1. &Automorphi=ms

The concepts of auvtomorphism and inner avtomorphism
apply to manv classes of lingar algebras: inner aunto-
morphiemse arse thass which can be built wup from multiplica-
Lion cperators. Automorphisms are harder to construct in
alternative aslgebras than they are in asscciative algsbras.
We have teoc take productz of conjugations and asscoiations
in such a way that the indicater of the product i1s nuclear.

The most important exampless are the conjugations Tz and Tx S
I

determined by nuclear slements z and invertible elemants

x and v; thay give rise to the standard inner automorphisms.

In thig chapter ALL ALGEREAS WILIL BE UMITAL, bscause
we Want Lo deal with ifnvertible elements. t2call that an
auvtomerphism of A is an isomorphism of A with itself, i.e.
a bijective linear transformaticn T on A which preserves
multiplication
(L) T(xy}) = T(x)T(y).

T necessarily preserves anything huilt up out of multilpica-

Liong e.g. Tlx,vy] = [Tx,Tv] and Tl*,v,z2] = [Tx,Ty.,Tz]. Tn
particular, T maps the nucleus HM{A] into itsel:Z: 7™, A8 ,A]
= [ew,7A,Tal]l = T[H,a,8] = T(0} = 0, Since any isomorphism
sends the unit onto the unit we have T(1) = 1, and T s=snds

, , - -1
inverses Lo inversesz, T(x 1} = T(x} .



The automorphisms form a subgroup, the GQutamarphism
grevp
But (&),
of the general linear grzoup GLIA) of all inwvertible linear
transformations on R, sinege if T ,T_.,T are automorphisms

1
se are T, T, atd T TITEEK?} = TlfTEIxJTE(y}l = TLTZ{K}Esziy}
and Lt (x)} = r M rr e rr T ey P = 2T e ler T i (1T e 1)
= (27 ) (27
The mul+iplication gravp
sM (&)
ig ths subgroup of GL(A) genrnerated by all invertible

multilpications Lx’ﬂy {#,v invertible =leamants) . Those auto-

morphisms which can be built out of multiplicaticns are ca

=

led
{H'ﬂil'“ auﬁamarph}qms. and form a subkgroup
Inaut{d) = GM{A)Maut{n).
The autaomorphism condition (1.1) can be written
=1

L = TL T
Tx x

Rl_l
Yy

which zhows the generators and hence all of CZM{A) is invariant

= e T
¥

under conjugation hy auvutomerphisms, =20

Inaut{A)=jaut(a) .

Criteria for Inner hutomorphisms
Thinking of tha assgciative case, « reasonable candidate
for an inner autemorphism in an alternative algebra wauld
ke tha :gnjuﬂﬁ.*h.‘un

(1.2} T_tX 2 x g (r =1 B )



. . : Fe -
A zalculation shews this is an auvtemorphism iff = lies

in the nutlens (see 1.13). another candidate would e the

assaciation

(L3} TJZJW: % *r {zw) Jliz[w:&]} {Lz,w = L;:}LZT—-WJJ
put again this is an automeorphism iff zwz_lwpl liee in tha
nucleus (see 1,13 and Cxercise 1l.1).

Example In a Cayley algebra A = Gﬂﬁrfd we hawve the
following formulas for the action of conjugatien and

association maps (x,v invertible in B) :

T, fa +.bf)| = e {bxﬁ_liﬁ

T, (a+ b =7+ (X e 5

Ik
@

t {bllyx]]1}L

L fa + hi)
Y

o L & -1 _"l
L:T:f..y(a HoBLL = YAy + {x Ty "x b yl&
mL 47 .
! A ¢ = - : Lp
-xf.,‘_.’f,(a + bi) ( oy} alyvx) + {(xy)h(yx)
and therafore
'..E.ryia - hl.tl] = FHY_:L ¥ {Ef'-lby]ﬂ

Tt ,GeTe,gxt® * 08 = a s {lxyllnlt

L -1f(a + b&) = a + 'f[[x_ly_l]]bh“.

= L
x£,y L,y
-1 -1 ;
Ly Ly la+ bf) = (y=)alya) + {(zv) "piz . B
¥ i
Having failed to find a gansral constructicn ol inner
antomorphisms, and sesing that the expressions involved kesp
getting mors complicated, we will stop trying to guess what
form inner autovmorphisms "ought" to take, and instead make a
gencral investigation of slemsnts of the mualtiplicacion group
and formulate criteria for when such an element is an auto-
morphism. By esxamining the criteria we will be able to choose

the parameters appropriately in order to guarantee we got inner

zutomaerphisms.

Lk



1t is convenient to "straighten out" the elements of
the multiplication group. Our straightening tools are the

Eormulas

(L.5) Ll = %D
=W ZW T ,W
(1L.&) RR =R L =1 =1
W WE & oW
(L.-7T) LR = RL L -1
= W W = WawW =
(1.8) L. L = TL_ L, =L L
E,W X Lig,wl® {gw)} ,=2(wx) " w,=x

Foer inwvertible =z ,w,x. ({1.5) 1is merely the definiticn {(L.4)

-1

of the aperator L . {1.68) follows from R _L -1 -1 L_ -1 L -1
ZpW WE = W = w
- - ks = , N 5 sa]: -1 .
= R T, % b b u T ; L b o 0= S S R 3 L (right
WE  OWET & w w2 B w oW E w
fundamental) = & 1 Lo P E, {(1.7) follows from middle Mouwufang
= W Zz W
I. 33 op, L-BR. = U T ~1 = R L L -1 = KHILL =1 by (1.5). For
zw wow 2 Wow W & wooE W ,wW 2
-1 ; -1 -1 -1
. r = X 'y L =l i '[ i L 4
Eheflod 0 L LTS Lizw} l'ziwx} {zw) 'Z{WK]} zw  w(wx) Ziwx;
-1- =L :
T L L L = ~1 ;% -1 L -1 L o
z{ wawa WX L(aw} *z(wxj{ {zw) rzflwx) (zw) 2 {wx)
oopom AR E e §a
zlwx) =z w=x wx oW %

{Hormal Form Theorem) Any element of the multiplication group
of an alternative algsbhra can bes represented in Lhe normal feorm

T = R'LxLz & ___Lz Gy
Y Rl § n"'n

for invertihle slaments X, ¥, 2. W. s ==& W

B ! n'n’
Froof. The =et aof multiplications in normal form contains
generators Lx’R for %,y invertible. If it is inwvariant undex
¥
left multiplircations hy the generatocrs, 1L will contain all
mul tiplications,

I1f we multiply & normal T by an Lz, the result is normal

since

e,
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by (1.7), and similarly 1f we multiply it by an Rz bhecause

R R L = R T. -1 -1 L
AR T vE 2 L,y b4
by (1.6), where we can move an L.x to the left of a Lz by
r

(1.8) and callapse two L's by (1.5}, .
Having found a way toc represent the elements of the

multiplication group, we new want a criterion for when an

elemant is an autamarphism. We define the yndicofoawr cof a
multinlicatian 3 e PR ,
e Jperator I H?Lxhz W Z W _ in mormal form
B Hp i i n' n
3 -1 -1
te he zx for = = R, + R, R +»..R i R Eu f1)
Z. W z
AR W s nn n o
(Inner Automorphism Criterion) If x

l,..,xn,y are

inwvertible elements of an alternative alogsbra, Lthe operator
T = Rv“x --LH is an automorphism iff
2 1 13

Y &
L]

[A.IID} LI1YR(1)L{1l) l1lies 1in the nucleus

for L = L 2L ;s BR= R ...}
e = b ki
1 n 1 ]
EIn operatar T = R L L. o+ Li in normal faorm is an

avtomesrphism AL
(A.I) v = %
; ; 3 ; J
(.ITI) the indicatocr =z~ liss in the nucleus
il e
for g = RZ . R Rw ..Rz il RZ Rw (1)
A L nn oo
Thus all inner automorphisms are built up from con juga-

tions and assoclations

T = T I PP,

X Z w
1°*

such that the product has nuclear indicator.

z W
I n’'n



Eroof., Consider any T = R Lx SERT N=ing left and
1 n

right Moufang rapeatedly in the forms
L (ab) = U {a)L, =1{(n)
X X =x

R (ab) = R d(a) r:K{b}

o

-1 - i -1 -1
(from =zax'x=z b = xlaftz =z lb}} = xitab: and ax sybx = {{ax et hbu
= {ablx)}, we see Tlabk) = R -1 T . g {a)*U L -l...L -1(h]
¥ X ¥
-1 -~ 1 T 1 n
= H "ufla)*u Lik) for 0 =1 wr =1 L= L =1l...L =YX,  They b =
Y Y = 3 X L
-1 1 n 1y n
a =1 yield T(a) = RF Tia) *u and T{(h} = = UyL{h],
L - = ks HECL =L
(1.11) HlT= 2] lu, ?_.J'T = LT (v = 0 E{1lY, v= K " (1))
1 ' v ¥ i ¥

on the other hand, T is an automorphism iff T(abk) = T(a)Tib).

These two expressions for T{ah} agres iLL T(a)Tib)

-1 oy -1 -1
= K u U Lib) = R " <L TTib) (by (1.11}}, .. x
9 {al . (b) o {a) o3 ¥ i Y

= {xu-]j{v_ly] for x = Tla), y = T(hb). Since T is surjecbive,

egquality holds [or all a,b iff it holds for all x,y. With

= =1 -1 .
# =y = 1 we ses 1 = u lv ; 501 = . Thug T 1= an audko-—

morphism 100 + = u-l and 1 = L. L - Eut L.IL =L for all
= wVov X v XV

¥ is precisely the condition that v ke nuclear: [2,v,A] = 0.

=1

Therefore T iz an auvtomorphism LEff v = u iz nuclear. How

wE PRI S IR B8 B By wely o B R o JH
1 n o ]

. 3 T =-1. .
Ly repeated uze of middle Moufang, and u = y‘[llc:I Coana 7)) Fa

0

_1_

~1 -1
henc 11 = ATV B,
o v [!Kn 1 1]?

= {Y_JRilﬁ}y_l, s the conditicn

i
o= u raducas to

}r_l = L1}
and the conditiocn v = {LEl]R{l}}y-lE;H(ﬁ} reduces to
L) R(LIL(L)E W(A) .

This giwves us Lhe cvriteria H.ID and ﬁ.IID.
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All this has been for arbitrary T = F-!, L:-: ..L}C E Eut for
1 n
normalT e % ,..,x have a specizl form where L{1] = L ‘L_l L. L
1 n b EoW z W
11 1 1
L_l = i 7L I L (1] ot T-l{ﬂ-:} = ] and
vl o er Lw {1} = s Bihce Mo Bao ey = L A7 = . B
nn n mn
-1 =1
B{l) = BE L B B el E R (1) = R =z = zmx,., Thus
:-: Z. W & W 7w = W =
Ly EE L nn o n on

W= L(l‘.l_'l becomes v = x l, and LIL)RILIL(LYE H(A) becomes
x(zx]xEg H(A). Since xszE H(A) &y x_l{xzxzhz = :::-:HENEF\}, [bBy ITu 1:7)
the conditions reduce to

=

3
¥y = X and zx & HA)

&5 in A.I and A.II.

Example. (BrandlL's Conjugation Criterzion) The zonjugation

=L 3
Tx = T'::R:-t ie an auvteomorphism 1iff % lies in the nuclsus.

= ; -1
Frooil. 'J.':.L has normal form R L:-: with v = = and z = 1

(no z, or wi]l, so A.I 1is me+t anmd A.IT halds iff the indicator

3 3

zx- = %~ is nuclear.
. s . A ) =1
Example. {(Association Criteriecn) The association L = T ) B
e AR b A AR
; o p eli.==k ; .
iz an automorphism iff [[wz]l] = wzw "= lies in the nucleus.
; y : 2 P -1
Erocf. L 15 in normal form with = = v = 1 and = = R E R
Z W 2w F W
sy \ - -1 -1 : o .
(Ll = waflzw) = Wz W = (using Artin's Theorem with Inversss
. . T3 - ; , o
IT. 3.13), sa the indicator iz zx = . Thus A.I is trivially

satisfied and &.11 reduzes to =@ 8(3). Wl

Example. (Strict inner automorrphisms) 2An ianner automorphism T

= 7 L L ...L extends naturally to any unital enveloping
¥ n B W 2 W &
1L n n
2lgebra AJA having the same unit as & [sincs the He¥ o2 oW, will

remain inwvertible in A). However, the extended map T will remain

2
an automorphism 1E£L Lhe Llndicator zx” nuclelzes & (nobk mersely A .

We say T is a 5+r"|‘r.+lj- imner autsmarphigm if its indicator zxs is



. ; . 3 7 i
strictly nuclear; in this gage =2zx  remains nuclear in all

larger algebras A, sgo all extensions T remain innesr automorphisms.ll

tandard Inner RAutomorphisms
fo far our examples have constructed automorphis=ms only
Erom very special clements or elaments related in a very special
WAY , What we need 1s a way of constructing auvutomorphisms from

arbitrary invertihle sleamnents.

RBeferring to the Criteriaon, we =mse that in order to make

T = R~ T,~ T v an audtomcrphism we must choose x 50
v 'z 'zl.wl T 3 :

2 ey ozt SR i 7 = 3
that the indicator z x ig nuclear and then choose ¥ = x i The

only general method of guaranteeing 2 % 1s nuclear is Lo make
- w3 -

it 1, so 2 x =1 and =z = x ~ is a cube. In cenaral =
=l =1 I% ; ,

= R R B e s B R R (1) = B{l) is nolt & cube, but
A S S ¥ L W =z w
Lol ST TR nn n na.

wa can make it ocne by making E a cubce. [Heres we use [Ex.y]1

N W .
= X¥yx ly wilh double brackets to denocte the group commutator,
in distincticon to the algebra commutatcr [x,y] = xyv-vx.

Farentheses are unnecaszary hy Artin's Theorem with Inversas).

{Cendjugation Construction) ¥For any twoe invertible clemonts

® and ¥ in an alternative algabra the aoperator

§ L .00 e 3
2 Prmatn BsT Breell Foway e Byt

is a strict inner avtvmorphism with indicator 1. dn any asscoclatlwve

T T

subal gebra containing »x and v the action of Tx is giwven by
cenijugation by [[=xvll:

T (=) = [lxyllzllxv]] ™"



.

Froof. If we apply the Criteriaon ta T = RBEL L
¥ ¥vox X,¥
. e ; '
for v = [[x,v]1] v ¥ = [[%,¥]] w= see right away that &.T halds,
= T I o i
and singe E = (K "H H }3 is a cubhe we have =z = E{1)
Yy x ¥y
-1.,3 -1 =14~ -3 - .
= lwxixy) 717 = {zxyx ly TR [[xv]] - 5% 4 et {using
; : . ; =~ =3 .
Artin with Inwvezses), so the indicator z % = 1 is strictly
nuclear. Therefore Tx is a strictly inner automaorphismn.
on an asscciatiwve subalgebra
-1 4 3 =1
T Erlf:dII' = [[=yl] {(xy) “xvi~ =z [[xy]]

= [Lxyl] = [Ix¥l]1 Y. W

We call T v the canJuﬂa#ian determined by the invertible

Xr
elenents x and v. Any finite product T T iy oI af
= L2 X, ,¥. X ¥
1 i 4 R
conjugatians (for =z nuclear and X0 ¥y inwertihle} will bLe called

a standard nner &U*GHGFPHEM; when =z is strictly nuclear 1t 13
called a strietly standard inner auvtowmerphigm. &Strictly

slbtandard automorphisms are always strictly inner.
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ITI.l Exerclses

: 3
Prawe directlwy that 7 = 'l‘z is an automorphism 1ff =z & H{A)
apd T = L is an automorphism iff [[z,w] Jgn{a) by computing
Z,.W
=i
T L T .

b

Show T and Lz arc always &t least automorphisms of the
x : .

Jordan structurs.

Prove dirsctly Jacobson's Criteriaon: if lec,l..cﬁ}

= (e_..c.)e, = 1 then all ¢, are invertible and T = L  ..L

Il 271 i 4 o

n

= R _..R =0 ..0 is an avtomorphism. Show the set of such T

o o c o

1 n 1 n
forms a normal subgroup aof Aut(d) .

_ 3 . ) e =
If x",v" are nuclear nesed the same he true of (xy) ™ ? Zven

3
i r is v - = m T
if (xy) i iucloar, is T:n:T b s

Show that if e+f£ = 1 for e,f crthogonal idempotents

. o :
and % = s+Af where A # 1 but A~ = 1, then = is nol nuslear

5 3 : i 1
in general vet x = 1 is nucleaar. Find x and T

®
If oK ¥ lie in a subalgebra ®la,M({&)] wensrated by
)
a4 single element (plus nucleus) show T = R"Lx "'Lx reduces
: i 1 1
ta T for 2 = #%....%¥x whenewver T(1} = 1.
= 1 n
Show Waut(a) = {T _|z€W({a)} is a nermal subgroup of Aut(a).
=

3
Wwhat if you take {T_|z€ N{(&)}?



III. 1.1 Problem Set on Other Wormal Forms

Show every =2lemsnt of the multiplication group c&an be written

in the feollowing normal forms

(Left normal) L I i B
s :
xl i Y
{Right normall B el L
¥ x ¥
1 n
(Middle maormal) U el LT E
= ® 5
1 i
{5—normal) o s R B
. ¥
X x-l.l'&rl -"{n }rn i
(S -normall u 3 i L
P Y o by
> xl 31 non z
whezrs
5 =uota u, & = u
eV Xy ® y Xy XY ¥ X
measure now far T 12 from U u ar U L=
=y oy ¥ =
=1 i -1
= B ] = L L Lit i
sx,y xy Ry ! Tx,w Xy ¥ X

Find criteria for when an element in one of the abowve normal

forms 1s an automorpillism.

’ . . o -
Apply the middle - and &§- _criteria to Tx = L, h1 anac
Ur "'Uc {:i as in Jacobsen's Criterion Ex. 1.3). apply the
=L n
s=Critarion to iS and the S-Criterion to Agx g where x and ¥
r ’
caommnute up te a scalar, ®Y = AVH. {Think of all thase slements
13 = =31, kK1 = -1k etec, 1in & Cayley algehraj.
Find necessary and sufficient cvondibicons that O ‘..Hx
A 1

he an automorphism; that Lx ...Lx be an automorphism.
1 n

(=
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Lo Gl il 4
Applwy 5-C ric Erp = i 0 o
pply riterion to ¥ b[[xyll {ny dx y} R[[KYT]

What does T amount to in an associatiwve algebra? Does this
suggest an alternate expression for 17

Apply the criterion of your chaice to decide whethex

= -1
[u u 6 'Mu v U -} is an antomorphism.
X ¥y Xy ¥ X ¥X

Show 5 i 4 = 1, Sk L & . B = 5 -1 = & -1

wd 1
TRy Er ¥ ¥eX Ko s PR EY®.,®

= sxy,y UH g o= EY - Lf %x({yz) = 1, Develape analogous

=3
el

results for 8 :
Ky ¥

If %y00--0% .y lie in a subalyebra $[a,N(n)] generatsd by a

single elemsnt togelhsr with the nucleus, show T = U romeandd E

reduces to Tz for z = xl...xn whenaver T{l] = 1.



1z

I1I1. 1.2 Problem S5et on the Structure Croup

Just as an auvutomorphism ie an isomorphism of an algesbzra
with itself, S0 an autotopism is an isctopism of an aleebra with

liselc: g triple (T,T7',T") of bijections on A salisfving

(%) . Plxy) = T'(x)T"(y) (x.vy&2).

Show.T is an avtomorphism i1iff (7,T7,T7) is an autoctopism.
Just 28 fthe set of auvutomorphism form a subyroup Aut(d) of the
general linear group GL(A), show the set of autotopisns forms
a subgroup

Autop(a)

rh

of GL{A) x GL{A) % GL{AZA).

Besides the auvtomorphisms, show we have autotoplsms
{L. .U ,L =1} (E_,rR -1,171} {0 ,L ,E }
= = - 0 > X b k4 =

coming from multiplicaticns by an invertible slsment .
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As in Schater's Tsotopy Thecrem, show any autotopism has the form

(P, T',T") = {T.HL?:'J:.L;::‘T} (£' = T'1, " = T"])

[

This allows us to permute the entires in an autotopy:

ifg (T,T',0I") is an autotopy sa are (T‘,T,U;ET“] and
. -1
I.T".Ut.T',TJ for ' = 'L, " = TYL.

The structure group Str{d) of A consists of all bijective

linear transformations T on & for which there exist bijectiwve
T',T" satisfyine the autotopism condition (#*), i.e. iff T is the
first component of an auvtotepy (T,T"',T"). Show this is eguivalent
to being the second or third component of an autctopy, and find
the defining conditiene for these components [T',T" in (*)) in
operator fornm.

Show tha graup Str(A) not only contains all zutomorphisms,
But alsc all multiplications Lx’Rx’Ux for invertible =, hence

the multiplication group GM{A) generated by the invertible L:.{.,R}F
SLr(A) =GM(A) -But({a) .

Tha structure group is net teoo far removed [rom Lhe multi-
mlication and duLumurphism grauns. Tn "characteristic # 3
situatiaone ehow we hawve the [pllowing polar decomposition of
an alemenkt into a maultiplication and an autonorphiswm: If
T@&Str(A) is such that t't"t' has a cube root (t' = T'l,t" = T"1)
then thers ara =,y,z2z€ 2 and an automorphism A with

T = LKLyRK.P..
If all invertible elements have cube roots then
Strl{A) = GM(A)ARuz(A).
Show the first component of autctopy detersmines the oiher two

anly up to Lranslations hy elements of the nucleus: if (AT T)



1a.

11.

l4.

L5,

16,

L7

13.

= ; P ; A .
iz an auvtotopy, anotherx {T.T',%"j is “®pp £ T' = B TV TV

= T..;l'l‘“ for nE& W(a) .

The innerx structure group is that part of the structure

group which can be built up from multiplications,
Instr(f) = StziA)AGMIAL,
Deduce that
Instr{a) = GM(A).
Establish the following geometric desaription of the struciure
group: Tha structure croup consists of all isomorphisns of
& wikbth an isctope, or sguivalently of a2ll iszomarphism from one
isatope af & to another, Conclude the structure group oi A

( '
and its imotopes A e

coinclide,
If T&EStr{A), show directly that T takes invertible =s=laments
to invertible elements.
Show T in {(T,T',T"} is an autemorphism iff &' = n,
in - _J" i =) & o -
£t" = n for some nuclear n.

Areuming all o, are invertihle, show via autotopliss Lhat

i
' 2 T QERIEIG) = = TS 1. ; her s il = Mo el
il Ll{Lz{ Ln}} 1 {{cn }LE}CL then U 5 & 5
1 I a3 n
= R -=a R is an automorphism.
(= =
1 n i
Show via autotopies that Tx = anx ie an auntomnrphisam

: 3
iff = € wia) .

If 1/3& ¢, show Str(f] contains &n anti-automorphism
iff A iz commutative and assaociative.

Show GH{AIS}Str(a).

b x
1 n

and {{xn+..lx2}xl is nuclear.

Show T = L ...L ig an antomorphism 1iff xl[xzf..-xr}] = 1

Show TE&3tr(A) is an automorphism of Jordan structure i£f£f T(1)



