Solution to Sample Final #2

Question 1.
Change the order of integration and obtain:
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—dydx = de = =(e* = 1).
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Question 2.

Intersection between the sphere and the plane is given by

2+ +32=25 = 2*+y*=25-9=16.

So the region can be described in cylindrical coordinates:

0<60<2r, 3<z<V25—7r2

0<r<4,
Thus,
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Question 3.

F(F(t)) = 27+ 48> ] + 612 k,
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Question 4.
a)
(0,0) to (2,0)
Call this line segment C7.

Ft)=2ti, 0<t<1,
F(i(t)) = 1417,
7 (t) = 21,
F(i(t) -7 (t) =0,
/ F-di=0
C

(2,0) to (0,1)
Call this line segment Cs.

(0,1) to (0,0)
Call this line segment Cjs.

7(t) = (
F(r(t)) =2(1—t)j,
() = —J,
F(r(t)) - 7'(t) = 0,
/0315 dr =0

Thus, [, F - di = 5.
b) Scalar curl of F is %(735) - 8%(23;) =5
If S is the region bounded by C, then, by Green’s Theorem,

/ﬁ~d?z/5dA:5'(areaofS):5.
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Question 5.

-

curl F = (32222 — 32%2%)i 4 (6zy2? — 6ay22)] + [(222° + 2y) — (222° + 29)]k
0.

Thus, by the Curl Test, there must be a potential function f(z,y, z).

flz,y,2) = /(nyz‘3 +yH)de = 2%y2® + xy® + C(y, 2)
fo(z,y,2) = 222% + 220y + Cy (y, 2) = 2°2° + 22y.
Thus, Cy(y, z) = 0. That is, C' does not depend on y. So we can write:
f(z,y,2) = 22y2® + 2y® + C(2).
Now,
fo(z,y, 2) = 32%y2? + C'(2) = 322y22.

Thus, C'(z) = 0. Hence, C(z) is a constant.

So f(z,y,z) = 2%y2z® + xy? + C is a potential function for any constant C.
Question 6.

Use the formula for flux through the graph of a function.

Along S,

F=ai+yj+ (2 — y2)E
Now, let f(z,y,2) = 2? —y?. Then f, =2z and f, = 2y.
Thus,
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Question 7.
Use the formula for flux through cylindrical surfaces.
Let S be the cylinder. It can be parametrized in cylindrical coordinates as
follows.
r=2 0<60<2m, 0<z<5.

With this parametrization,

F = 2z cos0i + 2z sin 0; + 422 cos fsin HE,



on S.
Then
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Question 8.
a)
div F = 4zy® + 292
b)
curl F = (2922 — 32%)i + (622 — 42%y)k
¢) Divergence of a curl of any vector field is zero.

Question 9.
See answer to Question 4 in sample final exam #1.



