Solution to Sample Final #3

Question 1.
a)

divF = yz 4+ 222y2? + 3222

b) Since this is not zero, Divergence Test tells us that F' cannot be the curl
of any vector field.
Question 2.
grad f = (2zy — 22)i + (2% — 2y)7.

Solve
20y — 20 =0, z2—2y=0,

to get the critical points:

(z,y) = (0,0) and (£v/2,1).

Now,
Joz =2y =2, [y =2m, [fyy=-2.
At (0,0):
D= (-2)(-2) - 0% = 4.
Since f;.(0,0) = —2 < 0, (0,0) is a relative maximum.
At (v/2,1):

D =0(-2) - (2v2)? = -8 < 0.
Thus, (v/2,1) is a saddle point.
At (—V/2,1):

D =0(-2) - (—2v2)? = -8 <0.
Thus, (—v/2,1) is also a saddle point.

Question 3.

From the limits of integration, we see that the region where the integration
takes place is the portion of the intersection between the upper half of the sphere
z2 + y? + 22 = 18 and the cone z = y/22 + 42 where x > 0 and y > 0.

In spherical coordinates, the same region can be described as:

0<0<m/2, 0<¢<m/4, 0<p< VI8

The integral is, then
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Question 4.

This problem is very easy to solve if you notice that F is the gradient of
f =222+ 3y°.

Then, by the Fundamental Theorem of Calculus for Line Integrals, we get:

/ F-di = f(0,4) — £(0,0) = 48.
C

For not-so-easy solution, use

-
b)

F=2V2t(i+7), 0<t<1,

and
)

7= 4(costi+sint)), w/4<t<m/2

and compute the line integrals. See the solution to Question 8 for the sample
final exam #1.

Question 5.
Solve
20 =4 z3, 2y =4\, 2z =4\25,

4yt 42t =1

From the first equation, we get z(1 — 2\x?) = 0.
Thus, either z =0 or 22 =
z=0or 2% = 3.

The possibilities are:

%. Likewise, either y = 0 or y? = %, and either

1. None of z, y, or z is zero.

2. Only one of z, y, or z is zero.

3. Exactly two of z, y, or z are zero.
2 _

Case 1. In this case, 22 = 3% = z % > 0, so the 4th equation becomes:
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Thus, x = i%, Yy = :i:A%\/g and z = :t%\/g, with all 8 possible combinations of

pluses and minuses.

In any of these cases, f =3 - % = % = /3.

Case 2. In this case, the 4th equation is

Thus, the possible solutions are:



(z,y,2) = (0, i\[ :tif) (with all 4 possible combinations of pluses and minuses),
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In any of these cases, f = %\ = % =2.

Case 3. In this case, either one of 22, 32, or z? equals 1 while the other two
are 0.

So the solutions are: (z,y,z) = (£1,0,0) = (0,+1,0) = (0,0, +1).

In any of these cases, f = 1.

Since the constraint is closed and bounded, we conclude that global maxi-
mum f = /3 occurs at any of the solutions in Case 1 while global minimum
f =1 occurs at any of the solutions in Case 3.

Question 6.
¢) Use the Divergence Theorem.

div F = 32% + 3y°.

Let W be the cylindrical bar enclosed in the closed cylinder. This can be
described in cylindrical coordinates as follows:

0<r<1, 0<60<2m, 0<z<1.

Thus, by the Divergence Theorem:
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Question 7.

Note that we cannot user Stokes’ Theorem here.
We will use the formula for flux through spherical surfaces.
The surface S can be described in spherical coordinates as follows:

p=1 0<0<2r, 0<¢<3r/4
On S, in spherical coordinates,

F =sin $sinhi — sin ¢ cos 7 + cos zj)E.
Then

/ﬁ~d/f:/ﬁ- (sinqacosehsin¢sinoj+cos¢/2) sin ¢ d¢b df
S S

2w p3mw/4
= / / cos? ¢ sin ¢ de df
0



Question 8.
H is the only one whose scalar curl is zero. Thus, by the Curl Test, there
must be a potential function f for H.

f= /(1 +2zy)de = x + 2%y + C(y, 2),
fy= 22+ Cyly,z) = % + 2y.
Thus, Cy(y, z) = 2y, so

Cy,2) = /2ydy =y’ + C(z2).

Finally, since f, = C'(z) = 0, we have C(z) = C.
Thus,
f=o+a’y+y*+C

is a potential function for any constant C.

Question 9.

The plane in question is a graph of f =1 —z — y.

To determine the domain of f, we compute the intersection with the xy-
plane, i.e., when z = 0. This gives us

O=1—-z—y.

The domain of f is the triangular region (we’ll call it T') bounded by 0 =
1 — x — y, the z-axis, and the y-axis.
We will use this and Stokes’ Theorem to determine the line integral.
Now,
curl F = —2(27 + xj + yk),

/F”-df':/curlﬁ-dff.
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Now use the formula for flux through a graph.
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