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87. (Quasi-invertibility

The radical we will be most interested in ia the Jacohson-Smiley radical,

the largest quasi-invertible ideal, It can be characterized element-wise as

the set of all properly quasi-dnvertible elements. This radical is the largest

or most general we shall consider: semisimplicity of an algebra (absence of
quasi-invertible ideals) implies nil-freenass, local-nllpotence~freeness, atrong

semiprimeness, and semiprimeness.

Once we have a notion of inverse we can introduce a notion of quagi-
inverse. Recall that x is 1unﬁ-inur+lhl: with quasi-inverse vy if
1-x la invertible with inverse l-y (all this taking place in A4 if & ls not
unitsl}, The invertibility conditions (1-x) (1-y) = (1-y)(l-x) = 1 are aqul-

valent to the intrinsdic conditionsz
(7.1) THY = XY = Y.

However, just as for asssoclative algebras it will be conceptually and computa—
tionally simpler to think in terms of ordinary Invertibility of l-x and 1-y,
For example, from the uniqueness and symmetry of ordinary inverses we deduce
that the quasi-inverse v of x is unique and that symmetrically x is the quasi-
inverse of v.

It is also important to note that if l-x is invertible at all in A, with
inverse u, then automatically u& A haas the form u = 1-y for some vy & A: if
we define y = l-u then 1 = u(l-x) = u-ux implies vy = l-u = —ux 1ies in AAE A,
Thug the invertibility of l-x is all that matters, not the particular form of

ita inverse.



Exerclses IV.6

6,1 If B is an ideal of A which is nil of bounded index 2, bz = [} for all

b & B, show inside B there 1is a trivial ideal of A. Show B itself

need nat be nllpotent.

h,2 (Open) Can you generalize the above to the case when B is nil of
bounded index n? What can vou sgy 1if B is only a one-sided ideal of
bommded index? [Using structure theory one can show either B containa
a trivial ideal (resp. left ddeal) of A, or else 3B = 0. It would be
desirable to have a direct proof which also works in chaeracteristic 3].

6.3 If CeB«d A show the ideal I(C) generated by C in A 1= nil modula C:
for sach z & 1{0) there is en integer n such that & C.

6.4 If C 1sa a left ideal in A, show the ideal I(C)} (namely 1tm hull H(C)) it
generates 1ls nil module C.

6.5 Use Anderson-Divinsky-Sulinsky to show that when C<d B< A then I(C) = E':a
is a sum of B-ideals l:&-n‘.!B which are selvable mod €, Conclude I(C) is
loecally nilpotent mod C.

6.6 If 2z ia trivial modulo the nil radieal, Uxﬁtf WLl{A), show z belongs to
Nil(a).

6.7 Prova tha Wil Radicsl Inheritance Theorem: The nll radicsal of sn ideal

B in an alternative algebra A i=

Ni1(B) = B/M Ni1(A).

6.8 Prove the Wil-free Inheritance Theorem: If A 153 a nil-frea alternative

algnhra.sa is any ideal B <] A.

6.0 If @ contains no nilpotent elements show Nil(A) = MLl(A): in general show
Ni1(A) = {N41(&)}1 + Nil(A).

6,10 If A is nil free altemative, is every Peirce subalgeb;ra ede (& & 3.

idempotent) also nil free?
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IV.6.1 Problem Set on Proper Nilpotence

Prove the xy,yx-Lemma for Nilpotence: An element xy is nilpotent Lff yx

is nilpotent.

Prove the (xy)z,x(yz)-Lemma for Nilpotence: An element x(yz) is nilpotent

iff (xy)z 1s nilpotent.

We say z is preperly nilpetent (p.n.) 1f all multiplas az are nilpotent.
Show this ls equivalent to all za being nilpotent. Show that if z 1s p.n.
go are all az end za. Show all trivial elements are p-n.

It i3 not clear even in the assocciative case that the sum of two p.m.
elements is again p.n. (this is one veraion of the Koetha conjecture),
Show howewver that if 2 18 p.n. and w is trivial then z+w is p.n,

If PHN{A) denotes the set of properly nilpeotent elements of A, show Nil{aA)
PN(A) and that thay coincide if PN(A) is closed under sums., Show any nil
one-glded dldeal 1ls contained in PN(A) : conclude that 1f Wil(A) = PN(A) then

Koethe's conjecture holds for A.
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IV.6.2 Problem Set on Nil=-implies-nilpotence

We wish to show that 4f A has a.c.c. on subalgebras (e.g., 1f it is

finite-dimenaiongl over a field) then the mil radical is nilpotent.

1,

If B 18 & proper subalgebra of A with ﬂ&(B} nilpotent, shew there iz an
element ¢ €A, ¢ & B with M(B)c B, Conclude C = B + ¢[e] is a sub-
algebra properly containing B as an ideal.

If the element c of Exercise 1 is nilpotent, show HA(C) ias nilpotent
{ahow ﬁﬁ(c)ﬂt(ﬁ}t: HE(B]ﬁﬁ(C) whenever B« C and E 15 an enveloping
algebra E ™C, and deduce {ﬁE{cn-iEfn)ﬁE(cj P }%(5:»“12%ccn.

1f B 1s a proper subalgebra which acts nilpotently on A (i.e., ﬂA{B}

acts nilpotently) where A is a pil alternative algebra, show thers
exlats 8 larger proper algebra B < C &4 seill having Mﬂ(C) nilpotent,

If A ia a nil glternative algebra with a.c.c.on subalgebras, deduce that
A is nilpotent,

Deduce the Theorem If A is & nil alternative slgebra with z.c.a. on
subalgebras, thenm any nil subalgebra is nilpotent. In particular, Nil(A)
is vdlpotent,

Conclude that if A is finite~dimensional ovar a field, or finitely spanned

ever a field @, then eveyy nil subalgebra ig nilpotent,



13

Henceforth we will abbreviate "quasi-invertible" by "q.1.", A subalgebra
B will be called q.i, if all its elements are q.1, in B; in general this is not
the same as being q.1. in A, for an alement b may well have a quasi-inverse ¢

in A which happens not to lle in B, This can't happen if B 1s an ideal, or more

generally

7.2 (Q.I. Closure Proposition) A strict quadratic ideal B in an alternarive
algebra A is quasi-inverse closed: 1f he& B haz a dquasi-invarsa ¢ & A then

nacegesarlly o & B.

Proof. From (7.1) b+c = he = ¢cb we gee ¢ = be-h = blch-b)-b = hcb—bz—h

lie= in B zince UbACB if B i3 & guadratic ideal, and bEE B if B 18 strict, @l

7.3  Corollary, A strict quadratic ideal is q.l. iff it 4g q.i, in A. [
Since one-slded ideals are striet guadratic ideals,

7.4 Corollary. If = (left, right, or two-sided) ideal is g.1. in A it is

q.i, in 1tselr. W

Thus the condition that the elements of an 1deal B have quesl-inverses in A
is equivalent to the intrineic condition that B, as an algebra in its own right,

is q.4i. Omce this observation is made we can establish

7.5 (Radical Theorem for Q.I.) Quasi-invertibility is a strongly hereditary
radical property: (i) 4f an alternative alpebra A 1ig d.1. 80 la any homomorphic
image and any one-sided ideal in 4, (i1) 1f A/B and B are q.i. so is A, (1ii)
the union of a chain of g.i. ideals is again q.i. Therefore each alternative
algebra A contalns a largest q.i. ideal Rad(4), which 1gi:also the smalleat ideal

whose quotient is frees of q.i. ideals.
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Proof, (1): 1If x and y are quasi-inverses in A, xty = xy = vk, then
F(x) and F(y) are quasi-inverses in a homorphic imege F(A), F(x)+E(y) = F(y)F(x).
We just observed that any one-gided ideal in s q.1. algebra A 1s iteelf g.1.

(11): 1f A = A/ and B sre q.i. then for any x€ A the image x in A is q.1,,
80 ¥bz = ¥z = zx op (Tex) (I-Z) = (T-z) (I~x) = I for some z &€ A, Then
(I—E}EI—E}ECEqE} = I or (l—x}(l*z}zfl-x} = 1-b for some b € B; since B is q.i,
the element 1-b = Ulix{1"Z}z 1s imnvertible in A, which forces l1-x to be
invertible (hy 1.4.5 Uac invertible implies a and ¢ are invertibla).
Comsequently x {i=s g.1.

(i1i): Since g.1i., is an element-condition, any union of q.i, ideals Forms
a sat of 4.1, elements in A, 50 B = UB, is an ideal and is q.i. in A, therefore
is q.i. in iteelf,

Thus A always contains a maximal q,1. ideal containing all other q.1. ideals,
namely the sum or unien of all poesible q.i. ideals. The recoverability (ii)
guarantees as usual that Rad(A) 1s the smallest ideal R such that AR 18 free

of q.1, ideals. B

Thig maximal q.i. ideal is called the Jacobson— Smiley radical Rad(A).

The condition that ita quotient be free of q-1., ideals is
Rad(A/Rad A) = 0.

An algebra is Semi$imple if it has no radical, Rad A = 0. Thus AfRad A 1is
always semisimple,

We have obgerved several timee that a nilpotent element is q,1i.,
{luz}_l = Jp frrng z“_l if z” = 0. Therefore any nil ideal ie g.i,; 4n
particulay, the nil radical is contained in the Jacobson-Smiley-radicdl, giving

ug by (6.2) the latest chain of inelusions



(7.6) S(A) € T(A) € L(A) = W1l (A)C Rad(a).

Therefore the mbasence of quagi-invertibility implies the absence of nilness,

triviality, and nilpotence:

(7.7)  semisimple 2fynil-free=2plocal-nilpotence free i

strongly semiprime=2semiprime,

For our purposes, the Jacobson-Smiley radical is the radical. We denote
it simply by Rad(A), rather than JS(A), and whenever we gpeak of "the radical"
{(without any adjectives) 1t is alvays the Jacobson~Smiley radical we have in
mind,

Since Idesle are so troublesome to censtruck, it will be much eagiar 1f
we can find a way to deseribe the radical directly in tesns of its elemsnts,
Judging by the associative casa, we expect the radical to consist precisely
of the properly guasi-invertible elements,

Before we start we need to collect scme operator identities which will
help us over the hurdle of nonassoelativity. Since Jordan products are so
well-behaved we deal with Jordan cperatora. We introduce the Bo-called

tranevections

T A% T = I-Y + DU w =1 -
{ 5) ¥ K, ¥ x¥ ¢ K!FE x!z!r"}

Tha reagon transvections have somethiBg to do with quasi-invertibility

is because invertibility of l-x amounts te Invartibilicy of Ul—x' and

{(7.9) T m T = I—Ux + u}t =

l,x X1 I-x °

(In Section 8 we will see that invertdibility of T:K 5

dmdunts to quagi-
B A

invertibility of x in the y-homotope A(Y]]. They satisfy the trangveetian



associativity Formula

Ldd) Yz xy,zy'

ad is varifled by computing R Tx

a="PR{aU yzHIU 2} =uRa~RU 1Lz
Y Xy¥a hf 8 X Y2 ¥ Y

Y X8

+ ]
EyﬁﬁLyﬂzR? EthIFFEFE+UHYUZEEY} (Left and Right Fundamental Formula and

its linearization) = {Ih?xy’£+ﬂxyﬂz}{ny} = Txy,zﬂya "

TIransvections provide a technical criterion for quasi-invertibility of a

product.

7,11 (Lemma) xy is q.1. iff ny-zx lies in the image T, y{A].

Proof. If xy 18 q.i. then by (7.9) T le invertible on A, hence

1,xy

Rx{xy—z} - nyuﬂx is in the image of RlerKY = Tx,ynx (substitute x + 1,

¥y*+x,2z+yin (7.10)). Cenversely, 1f Ux?—Zx is in the image Tx ?{aj
]

- 2
then RF{Ux?—Zx} w (xy)“-2Zxy is in the image of 15';1;,]?:‘:“3r T:W‘llt}r (sat

v ll = Ul-xyl = 1l-2Zxy + {xy}z is already in the image

g0 subtracting puts L in the image of T

2 = 1 in (7,10); but Tx

=0 and hence

o ®y,l 1-xy

Txy,l K
xy is q.1. by the Inverse Theorem I.4.2vi, BB

The next two lemmas allow us to act as though we were working in a

commutative and associative situatien.
7.12  (xy,yx-Lemma for Quasi-invercibility) An clcment xy is q.1. 4£ff vx 1s g.1.

Proof. By symmetry it suffices to show yx q.1.=pxy q.1i. If l-yx is

invertible we claim l-xy has inverse
- -1
(1-xy) . Hx(1-yx) Ty.

Tf B is a maximal ssaoclative subalgebra containing x and y we know B is

quasi-Inverse closed (by the Quasi-Inverse Closure Theorem II.3.16), so x®,y, and
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{1—313-1 belong to B, Since everything takes place in the associative algebra
B, we ean dispense with parentheses. We show the right side acts ae a right

inverse for l-uy:

(L-xy) { 14 (Loy) "Ly} = T (L-yx) " y-sy-yx (Lyx) "y
= l-sepdsr (1—yax) (l—:.r'x}_]'}'
= l-xydxy = 1,

Simllarly it acts as a left inverse, so we have exhibilted sn inverse For l-xy

and xv 13 q.i. B

7.13  Remark. There is a very useful heuristic device for erriving at such
strange expreseions for gquasi-inverses, which consists simply of writing

.g“k'

-1 2
(1-8)7" = ltata” 4-v0 = f
Of course this 1s seldom literally true (it ig if a is nilpotent or there ism
a suitahle topolopgy around), but it is always suggestive. For example, to

Find (l-xy) " we write
!:1“331‘]_1 - l-l-'.'-:j,l'-l-{".\rq.lr)2 ST S €770 B R
= Thx{ 4y 4ot ()T oo 1y

= l4x{l-vx }-131-.

and discover the correct sznswer. B

7.14  (=(yz),(xy)z-Lemma for Quasi-invertibility). An element x(vz) is q.i. 1ff
(xy)z ia q.i.
Proof. It Buffices to prove one direction, sey x(vz) q.i. =p(xy)z q.1i.

(Then in the opposite algebra (xy)z = z«(vex) q.i. 2 (zy)ex = x(yz) is q.1,,

noting a ia q.f. in A 1fFf it 18 q.1, in A°P),
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But x(yz) q.i.%ﬂx(yz}—.".x € In Tx,ym (by ?.ll)ﬂyﬂyiUxLya-Ex] =
nyz—zxy € In RYTR.YE

q'ii [h? {?all))l .

= Tm TKY.ER‘F (by Right Fundamental and (7.10))=%(xy)z

Now we can establish our main reault. As in the assoeiative cage we call

an element z praperly iua.li-ill'wlrﬂ‘hl: (abbrevisted p.q.i.) 1f all multiples
az for a& A are g.i. By the xv,yx-Lemma this is equivalent to all za being
q.L.

As usual, our terminclogy is justified by the fact that a p.qg.l. element =z
is in particular q.i.: this is trivial If 1 € A, 'but. BOYWAY 22 = zz 15 q.i. 1f
z is p.gq.1., and in general z q.1. implies z aq.1, (If 1-z" & (1-2) (14zhe=ot
Zn_l) - (l+z+"'+ﬁnwl}{l—z} is invertible so i 1-z, Observe that the rconverase
is falge! If %E & then 2 = -1 is q.1i. sinee 1l-z = 2, but 22 = 1 1ls newer g.l.).
Thus 8 p.g.l, element 1s one which is q.1. and stays q.1. when wou muleciply it

by anything,

7.15 Ezample. Any element of a q.1. one-sided ideal is automatically p.q.i.:
1f B 18 a g.i. left ideal and 2 & B then all &z are still in B and hence still

q.1i. (For a right ideal all za are q.1i.)., H

The multiples Ez af a p.g.1l. element z not only remain gq,.1., they remain
p:q.1i.: f£or any a €4 and b&e A we koow I:hgflz ie q.,1, when 2 is p.q.i. =minca
bd &€ A, therefore by the (xv)z, x(vz)-Lemma b(az) is q.1. for all b, =o 3z is
p.a.1, Similarly za is p.g.1i. sinca all (za)b are q.i.

The faet that the x(yz), (xy)z-Lemma allows us to disregard nonassocia—

tivity is the key to the elemeniwlse characterization of the radical,



7,16 (Chsracterlzation Theorem} The Jacobson-Smiley radical of an alternative

algebra conslsts precisely of the properly quasi-invertible elements!

Rad(A) = PQI(A).

Proof, Example 7.15 shows that the q.1. ideal Rad(A) is contaimed in POI(A).
The reverse inclusion will follow by showing POI(A) is an ideal, since 1t is
automatically q.1. (p.q.if,=»q.1.) and therefore contained in the maximal q.1.

ideal Rad(4).

POI(A) ia cloged under gcalara since z p-q.1.=%all {_ua}z- are q.1. =%all
a(ez) are q.i.=%oz is p.q.i. We have already noted that it is cloged under
left and right multiplications: az and za are p.q.i. if z is. Flnally, it is
closed under addition: if z,w are p.q.i. thelr sum z+w ig q.1. since 1= (z+w)

o (l-z)—w = {l—z}{l—tluz}_lw} is invertible because both fackars are, l-z being
invertible 1if z is q.i. and l-aw being invertible if w is p-9.1. The sum z+w
le actually p.q.i. since any afz+w) = aztaw = z'+' 1a g.1. as the sum of two
p..1. elements =z' = az, w' = @,

Thus PQI{A) is an ideal, coinciding with Rad(A). W@

From this it immediately follows by 7.15 that Rad(A) contains all q.i.
one—slded ideals (see Ex. 7.10). Bacamge one-gided ideals are so difficult
to conatruct and do not arise naturally in alternative algebras, we have not

been paying much attenticn to the radicality of one-asided ideals.

In connection with proper quasi-invertibility, note that no nonzero
element can be both regular and p.q.l.: 1f z 48 regular then z = zaz for some
8, and 1if az ia q.,i. then l-az is invertible so z({l-az) = 0 luplies =z = (.

By customary abuse of languege wa can disregard zero and rephrase this aa

7.17 (Radical Ragularity Proposition) The radical containa no regular elements,



7.1

1.2

7.3

7.4

7.5

7.6
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IV.7 Exerclmes

Show z 18 q.1, in A {iff 1—13 is invertible on 4.

Conelude ¥ is q.1, in A@’L] 1ff %y 1s ¢q.1. in A, Dually show % 1g q.1.
s AR 426 vy 4a g4, 1o A,

Show x 1l& dq.1, iff there 1is an element z with sz x xz+xoz~zmzx :

Show a product xy is q.1, 1ff there is an element z with Uxﬂvz = uxy

+ Ux’zﬁ,r-z-z:x.

Use the Jerden condition of Ex. 7,3 to sheow x is g.i. in &(?‘L} iff x is
(R,¥),

q.4i. in A : deduce the xv,vi—Lemma.

Show that u,v are inversas {ff
(L) usy = 2
(4i1) Uyv=u (Jordan conditions for invertibility)

2
(111) qu = 1
Show x,y are guasi-inveraes iff

(1') ey = 2x+2y
(i) ny = 3ﬁﬁ%x2 (Jordan conditions for quasi-invertibility)

2 2 2
' -
(414" ny % =¥ +U£ ?y.

L R
(u, ], s( 1) have the same Jordan structure, show

Since hoth homotopea A
%,y are quagi~inverses in A{u} 1ff
(™ Ul = 2 Qety)

L T = ol
(44" 'I.IxLu;u' wéy+U_u (Jnrdﬁ gﬂﬁg%%oarpmg}fnr quasi-invertibility

(444") VU T u = U w0 wtl_ U vy,
X uy X ¥ Ay u

Use thisg te show that if ={yz) has quasl-inverse (necessarily of the Form

w(vz)) then (xy)z has quasi-inverse (wy)z.



7.7

7.8

1.9

7.11

7,12

51

Prove directly L,__ ie bifective on A 4if 1t is on A.
Show L, g invertible on A 1ff it 1s invertible on both B and A/B (B<JA).
Quasi-invertibility of z means 1=z 1s invertible, Show that if z is p.q.1.

then u=z is invertible for all invertible y ] ; Deduce the Sum Corollary:

if & 18 q,1, and w 1@ p.q.1, then z4u is 4.1, Conclude that any finite sum

of p.q.1. elements ia p,.q.1.

Prove the One-gidedness Theorem for Quasi-invertibility. 4ny q.1. one-asided

ideal generates a q.i, two-sided ideal, Thus Rad(A) contains all g,i., one-
sided ideals, and a semisimple algebra contains ne 4.1. one-gided ideals,
Prove the xy,yx-Lemma directly by showing that if xy 18 gq.1. then z4vx

= z2(yx) = (yx)z for z = -?fl'ﬁf!r"}_lxa

Show z 18 p.q.i. in A 1ff all aza and zaz for a € A are q.1. (To show zza,
zaz q.i. imﬁly a8z ¢.1., reduce to the associative case and apply the

Density Theorem).
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IV.7.1 Problem Set on One=gided Quasi=inversee

We define one-aided quasi-inverses in the natural way: = is |ef+
quesi- invertible (abbreviated 1.q.1.) with |ef+ quasi=inverse

y if 1-x is left invertible with left inverse l-y in 4, (1-y)(l-x) = 1.

Right quasi-invercibility (r.q.i.) 1s defined similarly,

1. Find the intrinsic definition of left quasi-invertibility in A. Show that
1f 1-x hag any.left inverse u € A then necessarily u = l-y for some vy & A

24 Show x d= q.4. 1ff it is both l.q.i. and r.q.i,

3. If B 1s a subapace all of whose elements sre l.q.i. in B, show B is q.i.

4. If B is a left ideal whose slements are l.g.i. in A, show B is q.i.
Contlude Rad A contains all l.q.i. left ideals and all r.q.l. right ideals,

5. Show that l.q.i. is a hereditary radical property such that the l.q.1.

radical coincides with the g.1. radical Rad A.



