Asymptotic expansion for block estimators in the PoT
framework

Rafat Kulik

Department of Mathematics and Statistics (University of Ottawa)

Extreme Value Analysis conference, Milan, Italy

Joint work with Zaoli Chen

30 June 2023

Rafat Kulik Blocks estimators in PoT framework 30 June 2023 1/25



Plan

@ Introduction
@ Cluster indices
@ Estimation of cluster indices

© Expansion for blocks estimators
@ Internal clusters
@ Internal clusters
@ Expansion result

© Summary

Rafat Kulik Blocks estimators in PoT framework 30 June 2023 2/25



(IO  Cluster indices

Motivation - estimation of extremal index

Let {XjT,j € 7} be a regularly varying sequence of i.i.d. nonnegative
random variables with the tail distribution function F.
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Let {XjT,j € 7} be a regularly varying sequence of i.i.d. nonnegative
random variables with the tail distribution function F. In particular:

o limy ,00 F(tx)/F(x) = t~ for some o > 0 (e.g. Pareto, Student).

@ There exists a sequence a, — oo such that

lim P <max{X1T, LX< a,,x> =exp(—x %).

n—oo
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(IO  Cluster indices

Motivation - estimation of extremal index

Let {XjT,j € 7} be a regularly varying sequence of i.i.d. nonnegative
random variables with the tail distribution function F. In particular:

o limy ,00 F(tx)/F(x) = t~ for some o > 0 (e.g. Pareto, Student).
@ There exists a sequence a, — oo such that

lim P (max{XlT, LX< a,,x> =exp(—x %).

n—oo

Let now {Xj,j € Z} be a stationary regularly varying sequence with the
same marginal tail df F. Then

lim P(max{Xi,..., Xn} < apx) = exp(—0x"%),

n—oo

where 6 € (0,1] is called the extremal index (whenever exists).
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(IO  Cluster indices

The extremal index can be represented as

. P(max{X1,..., X,,} > un) . P(XT, > up)
0= lim = lim —=f— |
n—00 rnP(Xo > u,,) n—00 FnWh

where

fn—>00, rp/n—0, up—00, rpw,—0, nw, — .
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. P(max{X1,..., X,,} > un) . P(XT, > up)
0= lim = lim —=f— |
n—00 rnP(Xo > u,,) n—00 FnWh

where
fn—>00, rp/n—0, up—00, rpw,—0, nw, — .

Notation: x;; = (xi,...,X;), X7 = max{xi, ..., Xj}.
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(IO  Cluster indices

The extremal index can be represented as

. P(max{X1,..., X,,} > un) . P(XT, > up)
0= lim = lim —=f— |
n—00 r,,P(Xo > u,,) n—00 FnWh

where
fn—>00, rp/n—0, up—00, rpw,—0, nw, — .

Notation: x;; = (xi,...,X;), X7 = max{xi, ..., Xj}.
We will refer to ro,w, — 0 as "PoT condition”.
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(IO  Cluster indices

Motivation - estimation of cluster indices

Note that we can-rewrite
9 — ||m ]E[H(Xlarn/u”)]

n—o0 rn Wp

with a cluster functional H : R} — R:

H(x) = ]l{maxxj > 1} =1{x">1}.
JEZ

@ the cluster size distribution obtained with
H(x) =1 Z]l{xj>1}:m , meN;
j€z
@ a large deviation index of a univariate time series obtained with !

Hix) = {K(x) > 1}, K(x)= x:

JEZ

"Mikosch and Wintenberger (2013, 2014)
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(IO  Cluster indices

Cluster indices - existence and representation

When does the cluster index exist? We need assumptions on rp, u,; time
series; and functionals H.

2Davis and Hsing (1995)
3Kulik, Soulier, Wintenberger (2019)
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(IO  Cluster indices

Cluster indices - existence and representation

When does the cluster index exist? We need assumptions on rp, u,; time
series; and functionals H.
o Let rpw, = r,P(Xo > up) — 0;
@ Anticlustering condition (extremes cannot persists for infinite horizon
time): We say that Condition AC(ry,, c,) holds if for every
x,y € (0,00), 2

lim IimsupIP’( max Xj > upx | Xo > u,,y) =0.

=00 n—oo L<|jI<rm

2Davis and Hsing (1995)
3Kulik, Soulier, Wintenberger (2019)
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(IO  Cluster indices

Cluster indices - existence and representation

When does the cluster index exist? We need assumptions on rp, u,; time
series; and functionals H.
o Let rpw, = r,P(Xo > up) — 0;
@ Anticlustering condition (extremes cannot persists for infinite horizon
time): We say that Condition AC(ry,, c,) holds if for every
x,y € (0,00), 2

lim IimsupIP’( max Xj > upx | Xo > u,,y) =0.

=00 n—oo L<|jI<rm

The condition is valid for e.g. geometrically ergodic Markov chains. 3

2Davis and Hsing (1995)
3Kulik, Soulier, Wintenberger (2019)
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(IO  Cluster indices

Cluster indices - existence and representation

Define:
_ B[H(X1r,/un)] _ E[H(X1,r,/un)]

*(H
vo(H) raP(Xo > up) rWhp

*Planinic and Soulier (2018); Chapter VI of Kulik and Soulier {2020); Planinic (2022)
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Cluster indices - existence and representation

Define:
_ B[H(X1r,/un)] _ E[H(X1,r,/un)]

*(H
vo(H) raP(Xo > up) rWhp

Theorem 1

Assume that AC(rp, c,) holds. Then vi(H) — v*(H) for all bounded
continuous shift invariant functions H with support separated from 0.
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(IO  Cluster indices

Cluster indices - existence and representation

Define:
_ B[H(X1r,/un)] _ E[H(X1,r,/un)]

*(H
vo(H) raP(Xo > up) rWhp

Theorem 1

Assume that AC(rp, c,) holds. Then vi(H) — v*(H) for all bounded
continuous shift invariant functions H with support separated from 0.

Representation:
V' (H)=E[H(Y)I{Y", ; <1} =0E[H(Z)] ,

where Y is the tail process and Z is a Palm version of Y. 4

*Planinic and Soulier (2018); Chapter VI of Kulik and Soulier {2020); Planinic (2022)
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Introduction Estimation of cluster indices

Blocks estimators

Define m, = [n/r,] and consider the statistic

1 I

DBy(H) = ————— > H(X(i—1)r,41,i,/ Un
(H) nP(Xo > up) ; ( (i 1)rn+1,lrn/” ),
—~— 1 n—rp

SBn(H) = ) Z H(X(i—l)r,,—i—l,irn/un) .

ranP(Xo > up, Pt
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Introduction Estimation of cluster indices

Blocks estimators

Define m, = [n/r,] and consider the statistic

1 I

DBy(H) = ————— > H(X(i—1)r,41,i,/ Un
(H) nP(Xo > up) ; ( (i 1)rn+1,lrn/” ),
—~— 1 n—rp

SBn(H) = ) Z H(X(i—l)r,,—i—l,irn/un) .

ranP(Xo > up, Pt
Note that

v*(H) = lim E[DB,(H)] = nImeE[@n(H)].

n—o0
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Introduction Estimation of cluster indices

Central Limit Theorem(s) for blocks estimators

Theorem 2

Let {X;,j € Z} be a stationary, regularly varying univariate time series.
Under the "appropriate” conditions

Vi {DBo(H) — v*(H) } ~ G(H),

where G is a centered Gaussian process with the variance v*(H?).

The same asymptotics holds for both disjoint blocks. ° This is in
contrast to Block Maxima method °©

®Drees and Rootzen (2010); Chapter X of Kulik and Soulier (2020); Cissokho and
Kulik (2021,2022); Drees and Neblung (2021)
®Biicher and Segers (2018a, 2018b)
Blocks estimators in PoT framework 30 June 2023 9/25



Expansion for blocks estimators

Expansion for blocks estimators

Goal: expand

DB, (H) — SB(H) .
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Expansion for blocks estimators

Expansion for blocks estimators

Goal: expand
DB, (H) — SB(H) .

The expansion will have the form

1
TC(H) +
nrowhp nrawy

DB,(H) — SBA(H) = BC(H) + smaller terms ,

where ZC and BC are internal and boundary clusters statistics.
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Expansion for blocks estimators

Expansion for blocks estimators

Goal: expand
DB, (H) — SB(H) .

The expansion will have the form

TC(H) + —

nrowhp nrawy

DB,(H) — SBA(H) = BC(H) + smaller terms ,

where ZC and BC are internal and boundary clusters statistics. Once we

obtain the (precise) rates for ZC and BC, we will get the precise rates for
the expansion.
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Expansion for blocks estimators Internal clusters

Internal clusters - set-up

@ A large value in block j:

A7 =AXG 1)1y > Un} -
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Internal clusters - set-up

@ A large value in block j:

A7 =AXG 1)1y > Un} -

e For x € R%, let T;(x) be locations of consecutive exceedences over 1
and ATi(x) = Tiz1(x) — Ti(x).
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Expansion for blocks estimators Internal clusters

Internal clusters - set-up

@ A large value in block j:
c __ *
Af =X 1)yt e > Un} -
e For x € R%, let T;(x) be locations of consecutive exceedences over 1

and ATj(x) = Tiy1(x) — Ti(x).

o Cluster length functional

L(x) = Tmax(x) = Tmin(x) + 1.
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Expansion for blocks estimators Internal clusters

Internal clusters - set-up

A large value in block j:

A7 =AXG 1)1y > Un} -

e For x € R%, let T;(x) be locations of consecutive exceedences over 1
and ATi(x) = Tiz1(x) — Ti(x).

o Cluster length functional
L(x) = Tmax(x) — Tmin(x) + 1.
© The number of exceedences over 1: £(x) = 3., 1{x; > 1}.
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Expansion for blocks estimators Internal clusters

Internal clusters - definition

Define
E(x)-1
Hire(x Z ATI(){H(X s, 7,0)) + HXT,, 1 (x)00) — H(X)} -
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Internal clusters - definition

Define
E(x)-1
Hze(x Z AT(X){HX o 7)) + HXT ().00) — H(X)} -
Example 3

Take H(x) = 1{x* > 1}. Then Hze(x) = £(x) — 1.
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Internal clusters - definition

Define
E(x)-1
Hze(x Z AT(X){HX o 7)) + HXT ().00) — H(X)} -
Example 3

Take H(x) = 1{x* > 1}. Then Hzc(x) = £(x) — 1. Important:
Starting with bounded H, we get unbounded Hzc.

We have

H)=> ICi(H
j=1
ICj(H) = Hre(uy " X (5 1)r11r) H{A1 N AT N Ajia }
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Expansion for blocks estimators Internal clusters

Internal clusters - definition

Define
E(x)-1
Hze(x Z AT(X){HX o 7)) + HXT ().00) — H(X)} -
Example 3

Take H(x) = 1{x* > 1}. Then Hzc(x) = £(x) — 1. Important:
Starting with bounded H, we get unbounded Hzc.

We have

H)=> ICi(H
Jj=1

ICj(H) = Hre(uy " X (5 1)r11r) H{A1 N AT N Ajia }

We can view ZC as disjoint blocks statistics acting on ﬁzc-
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Expansion for blocks estimators Internal clusters

Why internal clusters?

Lemma 4

Assume that AC(rp, c,) hold. Let Tqrst and Tiagy be the location of the
first and the last block of size r,. Let a random variable U be
Uniform(0, 1). Then, conditionally on AS,

T T
(ﬁrSt7 iaSt7]]-{A0}7 :[]-{A2}> = (Ul’ Ul’ 1’ 1) ’

n n
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Expansion for blocks estimators Internal clusters

Extension of vague convergence

Recall:

Theorem 5
Let

L (H) = E[H(X1,r,/un)1{AT}] _ E[H(X1,r,/un) 1{AT}]
N raP(Xo > up) B nWh '

Assume that AC(rn, cp) holds. Then v} (H) — v*(H) for all bounded
continuous shift invariant functions H with support separated from 0.

Rafat Kulik Blocks estimators in PoT framework 30 June 2023 14 / 25



Expansion for blocks estimators Internal clusters

Extension of vague convergence

Recall:

Theorem 5
Let

L (H) = E[H(X1,r,/un)1{AT}] _ E[H(X1,r,/un) 1{AT}]
N raP(Xo > up) B nWh '

Assume that AC(rn, cp) holds. Then v} (H) — v*(H) for all bounded
continuous shift invariant functions H with support separated from 0.

We need to extend it to unbounded functionals H.
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Expansion for blocks estimators Internal clusters

Extension of vague convergence

Definition 6

Condition S,(rn, un) holds if for all s, t >0

1
lim limsu
f—o0 nﬁoop IP)(XO > [

] Z i"P(Xo > ups, X; > upt) =0.
i=£

(Sy(rn; un))
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Expansion for blocks estimators Internal clusters

Extension of vague convergence

Definition 6

Condition S,(rn, un) holds if for all s, t >0

. 1
lim limsup

(500 naes P(Xo > up) Z_; DP(Xo > s, X; > tpt) = 0. (Sy(rn, tn))

v

@ The stronger anticustering condition can be viewed as uniform
integrability condition.

@ The condition is roughly equivalent to the small blocks assumption:

1
r,7+ wp — 0.

@ It can be verified for many time series models.
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Expansion for blocks estimators Internal clusters

Under the small blocks condition, the business is as usual:

Lemma 7

Assume that S,(rn, u) holds (hence it w, = 0). Then for any H < L7

lim
n—o0 rpWp

E [ﬁ(xl,,n/ u,,)]l{A‘l’}] — v*(H) .

"See Drees and Rootzen (2010) along with the correction note
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Expansion for blocks estimators Internal clusters

Under the small blocks condition, the business is as usual:
Lemma 7
Assume that S,(rn, u) holds (hence it w, = 0). Then for any H < L7

lim
n—0oo rpWp

E [ﬁ(xl,,n/ un)n{Ag}] — v*(H) .

In particular, the cluster length (unlike the jump locations) is tight under
the limiting conditional law. Moreover, E[L7(X1,,,/un) | Af] converges to
a finite constant. 7

"See Drees and Rootzen (2010) along with the correction note
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Expansion for blocks estimators Internal clusters

If large blocks are considered, the situation changes:
Lemma 8

Assume that AC(rp, c,) holds and W, — co. Assume that X is
mixing. Then
fim — B[L(X1,, fun) 1A = s 2
n—oo 1122 TR (y 1) (y + 2)
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If large blocks are considered, the situation changes:
Lemma 8

Assume that AC(rp, c,) holds and W, — co. Assume that X is
mixing. Then
fim — B[L(X1,, fun) 1A = s 2
n—oo 1122 TR (y 1) (y + 2)

Hence, E[LY(X1,r,/un) | Af] = oc.
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Expansion for blocks estimators Internal clusters

If large blocks are considered, the situation changes:
Lemma 8

Assume that AC(rp, c,) holds and W, — co. Assume that X is
mixing. Then
1 1 ,192

T S RV G

Hence, E[LY(X1,r,/un) | Af] = oc.
From statistical perspective, the disjoint blocks estimators will not
be consistent in the large blocks scenario.
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Expansion for blocks estimators Internal clusters

Convergence of internal clusters

Recall:

TC(H) = S 1C,(H)
j=1

ZCJ'(H) = ﬁIC(u;lx(jfl)rn+1,jrn):ﬂ.{Ajf]_ N AJC N Aj+1} .

Proposition 9

Assume that Sa43(rn, up) holds. Assume that X is mixing. Let H < L.
Then
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Expansion for blocks estimators Internal clusters

Convergence of internal clusters

Recall:

TC(H) = S 1C,(H)
j=1

ZCJ'(H) = ﬁIC(UrTlX(jfl)r,,Jrl,jrn)l{Ajfl N AJC N Aj+1} .

Proposition 9

Assume that Sa43(rn, up) holds. Assume that X is mixing. Let H < L.
Then

@ CLT uniform in H is also established.
e Corresponding result (with different rates) for large blocks scenario.
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Expansion for blocks estimators Internal clusters

Boundary clusters - definition

We consider .
BC(H) = BCj(H)
j=1
with

BCi(H) = rn {H(X (i—1)rmt1jrm) + H(Xjroi1,(i41)m) — HX (i=1) 1, (j+1) ) }
X ]l{Aj,1 N AJC N A_;':Jrl N Aj+2} .
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Expansion for blocks estimators Internal clusters

Boundary clusters - definition

We consider .
BC(H) = BCj(H)
j=1
with

BCi(H) = rn {H(X (i—1)rmt1jrm) + H(Xjroi1,(i41)m) — HX (i=1) 1, (j+1) ) }
X ]l{Aj,1 N AJC N A_;':Jrl N Aj+2} .

Example 10

If H(x) = 1{x* > 1}, then BC;(H) = rnn{Aj_l NAS A, N Aj+2}.
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LIS 50
Why boundary clusters?

In the small blocks scenario, large values occur at the end of one block
and beginning of the next block.

Lemma 11

Assume that Si(r,, u,) (hence r2w, — Q) holds. Then

C C

n—o00 Whn

— E[(£(Z) - 1)] -
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LIS 50
Why boundary clusters?

In the small blocks scenario, large values occur at the end of one block
and beginning of the next block.

Lemma 11
Assume that Si(r,, u,) (hence r2w, — Q) holds. Then

C C

n—o00 Whn

— E[(£(Z) - 1)] -

If the blocks are large, then the blocks behave like independent.
Lemma 12

Assume that r2w, — co. Then
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Expansion for blocks estimators Internal clusters

Extension of vague convergence

From Lemmas 11 and 12 one builds convergence of functional, in parallel
to internal clusters:
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Expansion for blocks estimators Internal clusters

Extension of vague convergence

From Lemmas 11 and 12 one builds convergence of functional, in parallel
to internal clusters:

Corollary 13

Assume that Sy1(rn, un) holds. Then for any H < L7,

E H(u;1X1,2rn)ﬂ{AfﬁA§}] ~
lim = VR [(£(Z) - 1)H(Z)

n—oo Whn
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Expansion for blocks estimators Internal clusters

Convergence of boundary clusters

Let
L(x)—1

i=1

Rafat Kulik Blocks estimators in PoT framework

Hee(x) == Y {H(x) = H(X_s0,i-1) = H(Xi00)} -

30 June 2023
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Expansion for blocks estimators Internal clusters

Convergence of boundary clusters

Let
L(x)—1

Hec(x) = > {H(x) = H(x_o0,i-1) — H(Xi0)} -
i=1
Proposition 14

Assume that Sa43(rn, up) holds. Assume that X is mixing. Let H < L.
Then
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Expansion for blocks estimators Internal clusters

Convergence of boundary clusters

Let
L(x)—1

Hec(x) = > {H(x) = H(x_o0,i-1) — H(Xi0)} -
i=1
Proposition 14

Assume that Sa43(rn, up) holds. Assume that X is mixing. Let H < L.
Then

@ CLT uniform in H is also established.

o Corresponding result (with different rates) for large blocks scenario.
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Expansion for blocks estimators Expansion result

Expansion result

Theorem 15
@ Under the small blocks scenario

DB, (H) — SB,(H) = Op (1) .

I'n

o Under the large blocks scenario

DB,(H) — SB,(H) = Op (rawa) -
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Summary

@ We explained what happens in PoT framework.
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Summary

@ We explained what happens in PoT framework.

@ We extended vague convergence of clusters to unbounded functionals:
dichotomy between small and large blocks. "Statistical” implication:
inconsistency of the block estimators in the large blocks scenario.

o Conditioning on the event ”at least two large values” changes the
asymptotic behaviour of clusters.
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Summary

@ We explained what happens in PoT framework.

@ We extended vague convergence of clusters to unbounded functionals:
dichotomy between small and large blocks. "Statistical” implication:
inconsistency of the block estimators in the large blocks scenario.

o Conditioning on the event ”at least two large values” changes the
asymptotic behaviour of clusters.

@ General problem: convergence of E[H(X1,r,/un) | Cn], where
P(C,) — 0.
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Thank you!!!!
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