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Abstract

In this paper we establish asymptotic normality of trimmed sums
for long range dependent moving averages. Our results extend those
of Ho and Hsing [12]
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1 Introduction

Let {€;,7 > 1} be a centered sequence of i.i.d. random variables. Consider
the class of stationary linear processes

[e9)
Xi = Z CL€i_k, 7 > 1. (1)
k=0

We assume that the sequence ci, k > 0, is regularly varying with index
—B, B € (1/2,1). This means that c; ~ k%Lo(k) as k — oo, where Lg
is a slowly varying function at infinity. We shall refer to all such mod-
els as long range dependent (LRD) linear processes. In particular, if the
variance exists (which is assumed throughout the whole paper), then the
covariances p;, := EXyX}, decay at the hyperbolic rate, pp = k=0~ L(k),
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where limy,_,, L(k)/L3(k) = B(26—1,1—73) and B(-,-) is the beta-function.
Consequently, the covariances are not summable (cf. [9]).

Assume that X; has a continuous distribution function F'. For y € (0,1)
define Q(y) = inf{z : F(z) > y} = inf{z : F(z) = y}, the corresponding
(continuous) quantile function. Given the ordered sample X;., <--- < X,,.,,
of X1,..., Xy, let Fy(x) =n~ Y0, l¢x,<z} be the empirical distribution
function and @, (-) be the corresponding left-continuous sample quantile
function, i.e. Qn(y) = Xk, for % <y < % Define U; = F(X;) and
E.(z) = n7t30, Ly,<z}, the associated uniform empirical distribution
function. Denote by U,(+) the corresponding uniform sample quantile func-
tion.

Let r be an integer and define
n T
Yn,r - Z Z H stei*jw n Z ]-7
i=11<j1 < <jr s=1
so that Y, 0 =n, and Y,,1 = 37 X;. If p< (28 —1)71, then
onp = Var(Yy,p) ~ n® P L (), (2)

Define now the general empirical, the uniform empirical, the general
quantile and the uniform quantile processes respectively as follows:

Bn(x) = agjn(Fn(ac) — F(x)), z € R,

an(y) = o, in(En(y) —y),  y€(0,1),
t(y) = 0, 1n(QY) — Qu(y)),  ye(0,1),

un(y) = o, in(y — Un(y)),  y€(0,1).

The aim of this paper is to study the asymptotic behavior of trimmed sums
based on the ordered sample X;., < --- < X,,., coming from the long range
dependent sequence defined by (1).

Let T,(m, k) = ;L;T’,“L +1 Xi:n and note that (see below for a convention
concerning integrals)

1-k/n

Tum k) =n [ Qu(w)dy. Q)

m/n



Ho and Hsing observed in [12] that, under appropriate conditions on F,

—|—UnlzX

where 0 < yo < y1 < 1. Equation (4) means in principle that the quantile
process can be approrimated by the partial sum, independently of y. This ob-
servation, together with (3), yield the asymptotic normality of the trimmed
means in case of heavy trimming m = m, = [0in], k = k, = [d2n], where
0 < §1 < 62 < 1 and [-] is the integer part, see [12, Corollary 5.2]. This
agrees with the i.i.d. situation, see [18].

However, the representation (3) requires some additional assumptions on
F. In order to avoid them, we may study asymptotics for the trimmed sums
via the integrals of the form [ o, (y)dQ(y). This approach was initiated in
two beautiful papers by M. Csorgd, S. Csorgd, Horvath and Mason, [2], [3].
Then, S. Csorgd, Haeusler, Horvath and Mason took this route to provide
the full description of the weak asymptotic behavior of the trimmed sums
in the i.i.d. case. We refer to [4] for an extensive up-to-date discussion and
the survey of results.

In the LRD case, instead of using the Brownian bridge approximation,
we can use the reduction principle for the general empirical processes as
studied in [9], [12], [13] or [19], see Lemma 7 below. We can use then the
similar approach as the above mentioned authors to establish the asymp-
totic normality in case of moderate trimming, complementing Ho and Hsing
results in the heavy trimming case. The results are similar to the i.i.d case.
In case os sums of extreme values, however, we can have some interesting
phenomena, for which we refer to [14].

sup —op(1 (4)

ye[yo,yll

We will use the following convention concerning integrals. If —oo <
a < b < oo and h, g are left-continuous and right-continuous functions,
respectively, then

b b
/ gdh = gdh and / hdg = hdg,
a [a,b) a (a,b]

whenever these integrals make sense as Lebesgue-Stjeltjes integrals. The
integration by parts formula yields

b b
/a gdh + / hdg = h(b)h(b) — f(a)g(a).

We shall write g € RV, (g € SV) if g is regularly varying at infinity with
index « (slowly varying at infinity).



In what follows C' will denote a generic constant which may be different

at each of its appearances. Also, for any sequences a, and b,, we write
n ~ by if lim,, . a, /b, = 1. Further, let £(n) be a slowly varying function,
possibly different at each place it appears. On the other hand, L(-), Lo(-),
Ly(-), etc., are slowly varying functions, fixed form the time they appear.
Moreover, ¢g*) denotes the kth order derivative of a function ¢ and Z is a
standard normal random variable. For any stationary sequence {V;,i > 1},
we will denote by V' the random variable with the same distribution as V.

2 Statement of results and discussion

Let F be the marginal distribution function of the centered i.i.d. sequence
{€i,i > 1}. Also, for a given integer p, the derivatives Fg(l), . ,Fe(p+3) of
F, are assumed to be bounded and integrable. Note that these properties
are inherited by the distribution F' as well (cf. [12] or [19]). Furthermore,
assume that Ee] < oo. These conditions are needed to establish the reduc-

tion principle for the empirical process and will be assumed throughout the
paper.

We need to impose some conditions on F. The first assumption is that
the right tail of the distribution F' satisfies the following Von-Mises condi-

tion: Fa)
xf(x
lim ————
a0 1 — F(z)
The condition (5) together with its counterpart for the left tail will be re-
ferred to as X € M DA(®,), since, in particular, (5) implies that X belongs
to the maximal domain of attraction of the Fréchet distribution with index
«. Then

=a>0. (5)

Ql—y) =y VLi(y™") as y—0 (6)
and the density-quantile function fQ(y) = f(Q(y)) satisfies
fRU=-y) =y La(y™") as y—0, (7)

where Lo(u) = a(L1(u))™L.

The second type of assumption is that F' belongs to the maximal do-
main of attraction of the double exponential Gumbel distribution. Then the
corresponding Von-Mises condition implies

L fe-y) Jiz, (1= w)/ fQ(u)du
2

=1. 8
y—0 y ( )

4



: -1 -1 1 -1
Thus, with L3(y~") = (y S, (1= u)/fQ(u)du) one has

fQ —y) =yLs(y™)

and L3 is slowly varying at infinity. The above assumption, together with
its left-tailed counterpart will be referred to as X € M DA(A).

Recall that an(y) = inf{z : F,(z) > y} = Xgp if % <y < % Let
To(m, k) = E?:_mﬂ X;., and

1-k/n

pn(m, k) = n/ Q(y)dy.

m/n
The main result of this paper is the following theorem.

Theorem 1 (Moderate trimming) Let p be the smallest positive integer

such that (p+1)(26—1) > 1 and assume that forr =1,...,p, fol FM(Q(y)dQ(y) <
co. Let ky, = n¢, € € (0,1). Assume that either F € MDA(A) or F €
MDA(®,) for some o < 0o such that

1— : 3
{04>5 1f6217 . (9)
a =

Then
T (T Ky kn) = o (ks b)) - 2.

2.1 Remarks

Remark 2 Let us discuss condition (9) of Theorem 1. Recall that the
main assumption is Eef < oo which implies EX} < oo and thus a > 4,
3

in particular. If 3 is close to § then there is no additional restriction on

moments. However, the restriction on « is very sensitive for § close to % or
1.

The condition Eef < co appeared since we used the reduction principle
from [19]. This moment restriction can be weakened to Ele1|**?, § > 0, as
indicated in [9]. However, in this case the rates in the reduction principle
are not as good as in [19], which is crucial in our method. If one can improve
those rates, one can have less restrictive conditions on a.

Remark 3 The conditions f11/2 FO(Q(y)dQ(y) < oo, 7 = 1,...,p, are
not restrictive at all, since they are fulfilled for most distributions with a



regularly varying density-quantile function f(Q(1 — y)), for which we refer
to [16]. Consider for example the Pareto case, Q(y) = C(1 — )~/ for all
y such that 0 < y; < y < 1, where y; is fixed. Then for » > 1 and all z
exceeding some value zq, F(")(z) = Cz~(@*+"), Thus, we have

1

[, FOQwMaw) = [ 1)y < o

/ZVIO 1/2VIO

If, additionally, we impose the following Csorgd-Révész-type conditions (cf.
also [1, Theorem 3.2.1]):

(CsR1) f exists on (a,b), where a = sup{x : F(z) =0}, b =inf{z : F(x),z =
1}, —o <a<b< oo,

(CSRQ) infa:e(a7b) f(.’L‘) >0,

then in view of (CsR2) and the assumed boundness of derivatives F()(.),

the integral f11/2 F(Q(y))dQ(y) is finite.
The condition is trivially fulfilled for the exponential right-tail. Consider

the standard normal distribution. Then F()(z) = f ()W(—1y(z), where
Wi,—1)(+) is a polynomial of order » — 1. Consequently, the finiteness of the

integral is equivalent to f11/2 Q" Y(y)dy < oo, which is the case.

Remark 4 It is well-known that U;}l (T0,(0,0) — un(0,0)) = O’;an(O, 0) 4
Z. Combining this with Theorem 1 we see that the extreme sum > i, Xip
is op(op,1)-negligible, namely

Ur:& ( zn: Kiom — n/ll Q(y)dy) = op(1).

i=n—kn+1 —kn/n

Moreover, we have 31, 1 X, = op(0p,1) as long as

1
i [, QWiy= o). (10)

In other words N
Zi:n—kn—i-l Xin
i=1 Xi
the cumulated extremes have negligible contribution to the whole partial
sum.

— op(1), (1)



Remark 5 In the similar vein as in Theorem 1, we may consider partial
sums Y ;- G(X;), where G is a measurable function. Assuming for example
that X;,7 > 1 is a Gaussian sequence and that G has the Hermite rank
T, using the strong reduction principle for the empirical process based on
subordinated random variables Y; = G(X;) (see [7]) one can state the corre-
sponding results, replacing o, 1 and Z by o0, - and Z; respectively, where Z,
is a (possibly non-Gaussian) random variable defined as the 7-fold integral
with respect to a Brownian motion, see [11]. In the context of Theorem
1, however, one needs to assume that G(X7) is in the appropriate domain
of attraction. For example, if G(z) = log(z1)® and X € MDA(®,), then
G(X) € MDA(A). The result of Theorem 1 is still valid, since the Hermite
rank of G is 1. On the other hand, if G(z) = 22 — 1 or G(x) = |z, then the
Hermite is 2 and the maximal domains of attraction for G(X) can be easily
characterized by those of X.

Remark 6 Note that L-statistics can be written as integrals of the form
fol J(y)Qn(y)dy with some function J. Therefore, our approach can be also
applied to establish asymptotic results for L-statistics.

3 Proofs

Let p be a positive integer and let
n p

Sn,p(l') = Z(l{XZSx} - F(I‘)) + Z(_l)rilF(r)(x)Yn,r
i=1 r=1
= Z(l{XiSOC} - F(x)) + Vn,p(w)7

i=1

where F(") is the rth order derivative of F. Setting U; = F(X;) and z = Q(y)

in the definition of S, (-) we arrive at its uniform version,

=2 (ui<y) — +Z QY)Y
i=1

(1{U <y} — y) + Vn,p(y)'

[
M:

.
Il
—

Denote

n= =P LY (n)(log n)%/2(log log n)3/4 +1)(26—-1)>1
d . — o (n)(logn)”2(loglogn)>*, (p+1)(28—1) >
v —P=3) L8 (n)(log n) /2 (log log n)*/4, (p+1)(268—1) < 1

We shall need the following lemma.



Lemma 7 ([19]) Let p be a positive integer. Then, as n — oo,

n P 2
E sug Z(l{XiSiU} — F(x)) + Z(—I)T_IF("") (x)Ynr| = O(E, + n(log n)2),
relh ;=1 r=1
where

[ o), (p+1)(26-1)>1
" O Ees LT )y (pr )26 -1) <1

[1]

Using Lemma 7 we obtain (cf. [6])

T p SUD [ S ()]

zeR
_ Oa_s(n_(%_p(ﬁ_%))Lap(n)(log n)5/2(log log n)?’/‘l)7 p+1(26-1)>1
Ou.s(n~®=2) Lo(n) (log n) /2 (log log n)/4), (p+1)28-1)<1

we obtain

sup [B,(x) + 051 Vap(2)| =
zeR

n
a _ _

= =P sup O-n,;) E :(1{X2S$} - F(LE)) + Jn,})Vnyp(‘T) = Oa-S(dn,P)'
O-n,l zeR i=1

Consequently, via {an(y),y € (0,1)} = {8.(Q(y)),y € (0,1)},

sup Jon (y) + 071 Vinp ()| = Oaus(dnp). (12)
y€(0,1)

By (12), the next lemma is obvious.
Lemma 8 Let p be a positive integer. Assume that forr =1,...,p, fol F(Q(y)dQ(y) <

oo. Then for any 0 < a,, such that a,, — o0, a, = o(n),

. l1—an/n _ d
ok [ ) & 2.

n/n



3.1 Integral functionals of the empirical process
Let ¢u(y) = (y(1 —y)*, y € [0,1], p > 0.

We start with following results, which may be of independent interest.
Let ¢, =n7", kK > 0 and consider the following class of functions:

1

Lo = Lo(p) = {K K :[0,1] - R, nondecreasing,/ Yu(y)dK(y) < oo} .
0

Lemma 9 Fiz k>0, p € IN. Let u > 0 be such that

p< S8 i EA-1 > 1, (13)
p< B 1yEa-1) < 1.

Then

sup sup
KeLgen<s<t<l—en

[ (@n0) + 0,2V 0) K )| = o)) (10

The most interesting case is K = Q.

Corollary 10 Assume that either E|X|* < oo for all « > 0 or (6) holds
with some o < oo such that

a> s ifp>3
a>4 if 3e(1,2)

Let p be the smallest positive integer such that (p+1)(26 —1) > 1. Then

/St (an (@) + 071 Von(®)) dQ(y)’ — 0us(1).  (15)

sup
1/nF<s<t<1—1/n*

Proof of Lemma 9. From (12) and the choice of p,

lon(y) + 07, 1 Vap ()]
sup

= Og.s(1). 16
yE(en,1—€n) ¢u(y) ( ) ( )

We have for all e,, < s <t<1—¢, and all K € Ly,

[ (@n0) = 021V 0)) K )
/t lon(y) — 0,1 Vo p(9))]
s ye(

< sup

en,l—€n) Tll)ﬂ(y) wﬂ(y)dK(y)

1
< oas(l) /0 Yu(W)dK (y) = 04.4(1).

9



©

Proof of Corollary 10. If 3 > %, set p=1in (13). If F € MDA(®,), then
E|X|*% < oo for all § € (0, ). Since we assumed « > /(1 —f3), choose § €
(0, @) such that a — & > /(1 — ) still holds. Set p = (a—68)~"! < (1-23)/k.
Then we have E|X|'/#+9/2 < 0o, The latter condition is sufficient for the
finiteness of fol Yu(y)dQ(y) (see [17, Remark 2.4]). Consequently, @ € Lo
and (14) applies.

If 3 <3 and F € MDA(®,), then take in (13) the smallest integer p
such that (p+1)(268—1) > 1. Now, (1 —3)~! < 4. Further, since Ee} < oo,
we have EX{ < co and thus o > 4. Consequently, a > (1 — §)~1. We may
choose 6 € (0, ) such that « —§ > (1 —3)~! and continue as in the previous
case.

Likewise, if E|X|* < oo for all & > 0 then choose « such big so that
a > (1 — )71, Consequently, we may continue as in the case of Q being
regularly varying. Therefore, (15) has been proved.

©

3.2 Proof of Theorem 1
Integration by parts yields

1 n—kn 1—kn/n
ot | X Xi—malkuk) | == [ Q)

i=kn+1 n/n

1 Uk":” .
st [ (Baly) — ha/m)dQU) +

n/M

1—kn/n

gt [ (Ba) = (1= ku/m)dQU) =: By + By + B
n—kn:n

Note that ' € MDA(A) implies that E|X|* < oo for all & > 0 (see [8, p.

148]). Corollary 10 applied with k = 1 — &, together with Lemma 8 yields

the asymptotic normality for B;. It suffices to show that Bs = op(1). The

term B, is treated in the same way.

Lemma 11 For any k, — oo, k, = o(n)

Un—kn:n

p
—— = 1.
1—kn/n -

10



Proof. In view of (12) one obtains

sup |un(y)| = sup |an(y)| = Op(1).

y€(0,1) y€(0,1)
Consequently,
sup [y —Un(y)l = sup op1n " un(y)| = sup op1n |an(y)]
y€(0,1) ye(0,1) ye(0,1)

= Op(an,ln_l).

Thus, the result follows by noting that U, (1 — ky,/n) = Up—k,n-

An easy consequence of (12) is the following result.

Lemma 12 For any k, — 0,

sup lon (y)| = Oa-S-(dn,p) + Op(f(Q(1 — kn/n))).
ye(1—kn/n,1)

To prove that Bz = op(1), let y be in the interval with the endpoints U,,_, .,
and 1 — ky/n. Then

kn
1- En(y) - ; < ‘En(l - kn/n) - (1 - kn/n)|
Case 1,Y € MDA(®,): By Lemma 11 we have
Q(l - kn/n)/Q(Un—knn) L L. (17)

Thus, by (17) and Lemma 12

‘Q(l B kn/n) - Q(Un—knn)‘
Q(1 = kn/n)

B3 < 0, 1Q(1 — kn/n)|an(1 — kn /1))
= 0,1Q(L — kn/n)an(1 — kn/n)op(1)
= 0, (0, 1Q( — kn/m) FQ(L = ki /1)) + 0y (0, 1Q(1 = K /n)dnp ) = 0p(1).
Case 2, X € MDA(A): Let
Ta(N) = o ilan(l = ka/n)| |Q(r (V) — Qry (V)]
by

where it (A\) = 1— %2 7~ ()\) = 1— %2 and 1 < A < oo is arbitrary. Applying

An’'n
the argument as in the proof of Theorem 1 in [5] we have

l%lmg.}fP(|Bg| < |Tn(N)|) > lim inf P(r;(N) < Up_p,n <7 (V).

n

11



In view of Lemma 11, the lower bound is 1. Thus, lim, . P(|Bs| <
|7 (A)|) = 1. Further, by Lemma 4 in [15]

lim (Q(r;f (V) = Q(ry (\))Ls(n/ky) = — log A.

Thus, for large n
T.(N) = opilan(l = ka/n)l(Ls(n/ka)) Qi (V) — Q(ry (A)|Ls(n/kn)

-1 -1

Oni Oni
< ) 1 _ 1 ) 1
< Lg(n/kn)fQ( kn/n)(log A) + CQiLg(n/kn)d"’p og \

almost surely with some constants C1,Cs. The both terms, for arbitrary
A, converges to 0. Thus, we have for sufficiently large n, T,,(\) < Cjlog A
almost surely. Thus, lim, .~ P(|T,(\)| < CilogA) = 1. Consequently,

nh_}IF.lo P(|Bg| > C log)\) =
= lim P(|B3| > Cilog A, [T(A)| < CilogA) + lim P([T,(A)] > Cilog A)
< lim P(|Bs| > |To(A)]) +0=0

and thus Bs = op(1).
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