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4.23 Multiplication Table for 5plit G

2
t4.24) [Hg.m.] = 0, (B8] = WiEIE,, [H,F,] = -UB )T,
(4.25) [B. sFg ] = B, [EBy 4B ] = 3F. S . s L ] = -ZE
AT % Ao M Siais S S | Aiss
(4.26G) [E r = 3{H, - H. B E ] = ar
“i’ “1] (H, i1 o [ uif Myos ”1+9r
[F :F_ ! - -3R
Fi Fisl Miva
.27) = L F & > . = -
I e ]_E_LII J:“‘] [LHP,FAI] [Eﬁ“ F‘HI] o (i#F3)
i 3 i 1 i 3
{4.28) [ ,E, ] = =3F , [E. ., 1 = -3E,
LR Rynd e W "1kl
(d.29) [E, ,F 1] = E . [E JEL, ] = F.
li aJ'_1.+1 ui li+l li 41
{4.30) [Eu..ﬂ}“] = [FHI,E‘}L_! = 0 [j#F1+1)
i i i )
{4.31) [E (E, I = 38, , [F. ,F 1 = =3F
Hy T Rl hi Al+1 A1

A Lie algebkra L with root decomposition (£.20)-(4.22) and
meultiplication rules (4.24)-(4.31) is sald Lo be Ep\ﬁk at +3P=.

'

2
We now give a plebeian proof, hased directly eon the mul-

tiplication table, that a split G, is simple.

(Simpligity of split sz L split Lie zlgekra of type G? over

& field of charavteristic # 3 iy simple of dimension 14.

Progf. Suppose M is & nonzero Lie ideal in the (split) T. of

type GE' We will show M = L. First coensider the case MME # 0.

If M cantainse nonzero H = mJHJ + uzuz {by [(4:.21) H3 is redundant)




62

Te compute the multiplication table for the standard
derivations Stander (f) {(which eguals Inder(€) = Der(f) iq

characteristic ¥ 2) wa introduce the ahhreviations

By, = Die, , £,) By = Dlegy,g;)
(4.19) * !
= = 7 Y
W“. D[fi'q"l'l:l . j(fi+l’gi'
1 1
Thus
. -
4, St ; = H + L T F + &R + 9F
{ 20) ander () H isl{¢hﬂ, + ¢rl TU. Ul
i i i i
4.21 = £ + . B F H. + H. = 0
{ ] H ¢Hl + H2 @Ha 1 5 5
i i -
i =3 114 3 L G A ==
(the last eguality results from i=lnkfi’21+l 142 0

By (4.14}).

We define lincar functionals v o= Ai,ui cn H by

I
1
)

AL THLDY = .3, AL (HL
¥ 1 ]

i H- - r H. . = L " A
ul( 1’ d 41(H!+l i i+2

(4.22)

| = :'ll = A i 1\. oy = e

by = By F by e N 3 g fm M ¥ By
My = zau I ll' FSA, = Ry o zlf

d, = EAE -+ 12 = —Ehl 5, Ko —313 = 232

(the relations among the } and p folleows immediately from their
action on the Hi}.
Wae can use our previous fables to cempute the multiplication

e STy ing © : = + T
anle faor tha B < (using the relation [D jx,y] DD(xJ,y s B



=

we can assums by symmetry in the indices that o, & 0. Then

1

by (4.24) and (4.22 H,= = la (B} + a_u_ (B )I=E = -30 E

“ }['pj phig By 2 Mg (g b ; A< T

3 3 3
so in charactgristiec # 3 M contalns ELl i from [H,F ] = +3ﬂ1F
3 3 3
it also contains F . From E B we sece by (4.Z26) M contains
H L H.
3 3 3
all B .?u - '51 ; once M contains all 6 Tt +F it contains all
Ho o UZ 11 pi ui
& F, .F; by (4.31) (characLexistic # 3 again), hence by
i -4

(£.25) =211 Hi’ so0 M contains everything.

From now on assuame MY = 0. Suppose M = H + E&rEu

W
+ EE\,F_\LJ € M has minimum numbzsry of nonzero uU,EU [bv assumption
W
z2ll nonzerc MEM have scme or 5. nonzero). Choosing
U’;‘ ik
H: =a ug{HD] #F 0 we see M cantains M' = [HD.E] = Euu U{HOJEU
—Z UIH F by (4,224 with i E # D E W H 3 but
B, VHF, by ( )owi By 8o SBT3 or B, v _(H_ ) ¥ u
o o
contains no term from H and no new = ’FU' Eeplacing M by M' if
W
HRUCERESEAry, W& may assums H = 0, M = Ej EU I EHUFU. T.£ ”U # 0 then
W ]
H.JHM = E..,HM M has £ figients sincg new E ¥ B
u, (1) [ T ] € a ewer coeffigien ince no mew E,.F . H,
appear and the goeffici : ; i naw o' Bx 54 ; - W " )
j=35] ) ent af EU is now @ Jﬂi i}ﬂv o{ :}ﬂv
3] o o o
= 0; by wminimality 1t must have all mé,ﬁﬁ = { and therefore be Lhsa
w

zaro element (recall MME - 0): v (H. )M = [E.,M]. Eguating
[ L L]

-

coeflicients of E\;F\ gives, taking into account {4.24)
: ; .

W

LY

{4.33) v (Hole = vwiE, boo s w (H)B., = =-u(H_ }B
£ L W 1 i L] 1 b 1 W

EF E‘v # 0 wa would use v tH M 4 [ui,r-i]en to get u b M

[=]
= -[Hi,M] end hence the above relaticn (4.33) with the minus

H
D{:L

sign on the mu rather +than =he EU.



Tirst consider the cassz whan uo is 2 A: by symmetry in the

indices we may assums Vv = A, O g 0 ooz B # 0. HNow by
o 1 }Ll .1.1
(4.22) A (H;) = 2 ¢ + 1 = & A (H ) (341 we need characteristic

# 3 so 2#-1), so from (4.33) with W ) v o= A., L = 1 we get

17 i
. a = - B = 0. similarly X
L‘L.J'L L ? 1{H.1]

II
I
=
“H
]

= +U {(H_ ), A _(H_ ) = -1 # 0 = ipj{ng} so with v = A W= U, 1 = 3
we get rr.u = B = 0. = f = 0, and
B o= 0. E + ¢ E + f, F, + R F. .
1§ Mg B AoA Ha My
{We can't get rid of Ep ,Fr g0 easily sinee in characteristic
2 2
az linear functionals on H) . Then M alsoc contains

]

twea J = ]
Ay “i+1

[M,Eh 1 = oy H_i and [M'El 1 = _51 Hl
1 4
= {F.. «8y ) 0 by (4.27) and [F_ ,F, 1 = [E ,E
A Ry fy Hq 1
(4.300. Sinve one ol {:1‘ ,Ei £ 1 this conbtradiests MMAU = 0.

by (£.25) (note [E_ ,F,
Hoo N
] = 0 by

£

how consider the cass when v is a p: supposa all Oy and

i
E} are zero but [zay) a” or B iz nonzero. Here pl{H3] = [
& My My
= F5 3 = iuj{l-ig} [characteristic # 3) ge from (4.33) with
Ve Hya Y= U,, L = 3 we get o = B = o = 3 = € and
.S 3 Hy Wy My My
M= ig_I + Bu F .
| 1M1

Then by (4.26) ¥ contains [M,T = 30 (H, - H_.) and [M,E ]

1 p1] By 1 3 [ U3
= -3'3u I:I-Il - Tl,j.:l, again contrary to MAIT = 0. .

A Lie algebra L is of type G if it becomes a split G,

under a cuitable extensiaon of the base fiesld, ie, soms is a

>0

split G,. (We say L is a form of the split G ). Tf L, is

simple of dimension 14 over & then L had te be simple aof dimension

14 over § to begin with, so



4,34
4.35
4 .36

(Simplicity of sz any Lie algebra of type G, over a field of

2

characteristic # 3 i= simple of dimensicn 14, .,

In particular, since (1) Dezid) = Btandsar(l)

s

in

# 3 hy the Tnner Derivation Theorem 4.%, and (2) Standez ()

ig a faorm of Standerlﬂf]q L Stanﬂer[ﬂ:ﬁ} which is aplit G:_. since

a2 suiltable Eq ig split Cvaley by L[.2.4, we have
o

(Simplicity of Der(@)) If Cis & Cayley algebra onvar a field

of characteristic # 3 1ts darivaticn algebra Der(l)

aof type G.. W

ol

Eemark - In characteristic 31 E = F = D, #H, = -I

LT TR i
= ad( (@, L)) = 23a() has dimensicn 7. Standexr (L)

ideal in bDex(@) ., and Deri) = Index{) = Stander{)
g+ill has dimenseion 14, =0 ber () is definitely not

vharacteristic 3.

is simpole

so Stander

Ut

alwavs an

(T

+ Assoccderil)

simple in

o

characteristic



Exercisc

67

Deduce Lhe Inncr Derivation Theovew in characvteristic # 2

Fram +the Camphall-Casimir operator [(gee I.7 Problem S5et).

If O: @ - M is & derivation of a split guaternion algebra into a

znital bimodule whioch kills

ﬂll and ezz, show Mg T m22
= elED(ealﬁ(elzll lie= in the center of M. (Mare generally,
show & . o @I commukbtss with e for anvy m&M, and e, © I
j 12 z1

commutes with = i
“ 21



