0,N <0 721 720
721 < 0,75 <0, for all ET
721 > 0, 1/20<00<ET<—m
2
a<Lp<Ly>0 4 <0,759>0, ET>—M
721 < 0,759 <0, for all ET Three

>0y20<00<ET<—J
<0,7,>0,ET > -2
21 < 0,75 <0, for all ET

a>1,>1,y,>0

ca<l1,p<lyy >0,y20<0,0<ET<—;2—°,
21

ca<l,f<lyy
ca<lf<lyy

< 0,759 <05
< 0,75 >0, ET > —:2—0,
21

ca>1,5> 1,7 >0,7<0,0< ET<—§2—°
21

ca>1Lp>1yy
ca>1,0>1yy

< 0,759 <05
<0,y20>0,ET>—:2—°
21

By solving I''(X,)
smaller of which is

2=y }’22 —-3rn

373

If X ;2 < 0, there is one positive root for (13), while there are three
positive roots if X], > 0. Direct calculation yields that X}, < 0 for
r1 < 0and X}, > 0 for y; > 0. Concluding the above discussion, we
derive the conditions for the existence of one positive root, which we
denote as P?!', and the conditions for three positive roots, which we
denote as Pi2 and summarize them in Table 13.

Case P 73 < 0,7, < 0. In this case, there exist one negative root and
two pos1t1ve roots (i.e., X{ and X b) or three negative roots. Whether
there are two positive roots in this scenario depends on the sign of the
larger root of I'"(X) = 0; i.e.,

72—y 7’22 =313

3]/3

If X ;2 > 0, there are two positive roots. X {2 > 0 if y; > 0, so we denote
the conditions (y; < 0,N < 0,53 < 0,7, < 0,y; > 0) for two positive
roots as P131. Similarly, we obtain the conditions for the existence of
two positive roots and summarize these results in Table 14.

Case P 73 < 0,7, > 0. Similarly, there exist two positive roots
(i.e., X a and X b) and one negative root for (13). We derive the condi-
tions to guarantee the existence of two positive roots and summarize
them in Table 15.

Case P,: When N =0, there are three real roots for (13). There are
a total of two distinct real roots, including a root of multiplicity two

= 0 with respect to X;, we get two roots, the

!
X12

!
X12

19

Y21
1631
721

>0y20<00<ET<—ﬁ
7

<Oy7(,>0ET>—U

< 0,7, <0, for all ET

a>1,p<1,y, >0

70 <0,N <0

1631
721
721

> 0,759 <0,0< ET < =12
< 0,75 >0, ET > — iz“ "
< 0,7, <0, for all ET

a<l,p>1,y,>0

Table 15
Conditions of the existence of two positive roots in Case Pf.

721 > 0,75 > 0, for all ET
Va1 > 0,759 < 0, ET > —12

a>1,p<1
721 <0, yzo>00<ET< )
21
— _ o
7% <0,N <0 ET P
721 > 0,75 > 0, for all ET
<0,ET > -2
a<lp>1 Y21 > 0,75 <0, >-n
V21 < 0,75 >0,0< ET < -2
Table 16

Conditions for the existence of two distinct positive real roots for Case P,.

> 0,750 <0,0< ET < -2

721

< 0,7, <0, for all ET
<0,759>0,ET > -1

Y21
721
721

a<l,p<ly; >0

Y0 <O0,.N =0,n; #0,ny #0

721

Y21
Y21

> 0,75 < 0,0 < ET < —;ﬂ
2

< 0,75 <0, for all ET

< 0,75 > 0,ET > —%

21

a>1,>1,y,>0

and a single root if we further have n; # 0,n, # 0; otherwise, there is
only one real root which is of multiplicity three. Similar to Case P;, we
get the conditions for the existence of two distinct real roots X A , X{ or
XIB, Xl’ which are N = 0,5y < 0,n; # 0,15 # 0,7, > 0,73 > 0,)/2 < 0.
We summarize them in Table 16. For convenience, we denote them as
Condition le below. We similarly get the conditions for the existence
of only one positive real root of multiplicity three X 1D by replacing the
conditions n; # 0,ny # 0 with n; = 0,ny; = 0. We denote this set of
conditions as P22 below. Similarly, there is only one positive root X{ if

N =0,y <0,ny #0,n5 #0,73 > 0,7, >0
or
N =0,y <0,ny #0,n5 #0,7; < 0,73 > 0,7, <0

holds true, which we denote as Q; and Q‘Z‘ below. There exists one
positive root X/ of multiplicity two, if

N =0,y <0,n; #0,n5 # 0,73 <0,7, <0
or
N =0,y <0,n; #0,ny #0,7, <0,73 <0,7, 20

holds true, which we denote as Q] and 0.

Case P;: When N > 0, there is one real root and two imaginary
roots for I'(X,) = 0. According to (14), the unique real root of (15) is
positive when y; > 0. Direct calculation gives y; > 0 if a > 1,5 > 1 or
a<l,p<l.

Appendix B. Existence of pseudo-equilibrium for the case y, = 0

We next examine the existence of pseudo-equilibria for the Filippov
system (3) when y, = 0. To this end, it is necessary to solve the positive
root of Eq. (13). We only need to analyse the positive roots of the
following equation

BXT+nX! +r =0 22)
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Denote Q = y22 —4y37,. When Q > 0, there are two roots X H and X lf for
(22), while there is only one root X IE if y, = 0, where

2 2
., ThTy\n — 4731 ;T +4/1; —4rn —

Xj=—— — X :T’ XP =7
3 3 3
which satisfy X7 + X /= Z X7+ X, I = y . So we have five further
cases to con51der accordlng to the SIgn of y;,7, and 3.

Case M;: y3 > 0,7, > 0. In this scenario, we have X} + X lf < 0 since
—7—2 < 0. When 7, > 0, we have X? - X{ > 0 since % > 0, so both X¢
and X lf are negative. When y, < 0, we have X' TX lf < 0, so there is one
positive root X lf and one negative root X' f for (22). We denote these
conditions (yy = 0,2 > 0,73 > 0,7, > 0,7, < 0) for the existence of one
positive root (i.e., X;) as Case M 11 Further investigation yields that
X { is a positive root for (22) if « < 1,4 < 1 and one of the following
conditions holds:

(M) 721 > 0,79 > 0;
(M) 721 > 0,7 <0, ET>—y

(Mf) 15y <0, y20>00<ET<—720
721

We similarly derive that X' lf is the unique positive rootif « > 1, § > 1
and one of (M), s € {a,b,c} is true.

Case M,: y3 > 0,7, < 0. In this scenario, X7 + X ]f > 0 since

:—2 > 0. When y; > 0, we have X7 - Xf > Osmce ;—; > 0, so both

X7 ¢ and X I are positive roots of (22). When y; < 0, it follows that
X ‘ - X S < 0 since y—l < 0, so there is only one positive root X I of
(22) We denote the condltlons to guarantee two positive roots (resp
one positive root) — i.e., y, = 0,2 > 0,3 > 0,7, < 0,7, > 0 (resp.
7o = 0,2 > 0,73 > 0,7, < 0,7, < 0) — as Case M, (resp.M;). There
are two (resp. one) positive roots — i.e., X' f and X 1f (resp. X f ) —if
a <1, < 1,7, >0 (resp. y; < 0) and one of the following cond1t1ons
hold:

(M2) 731 > 0,75 < 0,0 < ET < —12;

(M?) y21 < 0,75 <0, for all ET;

ME < 0,750 >0, ET > —120,
(M3) 721 720 o

Similarly, X' ‘f and X lf are positive roots for (22) if « > 1,4 > 1 and

7, > 0, while only le is a positive root for (22) if « > 1,5 > 1 and
71 <O.

Case Mj: y3 < 0,7, > 0. In this scenario, we have X7 + X, /> 0 since

:—2 > 0. If we further have y; > 0, then X¢ - Xf < 0 since ;—1 <0,

so there is only one positive root X I of Eq. (22). If we have y; < 0,
then X7 - X, /> 0since & > 0, so both X7 and X / are positive roots
of Eq. (22) We 51m11arly denote the condltlons for one positive root
(resp. two positive roots) — i.e., yy = 0,2 > 0,73 < 0,57, > 0,7; > 0
(resp., yo = 0,2 > 0,y3 < 0,7, > 0,7; < 0) — as Case M31 (resp. M32)
below. There are two positive roots (X¢, X lf Jof (22)ifa > 1, < 1,y <
0 and one of the following conditions hold:

(M3) 721 > 0,759 <0, for all ET;

(M ) 721 > 0,759 <O, ET>—y

(M) 721 <0, y20>00<ET<—72‘1J

We similarly find that there are also two positive roots X7 and X s
of (22) if « < 1, > 1,7; < 0 and one of (MS) s € {a,b,c} are true,
there is one positive root Xf of (22) if y; > 0, > 1, < 1 and one of
(M3S), s € {a,b,c} are true; X { is also the unique positive root for (22)
ify; >0,a < 1,5 > 1 and one of (M;),s € {a, b,c} are true.

Case My: 3 < 0,7, <0. In this scenario, X{ +le < 0 since —;—2

If we further have y; > 0, then X7 - Xf < 0 since :—‘
3

exists one positive root X; ¢ of (22). If y; < 0, we have X; ¢ Xy /5 0 since

:—‘ > 0, so both X, / and X /" are negative. We denote the cond1t1ons
3

70 =0,2> 0,73 < 0, 7, < 0, 71 > 0 as Case MJ. There is one positive
root X f of (22) ifa < 1,8 > 1,7, > 0 and one of the following conditions
hold:

(M) 721 > 0,75 < 0,0 < ET < -%,

< 0.
< 0, so there
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(M) 721 < 0,759 <0, for all ET'

(M ) 721 < 0,759 > 0, ET > —

Slmllarly, ifa>1,8< 1,y > O and one of (M}),s € {a,b,c} are
true, X f is the unique positive root for (22).

Case Ms: y, = 0. When ET = —YZ—" , we have y, = 0. Thus, there exists

one positive root XF if y3 - y; < 0 and ET = -0

Direct calculation

yields that X £ is positive if one of the followmgycondmons holds:
(M5)72 = 0,)/3 <0,7,>0;
(M3)y, = 0,73 > 0,7, <0.
The detailed conditions can be obtained similarly to Case M,.
Case Mg: 22 = 0. In this scenario, there exists one root X f = —"723. It

is easy to see that X f is positive if y, - y; < 0. We denote the conditions
for the existence of positive root X ]F (e, 79=0,2>0,9,-73 <0) as
Case M.
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