87. Bimodules
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pimoduls {gznerated by elements m which commute with ﬂ:,
am = ma} anad of the Cayley bimodule {(genersted by s2lements n

Whiegn *—oommute withﬂ:, & = ma*).

Sunnose A is compositicn algebra over a Field &, ang
conaider the algebra (I(a,u) obtained froem A and the scalar W

by tha Cayley-Dickson gonstruction:

Cia, ) = x & af.

HolLice £nst both ths swaze 2 and the space AL zre dinvariont

(1

ander mulziolication by & (recall b{af] = (ab)f and (af)b = {ab*)f).
Trus the zpaces A and Ad with the incneced multiplicaticns fuwaish

ws with unital A-Bimodulss; & i3 callad the FEﬁUl&P hiﬁuﬂiﬂiﬁ

reqgi) and nf the Cnﬂley-ialckSnﬁ himﬂdﬂtcww{i}. Note Lbhat A I
glwrays 20 szltevnative Bi ie for A, but af will be such gnly
when 5L iz azsooiative Ta,b,ell + Tawelibl = [a;b,ef] - [a,cl 2%

T a o e e B R L TR i o
Lazad wheEn =2 18 & Cavlay g gebra Ad is nob an alternative bBimoduls
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Another way to interpret the Cavlev-Dickson bimodule is

an follows, W

birenpressntati
A o= R and p

a 2

The regul

zng thi

2T = a = m*a.

by the elament

maea#®

Dizk=on hkimodn

Look for these
is a Comwuter

amM = ma* Zox o4
Lemma. i o B
¢ of a unital

cosmutes wilkl

fxa®)n

ol T 1 B
ala,m,x] =
so 0 = [-niall
zhao

unics for b

e i

Eumping)

= —a¥*[a,m,x]| =+

{left bumping).

wWa

[a,ma,x] =

e can identify Af with 2 as

g M

o

on of B becomes A b = ba and p b =
o &

% 8 F,

LS

ar bimodule M = A ig

5 element "commutes" with the elemants of

The Cayley-Dickson himodule ¥ = af is

] - 'l -,
o= Ly wnich "Feoommubes" with A

k]
"
&
|

or identlifying AL with A, A_ = B = g

ba#*,

generated by the element

&

& a a
are looking foxr copiszs oi tha resgularxr
lz in a yensral bimoduls M, ilL is rmasonakle

distinguishad genevatare, W say

clll

Lf am = ma fzr all a & &,

and a ¥#-commuter i

& f-module, and the

:

to

=]

or Cayley-

elemsent meE. M

11 a € 2. W%We boggin with & techrical leomma.
5 an ordinary compasition subalgebra cver a field
alternative algebra B and m &€ E i3 an =lement which

4, [A,m] = 0, Lhen it automatically

If m &€ T *-commutes with &, than almx) =
Ior ¢ll a € 2, x &€ F,

Hote ~hat by lelt and right bhumping (and

associakbes

with

nmia®x),

lz,zm,x] = [a,n,x]la for all e A, = £ =,
2 ; L
it ol =4 3 - BElala,m,x] (& i35 degrese 2, and 1 is
ofh A ard B! = aola,m;x] - £{za)la,m;x] {midéla
- &lal} [a;m, x] =+ [dyam,x] (right bBumping)
[e/ma,x] (commuatativiiy) = {(a a*) [a,m,x]
I£ A 13 an ordinary composition algebra aither

commatativity)



2= %1 (whence [&,m,B] = 0 triviallyv), or else there are
invertible & - a* hy 4,13, We can centel these frzopm the
atien (& - a*}[a,m, %] = 0 to gat [a,m,x] = 0 whan a - a*
ig Znvertible; using a standard trick, when b -~ b* is not
invertibls we linearize to ses 0 = (a - a*) [b,m,x]

+ (& - B¥)la,m,x] = (& - 2*) [b,m,x], so canceliine again

gives [B,m.x] = 0 far &nv B and [A,m,E] = 0,

Whagnr m 15 a4 *“-conpnaber we hawve amx)

fam + malx - @miax)
(lineavrized leiflL gltarnativity) = [wmia + a%)tx - mfax)
(*-commuzztivity) = nlfa t a*)xn = 2%l (a + a* = £{a)ll) = m{a+*tx),

and dual!sy. @

Fow Wo akz ready ko prowve Lhat & cvummuier giwves rise to an

image oF the roegular bimoduls, and a *—commuter an image of the

{ Commutoy Loemie) T m is 2 commuber for A, am — ma Ffo: all

i

a E A ] then

]

afbml = {ab)lm, fbmla = (Ha)

Hi

nd the =ap 2 * am is a homomorphism o the rzgular bimoduls 2

snto the wyelic submaduls inl yenerated by .

T, The Tarmulas express the condition Fla'bh) = aFibl ,T(b=a)
= Tihi=z Zhz=t Flal = an b2 3 homomorehlsnm of himadules, Thao
fizst formula is fuast [a,b,m! = 0, and the latter is aguivalant ta
Ims)e = wika) or myn,a] = 0 since m commutes. Zoo Lhis
aEraciativicy for a commuter follows from the first paxt of



e |

{*—Commutsr Lomma) . If m is 4 *-coomuter for & then

albn) (ba)m, (bmla = (ba*!m
for all a,b € & s34 that af =+ am iz & homomorphism of the Caylevy-

Dickson bimodule 2Af anto {m}.

Froof. The formulas again express the hamomorohism condition.
Bv Lhe macond part of 7.1 wa Enaw (bnda ‘fhu*im oard almeo)
- mia*z) [(thersfore zlbm) = aimb*) = miavh*) = niba)*® = {halmn

by *-commobabiwvity). ﬂa

I= is8 wusaful to ovbkserve tAat if w iz a *ecomputer, so is

GO AR Or ma: hHi{am) = (ablm = (am)lh*. Thers is no analasgous
reeuls for commuters. (When & Ls noncommutative, Lhe ocoly

cormuters in M = A sre the scealars m = ol, whil all mloments of

T

M= Af ave ¥-—coszutars).

Eaving seen how to generatsas regular and Cavlev-Dioksan
bimodules from commuting and *-commuting elements, it is natorel
Lo asx how wo can build up such elements. The key Inducblon steEp i
a4 mzihod of building commuters and *-copnutscss far & = C(3,u)
etarting [hom commuters or *-gommurers far B, Jur constronotian

sbratagy is B=cammubke+ &= B *—comidbs = -‘-"{I:'.—r:n-n:".utcr and 'i:"' cvommuts .

(Commuler Construction Lemmal Tet B he an crdinary conposition

algehvra, M o unlital ﬁlﬂ,p}—hiuuﬁulﬂ.

[
-+

n.ois & commutesr tar B then w_= En  ds & Fezonmulbar
for B, wikth n = f & Eﬁ:.
o 3] fal

I m is a *-commuter Jor B =hean any n = (Lilog mo ig a commutey
LI

for (]:{5;113 and m - m I Hod,n, is a *-cowmmuter for E{B,]i:':
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=1 1 1 1
wilth i = m - U 4 ci_,n,&E:r I E{‘_n_, whatra d, = o £, 4.
o 1 1 a 1 b i
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dual bhazes {b,}, {b } far

=
|=d

relative to the bilinear fovm afx,.v).

o dur first step 13 to transform ardinary commuters

or B ointo f=ggmputers fair B given bn = 2 B for all b & B,
= =)
apy glemeat m - (afla s 2 *-commuler for T since by associativity

K]

]

in Lemma 7.1 bi{(a)n ¥ = {w(af = oty 4 n o= {h#n
5 { t}l}r.a fralin }'c: {af)in __D}
= {af)in n#*] = {ﬂ.:_.'r‘.}na}':u*. I brief, the product of a commuzer

o E X with 2 F-gommuter alf = BL is a *ocommuteor lafyn & I
o

L
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Ewa a Fedgpmutes m_ Ior B rather than just
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n - [(bf)®m iz on erdinary nommnters Sor all

5 J:'L, e Fiysk, =ince hi*ng .= hifz ) + tmr_l::}»:r’, (linsmarized
L

Middia MAanfFzrpol — &0t AL TR Y 18 - = e -
facdis Maufzang) L{b¥m ) L-.::*mU,' L (Lemma 7.1 zppilied to L)
) S 2 I o437 o N =
e omi wORTE Wo posuesvad aftoxr L3 op' = nitm ie anothesr #-
fo] ~ o - *0 - -
oyl s L s o B ik = 1
commaTer Zor B, 1t suffises to nonsidsr the gass b = |, = = o
- -— s - » r

o = T g Suechh n aommute: with all ¢ £ B en o= elfm 3 + alim £
i o

@ e , - . - . :
= Llc*zm ) + om (e"d) (7.0 applicd Lo £ anda m ) = © e* = [(Lc*)m
y ]

’ cowd = plERG D o F ;
= fmoa*ld = (Ffm o le o+ {.L.GE-]':_: (7.1 againa) = no.  FPor anv of = Bl
H N res 3 I = ¥ P 5
wWae haus Soofl = nesld + olnd] — .o, £] by the Commuitator

Derivatiaon Tormula, whers ws jost saw 0 coammutos wish a, and whovre

Fos s & $a e » = . & 4

la,£]l = [M:'lplr‘k-. = —[4 w1 = 0 and Ja,sc&L] = [£2°m ,e,f]

T S S W TS 2

: 4 '\'"":':-'! = W llanecarizing [ x| = [x ,oc,=] = 0) Hacaunse
2

L e BI nEd o Thus n gonmdies with anythinge from § or B,y hence

I = =1 h R P a LY ¥ 3
with {2 ,2). Iz bByrief, Lbhe cirgle praduecs of a *—commueter T = M
fur

e an orxdinsry commutey bE%m & M [or G:
o]



The final step is to show n = m,o= ok I d'n. is =a
; Y

fecommuter for (LI3,1). It certainly *-commutes with all
glements of B: m is & *-commuter for B 2o begin with, aad

w2 have Jjust seen the n, = d4.°m ars commuteérs for@Cias circle
i =i

nroducts of *-poswubers o oand biﬂh, s the d'w, are *-gommputers
) 1 1

for ® (a5 products of commiters £y wicth #*-commuters 'L . To
L

shaow m *-gozauzes with sleaments of BY we need concsider ciRly bagis

elemants dj = bjﬁ {the 1. 's span O] hHers d o - Iﬂ; = d.m
| 1

=3 it |

= md o= d, *m = ¢, *n 1 Eod.*{d'n.y =n, - p > E téa.*d'In
] ] i 0 i = 1 1

[ £l @ voemrtuts and henze asso-ickte witch (L by 7.1) = a

+ u - R nfd., d o, (since L{d.) = £(d!) = 0} = n = Foemlhy b in
A 1 1 el iL L

=
e

(recall nibf,b'E) = a(b, b )n(f) Un({b,n')} =

Il

by the hypothesis Chaz the [bi}r {bi] ara dual bagses relativa to

. There fure m *—coxmubes with B aad o, sa is a *—~commutexr for

@iz, . H

oyl

o far we have discoverad ways of building sertain kinds
ot elexwents, wund from those elemeants coples of vertain kinds aof
bimcdules. What are the subrodules of thess two basic kinds o
Bimodules? Lat's begin with the regular bizodules., The sub-

Bimcdules azs the subszaces of B invariant undes all L = §

Ia L

i

and po = Eb’ Lhat is, nrecissly the “wo-sided Ldeals. Now by
Ehe Simpl-city Thaorem 4.19 wa konow the composition alosglbras ars,

With gne cxeeption, simple - all +he Cayiey wlusbhras, all the

th

ydaatermion slgobras, and all the fields (% ar in gparable [} are
Zimple, bub the split guadratic exrensions ﬁﬂl B f2, arc ounly

*~simple, baing the direct sum of two ideals. The proper idsals

l‘;.
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are aen-lsomornhic as B = be E]'T'e2 himodules.
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Turaing to Lhs Cayley-Diskson bimoduls, the second way

[}
1l

R. * saows the
i
sun-oimoculas are wrecisaly tne right ideals of B. Division
itgedbras have no ¥ight idsals, and neither do Cevlevy algebras

{rot even che split ones), zo the only compositien algebras with

tid

oy - : e e . P! : ; 3 3 r E
roper rvight ideals ars the splibt guadratic extonsions (with

Yiguat zdsals (5 fdeala)l b2ing %a,} and the split guateraion
2 s i : R = s - .
algebras (with vigat ideals of the form 2l [or suitable idom-

potents =), In sither of thuse caszas [¢'el + B vr BY + [(1-2)0)

it
oy
i
i
|
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Lnte o2 Sirecl sum of two simonle bimodules.

IThus in g1l1 cacses the vegulsr and Cavlev-Dicksaon binocdules

5 T Laompletely zsdusible), and moskt of the Eips ol e
st Antaslle sivpie [(Fryraducibile). For the ordinary composition

il
3
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clgelhras this extends to all bimedulss.

(2imedula Theorem) Every dnital hinodule Zor e4s of Lie asrdinary
composition algebras Lover a field @ is semisimols,., The simple
os for & ars isomorrhic to tha simple sub-kinaodulss of

bhe ragulsr and Cavley-Dickson bimodules, Le2zding to the following

zimple kinodulaes:

]
]
o
v
0

Tia. Q= @0, u ) division algebra: regll, cayidl

TI. L= Tea, 1) = Da . E Yo, split: reglfe.},rac{fe ), cay(dsa,

ITXa. ¢={I:f’-";;..!,y,} division algebra: rag @, :;.1_.-'[1:

Ctw; 1,1 = 2. € @ 02-31: splic: rog &L, :Ja'-.f[pzlﬂ:!l

Il
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Froot. We first verify all simoplc sub-biwmodules of tha
regular and Caylev-Dickson bimsdules € and €L have ths above
= g = : 3 W [e) - ¥ . a
EXEms. In ecase I, \T= b and Cf = 32 ave tsomorphic as bimodules
and we can delete the sscvond. In split IIIk, every richt ideal

5 Q= @al + Berde In

(i

Ll lsumorphic (28 zicht D-wadule)

caze IV the Cavylev-Diskesn bimoduls is nos a1 alternative bimodule.

T we i

£y that all bimedules ars sewiszimuls with the zhove
t¥pas ol slaple biwodules, it suffices to nrove svery bimodule M
is & sum of howomorohic images of rzeular and Cayley-Dickson
bimaodules {(and therefore 2 szum of isonocrpllc capies af the zsimple
venstitusnts of those bimodulss). By 7.2 agnd 7.3, in arder fﬂ
211 M up with homomorphic imasss of regular and Cavley-Dicksaon
nimodunles we need to be able to 11 it up with dompmiters and
Fopommuzte rs, That iz, we must show M I3 'E:U” in the genses that
it L3 yenarvzhed by commuLers and fY—cammutars.

CerXbalnly any whital ¥ o is chock full of comxuters whan
ragarded as a2 91l-bimeduls: every @ is a commutsr, {(allm = micl)
= w@m.  Fram this humble beginning woe build us a2lemerts which
colmete or *—oommute wilh mors and nmeve of EC The inductiva
stzp is Lhg Commuter Comstructktion Lemma, wnich says Lhab 10 M

is full

Lt

a4 Z-bimvdules [where n{x,v) is nundegansrate on BI

Lhen i+ ‘a3 alse full as = dﬁﬂ,u: - himcduleo. Lodeed, 1T M 1is

generoied by B-commiters n cnd *-commuters m it is generatsd
O (=}

by #-zommuters alons= {(recsall n &= L for m = £« 3, in whirh

J ] o L]

vese it is also gonsrated by (L-conmatecrs n g cnd *-conmnmuaters m

i

in

ince mnog Lo - Fdn ..
3] i
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nave seen M 15 full as z P-niwmodule; i the
riskie £ 2 +hep n {x,v! iz nondeganzrate on ¥1 and

incuctivon step to deduce M iz ull as a

B

cimadule In characteristic 2 the algebra (&, )
- 1
=0oIor uw o= 4+ i l. In this case for any m &£ M the
F'D = B - um iz 3 {-—-uu_‘muu:%‘lf and ‘:uo = u%m a {f—"‘-’—c::-mnutur:
wiow ohack 4 = n v, um o= g3 u¥, and theosp follew from fu,n
) i1 L &)
2 k)

= tw ,m] = =jp.l,m]l = 0 ana um. - ;nﬁu‘* = 1u'm + uzua

. . rood L
flr (charzsaoterisyic 2LIY = 1u + u T+ ul}m = 0. In
zze we get Leo,u. ) fuli.
anly ordinary camposition algebra for which e, )

be T =

53

SEikly dageng ®l of characteristic 2,

S

5 full as 2 Ll bizscaule 4t 3w also £full as a
jl and G:{@;‘JI,]aErL'.EJ himoduls and therofors as a

=

all {-bimadules ara Full, and the wroo? is conmplete. %ﬁ

Yy

o
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If m is & *-commuter for B, is (bfln a commutar far 3 (¥ a iz, 1

bEinodule) ?

Prove bLhks ZSivszt parfoZ 7.1 by passing o an infinite secalax extonsion,

o
e ]
]
=
]

showing Lhat the b for which B-b*®
[Lym,a) wapishsg,
In the prvoof of 7.5, shaow d4%m = B %n i3 a commutre» for G:EE,U]I

if m 13 a *-comwmnmutexr for B hy saowing Lt comnubtes with all

ad g Bd = B{bE), then lincarizicg o =how it commubes with a1l
el & nd. Eather Lhar linsarizing, ons czn assume b i3 levartibhle,

3

by »assing to 2n infinite extensiorn so that Lhe invertikie b

are a Zariskl dense set on which [nfvm,T) va;ishEE. Alternataly,
paaaing o o scalar ewtersion o with mors Fhap 2 clements, ussa
3.18 to show |(biﬁjﬁm,{] = i} for a hasis {bi} o f BE' hence
refen d] = 0.

What canm vou say akoubt 2-bimodulas for the extraordinary com-
cosltion alegebra 2 {purely inseparable of charactewris<tic 2) 7

If a,M aze elemsnts of a unital alternative alosbra T such +hnat
am = ma¥®, ma = a¥m and a2 + a* gszociates wi+th E, show afme)

v

mlia*®) and (xmda = {xa*’m for all % & E.

il

riski-danse set on which



