




At the disease-free equilibrium, ⌅ = 0, since YU =
YV = 0. Clearly dYV /dt = dYU/dt = dA/dt = 0.
Thus, the remaining nonzero equations satisfy

dX/dt = (1� ⇤p)⌃ � µX + ⌥V
dV/dt = ⇤p⌃ � µV � ⌥V .

From the second equation,

V̄ =
⇤p⌃

µ + ⌥
.

We then have

X̄ =
1

µ

�
(1� ⇤p)⌃ +

⇤p⌃⌥

µ + ⌥

⇥

=
1

µ

�
⌃µ� ⇤p⌃µ + ⌃⌥

µ + ⌥

⇥

X̄ + V̄ =
1

µ

�
⌃µ� ⇤p⌃µ + ⌃⌥ + ⇤p⌃µ

µ + ⌥

⇥

=
⌃

µ
.

Thus, the probability of “successful” vaccination is

S =
X̄

X̄ + V̄

=
⇤pµ

µ + ⌥
.

If there is no vaccination, then (ignoring the AIDS
equation, which decouples from the others), the system
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simplifies to

dX/dt = (1� ⇤p)⌃ � µX � �cX
dYU/dt = ⌅cX � (µ + ⇥U )YU .

Note that
 ⌅

 X
=

N �X

N2

 ⌅

 YU
= �U

N � YU

N2 .

Then the Jacobian is

J =

⇤
�µ� ⌅N�X

N2 cX � ⌅c ��U
N�YU

N2 cX

⌅c + ⌅N�X
N2 cX �U

N�YU
N2

cX � µ� ⇥U

⌅
.

At the disease-free equilibrium, YU = 0, ⌅ = 0 and
X = N . Thus

J |
DFE

=

�
�µ ��Uc
0 �Uc� µ� ⇥U

⇥
.

It follows that

R0 =
�Uc

µ + ⇥U
.
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For the entire system, we have

J
��

DFE
=

⌅

�����⌃

�µ ⌃ �⇥V cX
N �⇥UcX

N 0
0 �µ� ⌃ �(1� ⇧)⇥V cV

N �(1� ⇧)⇥UcV
N 0

0 0 (1� ⇧)⇥V cV
N � µ� ⇤V (1� ⇧)⇥UcV

N 0
0 0 ⇥V cX

N ⇥UcX
N � µ� ⇤V 0

0 0 ⇤V ⇤U �µ� �

⇧

     ⌥
.

The disease-free equilibrium is stable if

det

⇥
(1� ⇧)⇥V cV

N � µ� ⇤V (1� ⇧)⇥UcV
N

⇥V cX
N ⇥UcX

N � µ� ⇤V

⇤
< 0 .

Equivalently,

�(1� ⇧)⇥V c
V

N
(µ + ⇤U )� ⇥Uc

X

N
(µ + ⇤V )

+(µ + ⇤U )(µ + ⇤V ) < 0

Rp ⇤
⇥Uc

µ + ⇤U
· X

N
+

(1� ⇧)⇥V c

µ + ⇤V
· V

N
< 1 .

We have

S =
V

X + V
=

V

N

1� S =
X + V � V

X + V
=

X

N
.

It follows that

Rp = S(1� ⇧)RV + (1� S)R0 .
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N
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S =
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It follows that
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3
For perversity where the infected unvaccinated change their behavior by a 

multiplicative factor  and the infected vaccinated change their behavior by a 

multiplicative factor , we require  
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Thus if  then  is increasing with respect to , whereas if the reverse inequality 

holds, then  is decreasing with respect to . Thus, the behavior changes in the 

unvaccinated are a critical determinant of the epidemic control strategy for vaccines that 

offer a low degree of protection. 
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