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Isotony

Another useful way of construeting new alternative alpsbras out
of old ones 4is by means of homotepes. 1t will turn out thal passage
to a homotope provides a mesns of escaping from the ncnassociativity
of A.

Let & be zn alternative glpebra and u an element of A, T we

(u & ks 2
attempt te defins 2 howotops A ’ a5 in the associative case we have

Lwoe possibilities for the product X ¥y ramely (xu)wy =nd x{uy). In

L}

. X (u
gencral thesz will be distinct. We defina the lafL u-liomotope A™ '

to have the same: modole skructure as A hul a new product

TS Geudy. x5y & h{u’“}]

Similarly the right n-honotops h{R'Uj has prodact
(F,u)

= v o= w v b - pMTE
xop o x (uy). (=.y & A !

s ; ; : u, v i g
These are special cases of (two-sided) u,v-homotopes A{ »v) deefined by

% (T
[:5.1) e v o= {:_:-u} {-V:'r'r) (}::}, = ,‘-._'L"V}j

¥
where we z1low u,v to coma from the unital hull A in case 4 is nob

(u,v)

Ll

unitral. The wultiplication operalorz In A heve the form

g gy,
X

(5.2) pleav) = 5 5
y v o

TR SN I
Z & uwr

The first two can be read off {mmediately from (5.1). For the third we
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calevlate {z¢ y)}- 2z = {{zu)(v)tu « vz = ziulvylul-vz (right

U,V 1,V

Moufanr) = Uz{{uf'v:.'}u}-ir} {middle Moufang) T.Iz(‘Rquij,'j = y {right

U
2 uw
fundmmentall).

Mote that if A is assecialive, or more generally if u,v asscciate
with everything, tlhe u,v-homotope raduces to the ordinary asscciative
notion

x-u,'u' vy o= nfuviv,

{u,w)

We will sece many instances of properties of A which depend only an

the product uv and not on u,v Iindividually. (Witnese the formula for

(u,v)
Uz -

ﬁ{n V)

5,3 {(Momotope Theorew) The u,v-homotens of an altermative algebra

& 1 again sltesmanive,

Proof. By svometry we need only check left alternalivily. Te

L L T.

fu,v) _ (u,w) _
ave L L e Ty % I
bave: ] b ¥a W owuov Goudw (=) v

o

(ileft Moufang)

N ; deh b ndan=nla ruula U ro= ' L w) =
L{}:{uvj:»:_lu ]--._. (right Tundansalal formuls 1};u Y Ru e )

CH. 5. L e \ o I:ulv} i
L, {middle Meufang) - L{x- G g T Mg gt i
u, 1,V

L
{ () () du
TP we iterate this procedure we get nothing new, since the homotope

of 2 homoatepe iz a homotope.

5.4 (Transzlitivity of Homotopy) Homobopy is a bLransditive relation,

aln e 00 LGV e wt s G, = U ).

Proof, Ohserve
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G wye e ) = Cwu) (va') Juew i) (op) 3 o= x{ulvat dulh fe (v udviy
1, V ugV u, v

(left & right Moufang) = o)) & x-u” v”y, gn the nultiplications
¥

1 L] 1 (1]

in R{u,v}(u v and A{u V) coincide. {2

Tnversas and units are further examples of properties of a homotope

depending only on uv,

(u,v) (u, v

5.5 (Unit Criterion for Homotepes] A homotope A hes unic 1

1ff 4 has wit 1 and wv ig dinvertible, in which case
u,wv -1
1 { L] :] = ('L'.I.V} .

(u, v} e 0115 5 Q—— v P52l
W WO v

Proof., Ifw is a uvnit for A

g0 Uv is surjective., Ry the U-Test 4.4 thiz implies A is unital and w
-1

invertible. Then qu = Uw' ig alse invertible, so by the laverse ThanrTam

] ; Ligm -1 =]
the elament uv is iovertible with dinwverse (uv) = Euv[uvl = Hr(uv} =
¥
e
- . i . Uiy W
Ooud (v) (middle Moufang) = WY = W osinee v ds the unit for A[ A
5w

Convarsely, if uwv is dnwvertible in the vnical algebra A with

]

inverss w = (UVj“l then (wulvy = ulwe) = 1. Indeed, U. g {fvudv} =

i gl 1 _ -1 _
Ty l(wuﬁ]{vw } (riddle Moufang) = ulvw )} (left inverse properly

=1 il

L _3 = L-rnr Vo= oufuwluv)) = fuv) fuv) - fu‘_'-.r,u\r] = W - [u,v,v]u {bUT‘.‘;_Di‘."I.ﬂ}
g 3
=U _1{1}. and we can cancel U _;. Similarly uf{vw) = 1. Thus by the
W )
One~51ded lnverse thecrem I. 1, = R B = I, which by (5.2) 1z just the
WAL Wi U =
condition L::u'v) = R‘Eu’vj = T that w ke 2 left and right unit 7 (u, v) far

A -

5.6 (Invectlbility Criterion for Homotopes) An element x is invertible

Tu,v) F

in a unital hemotops A f# x Is invertible in A, in which caze
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the dinverses are reloted by

_de{U’v] o U—1 x_]

U

; ; } u _ v,V £ - : .
Proof. = invertible in .t!a( 11"?}.-_';_”2}'[}( + V) = L}c\"luv is invertible @
X

. . . : A ; i skngar)
U is invertible (since LluJ ig automatically invertilble iZ h{ -
w .

=3

. , . <1,
unital, by the previous Criterion)s= % is unital in A, and then x (u,v)

v - - =1 =1 A | ) .
= L]l:u""’:I lx = {T U } lx =1 D "ax= T + x 7, all du= ta tha Tnverse
¥ noouar | % s uw

TR
Theoram. o

Tn geusral wuch of the structure of A is lost in passing to &

(u, )

homotope., For examsle, 1f u or v 18 zere, mullivlication in A is

complately trivial, Tutb another way, honotepy is not syometric: ws

{u,v) ) . N
cannot recover A from A" 7. Ve now Investigate a elzss of homotopes

where we can rocover the structure.

G ) ;

If vu,v are invertihle we call 4 the n,v-isotonz.  We rescrve

the term isotepe [or the case when both o and v are invertinle, not
merely uv., By the Usit Criterion such an isotope is again a unital

, (12,w) ~1 -1 -1 n
altemative algebra with unit 1 = {uv) = A Crecall 4.2 (23],

MHereopver, isolopy iz &n equivalencs relaticen: 4 Is reflexive since

A(l’l} = .

. % ] HI Fagll ||1|_
: . O PR T R TLIE L u'l, ™)
Ay transitive sineeo 1h{ ' J}{ ' = At ?

where u" =

H“{Vu'}, v' o= Hviv'n} are invertible if u,v,u',v’ are, and it Is symre-

. . l -1 =3 il =
tric since if we take w' = v "u T, v = w Tu 1 we get u'' = ufvu'lu =
4 n r
i o= Lw't o= (e Tadle = 1L
LA
) u, v, fu', -1 -2 w3
£5.7) {ﬂ{ ? ){ ¥ = A (u' = v lu s v o=y ?‘n_llj.

For theee resulfs it is essentcizl rthat v,v be individuallw invertible,

not Just that wv be lovertible.
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The ferm of the operators im (5.7), where left meltiplications in
!‘.{I.'I,v:! are bullr out of left multiolications in A, and vight multipli-
cations out of rieht welcipllcations, shows that a lefv, right, or two-
sided-ideal in A vemsine left, risht, or two-sided im A'™™, sinece
izotopy is svwmetric, it is clear that left, right, or two-sided ddeasls
in an isotecpe coincide with these in the original algebra. In particular,
A ds simple iff 211 ils dsolopes are. Sinilarly A has & chain copdizion
ol ideals iff all iscotopes do., TFurther, since isotopy preserves inverti-
bility by the Invertibility Uriteriom 3.6, an alpgehra is a division
alpehra 157 all iks isctopes are.

Any isctope is isomcrphic to a left (and a right) isotops:

L - - . . Y, L
5.8 Proposition. The left, right, and two-sided isctopes A{ 2 },
ﬁ{x,uvu}, h(“'v} are isomorphic vnder maps
T_.L : f""-(H’uvu:: -+ :"uillhv:l R\,? 1'1::131'“?" L3 H .e'siu!?:l N

ProoZ., The maps are lincar bijections since uv,v arc invoertible.

T soe = Lu (for ewxampla) is an alpebra homomorphism, note B, uvuy}
Fay -

(R, uvu) . ]
= W 1 = 15 . .2 [ T £y N e : L Mo Fan =
! I:L_.': ¥) LUINL'JVU y (by (5.27) ]1111-: UTVLU} (lefL Moufanp)
; _ ) _ £k, Y. _
L L Ly left YMoulfang e =) A = = ' wo= Flxl. F
(uxdu v u (left Moufanp apain) ux w W U, ¥ ny F () u,v (v},

gand sfmdlarly for -:{":' E'j'

Here again both u,v must be dinvertible, for if oaly the produck uv

L fu, v

i i 2 . H,uv ' L
is dinwvertible then A will have a wnit hutb A{ oVl and A[w.w, )

will not {uvu or vov 15 favertible i u and v both ars, aveording to

Corellary 4, 3).
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W F _ J \
An disctopy A > A is an isomorphism from A to an isclope of A,

Twn alpehras are isoloenic IT7 there is8 an isctopy from one Lo the other.

{v}

This is a symmetric ?clatioﬂ for iL § is an dsonorphism then

e 11, P n,w u' o’
the isonorphism A .[ i A is also an isomorphism A = [ﬁ( : }}{ v
=1 ~1 =i
P OoafF Tu',F T -1 -3 -2 -1 =
— 4" A (ut =y "o 7, vt = v Tu Thw (5.7)), It is alsa
e R T '
transitive, since if A 5 A" +v) and A -+ .*-‘-.' (9% ars izomorphism so
ry JF

{u,v) E {A,(u'.v’]-_._l:':u,ﬂ“\":' = A'{:un’# }. Thus

is the composicte 4 = A
isotepy i an equivalence relation between unital alteornative algebras
which s wezker thap icomorphism.

There 1s another more gencral nobion of fscteopy which wehkes sense
in any lincar algzbra. If we have a lincar aleebre sttucture A oo 2

bl
space ¥ and three linear bijsctions o, g, v from X to another space X,

F'.l
then we aan kEransfer the alpehraic stracture from X te X by defining

3 e " T
(53 o(x} ¢ =(¥) = pl= - ¥ {2,y & X,
s ot T £ "L .
that 48, ¥ « ¥ = alc {x}-* fJJ] for all };jli X. 'The lincarity of

o - . .
£,3,T guarantce that the resulling preduct < iz hilinear. Since the
three maps p.o,T are corpletely arkitrary, we have & melhod [er creating
T g ;

many naw linear alpebras A oot of & glven alzchra A

An isetopy from a linear alpgehra A te an algebra A is a triple
(p,,1) of bijections satisfving the relation (5.9). Notice that 1F
p =g =1 all coinecide, their common value F is just an iscmorphism:
= i = a i
F{x) « T(y) = Flx+v). We sav two alpehras are isatopic, or that one is

an isotope of the other, if there is an isotopy between them.  (The



L -1 e TR : 5 ;
ik an isotopy A - A then (p “,0 “,7 ) 15 an dlsortepy in fthe reverse

L -1 “i oy sl oedn
ditecsion, » lfl ' }} = {C{l ) el F)} =5 plg "2« 1 7¥))

£y ; e by LY
_](Q} T l{?}_ TEA Egiilli A oand & ELH——éi%i are isotopies, so

I:-.'I. :.1_'.. . LT}

A A
iz their composite A- A since ap(xev) = olalx) + < (y)) =

a
6 (o () ? T(ely3) = gelx) ¥ Frly). Consequently isotopy is an equiva-

lence relation, weaker than iscworrhism (but only slightly).

Tauckily, just as the genctal notiom of division algebra coincided
for alternacive szlgebras with cur definition, suv teo the gpeneral aetion
of isotopy coincides for unitzal altsrnative algebras with our previous
definition of disctope =nd Lsotopy.

Let us first see liow our notion of isotopy fits into the genewal

ST . - &
sctup. Suppose A - A I1s an isotopy in our sense, i.e. an lsomorphism
L T U f

A g K{u,v]. Get g(x) = pa) v 1, wlw) = ¥ p(x),  Then p.osn are

"

all linear hijections from A to % {since u, v are invertible in h]. and

2 “, N ety x
e < aly) = {plx) < ut TV - a9 = p(x) e g ely) = playd by
e |
virtue of p being an isomorphisnm, so the triple (s.¢.7) furnishes an
- = i (u,v
fentopy in the penceral sense from A to A In partieular, A ig

alwavs an isctope of A in the general sense; such an isotope will he

called the principsl disotope determined by u and w. Wz will sliow that

all disotopes in vnital 2lternative algebras are principal, so thea '
peneral notien reduces teo sur (orincipal) notion.

lsotopes of alternative [or even asseciabtive) alpebras in this
peneral zense necd not be alternative. HWowever, il both algebras are
uiital then alternativity is proscrved, and & peneral isotony (p.g,.71)
necessarily comes from one of our princiFal isotepiles in the manner

indicated akove. Thiz 4s the conltenl of
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5.10 (Schaler's Isotopy Theorem) Let A he unital and A an alternative
algebra. 1f (p,o.7) is an isctopy from X to A then both & and A

are unital and alternative, § is an isomorphism of A with the

i 1

F1 Py, ==
(4yv) s, v a1} T, and g o

principal lsctope A for u = (1)

have the ferm o(x) = p(x).u, {y) =wplv).

P s

Prool. ¥From plx « ¥) = () « o(¥) we saz () = olx - 1) =

Ny LT T . Moo F e
gafr) + {1y, pi¥) = p(l - ¥) = e{1) - 7(y) since & has unit 1, and

= L“{}) = T. But then 31[1}, Lﬁﬂf) ara hijective since

p,0,T are, and since A is assuncd alternative we can apuply rthe L, R-Test
i , . i =1 ¥ -1 \ .
4.5 toe conclude A ig wnital and (1) =u 7, ofl) =¥ are invertible.

Thea p = R o & o = L s+ 1 implies o = R ¢ p, 1+ =L = g, and
u oAt - u Vv

plx ® y) = o) 1ly) = fol)-ub-{vo )t = pAEEs oplydy  Thisinedfis
H]

: : ; 5 1, v) : " ;s
o ix an isomorphism of A with A7, 1In particular, % itself must be

. . B
altoimative, L&

5,11 Pmawnie., An oassccizlive slpshrs, even a unital one, can hawve

isotopes wilch arce not alternative (naturally these isotopes will
not be unitall,
For ewample, let A he any unital asseciative algebra

whicli posscs an  dovertilble lipear transformation 7 not of the farm LK

for x & A (epg. 1f T = B for some invertible y not in the center). Let

A be tha alpehra with multiplication = S oy J{{T-'L}'}. Then (asgat) &
1 e "

Y ois oan dsotopy A 0 AL A doesu't even have 2 left unit, sinece

Y w . § E e

n =

' s s

Fa

then T = LE, contrary to hypothssis, Also, it is

not alternative: we have [1,1,7x] = (1 Yogy P Lo PR Ry S

LY Lo T ea) m G R =T e |

{l'T rﬂ_J:i‘:,

Ll“lil}_
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and by the hypothesis T +# L this must be nonzero for some X, i
= 5 =

n " -
5.1 L=ample. Ewven I A, A are both asseciative, an isolopy nesd not

be an iscmorphisn (naturally neither algebra will be uwaitall.

Let A be the associative z2lgebra on twe generators z, w with
2 2 A ,
v = w ==+ wz =0, Then a~ =1 for all a A= pz & &7 & GZW.
17 T is defined on a bases by T(z) = w, T{w) = 2, T{ew) = zv then the
. ¥ .
isotope K weich aroduct = « y = x(Ty) has 2" = zT(z) = zw ¢ 0, =0 X

. . - . w3 R 5 3 5 LR
cannat he fdomerphic Lo A, yot & = 0 gince £ AT = [} und A is

trivially essociative., &3

Isotopy too has a geometric meaning, The dilferent coordinatz
systems for a projective plane give riss to isotopic coordinate rings.
Tharnfore 4t 1s dimportant te kiow if all isotopes are actually i=omoz-
phic. (So the ceordinatc ring is an izvariant of the plane.) We know
this 42 *ke case with assaciative alpebras, and we will ses this also
for the (mon-zssoctabive) Cavley alpehras in the next section, SHinoe
these exhaust the alternatiwve division elgebras according to the
structure theory, dsoteopy coincides with disomocrphism for alteznative
divigion rings. Ho intrinsic proef of this is knewn. The hest we ecan

do is

5.13 Propesition. If uvu has a cubc Toot g, 33 = uyvu, then the isobope

ﬁ{u'V}-is isomornhic to A,
1, ; I,
since A( V2 iz dsomorphic to the right isctope A( g by Pro-

position 5.8, it sulfices to prove



5-11

' 3 = . :
5.14 Lenma. If w hes a cube root z, 2 = w, then T.z [{z ig an isomor—

phism of A with the isotope A SRR

Proof. T =L R,- iz a linear bijection, and F(:--_}-R U:—‘{}r} =
T o1
i 1 =3 -1 3, =2 =1

T PRI S B S T
{z L T ve ) =1{z "mz Iz lz Tyz ) =1lz T(z wa ilays
i = = jo -1. -1 =
{(Houfang) = =z l[z 1}::: 1'213_-‘2 1 (middle Moulang) = = {= (x¥)lz
—% | £ ;
(lefL Moufang) = z  (xv)z = F(xy), @0

We w11 sae sn example in Szobien TTI.4 of unical alternstiwve
algebras which arce iscoteopic bulb net iscowcrphie. Of course, they are

noet division alesebrazs,
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Exerciscs

Define a2 new product om A hy sty = (xu)y + =(vy), Is Che result-

wa(xax)?

ing algehra alternative? Flexible? Does (m-%)-=
Try %y = x{yu). Is this alpehra alternative? Tf A is associative,
vhat can you say?

If & is altermnabkive with involﬁ:ion # (g0 %% = %, (xy)® = y¥x®)

try definlug 2oy = xy*. What 1f A 1e assocfative? Try x.y = y¥x#,

Al . F T{&,?}
Defing a homatony from 4 td A%e he 2 howomnorplhism A — from

nn.l

G
A to a homotope of A, Show eany howemorphism B - B 1s also a

r‘_F

= - 2 O F l';. F - ,
heomomorphism Htu’v) o E[ b }. If A > A » A' are homotopies, show

My
e P ia a homotopy.

CRBFRCAR N LD {h{ﬂ,u)}fk,v} - A{R,uvu)!

Show {A

3

{h(u,v)}[w,l} _ A{u[vw]u,L]! | iu,v}][R,w] » A(u,v[wu]vj

A . DBe cars=-

ful with the lasb Lwo.

Show any isotope may be ob4tained as the right honotepe of a l2ft
homotops (and vice versa).
Expand upon the woerds "and similarly for va at the end of Proposi-
tiom 5.5,

. ) .. . .. ) {u,v) ., e .
1€ % is triwvial in A, is it still trivial in A * If it is
repular in A7 (3ze Ex. 3.8, 3.9.)

EEU.v}’ 1x_ﬂ(u,v‘} —

Find cxprossions for the squares and cubes =

in A{U’V}.

We know in Lhe alternative case that en algshra & and its principal

(u,v)

isotopes A nave Lhe same ideals, This is ne lunger trus for

non-prineipal {i.e, non—-unital) isotopes X. Lot A be any n-dincen-



5-12

sional unital alpehta (associative or mot, simple or not) over a
field ¢, and p{L) an irreducible pelynomial over © of degree n.

- '1“,! ] . I-'|_|
le will conscruct a simple zlgebra A isotepic to A, Take A te be
the field 8 = #[A)1/{p(2))} as n-dimensienal vector space over &,

ar
and define T on & by T(x) = ix. Show T is a bijective o-linear

FIJ

4 L] - ] * ‘I'IJ
transformation which acts irreducibly on A. Lal t! A+ A be a2
bifective linear wmap (are there any?) and set © = T, p = Tea,

u - "
Use p,7,T to turn the space A into an algebra isotopic to Al

o A
Find a fteormula for L aud R . Show A has no proper sub-
T(x) T{y)
M n, ",
spaces invarianlL uander L_ .., or undzar B . Conclude A has no
1(1) T(1)

proper lelt or right ideals, hence is simple, no matter what 4 is

like fazs leomg as it is unital). n partieular, we could have A4 =
- " .1 ﬁL- &

%1 & B for B an n-1 dimensional trivial alpgsbra, so A certainly

e

doesn't roefloct the ideal structure of Al



#3, TProblem Sat on Isctopy in Groupoids

& groupoid i3 a set G with a binary product (not necessarily asso-
ciative - it i3 = "monazsociative semipromp”). A quasigroup is a groupoid
in which the equations 3x = h, ya = h have unlqus solutions x,y for any
given a,b € G. & loop is a quasigroup with unit (a "nonasscciative group”).
1. Show a groupeid C iz a guasigroup iff leftr and right multiplications

Lx, Rx are bijective mapes for all = £ G,

3o ] . ) )
An isotepy & EElEiIL—G between grovpoids is a triple of bijective

maps p,0, T, such Lhat plx+v) = ofx) b {¥) for all v, vy &G, If p=c=71

this is jﬁst ordinary isomerphism of groupoids.

2, Show that isctopy is an egquivalence relation among groupoilds.

3, Show that if 2 groupoid G iz isotople to a quasigroup, it must itself
be a guasigroup.

&, Sheow thet if p,o,T are 3 bijectiens G + S ente a sar §5, then the
g‘r:i_'r'upi:‘i'id ebructure on 0 indiuces in a natural way & groupoid structure

on 5, isctopic to Lhalt on G. If G is & guasigroup so is 5,

This last giwves & method for constructiong new groupeids. For exan-
ple, if u,v ave elements of a guasiproup G such that Ru’ Lv are bijective

(if ¢ 15 a guasipgroup, any two elements will de) we define the principszl

U,V s -1 =1
u,v izotooa G{ V] hy taking o= 1, o= R.7, ==L 71 = Yy =
e u v u,w
_1 -l r o ST T T f w
I:F'u ) [Lv ¥ (e ware Lhe Loverses!  We use syuare brochoels Lu avoeid
confusion with alternacive isctopes e oY= (Ru x)[Lv ¥}. In the very
1

L-—'l

=d e
. | £ :
spacial case wvhers Ru = It 1 b, = Lv'l we would have G[U,"»] o G(“ oV :"}
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fuge] _ (o v )
1f G iz associative, show G = G % i

Iz principal isctopy transitive? Symmetrie? BReflexive?

1 .
Show G[u,v_ always has uait, whether © does or not,  Show that LT G
W]

r
is a guasigroup, all ite principal isotcpes G are locps. Coo-

clude that every guasigronp is fsebopic to a loocp. Thus we can

chtain all quasigroups Ly starting with all loops and taking isctopes.

. i s
is an isotopy of proupoids such that & has wmit e,

L]

16 iy i 5

» , u,v ;
show p 1s an isomorphism of the priacipal isctope GI ] with G

T T i - i _ AT
(t{u) = e, g(v] = v). Thus 7Tor unital groupcids one nceds only
congider principal isolbopes.
. LV LTl
If G iz isatople to G, where § iz zzsoelative and G unital, show G

M
and G are iszemorphic (hence both are unital and hoth are assveiative).

Trv to define li]l:ﬁ‘l"ﬂv‘:I by X oy (xu) {vy) whea Ru, Lv are biicective,
s0 {1,Ru,L¥] is zn isotopy G{U’v} ~ 3. Bhow C{u,v]

: | -1,
L = 1 I t.2, L = T, i = R (in a guazigroup). 3ut
eu v wa i’ 3 en’ u o 1 P

as unit g iff

=1 ; H 1 1
if Lx =L (in a2 loop) show y = = ~, so L g =L E "o R 7. W=
¥ b k'
have scen in Prelblem Set #2 this forees alternativity in an alesebra,

and 1n a loop it forces Moufsngitivity., Thus only in the alternative

caze dofs Ru" Lv lead to s suitahle theory.



