EQUIVARIANT MULTIPLICITIES ON COMPLEX VARIETIES
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Abstract

We define the equivariant multiplicity of an isolated fixed-point of the action of an
algebraic torus on a complex variety and prove an integral formula for it which
generalizes the Lelong-number formula for the classical multiplicity of a singular
point on a complex variety. As an application we prove a Localization Formula in
equivariant cohomology for the fundamental cycles of (possibly singular) compact
subvarietes stable under the torus action. In the special case of Schuberty varieties
this formula leads to a geometric interpretation of certain polynomials arising from
the operators A, used to describe the homology ring of the flag manifold.

0. Introduction. The purpose of this paper is to introduce the concept of
equivariant multiplicity of a non-degenerate fixed-point of an algebraic torus acting
on a complex analytic variety, to prove some its basic properties, and to give some
applications. As in the classical case, there is an algebraic and an analytic definition
of multiplicity; their equivalence is perhaps the main point here.

The concept of equivariant multiplicity is not abstruse. In its algebraic form it was
introduced by Joseph [9] and, in a special case, gave rise to the Joseph polynomials,
of importance for the representation theory semisimple Lie groups. In its analytic
form the concept is present, though unrecognized, in the localization formula of
equivariant cohomology, when this formula is extended to varieties (as will be done
here). The case of Schubert varieties is particularly noteworthy, because there the
equivariant multiplicity sheds some light on a construction of Bernstein-Gelfand-
Gelfand [3] through a result of Arabia [1]. These matters will be explained in more
detail below.

1. Multiplicities Of R,H-Modules. Let H = (C*)" be an algebraic torus acting
algebraically on CN. We may assume that action is of the form
h-(z1, ..., zn) = (h* 21, ..., “Nzy)
for certain characters h — h®* of H. Generally we write characters e*: H — C*
as
eMh) =h* =e*® if h=expx
with x € h, the Lie algebra of H. The A € h" we call weights, a term also applied
to the e*.
Let R = Ry denote the graded ring of polynomials in z1, ..., zy. H acts on R
through its action on z = (z1,. .., zn):
(h-f)(z) = f(h'lz) .
By an R,H-module we mean a graded R-module M which is also an H-module so
that
h-(fm) = (h-f)(h-m)
In addition we require:
(i) M is finitely generated as an R-module.
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(ii) M is locally finite and holomorphic as H-module
The conditions imply that M has finitely many generators as R-module which may
be chosen to be weight vectors for H.

R,H-modules admit a character theory. To explain the construction we remark
that the most natural definition of chy; as a formal Poincaré series

chy = Y, (dim My)e (1.1)
may not make sense, since the dimension of the weight spaces My = {m € M |
h-m = h*m } may well be infinite. We therefore proceed somewhat indirectly.

(1.1) Lemma. To every R,H-module one can associate a fractional virtual char-
acter chyr of H, uniquely characterized by the following properties.
(i) If M is finite dimensional, then chys is the usual character of H.
(i) Additive: If 0 — P — M — Q — 0 is ezact, then chyr = chp + chg.
(ii) Multiplicative: If F is a finite-dimensional H-module, then chygr =
ChM ChF.
Furthermore, chyy is of the form
ChM = %
where f = Y-, cxe* with cx € Z (finite sum) and D = [], (1 — e™).

Explanation. A fractional virtual character of H is by definition a quotient of
virtual characters

>y my e (finite sum, m* € Z) with denominator not identically zero. It may
be interpreted as formal object or as (densely defined) function on H.  We shall
take the latter point of view.

The tensor product M ® F (over C) of a finitely generated R-module M and a
finite-dimensional H-module F is an R,H-module in an obvious way.

Proof. Assuming a character theory with the stated properties exists, chy; may be
calculated as follows. As mentioned, one may choose a finite set of generators for
M over R consisting of weight vectors for H to obtain a map
ReoF, —M— 0

Applying the same process to its kernel (which is also finitely generated, since R is
Noetherian) one constructs a resolution

-—-R®Fy = R®F, - M — 0
By Hilbert’s Syzygy Theorem (Zariski-Samuel [13], p.240) , this resolution breaks
off at the (N+1)-st step:

0—-R®FNny1---—R®Fy —-R®F, — M — 0.

Because of the additive and multiplicative properties on ch,
N+1

ChM = k=1 (— ) ChR Cth
Each chp, is a genuine character. To find the character of R we momentarlly
identify Rx = R/(zx41, ..., zn) and consider the exact sequence

0—>ZkRk —>Rk —>Rk1 — 0
As R,H-module, zcRy is the tensor product of the R-module Ry and the one-
dimensional H-module of weight —ay. In view of the properties of ch,
chy.1 = (]. - e'ak)chk

where chy is the character of Ry. Thus chg = (Hk(l — e'“k)> chy , ie.
chg = &, where D = [], (1 — ™). There results the formula
chy = & (1.2)

where f = Y~ (—1)* chp, is of the required type.



3

chy is therefore uniquely determined by the properties (i) — (iii) of the lemma.
Changing point of view, one may define chy by (1.2): standard arguments from
homological algebra show that ch is well-defined and has the required properties.

The weights of H on an R,H-module M are of the form A = \j— (a sum of ay’s)
where the A; are the weights of some generators of M as R-module. Assume there
are elements x € h so that Reax(x) > 0 for all k. The multiplicites dim M) are
then necessarily finite and for such x € h the character chy(expx) is given by the
convergent series

chv(expx) = Y, (dim M,)e ™ .
This will be called the convergent case. That case prevails in particular when
the action of H on CN contains the scalar multiplications, i.e. when h contains an
element x7 so that ax(x1) = 1 for all k. In general this situation may be achieved
by replacing H by H x C* where s € C* acts by multiplication on CN and by s
on the k—th graded piece of an R,H-module M = > M.

The following lemma is due to Joseph [9] (in the convergent case; the general case
is a consequence thereof).

(1.2) Lemma. Let M be an R,H-module, J its annihilator in R, and n the Krull-
dimension of R/J. Write

chy = % Yoen el . (finite sum, cx € Z),
and define a homogeneous polynomial epr of degree N—mn on h by
ey = W Z)\C,\)\N_n (13)
Then
cha (eopz ) = =5 (en (@) + ofla]™)) (1.4)

where m(x) = ], ar(z) .

Definition. ep is called the H-equivariant multiplicity of the R,H-
module M.

Remark. In the convergent case the polynomial ey may also be defined by a
classical construction of Hilbert and Samuel, as follows. Fix x € h with ax(x) < 0
for all k (convergent case) and consider

Z)\(X) < dim M, (1.5)
as function of s. (The sum is finite because of the condition on x.) Joseph [9]
shows that asymptotically as s — oo this function is of the form

b =t 4 o(s"); (1.6)
where ey is given by (1.3); 7 and n are defined as above. Furthermore, in the
convergent case ey is always non-zero; but in general ey may be zero.

The classical case of Hilbert and Samuel concerns H = C* acting on CN by scalar
multiplication and M = R/J, J a homogeneous ideal. ey may then be thought
of as a number: ey(x) = eyxV™ ; as number, ey is the classical multiplicity
defined in algebraic geometry: it is the multiplicity of the point 0 on the affine
cone in CN defined by the homogeneous ideal J or, equivalently, the degree of the
corresponding projective variety in CPN-'. (Mumford [10], §6C.) These remarks

explain the notation and terminology introduced above.

Comment. In contrast to the classical case, the function of s defined by (1.5)
is generally not polynomial for large s. (Otherwise ep(x)/m(x) would have to be
integral for ax(x) € N (Hartshorne [8], p.49), which is generally not the case.)



2. Multiplicities On H-Varieties. Let X be an N-dimensional complex analytic
manifold, with a holomorphic action by H = (C¥)". Let Z be an H-stable n-
dimensional analytic subvariety of X. Let p be a fixed-point of H on Z. One may
introduce analytic coordinates z = (7, ..., zx) around p = (0, ..., 0) on X so
that the action of H on X is locally of the form
hz = (h*zq, ..., h*Nzy).

We shall say that such a coordinate system linearizes the H action around p. (It
may be constructed using the exponential map of a Kéhler metric which is invariant
under the compact real form of H.) a1, ..., an are the weights of the linear action
of H on the tangent space of X at p; if they are all non-zero we say that

the fixed-point is non-degenerate. In this situation we shall define a notion of
equivariant multiplicity of p on Z, related to the classical notion of multiplicity of a
point on a complex analytic variety. It will help to first recall the classical notion.
We give two (equivalent) definitions of the classical multiplicity e, of pon Z in X .

Algebraic definition. e, is the multiplicity of the local ring Oz, as an Ox,y -
module. (Mumford [10], P.121).

Analytic definition. e, is given by the formula

ep = lim._o E% meBEw " (2.1)
where Be = { || z|| < €} is the e-ball in a coordinate system z1, ..., zy around
p=(0,...,0) and w is the (1, 1) form

w = —g Y, depd 2y (2.2)

(Griffiths-Harris [6], p. 391).

We now turn to the equivariant case. In the situation described above, let Ox
denote the local ring of X at p, Mx , its maximal ideal. The associated graded
ring

gr Ova - E}iO:O MI)((,p/MI){(Tpl
may be identified with the graded ring of polynomials in z;, - - -, zx and the graded
local ring of Z at p, gr Oz p, is an gr Ox p,H-module in the sense of section 1. Again
we give two definitions of the equivariant multiplicity e, of p on Z in X.

Algebraic definition. ep is the multiplicity of gr Oz, as an grOxp, H -
module.

Analytic definition. e, is given by the formula

2 = & Jan 0@ (9

Here m, = ][, ax as before. = € his assumed to satisfy o (z) # 0 for all k. B.

= { || z|| < €} is any sufficiently small e-ball in a coordinate system z1, ..., zn
around p = (0, ..., 0) which linearizes the H-action. w(x) is the (1,1)-form

wlE) = —5= >, #@) dzi d z . (2.4)

(The products of differential forms are exterior products.) The integral on the right
side of (2.3) is independent of € (as will be shown).

The equivalence of the definitions will be proved after some remarks.

Remarks. (1) In limits of integrals of the type met in the analytic definition of ep,
the variety Z may be replaced by its tangent cone C at p, as explained in Griffiths-
Harris [6], p.391, and proved in detail in Thie [12]. Because of homogeneity, the
integral in formula (2.1) then becomes independent of €, just like the integral in
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(2.3). After passing to the tangent cone the formulas (2.1) and (2.3) may therefore
be written

ep = anBlw n(2.5)

26 = Jors, w(x)" . (2:6)
The tangent cone C must then however be counted with the appropriate multi-
plicity, i.e. the integral over C must be interpreted as an integral over the cycle
associated to C as scheme (Fulton [5], p.15; on p.79 Fulton defines e, by the
projective equivalent of (2.5) ).

and

(2) The equivariant multiplicity reduces to the classical multiplicity in case H = C*
acts by scalar multiplication in the linearizing coordinates. Starting with any
variety and any point thereon, this situation may be achieved by passing to the
tangent cone. In this way the classical multiplicity may be considered a special
case of the equivariant multiplicity.

(3) ep depends on the embedding of Z in the manifold X, although the quotient
ep/mp depends only on the action of H on Z. (It is for this reason that “ in X”
was added to “equivariant multiplicity of p on Z”.) Numerator and denominator
of e, could be unambigously normalized by passing to the smallest subspace of the
tangent space of X at p which contains the tangent cone of Z. (This is precisely the
Zariski-tangent space of Z at p.) The effect of the normalization is to cancel those
factors ay for which z, = 0 on the tangent cone from numerator and denominator
of ep/mp .

(2.1) Theorem. The two definitions of “equivariant multiplicity” are equivalent.
The proof will consist of a reduction to the classical case. We shall need a lemma.

(2.2) Lemma. Letz € h with oy (x) purely imaginary and # 0 for all k. Denote
by L, (resp. i(x)) the Lie derivative (resp. inner multiplication) by the correspond-
ing vector field on X. Let 0(z) be any C™ one-form defined in a neighbourhood
of p on X, except at p itself, so that

L,0(x)= 0, and i(x)i(z)=1 .
Such forms exist, and if B is any sufficiently small neighbourhood of p in X, then

fa(ZmB)H(x)(dH(x))"'l (27)
is independent of 6 and B (with the stated properties) and equals
Co Jynp, w(@)" (2.8)

for any sufficiently small e.

The proof of the lemma is an exercise with the equivariant Stokes’ Theorem. It
will be clearest to explain the procedure in some greater generality. (The method
is not new: it originates in a paper of BOTT [4] and was further developed by
Berline-Vergne [2] and others.)

Let v be a C* vector field on X. (Here X need only be a real C*° manifold.)
Introduce the equivariant exterior derivative operator d, (generally inhomogeneous)
C= differential forms w on X by the formula

dyw =dw +i(v)w .
It satisfies (dy)? = doi(v) + i(v)od = Ly,the Lie derivative, and d,(af) =
(dva) B+ (-1)*a (dP) if « is homogeneous of degree a. (All products of forms are
exterior products.) The equivariant Stokes’s Theorem says : if T' is a piecewise
C*°, finite m-chain on X which is tangential to v, then



Jodwo = Jor w
for every C* form w. (Proof: the second summand of dyw = dw + i(v)w vanishes
in degree m = dimI" on I, in view of the “tangential” condition. — The integral of
an inhomogeneous form is the integral of its component in the appropriate degree.)
We now turn to the proof of the lemma. Fix x € h with ax(x) # 0 for all k.
Assume given § = 6(x) with Ly = 0 and i(x)0 = 1. The integral (2.7) may be
written as
fB(ZﬁB) f(do)™! = (—1)»! fB(ZﬁB) 6(1 + do)*
where the inverse is taken in the exterior algebra:
(1+do)yt = > (=1)k(do)k .
Observe that 1 + df = dif and de(A(1 + dO)?) = d(0(d<0)?) = 1. So
dx(0(1 + df)1) is 0 except in degree 0. The independence of B of the integral (2.7)
is therefore immediate from the equivariant Stokes’ Theorem.
To see the independence of 6, suppose 6; and 6, are two forms with the required
properties. Choose coordinate balls By C Bs. Construct a third such form 6 so
that
601 on 0B
92 on 832
This is possible: Since ax(x) is imaginary for all k, the real one-parameter group
exp(Rx) generated by x is a circle and the form 6 may be taken as 6 = c161 + c26s
where ¢; is an exp(Rx)-invariant C* function which = 1 on 9By and = 0 on
0Bs. ¢y is defined similarly, and ¢; + co = 1. Because of the independence of B:
Jozem) 0(d0)™! = [5z0m,) 65(d6))™ ;=12
It remains to prove the last assertion of the lemma. For that purpose we construct
a particular form 0 as follows. Set ax = oax(x). Write £ for the holomorphic
vector field on X corresponding to x € h:
§ = Yazk 5o
and define (1,0)-form ¢ = ¢(x) by

¢ = X zidz :
Then 0 = 0(x) = ¢/||z||? is defined except at p and has the required properties:
Led = 0, ()0 =1
Observe that dp = 27i w where w = w(x) is the form defined earlier. Further-
more, § = /€ on 0B, and df = dy/e?> = 2miw/e? there. Thus

Jozrm) 0(do)™!
= @ Joars.) e(de)™!
= & Jzem, (de)?

_ (em)" n
= Tem fszE W

This finishes the proof of the lemma.

9:

We now turn to the proof of the theorem. To prove the equivalence of the the two
definitions we may replace the variety Z by its tangent cone at p: For the algebraic
definition this is evident because the tangent cone is exactly spec of the graded ring

grO0zp = Yo Mlﬁ,p/MIZ;l (2.9)
where Mz, = Mx Oz is the maximal ideal of the local ring Oz, (Mumford
[11], p.302 or Fulton [5], p.435). For the analytic definition the corresponding
passage to the tangent cone was already mentioned.
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We shall therefore now assume that Z, as scheme, is a cone in X = CN defined
locally at p = 0 by a homogeneous ideal J of R = gr Ox ,. To prove the equivalence
of the algebraic and analytic definitions we have to show that

Jizopy @(O" = 2 (2.10)
e(x) is the multiplicity of the On,H-module (2.9); [ZNB; | cycle associated to
ZMB; (Fulton [5]). w(x) is the form:

W(X) = — ﬁ Zk ﬁ(x) ded Ek. (24)
Both sides of (2.10) are rational in x; it therefore suffices to prove (2.10) for x in
a Zariski dense subset of h.

Since the cone Z is invariant under the action of C*, we may now assume that

the action of H on X = CN contains the scalar multiplications: otherwise we

replace H by H x C*. Denote by x; an element of h which generates the scalar

multiplications: ax(x1) = 1for k= 1,2, ...,N. The elements x € h satisfying
ax(x) € N fork= 1,2, ...,N (2.11)

are now Zariski-dense in h: If a polynomial vanishes on all of these points, then
it vanishes at x 4+ sx; whenever ay(x) € Z for all k and s € N is sufficiently
large. Hence it vanishes identically on x + sx1, s € C, hence at all such x, hence
identically.
Fix x € h satisfying (2.11) and set ax(x) = ak, ax € N. Introduce new variables
w; and define a map f: w — z by setting
Zx = Wpr. (2.12)
The map f: CN — CN is finite of degree p = Ilyax ( = 7(x) for the fixed x).
Under this map the action of the C* on the z through the one-parameter group
generated by 27ix,
e?™it.z = exp(2mitx)z = (e2™a1t 7y .. e2miaNt )
corresponds equivariantly to the action of C* on the w by scalar multiplication.
Choose a form § = 6(2rix) as in the lemma for the action of C* on the z and
set e = e(x), p= m(x). After cancelling a factor (1/27i)", the equation (2.10) to
be proved becomes
fa[zrwB] f(do)™t = . (2.13)

~

Let # = '@ be the pull-back of #. 6 is then a form of the type required by the
lemma for the multiplication action of C* on the w. Let B be a sufficiently small

neighbourhood of z = 0, B its inverse image. Let Z = f'Z denote the inverse
image of Z under (2.13) as scheme (Fulton [5] ).

The ring C[w] is free over f C[z] = C[w?] (with basis consisting of the monomials
wi't oownY with my < ag, ...,my < an). The cycle [ZNB] = [f1(ZNB)] is
therefore the flat pull back [ZNB] = {'[ZNB] and
f+f*[ZNB] = (degf) [ZNB] = p [ZNB]
(Fulton [5], Lemma 1.7.1, p.18 and Proposition 8.3 (c), p.140.) Thus
Joznm) 0(d0)™

= 3 Jotorz0m 0(d0)™!
=5/ z ~ £(0(d9)™1)

9[ZNB]

B i s ~ ~ el .
= 5 Jyom @0) (2.14)
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The lemma now applies to both sides of this equation and gives

f[ZmBl] w(x)"
= Ja[znB) 0
f oo (do)

1
P J9[ZNB]
_ 1

= < f

[ZﬁBl]

(df)™!

o) (2.15)

where Bj is the ball {||w| < 1} and @ the form (2.4) corresponding to the multi-
plication action of C* on the w. Thus

~ _
— _ 1
w= —55 > dwidw

is the form entering into the analytic definition of the classical multiplicity, and we
get

Sz @)™ = ¢, (2.16)

the classical multiplicity of 0 on the cone Z. It remains to calculate .

Let J be the ideal in R = {polynomials in z} which defines Z locally at 0, J =JR
the ideal it generates R = {polynomials in w}. (R is considered a subring of R via
z=w?). J is the ideal of definition of Z, and ¢ is the (classical = equivariant)

~  ~ ~

multiplicity of R/J. J is a direct sum
J = Emj<aj Jwi™ owy

Thus the R,C*-module character ( = Poincaré series) of J is
Ch?(h) _ ChJ(h) ij<aj hmit o dmy — ch?(h) L = )

a-n¥
Therefore
he ~(h) = cho(h) — cho(h)= g ® G200 (2.17)
iy (1) = chi(b) = chy(h)= a=mr '
Write R,C*-module characters in the form chyy = f/D as in Lemma (1.2), and
R,C*-module characters similarly as Chl\N/I = {/D. Here D(h)= TIIx(1 — h®*) and

D(h)=(1 — h)N.  One finds from (2.17)
chr ~(h) = 1= fi(h) _ frpp)
R/J D(h) D)

Hence fﬁ/} =fr/y . From Lemma 2 of §1 one finds that the R,C*-multiplicity o

of R/J equals the R,C *-multiplicity e of R/J:

e=¢ (2.18)
From (2.14) — (2.18) follows the desired formula (2.11).
This proves the equivalence of the algebraic and analytic definitions of ey (x) and
completes the proof of the theorem.

3. The Localization Formula. The Localization Formula of equivariant coho-
mology may be stated as follows (Berline-Vergne [2]).

Let T be a real torus acting on a compact, oriented manifold M of dimension 2n.
Assume all fixed-points of T are non-degenerate. Let x € t be a regular element
and pu(x) a C* form on M satisfying dyp(x) = 0. Then



(2-_71n> fM p(x) = Zp wpl(x) Np(X)a (3.1)
sum over all fixed-points p of T.

Explanation. Around a fixed-point p of T one may introduce positively oriented
coordinates xj, ...,Xo, around p on M so that expx € T acts by the rotation

cos O (x) —sinbk(x)

[sin Ok (x)  cosby(x)
in the xy,xn4+x — plane. The ax = ify are the weights of T on the tangent space
at p, and the fixed point p is non-degenerate if these weights «y are all non-zero
(for every fixed-point p). An element x € t is regular if ax(x) # 0 for every a.
dx = d + i(x) is the equivariant exterior derivative, as explained in connection
with the Lemma (2.2). pp(x) is the value at p of the degree-zero component of the
(inhomogeneous) form p(x).

Remark. The formula concerns only one vector field at a time; T can therefore
be replaced by any compact Lie group, since any one-parameter subgroup is then
contained in a torus.

We shall prove an analogous localization formula when the smooth manifold M
is replaced by a possibly singular complex variety. For this purpose we have
to consider integrals over chains I', namely the chains [ZNB] cut out from the
fundamental cycle of a complex variety by a coordinate ball B. Such chains satisfy
the following regularity condition. For every C*° form

limeo % [rnp, ¢ = 0 fork< dimT. (3.2)
Here B, denotes the e-ball in an arbitrarily chosen coordinate system about an
arbitrarily chosen point of X. The intersection 'NB, may be defined using a sub-
division of T'.  That the condition (3.2) is satisfied for the fundamental cycles of
complex analytic varieties is clear from the usual proof of local integrability over
such cycles (Griffiths-Harris [6], p.32). (It is in fact more generally satisfied when
I' is a subanalytic chain on a real analytic manifold, as one can see in Hardt [7])

(3.1) Localization Formula. Let H be a complex torus acting holomorphically
on a complexr manifold X, Z a compact subvariety of X of dimension n. Assume
all fized-points of H are non-degenerate. Let x € h be a regular element and i(z)
a C* form on X depending holomorphically on = € h and satisfying dpu(z) = 0.
Then

n
(55) Jpn@) = 2, 2% (), (3.3)
sum over all fized-points p of H on Z. e, is the equivariant multiplicity of p and
mp = oy the product of the weights of H on the tangent space of X at p.

Proof. The method (which goes back to Bott [4]) is the same as for the formula
(3.1). We give the argument here in order to indicate how the regularity property
(3.3) is used and how ep(x) comes in.

Let u(x) be a form on X of the prescribed kind. It is enough to prove the formula
(3.3) when ai(x) is imaginary and non-zero for all weights oy at all fixed-points
p. Fix such an x € h. Around each fixed point p one can then find a C*
one-form § = 6(x) which has the properties of the Lemma (2.2) : Ly = 0,
i(x)d = 1. These local § may be patched together with the help of an exp(Rx)-
invariant partition of unity to obtain a globally defined 6 with the same properties.
As noted before, dy8 = (1 4+ df) has the exterior inverse

(1+d0)T = ¥ (—1)* (d0)
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Set = p(x) for the fixed x. Since dypr = 0 one finds that
dx(0(dx0) ) = p
The equivariant Stokes’ Theorem now gives
Iz w

C S g OO
= = Jm 3 Jozrs. ey 000 H

€ —
_ _1\k+1 : k
= 2px(=1) 612)110 Jozom.py 00 p.
Be(p) is a coordinate e-ball around p. We take the coordinates z1, ..., zN around

p to be linearizing and we assume that there the form 6 is the one constructed in
the proof of the Lemma (2.2): § = ¢/||z||*> where

Y = Z %k Ek de
Then the above integral becomes

Jonw = Xy (D eli_r>n0 e Jons. ) (A0 1
— : 1
= Zp,k (—1)k+1 elin() ST fZﬁBE(p) d(SD(dSD)k/L)
_ _ 1\k+1 : 1 n-1
= 5, (D i g 4(0(d0)" )

because of the regularity property (3.2).  The only component of y which con-
tributes to the last integral is the component in degree zero; in the limit, it may
be evaluated at p and taken out from the integral. This gives

Jon = > op(=1)" pp lime g & fzmg((p) (de)”
In the notation of §2, dp = (1/271) w. Thus the last equation is exactly the desired
formula (3.3)

(3.2) Example: Schubert varieties. Let X = G/B be the flag manifold of a
semisimple complex algebraic group G. Let H be a Cartan subgroup of G contained
in the Borel subgroup B. For each element w € W (the Weyl group of G, H)
denote by Z,, corresponding Schubert variety. Let u(x) be a form on X as in
the Localization Formula: f(x) depends holomorphically on x € H and satisfies
dxp(x) = 0. Assume in addition that p(x) is invariant under the action of W on
X and h:

wp(x) = p(wx).
(As usual, the action of W on X depends on the choice of a compact form K of G:
w-(kB) = kwB for k € K and w € W.)
In this situation there is an explicit formula for the integral of u(x) over Z, due
to Arabia [1]:

(%)nfzw p(x) = Aw,uy(x) (3.4)

where n = 1(w) = dim Zy,.

Explanation. A, is the operator on holomorphic functions on h introduced by
Bernstein-Gelfand-Gelfand [3]: for a reflection s, in a simple root o, Ag, = A, is
defined by

Ag = 1 (sa - 1) . (3.5)
(Weyl group elements are here considered as operators on functions on h: w-f(x) =
f(wlx).) For general w € W,
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Ay =A,, - A, (3.6)
where w = 8o, - Sq, is any reduced expression for w as a product of simple
reflections. iy (x) is the component of degree zero of the form u(x) at the point
py =yB of X = G/B. Written out explicitly, the formula (3.4) reads

(2-_711>n wa :U(X) = Zy QW,y(X) My(x) (37)
where

— 1
Qw,y = Zsl cesn P sy ese(ak)? (38)

sum over all sequences (s1, ---,sn) with s = So; or 1l and sy ---sy, =y The
corresponding points p, = yB which occur in the sum (3.7) are precisely the fixed-
points of H on Z. If one compares (3.7) with (3.3) one comes to the conclusion
that

Gy = (—1)10) & (3.9)
where ey is the equivariant multiplicity at py and 7 the product of the positive roots.
This conclusion presupposes that there are enough form p(x) of the required kind
so that the rational functions g, on the right side of (3.7) are uniquely determined
when the left side is known for all such p(x). This is indeed the case: If f(x) is
a holomorphic function on h one can construct a form pfof the required type by
the equivariant Chern-Weil homomorphism of Berline-Vergne [2]) with the property
u§, (x) = f(y'x), as explained by Arabia [1].

The formula (3.9) shows that the rational functions gy can be written with de-
nominator 7, a property which can be proved in other ways, but is not evident from
their definition (3.8).
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