
Mathematically, our model is represented as follows:

dCU
dt

= πW (1− εp)− αCU − µCCU

dCV
dt

= πW εp− αCV − µCCV

dAU
dt

= αCU − f(ε̄p̄)AU − µAU − βNAUN

dAV
dt

= αCV + f(ε̄p̄)AU − µAV − (1− ψ)βNAVN

dIU
dt

= βNAUN − µIU

dIV
dt

= (1− ψ)βNAVN − µIV

dM

dt
= πM − βMIUM − µM − βMIVM

dN

dt
= βMIUM − µN + βMIVM .

with the function f given by

f(ε̄p̄) =
cε̄p̄

1− ε̄p̄+ γ
.

The disease-free equilibrium satisfies

C̄U =
πW (1− εp)

α + µC

C̄V =
πW εp

α + µC

ĀU =
αCU
f + µ

ĀV =
αCV + fAU

µ

M̄ =
πM
µ

and ĪU = ĪV = N̄ = 0. We assume 0 ≤ ε, ε̄, p, p̄ ≤ 1. All other parameters
are assumed to be positive.
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At the disease-free equilibrium, the Jacobian matrix is

J =



−µC − α 0 0 0 0 0 0 0
0 −µC − α 0 0 0 0 0 0
α 0 −f − µ 0 0 0 0 −βNAU
0 α f −µ 0 0 0 −(1− ψ)βNAV
0 0 0 0 −µ 0 0 βNAU
0 0 0 0 0 −µ 0 (1− ψ)βNAV
0 0 0 0 −βMM −βMM −µ 0
0 0 0 0 βMM βMM 0 −µ


.

Then det(J − λI) = (−µC −α− λ)2(−µ− λ)2(−f − µ− λ) detM , where

M =

 −µ− λ 0 βNAU
0 −µ− λ (1− ψ)βNAV

βMM βMM −µ− λ

 .
Thus, the largest eigenvalue for J will be the largest eigenvalue for M

and so we can reduce the problem to solving

λ3 + αλ2 + βλ+ γ = 0

where

α = 3µ

β = 3µ2 − (1− ψ)βMβNMAV + βNAUβMM

γ = µ3 − (1− ψ)µβMβNMAV + µβNAUβMM .

By the Routh-Hurwitz condition, all roots will have negative real parts if
α > 0, γ > 0 and αβ − γ > 0. Clearly α > 0. We can write the third
condition as

αβ − γ = 6µ3 + 2γ ,

which will be positive if γ > 0. Thus, all roots will have negative real part if

µ2 − βNβMM [AU + (1− ψ)AV ] > 0 .

Solving for εp in terms of ε̄p̄ and substituting equilibrium values, our
eradication threshold is thus

εp =
1

ψµ

[
µ+ f(ε̄p̄)(1− ψ)− µ4(µ+ f(ε̄p̄))(α + µC)

βMβNπMπWα

]
, (1)
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with

f(ε̄p̄) =
cε̄p̄

1− ε̄p̄+ γ
.

Differentiating (1), we have

∂p

∂p̄
=

cε̄(1 + γ)

εψµ(1− ε̄p̄+ γ)2

[
(1− ψ)− µ4(α + µC)

βNβMπMπWα

]
.

It follows that there is a critical vaccine efficacy ψ∗, satisfying

ψ∗ = 1− µ4(α + µC)

βMβNπMπWα

such that if ψ < ψ∗, then eradication of targeted types is not possible. Thus,
even if the vaccine mounts an immune response 100% of the time and we can
vaccinate 100% of the population, if the efficacy is below this threshold, then
the disease will persist.

By setting p = 1 and p̄ = 0, it also follows from (1) that there is a critical
immunogenicity value ε∗, satisfying

ε∗ =
1

ψ

[
1− µ4(α + µC)

βNβMπMπWα

]
such that if ε < ε∗, then even 100% childhood vaccination coverage will not
eradicate targeted types of the disease.

From (1), when p = 1, we have

ε = ε∗ +
f(ε̄p̄)

ψµ

[
(1− ψ)− µ4(α + µC)

βNβMπMπWα

]
.

Define

θ ≡ ψµ(ε∗ − ε)
µ4(α+µC)

βNβMπMπWα
− (1− ψ)

.

For ψ > ψ∗, and ε < ε∗, θ > 0. It follows that the minimum level of adult
vaccination required for eradication of targeted types, p̄∗, satisfies

p̄∗ =
θ(1 + γ)

ε̄(c+ θ)
.
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Since θ > 0, it follows that p̄∗ > 0. If the immunogenicities ε and ε̄ are not
too small, then p̄∗ < 1 (since γ is small). Note that we are not assuming that
childhood immunogenicity is necessarily the same as adult immunogenicity.
Thus, if childhood immunogenicity is below ε∗ (but not so small that the
vaccine is nonfunctional), then there is a minimum level of adult vaccination
coverage that must be achieved for eradication of targeted types.

To examine sensitivity of results on parameter variation, we used the
output parameter as the proportion of adults who should be vaccinated in
order to eradicate targeted types. Thus, rearranging equation (1), we have

p̄ =
δ(1 + γ)

ε̄(c+ δ)
,

where

δ =
βMβNπMπWα

(1− ψ)βMβNπMπWα− µ4(α + µC)

(
εµψp+

µ5(α + µC)

βMβNπMπWα
− µ

)
.
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