The disease-free equilibrium satisfies M = Q/um, X v = [7(u(l —ep) + )]/
(i +w)], Xy = epn/(u+w) and N = Yy = Yy = Quy = Qv = 0.

Thus, the proportion of the population that is successfully vaccinated, S, satisfies
S = Xv/(Xu + Xv) = epp/(n + w). In particular, Xy = (n/p)(1 — ) and
Xy = (/w)S.

At the disease-free equilibrium, the Jacobian matrix is J =

m 0 0 0 —BuM —BuM 0 0
0 —Um 0 0 BuM  BuM 0 0
0 —BuXy —u o hy 0 Su 0
0 —(1—v)ByXy 0 —p—w 0 hy 0 Sy
0 BuXu 0 0 —&y w 0 0
0 (I1—v)BuXy O 0 0 —¢&y—w O 0
0 0 0 0 oy 0 —u — 8y w
Y 0 0 0 0 ay 0 —u =8y —w |

Thus,det(J — Al) = —(upy + AN)(n+AN)(n+ o+ A)(u+ 8y + A)(u + 8y +
w + A)det M, where

—um — AN BuM BuM
M = PuXuy — —su—A w
1—-v)pvXy 0O —fy —w— A

Thus, the largest eigenvalue for J will be the largest eigenvalue for M. The vanish-
ing determinant condition gives —upéy (§v + o) + (1 — ¥)ByfuwXvM + (1 —
V)éuBvBuXvM + (§v + w)BuBmXuM = 0. Hence,

(I =v)BvBuM(Ey + w))_(v 4 ,BU,BMMX
upéu Ey + o) wméu

v=1.

If there is no vaccine, S = 0, so X vy = 0, )_(U = m/m and hence the vanish-
ing determinant condition gives Ry = 7w QByPm/ MM%WSU. If the entire population is
successfully vaccinated, S = 1 and w = 0, so X v = 1/u1, X v = 0 and hence the
vanishing determinant condition gives Ry = (1 — ¥)(w QLBv Bum/ ,u,u%wév). Thus, the
population reproduction number is Rp = (1 — S)Ry + SRy .

To estimate the minimum coverage levels p. for an imperfect disease-modifying
vaccine, when Rp = 1, this last equation can be rearranged to produce

S = €Pcb 1 — Ry
n+o Ry —Ro’




Thus, the threshold disease-modifying vaccine coverage level is

G )+ vy +ay +h)luwd,(w+ yu + oy +hy) — BuBuSr]
euBuQr (1 —yv)Bv(u+yu +av +hy) — Bu(n + yv +ay + hy)l

Vaccination programs whose coverage levels exceed this proportion of the population
are likely to eradicate the disease.

Once a vaccine is introduced, the number of secondary infections will increase
if Rp > Ro (i.e., if the population reproduction number after the introduction of a
vaccine is greater than the reproduction number currently). This occurs when

(I —=S)Ro+ SRy > Ry
Bv 3%

>
Bu (1—¥) &y



