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Abstract Prey refuge from predators can play an important role in stabilising an ecological system

by reducing interactions between species, while Allee effects can arise from a range of biological

phenomena, such as anti-predator vigilance, genetic trends and feeding deficiencies. We develop

a predator–prey model that combines these phenomena, considering variable prey refuge with addi-

tive Allee effect on the prey species, with a Holling type II response function for the prey growth

function. We use the predator and prey nullclines to determine the existence and stability of interior

equilibria. We also investigate all possible local and global bifurcations that the system could

undergo, showing that prey refuge and a strong Allee effect can lead to saddle-node bifurcations,

Hopf bifurcations or Bogdanov–Takens bifurcation. We have investigated the appearance of Hopf

bifurcations in a neighborhood of the unique interior equilibrium point of the dynamical system.

The rich behaviour of the dynamics suggests that both prey refuge and a strong Allee affect are

important factors in ecological complexity.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The dynamical relationship between prey and their predators is

one of the dominant themes in ecology due to its universal
existence and importance [25], with predator–prey interaction
one of the most extensively studied issues in the ecological
and mathematical literature [24].

Ecological models are often used to simulate the dynamics

of a system of interacting populations. Lotka [13] and Volterra
[40] proposed the classical predator–prey models, which repre-
sent the basis of mathematical ecology. Numerous mathemat-

ical models have been developed according to the framework
of the pioneering work of Lotka and Volterra. In a preda-
tor–prey model, the functional response represents the prey
consumption rate by a predator. Besides the response function,

many other factors influence the dynamics [44] of interaction,
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such as prey refuge [18,39], harvesting [15], sickness and the
Allee effect [38,33,45,16,6,46].

Prey refuge plays an important role in stabilizing an ecolog-

ical system by reducing the encounter rate between predator
and prey. Two types of refuge are standard: one for which
the amount of refuge is proportional to the prey volume, with

the remaining prey available for predation. In the other, the
prey refuge is a fixed quantity. In case of constant refuge,
the stable Lotka–Volterra dynamical system is not affected.

However, an extensive refuge replaces the limit cycles with a
stable equilibrium [9,34].

Generally, the effects of prey refuge (cf. Saha et al. [27]) on
the interacting population dynamics [41,29] are considered via

a predator–prey model [28,12] incorporating a constant pro-
portion of prey refuge with a Holling type II response function
[10,11,43]. We also investigate the population outcomes of

refuge used in the Lotka–Volterra model comprising self
restriction when refuge is proportional to the interactions
between predator and prey.

In addition, the Allee effect may appear due to an extensive
range of biological phenomena, like reduced anti-predator vig-
ilance, genetic trends, mating difficulty and feeding deficiency

at low population densities [3,19]. Pal and Mandal [20] ana-
lyzed a modified Leslie–Gower predator–prey model where
the growth function of prey population was governed by a
multiplicative strong Allee effect, with a Beddington–DeAnge-

lis response functional [22,21]. Cai et al. [4] analyzed a modi-
fied Leslie–Gower predator–prey model with additive Allee
effect using a Holling type II functional response. One of their

most interesting findings is that the Allee effect can increase the
risk of ecological extinction. Thus, the combined impact of
Allee effects and prey refuge on population dynamics of preda-

tor–prey interactions may lead to a better understanding of
conditions that may lead to species extinction. Consequently,
we consider a predator–prey model with Holling type II func-

tional response and an additive Allee effect on the prey growth
function.

Our paper is organized as follows: In Section 2, we develop
the baseline model and add the Allee effect and refuge. In Sec-

tion 3, we present preliminary results, such as equilibria,
boundedness, persistent and permanent of the system. In Sec-
tion 4, we determine the local stability of each of the equilibria.

In Section 5, we established criteria for local and global bifur-
cations using center-manifold and normal-form theory. In Sec-
tion 6, we illustrate our theoretical results with numerical

simulations. Finally, in Section 7, we discuss the implications
of our results.
2. Model formulation

We develop a modified Lotka–Volterra model with self-
limitating growth. We first consider refuge to be directly pro-
portional to the interaction between predator and prey. Let

xðtÞ and yðtÞ be the prey and predator populations, respec-
tively, with xr the amount of refuge admissible for t P 0 with
0 6 ðx� xrÞ 6 x. We use the Holling type II response function
mx
aþx

to model the effect of predator saturation, which is experi-

enced when a large volume of prey are available [5,36]. During
the interaction between predator and prey, some prey can

escape from predation. Taking into account the refuge func-
tion determined by xr ¼ dxy, our baseline model is as follows:
dx

dt
¼rx 1� x

K

� �
� mðx� xrÞy
aþ ðx� xrÞ ; ð2:1aÞ

dy

dt
¼ emðx� xrÞ

aþ ðx� xrÞ � d

� �
y: ð2:1bÞ

Next, we incorporate an additive Allee effect term n
xþh

, extend-

ing model (2.1) to

dx

dt
¼rx 1� x

K
� n

xþ h

� �
� mx 1� dyð Þy
aþ xð1� dyÞ ; ð2:2aÞ

dy

dt
¼ emx 1� dyð Þ

aþ xð1� dyÞ � d

� �
y; ð2:2bÞ

where r is the intrinsic growth rate of the prey, K is the carry-

ing capacity, m is the prey consumption rate by the predator, d
is the coefficient of prey refuge, a is the half-saturation con-
stant of the prey, e is the conversion efficiency and d is the nat-

ural mortality rate of the predator. Finally, n and h describe
the degree of the Allee effect. For ecological realism, we
restrict d such that ð1� dyÞ P 0 [17,8].

The Allee effect is strong if the condition 0 < h < n holds; if
the condition 0 < n < h holds, then it is a weak Allee effect.
Biologically, a strong Allee effect implies that losses from the

undercrowding at low levels outweigh gains; a weak Allee efect
does not have this requirement [7]. We chose to use the addi-
tive term n

xþh
as it is the simplest form that gives both a strong

and weak Allee effect.

3. Preliminary analysis

3.1. Invariance of the domain X of the system (2.2)

The set X ¼ fðx; yÞ 2 R2
þ : 0 6 x 6 K; 0 6 y 6 1

dg is invariant

in the region X. Assuming ð1� dyÞ > 0, then
dx
dt
¼ �mxð1�dyÞy

aþxð1�dyÞ < 0 at x ¼ Kand dy
dt
¼ �d

d < 0 when y ¼ 1
d. Hence

the trajectories cross into the interior of X. The axes

x ¼ 0; y ¼ 0 are invariant. In addition, the set

X ¼ fðx; yÞ 2 R2
þ : 0 6 x 6 K; 0 6 y 6 1

dg is compact and

invariant.
3.2. Uniform boundedness

To show that the system is uniformly bounded, we define

K ¼ xþ 1
e
y for 0 < e < 1. If we choose d > p > 0, then the fol-

lowing inequalities hold:

dK
dt

þ pK ¼ rx 1� x

K
� n

xþ h

� �
� dy

e
þ pxþ py

e

6 r

K

ðrþ pÞK
r

� x

� �
x 6 Kðrþ pÞ2

4r
� /:

Since x 6 K, by differential inequality theory [2], we can write

0 < Kðx; yÞ < /ð1� e�ptÞ
p

þ K xð0Þ; yð0Þð Þe�pt:

When t ! 1, we have 0 < K < /
p
. Then all solutions of (2.2)

that start in R2
þ are enclosed in the domain

X ¼ ðx; yÞ 2 R2
þ : K ¼ /

p
þ �

n o
, where � is a small positive

quantity.
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3.3. Feasible equilibria

The following conditions hold for system (2.2)

(a) The trivial equilibrium E0 ¼ ð0; 0Þ is always feasible.
(b) The axial equilibria are E� ¼ ðx�; 0Þ, where

x� ¼ ðK�hÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK�hÞ2�4Kðn�hÞ

p
2

. E� are feasible if K > h and

ðK þ hÞ2 > 4Kn.
(c) The interior equilibrium point E� ¼ ðx�; y�Þ is feasible if

em > d and x� > ad
em�d hold, where y� ¼ ðem�dÞx��ad

dðem�dÞx� and x�

is the root of the equation

A4X
4 þ A3X

3 þ A2X
2 þ A1Xþ A0 ¼ 0;
where
A4 ¼ �derðem� dÞ;
A3 ¼ Kde2mr� de2hmr�Kdderþ ddehr;

A2 ¼ Kde2hmr�Kde2mnr�KddehrþKddenr�medKþKd2;

A1 ¼ �KdehmþKad2 þKd2h;

A0 ¼ Kad2h:
It is very difficult to define parametric conditions for the
existence of the actual number of coexistence equilib-
rium points, though the possible number of positive
coexistence equilibrium points can be described through

the comparative positions of the non-trivial nullclines;

i.e., 1
x

dx
dt
¼ 0 and 1

y
dy
dt
¼ 0 as presented in Fig. 1.
3.4. Persistence

Proposition 1. The system is persistent for the weak Allee effect

if ðiÞ rðh� nÞ > dh and ðiiÞ x� > ad
em�d are satisfied.

Proof. Consider a Lyapunov function Vðx; yÞ ¼ xy. Then

Dðx; yÞ ¼
_Vðx; yÞ
Vðx; yÞ ¼

_x

x
þ _y

y

¼ r 1� x

K
� n

xþ h

� �
þ mð1� dyÞ
aþ xð1� dyÞ ðex� yÞ � d:

For the weak Allee effect ðn < hÞ, the mean individual fitness
of a population is reduced but always positive at lower popu-
lation volumes. The value of D at the trivial equilibrium point

is Dð0; 0Þ ¼ rð1� n
h
Þ � d > 0 if the condition rðh� nÞ > dh

holds.

For the axial equilibria ðx�; 0Þ, we have

Dðx�; 0Þ ¼ emx�

aþ x� � d > 0;

if x� > ad
em�d

. Hence the system is persistent for the weak Allee

effect.

Note: For the strong Allee effect ðn > hÞ, we have

Dð0; 0Þ < 0, so there exist a critical population volume under
which the mean individual fitness of a population is negative
and the population will go extinct.
3.5. Permanence

Proposition 2. The system is permanent if the condition

K 1� m
adr þ n

h

	 
� �
> 0 holds.

Proof. We can choose xðtÞ 6 K for all t > 0 and, from (2.2b),

we can write

dy

dt
6 emx 1� dyð Þ

aþ xð1� dyÞ
� �

y 6 kemð1� dyÞy
a

6 kemd
a

1

d
� y

� �
y:

It can be easily shown that

lim sup
t!1

yðtÞ 6 1

d
:

From (2.2a), we have

dx

dt
¼ rx 1� x

K
� n

xþ h

� �
� mx 1� dyð Þy
aþ xð1� dyÞ

P
rx

k
K 1� m

adr
þ n

h

� �� �
� x

n o
P

rx

k
ðx0 � xÞ;

where x0 ¼ K 1� m
adr þ n

h

	 
	 

> 0. Using (2.2b), we have

dy

dt
¼ emx 1� dyð Þ

aþ xð1� dyÞ
� �

y P
emdx0

aþ k
y y0 � yð Þ;

where y0 ¼ emx0�dðaþkÞ
demx0 > 0. Choosing a small positive quantity �

satisfying � < min x0; y0ð Þ, it can be concluded that

lim inf
t!1

xðtÞ > � and lim inf
t!1

yðtÞ > �:
4. Stability analysis

We have the following results:

(i) The eigenvalues of the Jacobian matrix J (see Appendix

A.1) at E0 ¼ ð0; 0Þ are � r n�hð Þ
h and �d. Therefore, the

trivial equilibrium point E0 ¼ ð0; 0Þ is locally asymptot-
ically stable if n > h (strong Allee effect) and unstable if

n < h (weak Allee effect).

(ii) The axial equilibrium points E� ¼ ðx�; 0Þ are locally
asymptotically stable if

x� <
ad

em� d
and
x�3 þ �K=2þ 2hð Þx�2 � h K� hð Þx� þ 1=2Kh n� hð Þ > 0:
(iii) Evaluating the Jacobian matrix at the interior equilib-

rium point E� ¼ ðx�; y�Þ, system (2.2) is locally asymptot-
ically stable if the condition

d < min
Kemdx� x� þ hð Þ2 em� dð Þ

d1
;
d2
d3

 !
is satisfied, where the values of d1; d2 and d3 are given in

Appendix A.2.
The stability conditions for all equilibria are detailed in

Table 1.



Table 1 Schematic presentation of analytical findings at all equilibrium points. LAS = locally asymptotically stable, SN = saddle-

node bifurcation, HB = Hopf bifurcation.

Equilibria Existence condition Necessary condition Nature

E0 – n > h LAS

Eþ
K > h; ðKþ hÞ2 > 4Kn xþ < ad

ðem�dÞ LAS

E� n > h x� < ad
ðem�dÞ LAS

E�
x� > ad

ðem�dÞ d < min Kdemx� x�þhð Þ2 em�dð Þ
d1

; d2d3

� �
LAS

E�
x� > ad

ðem�dÞ dsn ¼ 0:1015 SN

E�
x� > ad

ðem�dÞ dhb ¼ 0:0927 HB

Fig. 1 Possible number of positive interior equilibrium points for different values of the predator mortality rate d. (a) No interior

equilibrium point in the feasible region for d ¼ 0:0035. (b) Three equilibria for d ¼ 0:00446. (c) There exist two equilibria for the predator

mortality rate d ¼ 0:004495. (d) There exists only one equilibrium point for d ¼ 0:0046. The other parameters are as follows: K ¼ 2,

d=0.1, r=0.28, n=0.08, h=0.01, m=0.017, a=0.03 and e ¼ 0:3.
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5. Bifurcation analysis

5.1. Saddle-node bifurcation

Evaluating the Jacobian matrix of the model system (2.2) at

the interior equilibrium point E� ¼ ðx�; y�Þ, we have
J� ¼ a11 a12

a21 a22

 �
ðx� ;y� ;dsnÞ

;

where

a11 ¼ rx� 1

K
þ n

x� þ hð Þ2
 !

þ d2y�

e2mx� ; a12 ¼ y� �2emþ dð Þdþ emð Þd
e2m dy� � 1ð Þ ;

a21 ¼ d em� dð Þy�
emx� ; a22 ¼ dd d� emx�ð Þy�

emx� 1� dy�ð Þ :



Fig. 2 (a) Phase portrait of Hopf bifurcation around the unique coexistence equilibrium point ð0:9519699; 7:663688Þ for threshold value

of refuge coefficient dhb ¼ 0:0927. (b) Time series solution of Hopf bifurcation, (c) Phase portrait of Hopf bifurcation with predator and

prey nullclines. (d) Macro figure of 2ðcÞ. All other parameters are given in Table 2.
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For the set of parameters K ¼ 2; r=0.28, n=0.08, h=0.01,
m=0.017, a=0.03, e=0.3 and d ¼ 0:0042, one of the eigenval-
ues of J� vanishes if and only if detðJ�ÞjE� ¼ 0, which gives the

threshold value d ¼ dsn ¼ g1
g2
¼ 0:1015, where

g1 ¼ Kdemx� x� þ hð Þ2 em� dð Þ;
g2 ¼ Ke3m2nrx�3 � e3h2m2rx�3 � 2e3hm2rx�4 � e3m2rx�5

þ2Kde2h2m2x�y� þ 4Kde2hm2x�2y� þ 2Kde2m2x�3y�

�2Kd2eh2mx�y� � 4Kd2ehmx�2y� � 2Kd2emx�3y�

�Kde2mnrx�2 þ de2h2mrx�2 þ 2de2hmrx�3 þ de2mrx�4

þKd3h2x�y� þ 2Kd3hx�2y� þ Kd3x�3y� � Kd3h2y�

�2Kd3hx�y� � Kd3x�2y�:

The other eigenvalue is trðJ�Þ evaluated at d ¼ dsn. The eigen-
vectors corresponding to zero eigenvalues of the Jacobian

matrix J� and its transpose are v1 ¼ d �emx�þdð Þ
d y��1ð Þ em�dð Þ ; 1

� �T
and

v2 ¼ ey�d �emx�þdð Þ
x� y� �2 emþdð Þdþemð Þ ; 1
� �T

, respectively. Denote model (2.2)

by ðx0; y0ÞT ¼ ðF1ðx; yÞ;F2ðx; yÞÞT � Fðx; yÞ. We have Fd ¼ @F
@d

and DFd ¼ @ðDFÞ
@d . Denoting the eigenvector n ¼ ðn1; n2ÞTcorre-

sponding to the matrix J� [26], one can define the quantities
FdðE�; dsnÞ and D2FðE�; dsnÞðn; nÞ. We thus have vT2 ½Fd

ðE�; dsnÞ� ¼ � emy�2a �dsn emx�y�þddsn x�y��ddsn y�þemx�ð Þ
�dsn x�y�þaþx�ð Þ2 �2 dsn emy�þddsn y�þemð Þ ¼ �8:5977– 0.

Therefore, system (2.2) attains neither a transcritical nor a
pitchfork bifurcation under the given parametric restriction.

Since the value of the expression

vT2 ½D2FðE�; dsnÞðv1; v1Þ� ¼ 0:1335 – 0;

by Sotomayor’s theorem [37], system (2.2) undergoes a non-
degenerate saddle-node bifurcation of co-dimension one

around the interior equilibrium point E� ¼ ðx�; y�Þ ¼
ð0:9153; 8:3456Þ when d pass through its threshold value
dsn ¼ 0:1015.

5.2. Hopf bifurcation

We define the critical value of the bifurcation parameter

d ¼ dhb as trðJ�Þjd¼dhb
¼ 0 and detðJ�Þjd¼dhb

– 0 around the inte-

rior equilibrium point ðx�; y�Þ. To ensure the existence of a
Hopf bifurcation around the coexistence equilibrium point
ð0:9520; 7:6637Þ, we have to verify the transversality condition

for the critical value of d ¼ dhb ¼ 0:0927. We have

½ d
dd trðJ�Þ�d¼dhb

¼ d �emx�þdð Þy�
emx� dhb y��1ð Þ2 ¼ �0:0220– 0 for the parametric
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values K=2, dhb ¼ 0:0927; r=0.28, n=0.08, h=0.01,
m=0.017, a=0.03, e=0.3 and d ¼ 0:0046. Hence the stability
of the dynamical system can change at the interior equilibrium

point ðx�; y�Þ ¼ ð0:9520; 7:6637Þ through a Hopf bifurcation.
We can calculate the Lyapunov number to determine

the nature of periodic solutions of the Hopf bifurcation.

Taking a small perturbation x ¼ ðx1 þ xdÞjd¼dhb
and

y ¼ ðy1 þ ydÞjd¼dhb
and using Taylor series expansions of equa-

tion ð2:2Þ, we have

_x1 ¼ p10x1 þ p01y1 þ p20x
2
1 þ p11x1y1 þ p02y

2
1 þ � � � ;

_y1 ¼ q10x1 þ q01y1 þ q20x
2
1 þ q11x1y1 þ q02y

2
1 þ � � � ;

where p10; p01; q10 and q01 represent the elements of the Jaco-
bian matrix at the coexistence equilibrium point E� ¼ ðx�; y�Þ
with the threshold value dhb. Therefore p10 þ q01 ¼ 0 and

D ¼ ðp10q01 � p01q10Þ > 0. The expression pij ¼ 1
i!j!

@ðiþjÞF1
@xi@yj

jðE� ;dhbÞ

and qij ¼ 1
i!j!

@ðiþjÞF2
@xi@yj

jðE� ;dhbÞ, where i; j ¼ 0; 1; 2; 3 (neglecting

higher order terms) are as follows:

p10 ¼
@F1

@x
jðE� ;dhbÞ; p01 ¼

@F1

@y
jðE� ;dhbÞ; p12 ¼

1

2

@3F1

@x@y2
jðE� ;dhbÞ;

p21 ¼
1

2

@3F1

@x2@y
jðE� ;dhbÞ; p20 ¼

1

2

@2F1

@x2
jðE� ;dhbÞ; p11 ¼

@2F1

@x@y
jðE� ;dhbÞ;

p30 ¼
1

6

@3F1

@x3
jðE� ;dhbÞ; q10 ¼

@F2

@x
jðE� ;dhbÞ; q01 ¼

@F2

@y
jðE� ;dhbÞ;

q12 ¼
1

2

@2F2

@x@y2
jðE� ;dhbÞ; q21 ¼

1

2

@3F2

@x2@y
jðE� ;dhbÞ; q20 ¼

1

2

@2F2

@x2
jðE� ;dhbÞ;

q11 ¼
@2F2

@x@y
jðE� ;dhbÞ; q03 ¼

1

6

@3F2

@y3
jðE� ;dhbÞ:

Details of the expressions pi;j and qi;j; ði; j ¼ 0; 1; 2; 3:Þ are given
in the Appendix A.3.

The value of the first Lyapunov number g [23] describes the
nature of the periodic solution occurring through the Hopf

bifurcation and is given by

g ¼ � 3p

2p01D
3
2

½fp10q10ðp211 þ p11q02 þ p02q11Þ þ p10a01ðq211 þ p20q11 þ p11q02Þ
þq210ðp11p02 þ 2p02q02Þ � 2p10q10ðq202 � p20p02Þ � 2p10p01ðp220 � q20q02Þ
�p201ð2p20q20 þ q11q20Þ þ ðp01q10 � 2p210Þðq11q02 � p11p20Þg
�ðp210 þ p01q10Þf3ðq10q03 � p01p30Þ þ 2p10ðp21 þ q12Þ þ ðq10p12 � p01q21Þg�:

The periodic solution is subcritical or supercritical in nature if
the value of g > 0 or g < 0, respectively [1]. According to our

given parametric restriction (see Fig. 2) the numerical value of
the first Lyapunov number g is 484:6445 > 0. Therefore, the
nature of the periodic solution of the dynamical system (2.2)

undergoes a subcritical Hopf bifurcation.

5.3. Bogdanov–Takens bifurcation

Next we examine the Bogdanov–Takens bifurcation of (2.2) in
a small neighborhood of E� ¼ ðx�; y�Þ. There exists a degener-
ate interior equilibrium point for a given parametric restriction

in which both the eigenvalues of the Jacobian matrix vanish.
Applying a series of nontrivial coordinate transformations,
we have to transform system (2.2) to its canonical form. Con-
sidering d and r as Bogdanov–Takens bifurcation parameters,

we can shift the interior equilibrium point ðx�; y�Þ to the origin
by making a coordinate transformation x ¼ x� þ x1,
y ¼ y� þ y1. With the help of a Taylor series expansion, (2.2)

is transformed as follows:
dx1

dt
¼c10x1 þ c01x2 þ c11x

2
1 þ c12x1x2 þ c22x

2
2 þOð xk k3Þ; ð5:1aÞ

dx2

dt
¼d10x1 þ d01x2 þ d11x

2
1 þ d12x1x2 þ d22x

2
2 þOð xk k3Þ; ð5:1bÞ

where

c10 ¼ @F1

@x
jðx� ;y�Þ; c01 ¼ @F1

@y
jðx� ;y�Þ; d10 ¼

@F2

@x
jðx� ;y�Þ;

d01 ¼ @F2

@y
jðx� ;y�Þ; c11 ¼ 1

2

@2F1

@x2
jðx� ;y�Þ; c12 ¼ @2F1

@x@y
jðx� ;y�Þ;

c22 ¼ 1

2

@2F1

@y2
jðx� ;y�Þ; d11 ¼ 1

2

@2F2

@x2
jðx� ;y�Þ; d12 ¼ @2F2

@x@y
jðx� ;y�Þ;

d22 ¼ 1

2

@2F2

@y2
jðx� ;y�Þ;

satisfying the conditions ðc10 þ d01Þ ¼ 0 and ðc10d01 � c01d10Þ ¼
0. For details of the above coefficients, see Appendix A.4.

Introducing another transformation y1 ¼ x1; y2 ¼ px1þ
qx2, (5.1) transforms to

dy1
dt

¼y2 þ c111y
2
1 þ c112y1y2 þ c122y

2
2 þOð yk k3Þ; ð5:2aÞ

dy2
dt

¼d111y
2
1 þ d112y1y2 þ d122y

2
2 þOð yk k3Þ; ð5:2bÞ

where

c111 ¼ c22c
2
10

c2
01

� c12c10
c01

þ c11; c112 ¼ � 2c22c10
c2
01

þ c12
c01

;

c122 ¼ c22
c2
01

; d111 ¼ c11c01 þ ðc11 � d11Þc10 � ðc12�d22Þc210
c01

þ c22c
3
10

c2
01

;

d112 ¼ � 2c22c
2
10

c2
01

� ðc12�2d22Þ
c01

� d12

h i
; d122 ¼ c22c10

c2
01

þ d22
c01

:

Applying a C1 invertible transformation

z1 ¼ y1 þ 1
2

c11c10
c2
01

� ðc12þd22Þ
c01

� �
y21 � c22

c2
01

y1y2;

z2 ¼ y2 � c11c10
c2
01

þ d22
c01

� �
y1y2 þ c22c

2
10

c2
01

� c12c10
c01

þ c11

� �
y21;

Eq. (5.2) reduces to

dz1
dt

¼z2 þOð zk k3Þ; ð5:3aÞ
dz2
dt

¼b1z
2
1 þ b2z1z2 þOð zk k3Þ; ð5:3bÞ

where b1 ¼ c11c01 þ ðc11 � d11Þc10 � ðc12�d22Þc210
c01

þ c22c
3
10

c2
01

and

b2 ¼ � c10
c01

ðc12 þ 2d22Þ þ 2c11 þ d12.

For the transformation

w1 ¼ z1;

w2 ¼ z2 þOð zk k3Þ;
Eq. (5.3) can be transformed as follows:

dw1

dt
¼w2 ð5:4aÞ

dw2

dt
¼b1w

2
1 þ b2w1w2 þOð zk k3Þ: ð5:4bÞ

Rescaling according to Wiggins [42], we write w1 ¼ �b1w1,

w2 ¼ �b2w2 and t ¼ st (with s > 0Þ. Neglecting higher-order
terms, system (5.4) transforms to

dw1

dt
¼g1w2 ð5:5aÞ

dw2

dt
¼g2w

2
1 þ qw1w2; ð5:5bÞ



Table 2 Description of the system parameters in the model

system (2.2) and their dimensions (M stands for mass and T for

time).

Parameters Value Description Dimensions

x – Prey size M

y – Predator size M

r 0.280 Intrinsic prey growth rate 1=T

K 2.000 Environmental intake

capacity

M

n 0.080 Survival threshold of prey M

m 0.017 Predator’s consumption

rate

1=T

d 0.100 Prey refuge coefficient 1=M

a 0.030 Half saturation constant M

d – Natural death rate of

predator

1=T

e 0.300 Conversion factor (dimensionless)

h 0.010 Auxiliary parameter M
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where g1 ¼ s �b2
�b1
; g2 ¼ sb1 �b2

2

�b2
and q ¼ s �b1b2. Moreover, we have to

choose values of �b2;
�b2and s in such a way that the values of

g1; g2 and q are constrained to the identity. If we choose the

value of g1 ¼ 1, then it can be easily found that s ¼ �b1
�b2
, where

�b1 and �b2 take the same sign. Next we consider the value of
g2 ¼ 1. Substituting the value of s, we have

sb1
�b2

2

�b2

¼ b1
�b1

�b1

�b2

� �2

¼ 1;

which gives

�b1

�b2

� �2

¼ 1

b1
�b1

:

Finally, we have q ¼ sb2
�b1 ¼ 1, so

q ¼
�b1

�b2

�b1b2

�b2

�b2

¼ b2
�b2

�b1

�b2

� �2

¼ b2
�b2

b1
�b1

¼ 1:

This implies that b1 and b2 attain the same sign. Generalizing,

one can find that q ¼ �1 if b2
�b2

�b1
�b2

� �2
¼ �1. Hence the topo-

logically equivalent form of system (5.5) takes the form

dw1

dt
¼w2 ð5:6aÞ

dw2

dt
¼w2

1 þ qw1w2; where q ¼ �1: ð5:6bÞ

Since b1b2 – 0, we can determine the values of �b1 and
�b2 with

the help of the above process so that q ¼ �1. Therefore, a ver-
sal deformation candidate of the system (5.6) can easily be

written as

dw1

dt
¼w2 ð5:7aÞ

dw2

dt
¼�1 þ �2w2 þ w2

1 þ qw1w2; ð5:7bÞ

where �1 and �2 are the unfolding deformation parameters.
Since the non-degeneracy condition b1b2 – 0 is satisfied, sys-

tem (2.2) has a cusp bifurcation of codimension 2 in a neigh-
borhood of the unique coexistence equilibrium point ðx�; y�Þ.

6. Numerical simulations

In this section, we perform numerical simulations to validate
our analytical findings in the previous sections. We consider

the following parametric values for the strong additive Allee
effect: K=2, d ¼ 0:1; r=0.28, n=0.08, h=0.01, m=0.017,
a=0.03 and e ¼ 0:3. Default values of all the parameters are

given in Table 2.
Since the predator and prey nullclines do not intersect in

the feasible region for very low (i.e., d < 0:0035Þ or very high

(i.e., d > 0:00503Þ mortality rates of the predator species, both
species do not coexist in that situation. However, for moderate
predator mortality rates ð0:0035 < d < 0:00503Þ, both species
can coexist. Therefore, in the intermediate values of the

mortality rate, we have the following cases: (i) The predator
and prey species do not coexist (Fig. 1(a)). (ii) The two nullcli-

nes intersect at three points: E1�
3 ¼ ð1:0073; 7:9246Þ; E2�

3 ¼
ð0:6526; 6:7962Þ, and E3�

3 ¼ ðð0:3400; 3:8517ÞÞ for d ¼ 0:00446

(Fig. 1(b)). Both species survive in a coexistence steady state
E1�
3 , but the other two equilibrium points E2�

3 and E3�
3 are

saddles (Fig. 3(a)–(b)). (iii) Increasing the value of d slightly
to 0:004495, both predator and prey nullclines intersect at

E1�
2 ¼ ð1:0372; 7:8491Þ and touch each other at E2�

2 ¼
ð0:4813; 5:3650Þ (Fig. 1(c)). In this case, we get the second

equilibrium point by collapsing E2�
3 and E3�

3 . The dynamical

system is asymptotically stable at the equilibrium point E1�
2 ,

since both eigenvalues of the Jacobian matrix at the equilib-

rium point E1�
2 are negative. On the other hand, the coincident

point E2�
2 ¼ ð0:4813; 5:3650Þ is a saddle, so the dynamical

system is not stable for the low density of the species
(Fig. 3(c)–(d)). ðivÞ Two nontrivial nullclines intersect at the
unique equilibrium point E�

1 ¼ ð1:1235; 7:5433Þ for the preda-

tor mortality rate d ¼ 0:00460 (Fig. 1(d)). The eigenvalues of
the unique equilibrium point E�

1 ¼ ð1:1235; 7:5433Þ are

ð�0:002144;�0:044075Þ, so the dynamical system is asymptot-

ically stable at the equilibrium point E1�
3 ¼ ð1:0073; 7:9246Þ,

and both species survive in a coexistence steady state (Fig. 3
(e)–(f)).

Using parameters K ¼ 2; r=0.28, n=0.08, h=0.01,

m=0.017, a=0.03, e=0.3 and d ¼ 0:0042, the dynamical sys-
tem (2.2) experiences a saddle-node bifurcation around the
interior equilibrium point ð0:9153; 8:3456Þ. Using Sotomayor’s

theorem [37], vT2 ½FdðE�; dsnÞ� ¼ �8:597730990– 0 and

vT2 ½D2FðE�; dsnÞðv1; v1Þ� ¼ 0:1335001295 – 0; hence, from these

transversality conditions, system (2.2) undergoes a non-
degenerate saddle-node bifurcation of co-dimension one
around the interior equilibrium point E� ¼ ð0:9153; 8:3456Þ
when the refuge coefficient d passes through its threshold value
d ¼ dsn ¼ 0:1015. The behaviour is periodic around the coexis-
tence equilibrium point ð0:9520; 7:6637Þ for the predator mor-

tality value d ¼ 0:00460 and for the threshold value of the
refuge coefficient d ¼ dhb ¼ 0:0927 (Fig. 2), with the remaining
parameters as in Table 2. Note that the first Lyapunov number
is g ¼ 484:6445, so the Hopf bifurcation is subcritical.

The possible equilibria and the nature of the dynamical sys-
tem at all the equilibria are summarised in Table 3. Below the
threshold of the refuge coefficient d, both predator and prey



Fig. 3 Phase portrait depicting local stability when system (2.2) has (a)–(b) three coexisting equilibria, of which E1�
3 is stable and E2�

3 and

E3�
3 are unstable for d ¼ 0:00446; (c)–(d) two coexisting equilibria, of which E1�

2 is stable and E2�
2 is unstable for d ¼ 0:004495; and (e)–(f)

only one equilibrium point E�
1, which is stable for d ¼ 0:0046. All other parameters are given in Table 2.
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species will go extinct. They coexist mutually in an ecosystem
when the refuge coefficient d passes through its threshold dhb
(see Fig. 4 and Table 4). Similarly, fixing dhb ¼ 0:0927, the

Allee parameter n ¼ 0:08; setting other parameters as in
Table 2, both the species coexist in an oscillating mode. Just
above the threshold value of the Allee parameter, both species
go extinct, but below the threshold they coexist (see Fig. 5 and
Table 5).

Consider the Bogdanov–Takens parameters ðr; dÞ, and set
the other parameters to be K ¼ 2; a=0.14, m=0.25, e=0.27,



Table 3 Schematic representation of the nature of system (2.2) about the interior equilibrium point (remaining parametric default

values are given in Table 2): LAS = locally asymptotically stable, US = unstable, HB = Hopf bifurcation, SN = saddle-node

bifurcation, MP = multiple point.

Equilibria d d Solution Eigenvalues Nature

E�
1 0:00460 0.1 (1.1235,7.5433) (�0.0021, �0.044) LAS

E�
1 0:00420 0.1015 (0.9153, 8.3456) (0.00045, �0.0036) SN

E�
1 0:00460 0.0927, (0.9520, 7.6637) (0�0.0064i) HB

E1�
2

0:004495 0.1 (1.0372, 7.8492) (�0.0036, �0.0224) LAS

E2�
2 ðMPÞ 0:004495 0.1 (0.4813, 5.3650) (0.1239, 0.00001) US

E1�
3

0:00446 0.1 (1.0073, 7.9246) (�0.004987, �0.0141) LAS

E2�
3

0:00446 0.1 (0.6526, 6.7962) (0.0765, �0.00037) US

E3�
3

0:00446 0.1 (0.3400, 3.8517) (0.1613, 0.00019) US

Fig. 4 Phase trajectories for increasing values of d. All other parameters are as in Table 2.

Table 4 Different equilibrium positions according to gradual

increment of the refuge coefficient d, where n ¼ 0:08 and other

parameters are given in Table 2.

d ðx�; y�Þ Fig. 4

0.0917 (0,0) Red

0.0927 (0.9537,7.6651) Blue

0.1027 (1.1657,7.4313) Black

0.1057 (1.2058,7.2949) Cyan

0.1157 (1.3074,6.8181) Yellow

0.1257 (1.3797,6.3638) Green

0.1357 (1.4350,5.9517) Dashed blue

0.1457 (1.4792,5.5826) Magenta
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d=0.125, n=0.02 and h ¼ 0:011. Both eigenvalues of the
Jacobian matrix evaluated at the coexistence equilibrium point

ð1:0944; 1:8239Þ are zero for the critical values ðrbt; dbtÞ ¼
ð1:7749; 0:7007Þ. The canonical form of system (2.2) also satis-
fies the non-degeneracy condition b1b2 – 0. Therefore, the
dynamical system (2.2) experiences a Bogdanov–Takens bifur-
cation [35,47] in the neighborhood of the coexistence equilib-
rium point ðx�; y�Þ ¼ ð1:0944; 1:8239Þ. Fig. 6 depicts phase

portraits of the Bogdanov–Takens bifurcation for different
perturbations of the Bogdanov pair ðr; dÞ. For an illustrative
example, consider system (2.2) with the strong additive Allee

effect on the prey population only and a Holling type II preda-
tor response function in the form

dx

dt
¼rx 1� x

K
� n

xþ h

� �
� mx 1� dyð Þy
aþ xð1� dyÞ ¼ F1; ð6:1aÞ

dy

dt
¼ emx 1� dyð Þ

aþ xð1� dyÞ � d

� �
y ¼ F2: ð6:1bÞ

Set the numerical values of the biological constants to be
K=2, a=0.14, m=0.25, e=0.27, d=0.125, n=0.02,
h=0.011, d ¼ 0:7007 and r ¼ 1:7749. We can rewrite system

(6.1) as follows:

dx

dt
¼1:7749x 1�x

2
� 0:02

xþ0:011ð Þ
� �

�0:25
xy �0:7007yþ1ð Þ

0:14þx �0:7007yþ1ð Þ ; ð6:2aÞ
dy

dt
¼ 0:0675

x �0:7007yþ1ð Þ
0:14þx �0:7007yþ1ð Þ�0:125

� �
y: ð6:2bÞ

System (6.2) has a coexistence equilibrium point

ð1:0944; 1:8239Þ, where both the eigenvalues of the variational
matrix are zero. By making a simple transformation
x ¼ ð1:0944þ x1Þ, y ¼ ð1:8239þ y1Þ and expanding Eq. (6.2)
with the Taylor series, the equation takes the form



Fig. 5 Phase trajectories for decreasing values of the Allee parameter n. All other parameters are in Table 2.

Table 5 Different equilibrium positions according to gradual

reduction of the Allee parameter n, where d ¼ 0:0927 and other

parameters are given in Table 2.

n ðx�; y�Þ Fig. 5

0.085 (0,0) Red

0.080 (0.9537, 7.6651) Blue

0.060 (1.0689, 8.0016) Black

0.040 (1.1506, 8.1993) Cyan

0.020 (1.2166, 8.3398) Yellow

0.010 (1.2459, 8.3973) Green

0.005 (1.2598, 8.4237) Dashed blue

0.001 (1.2706, 8.4438) Magenta
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dx1

dt
¼0:4894x1þ1:3496x2�1:9993x2

1�4:1174x1x2�7:4640x2
2þOð jxj jj3Þ; ð6:3aÞ

dx2

dt
¼�0:1775x1�0:4894x2þ0:3003x2

1þ1:1117x1x2þ2:0153x2
2þOð jxj jj3Þ:ð6:3bÞ

Taking another transformation

y1 ¼ x1;

y2 ¼ 0:4894x1 þ 1:3496x2;

Eqs. (6.3) transform to

dy1
dt

¼y2 � 1:4877y21 þ 0:9602y1y2 � 4:0982y22 þOð yk k3Þ; ð6:4aÞ
dy2
dt

¼� 3:6127y21 þ 0:1200y1y2 � 0:5123y22 þOð yk k3Þ: ð6:4bÞ

Applying the C1 invertible transformation,

z1 ¼ y1 þ 0:5102y21 þ 4:0982y1y2;

z2 ¼ y2 � 0:9561y1y2 � 1:4877y21;

Eq. (6.4) reduces to

dz1
dt

¼z2 þOð zk k3Þ; ð6:5aÞ
dz2
dt

¼� 3:6127z21 � 2:8554z1z2 þOð zk k3Þ: ð6:5bÞ
Applying a further transformation

w1 ¼ z1;

w2 ¼ z2 þOð zk k3Þ;
Eq. (6.5) transforms to

dw1

dt
¼w2; ð6:6aÞ

dw2

dt
¼� 3:6127w2

1 � 2:8554w1w2 þOð wk k3Þ: ð6:6bÞ
7. Conclusion

We introduced an additive prey Allee effect to our previous
predator–prey model [17] (the previous model is identical to

system (2.1) with n ¼ 0), discussed the dynamical behaviour
of the system at different equilibrium points and determined
the stability of equilibrium points for an additive Allee effect.
Then we identified all possible local and global bifurcations in

order to get insight into the dynamics of the model. The Bog-
danov–Takens bifurcation is identified numerically. The refuge
coefficient d and Allee parameter n are very sensitive and have

a stabilizing effect in the system. For the threshold value of the
refuge parameter dhb ¼ 0:0927, the model undergoes a Hopf
bifurcation around the unique positive equilibrium and exhi-

bits a stable limit cycle, meaning the predator and prey can
coexist in an oscillating manner around the positive equilib-
rium. The refuge coefficient is more sensitive than our previous
study, where the nature of the Hopf bifurcation was supercrit-

ical; in the present study, it is subcritical. From a mathematical
and empirical point of view, we have seen that just below the
threshold value of the refuge coefficient, both species go extinct

(Fig. 4)), and the dynamical system breaks down. In our pre-
vious study, we observed that decreasing the refuge coefficient
from its critical level caused both species to coexist in an oscil-

lating fashion. We also observed that the prey species have
more protection for the gradually increasing value of the
refuge coefficient. The prey volume increases and leads to prey

population outbreak; on the other hand, the predator popula-
tion decreases. Availability of food decreases for high refuge
values, and that reduces the predator population, which ulti-
mately goes to extinction after a long time (Fig. 4). Table 4



Fig. 6 Phase portrait of the Bogdanov–Takens bifurcation of system (2.2) in the neighborhood of the equilibrium point

ðx�; y�Þ ¼ ð1:0944; 1:8239Þ. The threshold values of the Bogdanov–Takens parameters are ðrhb; dbtÞ = (1.7749, 0.7007). For a small

perturbation, (a) r1 ¼ 0; d1 ¼ 0, (b) r2 ¼ �0:002; d2 ¼ 0:001, (c) r3 ¼ 0:002; d3 ¼ 0:0001, (d) r4 ¼ 0:002; d4 ¼ �0:0005 and

r5 ¼ �0:001; d5 ¼ �0:0006. The other parameter values are K ¼ 2; a=0.14, m=0.25, e=0.27, d=0.125, n=0.02 and h ¼ 0:011.
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indicates that the predator volume decreases and the prey vol-
ume increases at the same time, enhancing the rate of conver-

gence to the coexistence equilibrium according to increment of
the refuge coefficient d.

For the critical values dhb ¼ 0:0927 and n ¼ 0:08, the

dynamical system is periodic. If the value of the Allee param-
eter n is greater than that of the threshold value, predator and
prey both go extinct. Fig. 5 depicts that, for the gradual
decrease of the Allee parameter n from its threshold value

n ¼ 0:08, the dynamical system changes from its oscillatory
mode to a stable mode, and the volume of both species
increases. Therefore, it can be reported that both predator

and prey species coexist for smaller values than the threshold
value. Hence, we conclude that, for the joint presence of prey
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refuge and strong additive Allee effect, both species coexist in
an ecological system for a long time.

Modelling a natural ecosystem is much more complex than

modelling any interacting population in a laboratory. Hence,
ecological systems should be modelled as open systems with
environmental fluctuations [14]. On the other hand, delay

and diffusion are also important in population dynamics
[30–32]. To this end, in future work, we will extend our system
subject to the above effects, which could generate spatial

heterogeneity in terms of spatiotemporal patterns. We will also
incorporate the effects of delay due to growth and migration of
both predator and prey.
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Appendix A.

A.1. Jacobian

The Jacobian matrix for the model system (2.2) at the interior
equilibrium point is given by

J� ¼
rx� 1

K
þ n

x�þhð Þ2
� �

þ d2y�
e2mx�

d dy�
e �d y�þ1ð Þ � d

e
� d d2y�

e2m �d y�þ1ð Þ

d
x� � d2

emx�

� �
y� � d d

�d y�þ1
þ d d2

emx� �d y�þ1ð Þ

� �
y�

2
64

3
75:
A.2. dj values

The values of d1; d2; d3 are given by

d1 ¼ Ke3m2nrx�3�e3h2m2rx�3�2e3hm2rx�4�e3m2rx�5þ2Kde2h2m2x�y�

þ4Kde2hm2x�2y� þ2Kde2m2x�3y� �2Kd2eh2mx�y� �4Kd2ehmx�2y�

�2Kd2emx�3y� �Kde2mnrx�2þde2h2mrx�2þ2de2hmrx�3þde2mrx�4

þKd3h2x�y� þ2Kd3hx�2y� þKd3x�3y� �Kd3h2y� �2Kd3hx�y� �Kd3x�2y�;

d2 ¼ �Ke2mnrx�2þe2h2mrx�2þ2e2hmrx�3þe2mrx�4�Kd2h2y� �2Kd2hx�y�

�Kd2x�2y�;

d3 ¼ y� �Kde2h2mx� �2Kde2hmx�2�Kde2mx�3�Ke2mnrx�2þe2h2mrx�2	
þ2e2hmrx�3þe2mrx�4þKd2eh2þ2Kd2ehx� þKd2ex�2�Kd2h2y�

�2Kd2hx�y� �Kd2x�2y�


:

A.3. pij coefficients

The values of the differential coefficient pij, where

i; j ¼ 0; 1; 2; 3, are as follows:

p10 ¼ r 1� x�

K
� n

x� þ h

� �
þ rx� � 1

K
þ n

x� þ hð Þ2
 !

þ m dy� � 1ð Þy�
�dx�y� þ aþ x�

þ mx� dy� � 1ð Þ2y�
�dx�y� þ aþ x�ð Þ2 ;

p01 ¼ mx� �d2x�y�2 þ 2dy�aþ 2dx�y� � a� x�	 

�dx�y� þ aþ x�ð Þ2 ;

p12 ¼ ¼ da dy� � 1ð Þx�2 þ 2ax�y�dþ a2ð Þm
�dx�y� þ aþ x�ð Þ4 ;

p21 ¼
m dy� � 1ð Þa 3dy�aþ dx�y� � a� x�ð Þ

�dx�y� þ aþ x�ð Þ4 ;

p20 ¼
� x� þ hð Þ2 þ nK
� �

r

K x� þ hð Þ2 � rx�n

x� þ hð Þ3 þ
m dy� � 1ð Þ2y�

�dx�y� þ aþ x�ð Þ2 þ
mx� dy� � 1ð Þ3y�
�dx�y� þ aþ x�ð Þ3 ;

p11 ¼
ma 2dy�aþ dx�y� � a� x�ð Þ

�dx�y� þ aþ x�ð Þ3 ;

p30 ¼ �1=2
rn

x� þ hð Þ3 þ 1=2
rx�n

x� þ hð Þ4 � 1=2
m �dy� þ 1ð Þ3y�
�dx�y� þ aþ x�ð Þ3 þ 1=2

m dy� � 1ð Þ4x�y�

dx�y� � a� x�ð Þ4

q10 ¼ � em dy� � 1ð Þay�
�dx�y� þ aþ x�ð Þ2 ;

q01 ¼
� dy� � 1ð Þ2 �emþ dð Þx�2 þ 2a y� �emþ dð Þdþ 1=2em� dð Þx� � a2d

�dx�y� þ aþ x�ð Þ2 ;

q12 ¼
md x�2y�2d2 þ 3ax�y�d� y�dx�2 þ a2 � ax�	 


�dx�y� þ aþ x�ð Þ3 ;

q21 ¼
3dy�aþ dx�y� � a� x�ð Þa dy� � 1ð Þm

�dx�y� þ aþ x�ð Þ4 ;

q20 ¼ � em dy� � 1ð Þ2ay�
�dx�y� þ aþ x�ð Þ3 ;

q11 ¼
ma 2dy�aþ dx�y� � a� x�ð Þ

�dx�y� þ aþ x�ð Þ3 ;

q03 ¼ � emd2x�2a aþ x�ð Þ
�dx�y� þ aþ x�ð Þ4 :
A.4. cij and dij values

The detailed expressions of cij and dij (i; j ¼ 0; 1; 2) of system
ð5:1Þ are given as follows:

c10 ¼ r 1� x�

K
� n

x� þ h

� �
þ rx� � 1

K
þ n

x� þ hð Þ2
 !

� m �dy� þ 1ð Þy�
�dx�y� þ aþ x�

þm �dx�y� þ x�ð Þy� �dy� þ 1ð Þ
�dx�y� þ aþ x�ð Þ2 ;

c01 ¼ mdx�y�

�dx�y� þ aþ x� �
m �dx�y� þ x�ð Þ
�dx�y� þ aþ x� �

m �dx�y� þ x�ð Þy�dx�

�dx�y� þ aþ x�ð Þ2

c11 ¼ r � 1

K
þ n

x� þ hð Þ2
 !

� rx�n

x� þ hð Þ3 þ
m �dy� þ 1ð Þ2y�
�dx�y� þ aþ x�ð Þ2

�m �dx�y� þ x�ð Þy� �dy� þ 1ð Þ2
�dx�y� þ aþ x�ð Þ3 ;

c12 ¼ mdy�

�dx�y� þ aþ x� � 2
mdx�y� �dy� þ 1ð Þ
�dx�y� þ aþ x�ð Þ2 �

m �dy� þ 1ð Þ
�dx�y� þ aþ x�

þm �dx�y� þ x�ð Þ �dy� þ 1ð Þ
�dx�y� þ aþ x�ð Þ2 �m �dx�y� þ x�ð Þy�d

�dx�y� þ aþ x�ð Þ2

þ2
m �dx�y� þ x�ð Þy�dx� �dy� þ 1ð Þ

�dx�y� þ aþ x�ð Þ3 ;

c22 ¼ mdx�

�dx�y� þ aþ x� þ
md2x�2y�

�dx�y� þ aþ x�ð Þ2

�m �dx�y� þ x�ð Þdx�

�dx�y� þ aþ x�ð Þ2 �m �dx�y� þ x�ð Þy�d2x�2

�dx�y� þ aþ x�ð Þ3 ;

d10 ¼ em �dy� þ 1ð Þ
�dx�y� þ aþ x� �

em �dx�y� þ x�ð Þ �dy� þ 1ð Þ
�dx�y� þ aþ x�ð Þ2

 !
y�;
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d01 ¼ � emdx�

�dx�y� þ aþ x� þ
em �dx�y� þ x�ð Þdx�

�dx�y� þ aþ x�ð Þ2
 !

y� þ em �dx�y� þ x�ð Þ
�dx�y� þ aþ x� � d;

d11 ¼ � em �dy� þ 1ð Þ2
�dx�y� þ aþ x�ð Þ2 þ

em �dx�y� þ x�ð Þ �dy� þ 1ð Þ2
�dx�y� þ aþ x�ð Þ3

 !
y�;

d12 ¼ � emd
�dx�y� þ aþ x� þ 2

emdx� �dy� þ 1ð Þ
�dx�y� þ aþ x�ð Þ2 þ

em �dx�y� þ x�ð Þd
�dx�y� þ aþ x�ð Þ2

 

�2
em �dx�y� þ x�ð Þdx� �dy� þ 1ð Þ

�dx�y� þ aþ x�ð Þ3
!
y� þ em �dy� þ 1ð Þ

�dx�y� þ aþ x�

� em �dx�y� þ x�ð Þ �dy� þ 1ð Þ
�dx�y� þ aþ x�ð Þ2 ;

d22 ¼ emd2x�2

�dx�y� þ aþ x�ð Þ2 þ
em �dx�y� þ x�ð Þd2x�2

�dx�y� þ aþ x�ð Þ3
 !

y� � emdx�

�dx�y� þ aþ x�

þ em �dx�y� þ x�ð Þdx�

�dx�y� þ aþ x�ð Þ2 :
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