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of Lie algebras that generalizes the finite-dimensional simple
Lie algebra and affine Kac—-Moody Lie algebras.
© 2015 Elsevier Inc. All rights reserved.

Introduction

Let g be a finite-dimensional split simple Lie algebra over a field k of characteristic 0,
and let G be the simply connected Chevalley—Demazure algebraic group associated to g.
Chevalley’s theorem [11, VIII, §3.3, Cor de la Prop. 10] asserts that all split Cartan
subalgebras § of g are conjugate under the adjoint action of G(k) on g. This is one of
the central results of classical Lie theory. One of its immediate consequences is that the
corresponding root system is an invariant of the Lie algebra (i.e., it does not depend on
the choice of Cartan subalgebra).

We now look at the analogous question in the infinite dimensional setup as it relates
to extended affine Lie algebras (EALAs for short). We assume henceforth that % is
algebraically closed, but the reader should keep in mind that our results are more akin to
the setting of Chevalley’s theorem for general k than to conjugacy of Cartan subalgebras
in finite-dimensional simple Lie algebras over algebraically closed fields. The role of (g, )
is now played by a pair (E, H) consisting of a Lie algebra E and a “Cartan subalgebra” H.
There are other Cartan subalgebras, and the question is whether they are conjugate and,
if so, under the action of which group.

The first example is that of untwisted affine Kac-Moody Lie algebras. Let R = k[t*1].
Then

(0.0.1) E=9g®r R® kcd kd
and
(0.0.2) H=bHx1®kec® kd.

The relevant information is as follows. The k-Lie algebra g®; R®kc is a central exten-
sion (in fact the universal central extension) of the k-Lie algebra g ®; R. The derivation
d of g®y R corresponds to the degree derivation td/dt acting on R. Finally b is a fixed
Cartan subalgebra of g. The nature of H is that it is abelian, it acts k-diagonalizably
on F, and it is maximal with respect to these properties. Correspondingly, these algebras
are called MADs (Maximal Abelian Diagonalizable) subalgebras. A celebrated theorem
of Peterson and Kac [24] states that all MADs of F are conjugate (under the action of
a group that they construct which is the analogue of the simply connected group in the
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finite-dimensional case). Similar results hold for the twisted affine Lie algebras. These
algebras are of the form

E=L®kcakd.

The Lie algebra L is a loop algebra L = L(g, o) for some finite order automorphism o of
g (see 4.1 below for details). If o is the identity, we are in the untwisted case. The ring
R can be recovered as the centroid of L.

Extended affine Lie algebras can be thought of as multi-variable generalizations of
finite-dimensional simple Lie algebras and affine Kac—Moody algebras. For example,
taking R = k[tlﬂ, ...t in (0.0.1) and increasing kc and kd correspondingly leads to
toroidal algebras, an important class of examples of EALAs. But as is already the case
for affine Kac-Moody algebras, there are many interesting examples where g ®; R is
replaced by a more general algebra, a so-called Lie torus (see 2.1).

In the EALA setup, the Lie algebras g as above are the case of nullity n = 0, while
the affine Lie algebras are the case of nullity n = 1. In higher nullity n we have R =
k[tlﬂ, . ,t}tl] for some ¢ < n, where again R is the centroid of the centreless core F .
of the given EALA. Most of our work will concentrate in the case when ¢ = n. In this
situation E. is finitely generated as a module over the centroid R (called the fgc condition
in EALA theory). We hasten to add that the non-fgc algebras are fully understood and
classified (see 2.2 below), but it is presently not known if our conjugacy theorem holds
in this case. The crucial result about the fgc case is that E.. is necessarily a multiloop
algebra, hence a twisted form of g ®j R for some (unique) g. This allows methods from
Galois cohomology to be used in the study of the algebras under consideration (all of
this, with suitable references, will be explained in the main text).

Part of the properties of an EALA (E,H) is a root space decomposition: E =
&P acy Fo with Eg = H. The “root system” W is an example of an extended affine
root system. The main question, of course, is whether ¥ is an invariant of E. In other
words, if H' is a subalgebra of E for which the pair (E, H') is given an EALA structure,
is the resulting root system ¥’ isomorphic (in the sense of [extended affine] root systems)
to ¥? That this is true follows immediately from the main result of our paper.

0.1. Theorem. (See Theorem 7.6.) Let (E,H) be an extended affine Lie algebra of fgc
type. Assume E admits the second structure (E, H') of an extended affine Lie algebra.

Then H and H' are conjugate, i.e., there exists a k-linear automorphism f of the Lie
algebra E such that f(H) = H'.

The main idea of the proof is as follows. Just as for the affine algebras, an EALA
E can be written in the form F = L & C & D. Unlike the affine case, starting with L
(which is a multiloop algebra given our fgc assumption), one can construct an infinite
number of E’s. The exact nature of all possible C' and D, and what the resulting Lie
algebra structure is, has been described in works by one of the authors (Neher). For
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the reader’s convenience we will recall this construction below. By the main result of
[12] one knows that conjugacy holds for L. The challenge, which is far from trivial, is
to “lift” this conjugacy to E. It worth noting that [24] proceeds to some extend in the
opposite direction. They establish conjugacy “upstairs”, i.e. for F, and use this to obtain
conjugacy “downstairs”, i.e. for L. It is also worth emphasizing that in the affine case, the
most important and useful result is conjugacy upstairs. The same consideration applies
to EALAs.

Built into the EALA definition is the existence of a certain ideal, the so-called core FE..
of an EALA (E, H). For example, for E as in (0.0.1) we have E. = g @ R® ke, while in
the realization £ = L ® C @® D of above the core is E. = L& C. An important step in our
proof of Theorem 0.1 is to show in Corollary 3.2 that the cores of two EALA structures
on E are the same, not only isomorphic. It then follows immediately that the core E.
of an EALA (E, H) is stable under automorphisms of E (Proposition 3.4). These new
structural results are true for any, not necessarily fgc EALA.

A priori, it is not clear at all that conjugacy at the level of the centreless core can be
“lifted” to the EALA. As a rehearsal to get insight into the difficulties that this question
poses it is natural to look at the case of EALAs of nullity 1, which are precisely the affine
Kac—Moody Lie algebras. This is the content of [13]. The positive answer on nullity 1
motivated us to try to tackle the general case, which resulted in the present work. It is
worth mentioning that the methods needed to establish the general case are far more
delicate than those used in [13].

Notation: We suppose throughout that k is a field of characteristic 0. Starting with
section §4 we assume that k is algebraically closed. For convenience ® = ®.

1. Some general results

Some of the key results needed later to establish our main theorem are true and easier
to prove in a more general setting. This is the purpose of this section.
Throughout L will denote a Lie algebra over k.

1.1. Cohomology

Let V be an L-module. We denote by Z?(L, V) the k-space of 2-cocycles of L with
coefficients in V. Its elements consist of alternating maps o: L x L — V satisfying the
cocycle condition (I; € L)

l1 . O'(lz,lg) + l2 . (T(lg,ll) + 13 . O'(ll,lg)
(1.1.1) = o([l,l2],13) + o([l2, I3], 1) + o ([l3, 11, l2).

Given such a 2-cocycle o, the vector space L &V becomes a Lie algebra with respect to
the product
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[ll + vy, I +Ug] = [ll,lg]L + (ll “vg — Iy - v1 + U(ll,lg)).

We will denote this Lie algebra by L @, V. Note that the projection onto the first factor
pr;: L&,V — L is an epimorphism of Lie algebras whose kernel is the abelian ideal V.
Note that L is not necessarily a subalgebra of L &, V.

A special case of this construction is the situation when V' is a trivial L-module. In
this case a 2-cocycle will be called a central 2-cocycle. Note that all terms on the left
hand side of (1.1.1) vanish. For a central 2-cocycle, V' is a central ideal of L &, V' and
pr;: L ®, V — L is a central extension.

1.2. Invariant bilinear forms

A bilinear form §: L x L — k is invariant if 5([l1,12],13) = B8(l1,[l2,13]) holds for all
l; € L.

Let g be a finite-dimensional split simple Lie algebra with Killing form x. Let R €
k-alg. For any linear form ¢: R — k, i.e., an element of R*, we obtain an invariant
bilinear form (+|-) of the Lie algebra g®y R by (@7 | y®s) = k(x,y) ¢(rs). We mention
that every invariant bilinear form of g ® R is obtained in this way for a unique ¢ € R*
(see Cor. 6.2 of [22]).

1.8. Central 2-cocycles and invariant bilinear forms

Assume our Lie algebra L comes equipped with an invariant bilinear form (-|-). We
denote by Dery (L) the Lie algebra of derivations of L and by SDer(L) the subalgebra of
skew derivations, i.e., those derivations d satisfying (d(l) | l) =0foralll € L. Let D bea
subalgebra of SDer(L) and denote by D* = Homy (D, k) its dual space. It is well-known
and easy to check that then op: L x L — D* defined by

(1.3.1) op(li, Io) (d) = (d(lh) | lo)

is a central 2-cocycle. We have not included the dependence of op on (+|-) in our notation
since later on the bilinear form (-|-) will be unique up to a scalar and hence the cocycles
defined by different forms also differ only by a scalar, see Remark 2.9.

1.4. A general construction of Lie algebras
We consider the following data:
(i) two Lie algebras L and D;
(ii) an action of D on L by derivations of L, written as d- [ or sometimes also as d(l) for

d € D,1 €L (thus [d1,ds]-1 = dy-(do-1) —dz-(dr-1) and d- [y, 1s] = [d-11, o] +[l1, d-1o]
for d,d; € D and [,1; € L);
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(iii) a vector space V which is a D-module and which will also be considered as a trivial
L-module;
(iv) a central 2-cocycle o: L x L — V and a 2-cocycle 7: D x D — V.

Given these data, we define a product on
E=LoV®eD
by (v; € V, l; € L, and d; € D)

(1 4+v1 +di, lo+v2 +do] = ([11,52]L +dy-la—dy- 11)
+ (o(ly,l2) + dy - vy — dg - vy + 7(dy, d2))
(1.4.1) + [dy, da] -

Here [.,.];, and [.,.]p are the Lie algebra products of L and D respectively. To avoid any
possible confusion we will sometimes denote the product of E by [.,.]g.

1.5. Proposition. The algebra E defined in (1.4.1) is a Lie algebra.
We will henceforth denote this Lie algebra (L, o, 7).

Proof. The product is evidently alternating. For e; € E let J(e1,e2,e3) = [[61, es] 63] +
[[62,63] 61] + [[63,61] 62] for e; € E. That J(E,E, E) = 0 follows from tri-linearity of
J and the following special cases: J(D, D, D) = 0 since D is a Lie algebra and 7 is a
2-cocycle; J(D, D, L) = 0 since L is a D-module; J(D, D, V) = 0 since V is a D-module;
J(D,V,V)=0=J(D,L,V) since all terms vanish by definition (1.4.1); J(D,L,L) =0
since D acts on L by derivations; J(L®V, L@V, L®V) = 0 since Ld, V is a Lie algebra
by 1.1. O

We will later use this construction for different data. For example, it is the standard
construction of an EALA as reviewed in §2.

One of the central themes of this paper is to extend automorphisms from the Lie alge-
bra L to the Lie algebra E = (L, 0, 7). Recall that the elementary automorphism group
EAut(M) of a Lie k-algebra M is by definition the subgroup of Auty(M) generated by
the automorphisms exp(ads x) for ad s = a nilpotent derivation. Clearly, any elementary
automorphism is Ctdg (M )-linear, where here and below Ctdy denotes the centroid of a
k-algebra.’

5 We recall that for an arbitrary k-algebra A, Ctdy(A) = {x € Endy(A) : x(ab) = x(a)b = ax(b)Va,b €
A}. The space A is naturally a left Ctdg(A)-module via x - a = x(a). If Ctdgx(A) is commutative, for
example if A is perfect, the above action endows A with an algebra structure over Ctdy(A). The reader
may refer to [7] for general facts about centroids.



266 V. Chernousov et al. / Advances in Mathematics 290 (2016) 260-292

1.6. Proposition. Fvery elementary automorphism [ of L lifts to an elementary auto-
morphism [ of E = (L,o0,7T) with the following properties:

(i) f(L) C L® V; the L-component of f|r, is f, i.e., pryof|r = f.
(ii) f(V) C V. In fact fly = Idy.
(iii) For d € D the D-component of f(d) € E is d, i.e., f(d) = d + xs.q for some
xpa€ELBV.

Proof. Let x € L and denote by ady x and adg = the corresponding inner derivation of
L and F respectively. We let e =1+ v + d € F be an arbitrary element of F with the
obvious notation. Then

(adgpz)(e) = ([z,l]p —d-z) +o(z,l) e LD V.
Putting e; = [z,l] — d - x, an easy induction shows that
(adpz)"(e) = (adp z)" '(e1) + o(z, (adr 2)" *(e1)) EL BV, n>2.

In particular, if ady, « is nilpotent then so is adg x. Assuming this to be the case, it is
immediate from the product formula (1.4.1) that (i)-(iii) hold for f = exp(adgz). O

2. Review: Lie tori and EALAs

2.1. Lie tori

In this paper the term “root system” means a finite, not necessarily reduced root
system A in the usual sense, except that we will assume 0 € A, as for example in [2].
We denote by Ajng = {0} U{a € A : Ja ¢ A} the subsystem of indivisible roots and
by Q(A) = spany(A) the root lattice of A. To avoid some degeneracies we will always
assume that A # {0}.

Let A be a finite irreducible root system, and let A be an abelian group. A Lie torus

of type (A, A) is a Lie algebra L satisfying the following conditions (LT1)—(LT4).

(LT1) (a) L is graded by Q(A) @ A. We write this grading as L = @ ,co(a)rea La and
thus have [L), Lyl Lg‘ig It is convenient to define
La=@en L) and L' =@, o) L.

(b) We further assume that suppga) L = {a € Q(A); Ly # 0} = A, so that

L=, ca La.
(LT2) (a) If L) # 0 and a # 0, then there exist ¢} € L} and f) € L=} such that

-«

L = ke

[0 a?

L7 =kf),
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and

[[e. fal, zs] = (B, a”)as

for all B € A and x5 € Lg."
(b) LY # 0 for all 0 # o € Ajpga.
(LT3) As a Lie algebra, L is generated by (Jy,4en La-
(LT4) As an abelian group, A is generated by supp, L = {\ € A : L* # 0}.

We define the nullity of a Lie torus L of type (A, A) as the rank of A and the root-
grading type as the type of A. We will say that L is a Lie torus (without qualifiers) if
L is a Lie torus of type (A, A) for some pair (A,A). A Lie torus is called centreless if
its centre Z(L) = {0}. If L is an arbitrary Lie torus, its centre Z(L) is contained in Lg
from which it easily follows that L/Z(L) is in a natural way a centreless Lie torus of the
same type as L and nullity (see [31, Lemma 1.4]).

An obvious example of a Lie torus of type (A,Z") is the Lie k-algebra g ® R where g
t£1, . tE is the
Laurent polynomial ring in n-variables with coefficients in k equipped with the natural

is a finite-dimensional split simple Lie algebra of type A and R = k]

Z"-grading. Another important example, studied in [8], is sl;(k,) for k; a quantum torus.
Lie tori have been classified, see [1] for a recent survey of the many papers involved in
this classification. Some more background on Lie tori is contained in the papers [3,20,21].

2.2. Some known properties of centreless Lie tori

We review the properties of Lie tori used in our present work. This is not a compre-
hensive survey. The reader can find more information in [3,20,21]. We assume that L is
a centreless Lie torus of type (A, A) and nullity n.

For e} and f2 asin (LT2) we put h) = [e), f2] € L3 and observe that (e}, h), f2) is
an sly-triple. Then

(2.2.1) b = span, {h)} = LY

is a toral” subalgebra of L whose root spaces are the L, a € A.

Up to scalars, L has a unique nondegenerate symmetric bilinear form (-|-) which is
A-graded in the sense that (L* | L*) = 0 if A + u # 0 [22,31]. Since the subspaces L,
are the root spaces of the toral subalgebra §j we also know (L, | L;) =0 if a« + 7 # 0.

6 Here and elsewhere a” denotes the coroot corresponding to « in the sense of [10].

7 A subalgebra T of a Lie algebra L is toral, sometimes also called ad-diagonalizable, if L = @aET* L.(T)
for Lo (T) = {l € L : [t,1]] = a(t)l for allt € T}. In this case {adt : ¢ € T} is a commuting family of
ad-diagonalizable endomorphisms. Conversely, if {adt: ¢ € T'} is a commuting family of ad-diagonalizable
endomorphisms and T is a finite-dimensional subalgebra, then T is a toral.
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The centroid Ctdg (L) of L is isomorphic to the group ring k[Z] for a subgroup E of A,
the so-called central grading group.® Hence Ctdy(L) is a Laurent polynomial ring in v
variables, 0 < v < n ([18, 7], [7, Prop. 3.13]). (All possibilities for v do in fact occur.)
We can thus write Ctdy,(L) = @,z kx®, where the x¢ satisfy the multiplication rule
Xex? = x¢° and act on L as endomorphisms of A-degree &.

L is a prime Lie algebra, whence Ctdy(L) acts without torsion on L ([1, Prop. 4.1],
[18, 7]). As a Ctdg(L)-module, L is free. If L is fgc, namely finitely generated as a module
over its centroid, then L is a multiloop algebra [3].

If L is not fgc, equivalently v < n, one knows [18, Th. 7] that L has root-grading
type A. Lie tori with this root-grading type are classified in [8,9,29]. It follows from
this classification together with [23, 4.9] that L ~ sl;(k,) for k; a quantum torus in n
variables and ¢ = (¢;;) an n x n quantum matrix with at least one ¢;; not a root of unity.

Any 6 € Homgz(A, k) induces a so-called degree derivation 9 of L defined by 9p(1*) =
O(\)I* for I* € L. We put D = {0y : § € Homgz(A, k)} and note that 6 +— 0y is a vector
space isomorphism from Homgy(A, k) to D, whence D ~ k™. We define evy € D* by
eva(9p) = O(A). One knows [18, 8] that D induces the A-grading of L in the sense that
LN ={l € L: 0y(l) = ev(0p)l for all § € Homz(A, k)} holds for all A € A.

If x € Ctdy(L) then xd € Dery (L) for any derivation d € Dery(L). We call

(2.2.2) CDery(L) := Ctdi(L)D = P, = XD

the centroidal derivations of L. Since

(2.2.3) (X409, X°0y] = X*T0(0(5)0y — 1(€)0p)

it follows that CDer(L) is a Z-graded subalgebra of Dery (L), a generalized Witt algebra.
Note that D is a toral subalgebra of CDer (L) whose root spaces are the xy*D = {d €
CDer(L) : [t,d] = eve(t)d for all t € D}. One also knows [18, 9] that

(2.2.4) Dery (L) = IDer(L) x CDerg(L) (semidirect product).

For the construction of EALAs, the Z-graded subalgebra SCDery (L) of skew-centroidal

derivations is important:
SCDery, (L) = {d € CDery(L) : (d-1]1)=0foralll € L}

= @565 SCDery,(L)¢,

SCDery(L)* = x*{0 : 6(¢) = 0}.

& In [20] the central grading group is denoted by I'. We will reserve this notation for the Galois group of
an extension S/R which is prominently used later in our work.
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Note SCDer(L)? = D and [SCDerx (L)%, SCDery,(L)~¢] = 0, whence
SCDerg(L) = D x (@#0 SCDer(L)¢)  (semidirect product).”
2.3. Extended affine Lie algebras (EALAs)

An estended affine Lie algebra or EALA for short, is a triple (E, H, (+|-)) (but see Re-
mark 2.4) consisting of a Lie algebra E over k, a subalgebra H of E and a nondegenerate
symmetric invariant bilinear form (-|-) satisfying the axioms (EA1)—(EA5) below.

(EA1) H is a nontrivial finite-dimensional toral and self-centralizing subalgebra of E.

Thus £ = @ cpy- Ea for B, ={e € E:[h,e] = a(h)eforallh € H} and Eq = H. We
denote by ¥ = {a € H* : E,, # 0} the set of roots of (F, H) — note that 0 € ¥! Because
the restriction of (+|-) to H x H is nondegenerate, one can in the usual way transfer this
bilinear form to H* and then introduce anisotropic roots ¥** = {a € ¥ : (a | @) # 0}
and isotropic (= null) roots U0 = {a € ¥ : (o | &) = 0}. The core of (E, H,(]-)) is by

definition the subalgebra generated by J E,. It will be henceforth denoted by E..

acan

(EA2) For every a € U*" and x, € E,, the operator ad z,, is locally nilpotent on E.

(EA3) T2 is connected in the sense that for any decomposition ¥?* = ¥y U ¥y with
Uy # () and Uy # () we have (Uq | ¥3) # 0.

(EA4) The centralizer of the core E,. of E is contained in E,, i.e., {e € E : [e,E;] =
0} C E..

(EA5) The subgroup A = span,(¥°%) C H* generated by W° in (H*,+) is a free abelian
group of finite rank.

The rank of A is called the nullity of (E,H,(:|-)). Some references for EALAs are
[2,8,9,19-21]. It is immediate that any finite-dimensional split simple Lie algebra is an
EALA of nullity 0. The converse is also true [21, Prop. 5.3.24]. It is also known that any
affine Kac-Moody algebra is an EALA — in fact, by [4], the affine Kac-Moody algebras
are precisely the EALAs of nullity 1. The core E,. of an EALA is in fact an ideal.

2.4. Remark. In [19-21] an EALA is defined as a pair (E, H) consisting of a Lie algebra
E and a subalgebra H C F satisfying the axioms (EA1)—(EA5) of 2.3 as well as

(EAO0) E has an invariant nondegenerate symmetric bilinear form (-|-).

9 The left-hand side depends a priori on the choice of invariant bilinear form on L, while the right-hand
side does not. This is as it should be given that the non-degenerate invariant bilinear form is unique up to
non-zero scalar.
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As we will see in Corollary 3.3 below the choice of the invariant bilinear form is not
important. To be precise, the sets of isotropic and anisotropic roots, which a priori
depend on the form (+]-), are actually independent of the choice of (:|-). In other words,
two EALAs of the form (E, H, (:|-)) and (E, H, (-|-)') have the same W (this is obvious),
U2 and WO, and hence also the same core E, and centreless core E.. = E./Z(E,). The
role of (+|-) is to show that W is an extended affine root system (EARS) [2]'” and to pair
the dimensions between the homogeneous spaces C* and D, introduced in 2.7. In fact,
as indicated in [20, §6], it is natural to consider more general EALA structure in which
the existence of an invariant form is replaced by the requirement that the set of roots of
(E, H) has a specific structure without changing much the structure of EALAs.

2.5. Isomorphisms of EALAs

An isomorphism between EALAs (E, H, (-|)) and (E’,H’,(-]-)’) is a Lie algebra iso-
morphism f: F — E’ that maps H onto H'. Any such map induces an isomorphism
between the corresponding EARS.

We point out that no assumption is made about the compatibility of the bilinear forms
with the given Lie algebra isomorphism f: E — E’. In particular, f is not assumed to be
an isometry up to scalar as in [6]. There is a good reason for not making this assumption.
While the form is unique on the core E. up to a scalar, there are many ways to extend
it from F, to an invariant form on F without changing the algebra structure. This can
already be seen at the example of an affine Kac-Moody Lie algebra E with the standard
choice of H for which there exists an infinite number of invariant bilinear forms (+|-) on E
which are not scalar multiple of each other and such that (E, H, (-|)) is an EALA. The
isometry up to scalar condition will render all these EALAs non-isomorphic. Removing
this condition yields the equivalence (up to Lie algebra isomorphism) between the affine
Kac—Moody Lie algebras and EALAs of nullity one (see above).

2.6. Roots

The set ¥ of roots of an EALA E has special properties: It is a so-called extended
affine root system in the sense of [2, Ch. I]. We will not need the precise definition of
an extended affine root system or the more general affine reflection system in this paper
and therefore refer the interested reader to [2] or the surveys [20, §2, §3] and [21, §5.3].
But we need to recall the structure of ¥ as an affine reflection system: There exists an
irreducible root system A C H*, an embedding Aj,q C ¥ and a family (A, : a« € A) of
subsets A, C A such that

(2.6.1) spany (V) = span; (A) @ spang(A) and ¥ =[], ca(a+ Ay).

19 EARS can be defined without invariant forms [17, Prop. 5.4, §5.3].



V. Chernousov et al. / Advances in Mathematics 290 (2016) 260-292 271

Using this (non-unique) decomposition of ¥, we write any ¢ € ¥ as ¢y = o + A with
a € Aand A € A, C A and define (E.)) = E.N Ey. Then E, = @%A,AGA(EC)Q is
a Lie torus of type (A, A). Hence E.. = E./Z(E,) is a centreless Lie torus, called the
centreless core of E..

2.7. Construction of EALAs

To construct an EALA one reverses the process described in 2.6. We will use data
(L,op, ) described below. Some background material can be found in [20, §6] and [21,

§5.5]:

ot

o L is a centreless Lie torus of type (A, A). We fix a A-graded invariant nondegenerate
symmetric bilinear form (-|-) and let = be the central grading group of L.

o D=z D¢ is a graded subalgebra of SCDery (L) such that the evaluation map
evpo : A — D%* X\ — evy |po is injective. Since (L* | L*) = 0 if A+ u # 0 and
since D$(L*) C L& it follows that the central cocycle op of (1.3.1) has values in
the graded dual D&™ =: C of D. Recall C = @z C¢ with C¢ = (D~%)* C D*.
We also note that the contragredient action of D on D* leaves C invariant. In the
following we will always use this D-action on C. In particular, d € D° acts on C¢ by
the scalar —evy(d).

e 7:DxD — Cisan affine cocycle defined to be a 2-cocycle satisfying for all d,d; € D
and d° € DY

7(d°, d) =0, and 7(dy,ds)(d3) = 7(da,ds3)(dy).

It is important to point out that there do exist non-trivial affine cocycles, see [8,
Rem. 3.71].

The data (L,op, 7) as above satisfy all the axioms of our general construction 1.4 and
hence, by 1.5, is a Lie algebra with respect to the product (1.4.1).1" We will denote this
Lie algebra by E. By construction we have the decomposition

(2.7.1) E=L&CaoD.
Note that F has the toral subalgebra
H=yoC%s D°
for b as in 2.2. The symmetric bilinear form (-|-) on E, defined by

(11 +a+di|latea+ d2) = (l1 | l2)r + c1(da) + ca(dy),

11 Strictly speaking we should write EA(L, D, (-|-)r, 7). The effect that different choice of forms has on
the resulting EALA is explained in Remark 2.9.
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is nondegenerate and invariant. Here (|-), is of course our fixed chosen invariant bilinear
form of the Lie torus L. We have now indicated part of the following result.

2.8. Theorem. (See [19. Th. 6].) (a) The triple (E,H,(:|-)) constructed above is an
extended affine Lie algebra,'” denoted EA(L, D, 7). Its core is L® D8 * and its centreless
core is L.

(b) Conversely, let (E,H,(|)) be an extended affine Lie algebra, and let L =
E./Z(E.) be its centreless core. Then there exists a subalgebra D C SCDery (L)
and an affine cocycle T satisfying the conditions in 2.7 such that (E,H,(|)) ~
EA(L, (-|)r, D, T) for some A-graded invariant nondegenerate bilinear form (-|-)r on L.

2.9. Remark. As mentioned in 2.2, invariant A-graded bilinear forms on L are unique up
to a scalar. Changing the form on L by the scalar s € k, will result in multiplying the
central cocycle L x L — C by s. Including for a moment the bilinear form (:|-) on L
in the notation, the map Idy, @sIde @ Idp is an isomorphism from EA(L, (-])r, D, T) to
EA(L,s(:|")r, D, s7).

3. Invariance of the core

In this section (E, H, (-|-)) is an EALA whose centreless core E,, = E./Z(E,) is an
arbitrary Lie torus L, hence not necessarily fgc. We decompose E in the form

E=LoCao®D

as described in the previous section. We have a canonical map : E. — E./Z(E.) = L.
We start by proving a result of independent interest on the structure of ideals of the
Lie algebra F.

3.1. Proposition. Let I be an ideal of the Lie algebra E. Then either I C C = Z(E.) or
E. C1.

Since L is centreless, the centre of E. is C. We note that it is immediate that C' < E.

Proof. We assume that I ¢ C and set I, = I N E, and I.. = I.. We will proceed in
several steps using without further comments the notation introduced in §2.

(I) I #{0}: Let e=ax+c+d €I wherex € L,ce Candd e D. Foranyl € L
we then get [e,l]gp = (adp z + d)(I) + op(x,1) € I, whence (ady, z + d)(I) € I... If for all
e € I the corresponding derivation ady, x + d = 0 it follows that x = 0 = d since L is
centreless. But then I C C' which we excluded. Therefore some e € I has ady z +d # 0,
hence 0 # (ady « + d)(I) € I.. for some [ € L.

12 See Remark 2.4 above.
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(I) d-x € I for all d € D and = € I..: There exists ¢ € C such that z + ¢ € I..
Hence [d,x+c]Jg =d-x 4+ d-c € I. since I. is an ideal of E. Therefore d -z € I...

(L) I.. = L: Since the A-grading of L is induced by the action of D° C D on L,
it follows from (II) that I.. is a A-graded ideal. By [30, Lemma 4.4], L is a A-graded
simple. Hence I.. = L.

(IV) E. C I: Let ¢ € C be arbitrary. Since E. is perfect, there exist I;,l; € L

such that ¢ = > ,[l;,l}]g. By (III) there exist ¢; € C such that l; + ¢; € I.. Then
[, U]g = [l; + ¢, l}]g € I. implies ¢ € I. which together with (III) forces E. C I. O

3.2. Corollary. Let (E, H, (-|-)) and (E, H', (:|-)') be two extended affine Lie algebra struc-
tures on E with cores E. and E! respectively. Then E. = E..

For special types of EALAs, namely those for which the root system A in (2.6.1) is
reduced, Corollary 3.2 is proven in [27, Th. 5.1] with a completely different method.

Proof. Since F’ is an ideal of F, Proposition 3.1 says that either E/, C Z(E.) or E. C E..
In the first case E. is abelian, a contradiction to the assumption that anisotropic roots
exist. Hence E. C E’. By symmetry, also E. C E.. O

3.3. Corollary. Let (E, H,(:|")) and (E,H,(-|-)') be two EALAs. We distinguish the no-
tation of 2.3 for (E, H,(-|-)") by .

(a) U =0, PO = PO, gan — /",
(b) There exists 0 # a € k such that (-|')| g1 x g, = a(-])|E.xE. -

Proof. (a) The equality ¥ = WU’ is obvious since ¥ is the set of roots of H. By Corol-
lary 3.2, we have E, = E’.. The algebra E, is a Lie torus whose root-grading by a finite
irreducible root system A is induced by H, = HN E,. Let m: H* — H} be the canonical
restriction map. The structure of the root spaces of F, see for example [20, 6.9], shows
that W0 = 71 ({0}) whence W0 = ¥°,

(b) Because E. is perfect, the centre of F. equals the radical of (-|')|g, xp,. Indeed,
let z € E.. Then, using that (-|-) is nondegenerate and invariant and that E, is perfect
we have z € Z(E.) <= 0= ([z,E; | E) = (2| [E¢,F]) = (2 | B.) <= =z lies in
the radical of the restriction of (+|-) to E.. Now (b) follows from the fact that invariant
bilinear forms on E.. are unique up to a scalar. O

As a consequence, when no explicit use of the form is being made, we will denote
EALAs as couples (E, H).
As an application of Corollary 3.2 we can now prove

3.4. Proposition. The core E. of an EALA (E, H) is stable under automorphisms of the
algebra E, i.e., f(E.) = E. for any f € Auty(E).
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Proof. Let f € Auty(E). Denote H' = f(H). Let (:|-)" be the bilinear form on E given
by

(@ly) = (@) )

Clearly, (E,H’,(-]-)’) is another EALA-structure on the Lie algebra E. Therefore, by
Corollary 3.2, we have that the core E, of (E,H',(:|-)') is equal to E,. It remains to
show that E. = f(E.).

Let a € ¥ be a root with respect to H. There exists a unique element ¢, in H such that
(ta|h) = a(h) for all h € H. Recall that « is anisotropic if ({4 |%4) # 0 and that E, is
generated (as an ideal) by Uy cgan Eq. Let U’ be the set of roots of (E, H'). The mapping
tf;I H* — H'™ satisfies tfH( ) = W'. Notice that f(to) = t(f)-1(a). We next
have (-1 [ten-1e) = (fta) [ [(ta)) = ( a |t ). Therefore, " f~1(¥2") = (¥')*",
f(Eqa) = Ei;—i(a), and this implies f(E;) = E. O

By Proposition 3.4 we have a well-defined restriction map
res.: Autg(E) — Autg(E.).

Since L is centreless, the centre of F. is C. It is left invariant by any automorphism
of E.. Hence : E. — L induces a natural group homomorphism

TEs: Autk(EC) — Autk(L).
Composing the two group homomorphisms yields
(3.4.1) Tes. :=Tesores.: Auty(E) — Auty(L).

We can easily determine the kernel of Tes.. For its description we recall that a k-linear
map 9: D — Cis called a derivation if ¥([d1,d2]) = dy - ¥ (d2) — da - ¥(dy) holds for all
d; € D. We denote by Dery (D, C) the k-vector space of derivations from D to C.

3.5. Proposition. (a) Tes is injective.
(b) The kernel of Tes. consists of the maps f of the form

(3.5.1) fl+c+d) =1+ (c+v(d) +d, Y € Dery (D, C).
In particular, Ker(Tes.) is a vector group isomorphic to Derg (D, C).

Proof. (a) is immediate from the fact that L & C' = [L, L]g. It implies that Ker(Tes.) =
Ker(res.). Let f € Ker(res.). Then there exist linear maps fcp € Homy(D,C), fLp €
Homy (D, L) and fp € Endg(D) such that f(d) = frp(d) + fep(d) + fp(d) holds for
all d € D. For | € L we then get d -1 = f([d,l]) = [fup(d) + fep(d) + fp(d),l] =
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(ad fop(d)+ fo(d)(1), ie., d =adr frp(d) + fp(d). Since DNIDer L = {0} it follows
that frp =0 and fp = Idp. One then sees that fop is a derivation by applying f to a
product [dy, d2] . That conversely any map of the form (3.5.1) is an automorphism, is a
straightforward verification. O

Our next goal is to study in detail the image of Tes.. From Proposition 1.6 we know
EAut(L) C tes.(Auty(E)).

For the Conjugacy Theorem 7.6 it is necessary to know that a bigger group of au-
tomorphisms of L lies in the image of tes.. We will do this in Theorem 6.1. Its proof
requires some preparations to which the next two sections are devoted.

4. Fgc EALAs as subalgebras of untwisted EALAs

We remind the reader that from now on k is assumed to be algebraically closed. In this
section we will describe how to embed an fgc EALA into an untwisted EALA. Here, we
say that an EALA FE is fgc if its centreless core is so, and we say that E is untwisted if its
centreless core F,., as a Lie torus, is of the form E.. = g® R for some finite-dimensional
simple Lie algebra g over k and Laurent polynomial ring R in finitely many variables.

4.1. Multiloop algebras

In order to realize an fgc EALA as a subalgebra of an untwisted EALA, we need some
preparation starting with a review of fgc Lie tori which by [3] are multiloop algebras
L = L(g, o). They are constructed as follows: g is a simple finite-dimensional Lie algebra
and o = (01,...,0,) is a family of commuting finite order automorphisms. We will
denote the order of o; by m,;. We fix once and for all a compatible set ({;)sen of primitive
¢-th roots of unity, i.e. ;', = (, for n € N. The second ingredient are two rings,

+1 +1 a7 o
R=Fk[t7,....,t>"] and S=k[t;™,....tn ™].
1
For convenience we set z; = t;"*. Thus 2™ =t; and S = k[zi!, ..., 2.
Let A=7". For A= (A1, -+ ,A\p) € Alet
ESH An
ZA — Zi\l e ZQ" = ti’”l . .t;ln” .

The k-algebra S has a natural A-grading by declaring that z* is of degree X\. Then R
is a graded subalgebra of S whose homogeneous components have degree belonging to
the subgroup

E=mZ®- - dmyZ C A

Note that = ~ Z™.
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We set A = A/Z and let ~ : A — A denote the canonical map. After the natural
identification of = with Z", this is nothing but the canonical map : Z" — Z/mZ &
s B L/ mp L.

The automorphisms ¢; can be simultaneously diagonalized. For A = A, 5 An) €A
we set

P ={zegioi(e)=Cha, 1<i<n}

then g = P50

Note that g ® S is a centreless A-graded Lie algebra with homogeneous subspaces
(g®5)* = g® S*. By definition, the multiloop algebra L(g, o) is the graded subalgebra
of g ® S given by

(4.1.1) L=1L(g,0)=D,cx P orcges

Note that the A-grading of L is given by L* = LN (g ® S)* = g* ® z*. The grading
group of L is

Ap :=span{A € A : L* # 0} = span{\ € A : g* # 0} C A.

We shall later see that in the cases we are interested in, namely those related to the
realization of Lie tori and EALAs, we always have A, = A.

4.2. The EALA construction with L(g, o) as centreless core

From now on we consider an EALA E whose centreless core is fgc. By [3, Prop. 3.2.5
and Th. 3.1] one then knows that E.. is a multiloop algebra L(g, o) with g simple and
o as above. The (admittedly delicate) choice of o is such that the A-grading of L(g, o)
yields the A-grading of the Lie torus E... With such a choice g° is simple.

By [7,15] the ring R is canonically isomorphic to the centroid Ctdy(L) of the Lie
algebra L = L(g, o). More precisely, for r € R let x, € End(L) be the homothety [ — rl.
Then the centroid Ctdy(L) of L is {x, : r € R} and the map r — X, is a k-algebra
isomorphism R — Ctdy(L). We will henceforth identify these two rings without further
mention and view L naturally as an R-Lie algebra.

Let ¢ € S* be the linear form defined by £(z*) = 0y 0. We will also view € as a
symmetric bilinear form on S defined by €(s1,s2) = £(s182) for s; € S. We denote by &
the Killing form of g and define a bilinear form (-|-)s on g ® S by

(1 ®@ 81 | 22 ® $2)5 = K(x1,x2) £(8182),

ie., (*])s = k ® e. The bilinear form (-|-)s is invariant, nondegenerate and symmetric.
By [22, Cor. 7.4], the restriction (:|-);, of (-]')s to the subalgebra L(g, o) has the same
properties and is up to a scalar the only such bilinear form.
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Since S is A-graded, every 6 € Homgz(A, k) gives rise to a derivation 9y of S, defined by
0p(2*) = O(N)2* for A € A. We get a subalgebra Dg = {dp : 6 € Homg (A, k)} of degree
0 derivations of S. The map 6 — 0y is a vector space isomorphism. It is well-known,
cf. (2.2.2) and (2.2.3), that Derg(S) = SDg. It follows that Der(S) is a A-graded Lie
algebra with homogeneous subspace (Dery(S))* = S*D. The analogous facts hold for
the =-graded algebra R, i.e., putting Dr = {0: : & € Homgz(Z,k)} the Lie algebra
Dery(R) = RDpg is E-graded with Dery(R)¢ = RD. But we can identify Dg with Dr
and then denote D = Dg = Dy since the restriction map Homy (A, k) — Homy(E, k)
is an isomorphism of vector spaces (this because A/Z = T is a finite group and k is
torsion-free). Hence Dery(R) = RD C Dery(S) = SD. Observe that the embedding
Deri(R) C Dery(S) preserves the degrees of the derivations.'?

One easily verifies that 229y is skew-symmetric with respect to the bilinear form e of
S if and only if #(A) = 0. The analogous fact holds for R:

SDery(R) = {0 € Dery(R) : § is skew-symmetric}
= @,z 2*{0 : 0 € Homgy(E, k), 0() = 0} C SDery(S).

We now consider derivations of g ® S and of L. It is well-known that the map ¢ —
Idy ® ¢ identifies Dery(S) with the subalgebra CDery(g ® S) of centroidal derivations
of g ® S; it maps SDery(S) onto SCDer(g ® S). Analogously, Dery(R) — CDer(L),
§ — (Idg®4)|L, is an isomorphism of Lie algebras [25]."* One can check that under
this isomorphism SDery(R) is mapped onto SCDerg(L). The embedding SDer(R) C
SDer(S) of above then gives rise to an embedding

(4.2.1) SCDery (L) C SCDerk(g ® S).

To construct an EALA E with E.. = L we follow 2.7 and take a graded subalgebra
D C SCDer(L) ~ SDery(R) such that the evaluation map ev: A — D°" is injective.
This then provides us with the central cocycle op: Lx L — C' = D#™. Using Theorem 2.8
it follows that EA(L, D,7) is an EALA with centreless core L for any affine cocycle
7: Dx D — C and, conversely, any EALA F with E.. ~ L is isomorphic to EA(L, D, )
for appropriate choices of D and 7.

4.3. Example (Untwisted EALA). Let o; =1Id for alli. Then S=R, L=g® S =g® R.
Using the invariant bilinear form (-|-)g on g® S described above we observe that for any
D C SCDer(L) as above and affine cocycle 7 we have an EALA EA(g® S, D, 7). Any
EALA isomorphic to such an EALA will be called untwisted.

13 Since S is an étale covering of R, in fact even Galois, every k-linear derivation § € Dery, (R) uniquely
extends to a derivation § of S. Under our inclusion Dery(R) C Der(S) we have § = 4.

14 Note that in the expression Idg ® § the element § € Dery,(R) is viewed as an element of Dery(S) under
the inclusion Der(R) C Derg(S) described above.
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4.4. Remark. Note that if we replace (:|-)s by s(-|-)s for some s € k*, then, as explained
in Remark 2.9, the resulting EALA is EA(g ® S, D, s7), which is again an untwisted
EALA.

By taking into account that the invariant bilinear form (-|-);, on L = L(g, o) is by
assumption the restriction of (:|-)s to L, the following lemma is immediate from the
above.

4.5. Lemma. Let £ = EA(L,D,7) = L& C @& D be an EALA with centreless core
L=1L(g,o) as in (4.1.1). Assume, without loss of generality, that the invariant bilinear
form (:|"))g of E is such that its restriction to L is the form (-|-) above. By means of
(4.2.1) view D as a subalgebra of SCDer(g ® S). Then

(4.5.1) Es=EA(g® S,D,1)=gSaoCa®D

is an untwisted FALA containing E as a subalgebra.

4.6. Remark. That there is no loss of generality on the choice of (:|-)g follows from
Remark 4.4. Indeed, scaling a given form to produce (:|-);, when restricted to L will
result in replacing EA(g® S, D, 7) by EA(g ® S, D, s7). The relevant conclusion that F
is a subalgebra of an untwisted EALA remains valid.

The following lemma will be useful later.

4.7. Lemma. Let E =L @& C ® D be an EALA with centreless core an fgc Lie torus.
(a) Let g € Auty(L). Then the endomorphism fg of E defined by

(4.7.1) foldecdd) =g(l)dcdd

is an automorphism of E if and only if god = d o g holds for all d € D.
(b) The map g — f4 is an isomorphism between the groups

Autp(L) = {g € Auty(L) : god=dog for all d € D}
and {f € Auti(E) : f(L) = L, flcop = Id}. In particular, for any g in
(4.7.2) {g € Autp(L) : g(L*) = L* for all A € A} C Autp(L)
the map f, of (4.7.1) is an automorphism of E.

Proof. (a) It is immediate from (4.7.1) and the multiplication rules (1.4.1) that f, is an
automorphism of E if and only if
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(i) god=do g holds for all d € D and
(ii) o(g(lh), g(l2)) = o(l1,12) holds for all I; € L.

To show that the second condition is implied by the first, recall that ¢ is defined by
(1.3.1), whence (ii) is equivalent to ((d o g)(l1) | g(l2)) = (d(l1) | l2). Because of (i)
this holds as soon as g is orthogonal with respect to (-|-). But this is exactly what [22,
Cor. 7.4] says.

The first part of (b) is immediate. Any automorphism stabilizing the homogeneous
spaces L* commutes with D viewed as a subset of SCDer(L). If it is also R-linear it com-
mutes with all of SCDer(L) and so in particular with the subalgebra D C SCDer(L). O

5. Lifting automorphisms in the untwisted case

In this section we assume that E is an extended affine Lie algebra whose centreless
core E.. is untwisted in the sense that E.. = L = g ® R. In other words L = L(g,Id).
In particular R = S and t; = z;.

5.1. Notation

We let G and G be the adjoint and simply connected algebraic k-groups corresponding
to g. Recall that we have a central isogeny

(5.1.1) l-p—-G-G—1

where p is either p,, or py X .

The algebraic k-group of automorphisms of g will be denoted by Aut(g). For any
(associative commutative unital) k-algebra K by definition Aut(g)(K) is the (abstract)
group Autg (g ® K) of automorphisms of the K-Lie algebra g ® K.

Recall that we have a split exact sequence of k-groups (see [14] Exp. XXIV
Théoréme 1.3 and Proposition 7.3.1)

(5.1.2) 1— G — Aut(g) — Out(g) — 1

where Out(g) is the finite constant k-group Out(g) corresponding to the group of sym-
metries of the Dynkin diagram of g.'°

There is no canonical splitting of the above exact sequence. A splitting is obtained
(see [14]) once we fix a base of the root system of a Killing couple of G or G. Accordingly,
we henceforth fix a maximal (split) torus T C G. Let ¥ = %(G, T) be the root system of
G relative to T. We fix a Borel subgroup T C B C G. It determines a system of simple

5 The group Out(g) is denoted by Aut(Dyn(g)) in [14].
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roots {a, ..., az}. Fix a Chevalley basis {H,,, ..., Hy,, Xa, o € B} of g corresponding
to the pair (’f‘, ﬁ) The Killing couple (]§7 'I‘) induces a Killing couple (B, T) of G.

In what follows we need to consider the R-groups obtained by the base the change
R/k of all of the algebraic k-groups described above. Note that Aut(g)r = Aut(g® R).
Since no confusion will arise we will omit the use of the subindex R (so that for example
(5.1.1) and (5.1.2) should now be thought as an exact sequence of group schemes over R).

5.2. Theorem. The group Autr(g ® R) is in the image of the map Tes. of (3.4.1), i.e.,
every R-linear automorphism of g ® R can be lifted to an automorphism of E.

Proof. By (5.1.2) we have
(5.2.1) Autg(g® R) = G(R) x Out(g).
We will proceed in 3 steps:

(1) Lifting of automorphisms in the image of G(R) in G(R).
(2) Lifting of automorphisms in G(R).
(3) Lifting of the elements of Out(g).

To make our proof more accessible we start by recalling the main ingredients of the
construction of E, see 1.4 and 2.7.

(a) Up to a scalar in k, the Lie algebra g® R has a unique nondegenerate invariant
bilinear form (-|-)g, namely (z @r | 2’ @ 7’)r = k(x,2’) e(rr’) where x is the Killing
form of g, 2,2’ € g and € € R is given by £(3_, ., axt’) = ao. Recall that ¢* =
e tdn for A= (A1,...,\,) €A =2

(b) The Lie algebra D is a A-graded Lie algebra of skew-centroidal derivations of R acting
on g® R by Id®d for d € D. Every homogeneous d € D, say of degree )\, can be
uniquely written as d = t*9p for some additive map 6: A — k, where g (t") = 0(u)t*
for p € A.

(¢) The Lie algebra E is constructed using the general construction 1.4 with L = g® R,
D as above, V = C = D& with the canonical D-action on L and C, the central
2-cocycle of (1.3.1) using the bilinear form (-|-)r of (a) above, and some 2-cocycle
T:DxD—=C.

In our proofs of steps 1 and 2 we will embed E as a subalgebra of a Lie algebra E
and use the following general result.

5.3. Lemma. Assume that R is a subring of a commutative associative ring R. We put
L=g®R.
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(a) Assume that:

(i) the action of D on R extends to an action of D on R by derivations,
(ii) o: L x L — C is a central 2-cocycle such that &|pxp = 0.

Then D acts on L by d(z®s) = z®d(s) ford € D, x € g and s € R. The data (L,5,7)
satisfy the conditions of the construction 1.4, hence define a Lie algebra E = L& C® D.

It contains E as a subalgebra.
(b) Let f € Aut(E) satisfy f(L®C)=L® C. Then f(E) = E.

Proof. The easy proof of (a) will be left to the reader. In (b) it remains to show that
f(D) c L& C @ D. We fix d € D. We then know f(d) = [ + &+ d for appropriate
l e E, ¢ e Cand d € D. We claim that [ € L. For arbitrary [ € L we have d -1 =
[d,l]g = [d,l] where [.,.]g and [.,.]5 are the products of £ and E respectively. Hence
f(d~l) = [f(d), f()]z = [[+¢é+d, f(1)] 5. Denoting by (-); the L-component of elements
of E, it follows that

By assumption for all z € L, f ()7 € L. It follows that the last term in the displayed
equation and the left hand side lie in L. Since C' is the centre of L®C we know flcy=c
whence (prj o f)(L) = L for pry: L ® C — L the canonical projection. The displayed
equation above therefore implies [, L] 7 CL.

We will prove that this in turn forces [ € L. Indeed, let {r; : i € I} be a k-basis of R
and extend it to a k-basis of R, say by {sj : j € J}. Thus ~l~ =D Ti®ri + )Y ®s;
for suitable z;, y; € g. For every z € g we then have [[,2®1] = > .[2;,2] ® 7 +
>-ily;, 2] ®s; € g® R. Hence [y;,z] = 0 for all j € J. Since this holds for all = € g, we
get y; =0 forall j € J provingl € g® R. O

After these preliminaries we can now start the proof of Theorem 5.2 proper.
In what follows we view R as a subring of the iterated Laurent series field F' =
B((E)((t2)) -+ (6a).1° )

Step 1. Lifting of automorphisms of G(R) coming from G(R).

We will follow the strategy suggested by Lemma 5.3 and construct a Lie algebra
E=(g®F)®C®D containing E = (g ® R) ® C & D as subalgebra, and then show
that if g € G(R) C G(F), then Adg € Autp(g® F) can be lifted to an automorphism
of E that stabilizes F and whose image under Tes, is precisely Ad g € Autp(g® R).

The following lemma implies that the conditions of Lemma 5.3 (a) are satisfied.

16 The field F is more natural to use than the function field K = k(t1,--- ,tn). The extensions of forms and
derivations of R are easier to see on F than K. There is also a much more important reason: The absolute
Galois group of F' coincides with the algebraic fundamental group of R. This fact is essential in [16].
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5.4. Lemma. (a) The linear form € € R* extends to a linear form & of F.

(b) The bilinear form (-|-) defined by (x @ f | 2’ @ f') = w(x,2')E(ff') for x,2' € g,
f,f € F, is an invariant symmetric bilinear form extending the bilinear form (-|-) of
g® R.

(¢) Every deriwation d € D extends to a derivation d of F such that

(i) d is skew symmetric with respect to the bilinear form (-],
(i) d > d is an embedding of D into Dery(F).
(iii) Every d € D acts on L= g ® F by the derivation Id ® d which is skew-symmetric
with respect to the bilinear form (-|-).

(d) Let op: Lx L — D* be the central 2-cocycle of (1.3.1) with respect to the action of
Donl defined in (c). Let pr: D* — C' be any projection of D* onto C whose restriction
to C C D* is the identity map. Then ¢ = proop: LxL — C = D& is a central
2-cocycle such that 0|« 1 s the central 2-cocycle appearing in the construction of E.

Proof. An arbitrary k-derivation of R extends to a k-derivation of F'. To see this use the
fact that Derg(R) is a free R-module admitting the degree derivations 9; = t;0/0t; as a
basis. It is thus sufficient to show that the 0; extend to k-derivations of F', but this is
easy to see. The rest of the proof is straightforward and will be left to the reader. 0O

We can now apply Lemma 5.3 (a) and get a Lie algebra E=LaC @ D, with L=
g® F, containing E = L & C & D as a subalgebra.

Since ad X, @ € X, is a nilpotent derivation, exp(ad fX,) is an elementary au-
tomorphism of g ® F for all f € F. It is well-known that, since F' is a field, the
group é(F) is generated by root subgroups U, = {z.(f) | f € F}, @ € ¥ and that
Adz,(f) = exp(ad fX,). By Proposition 1.6, Adz,(f) lifts to an automorphism of E
which maps g ® F' to (g ® F') & C and such that its (g ® F))-component is Adzq(f).
Consequently, for any g € G(F) there is an automorphism fy € Auty(E) such that
(prg®F ofg)\( ® F) = Adg € Autp(g ® F). Moreover, again by Proposition 1.6,
f4(C) = C, whence fy(L ® C) = L ® C whenever g € G(R). Therefore, by Lemma 5.3,
we get fg( ) = E. This finishes the proof of Step 1.

Step 2. Lifting automorphisms from G(R).

We begin with a preliminary simple observation.

5.5. Lemma. There exist an integer m > 0 such that the algebra R = k[tf%,...,ti#]
has the following property: All the elements of G(R), when viewed as elements of G(E),
belong to the image of G(R) in G(R).

Proof. Recall that H'(R, p,,) ~ R* /(R*)"™. Let m be the order of (k) (if pu = g X 1,
we can take m = 2 instead of m = 4). Consider the exact sequence

G(R) = G(R) — H'(R, )
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resulting from (5.1.1). Let g € G(R) and consider its image [g] € H!(R, ). Then g is in
the image of G(R) if and only if [g] = 1. It is clear that the image of [g] in H*(R, p) is
trivial. The lemma follows. O

Let R be as in the previous lemma, and let L = g ® R. By Lemma 5.3 (a) we have a
Lie algebra E=L&Ca&D containing £ =L & C @ D as a subalgebra.

Let ¢ € G(R) C G(R). To avoid any possible confusion when g is viewed as an
element of G(R) we denote it by §. By Step I there is a lifting fy € Auty(E) of Adg €
Aut (g ®R). To establish this we used that £y (L& C) = LeC. But since g € G(R) and
fq lifts Ad g we conclude that fo(L&C) = L@ C. We can thus apply Lemma 5.3 (b) and
conclude f(E) = E. Hence f|g is the desired lift of Adg € Autz(g® R). This completes
the proof of Step 2.

Step 3. Lifting automorphisms from Out(g).

Let g be a diagram automorphism of g, or more generally any automorphism of g. We
identify g with ¢ ® Idg and note that g is an R-linear automorphism of g ® R preserving
the A-grading. Hence Lemma 4.7 (b) shows that g lifts to an automorphism of E. This
completes the proof of Theorem 5.2. O

6. Lifting automorphisms in the fgc case

In this section we will consider an EALA F whose centreless core L is an fgc Lie
torus. If R = k[t!,...,tF1] is the centroid of L (see the second paragraph of 4.2), we
will show that any R-linear automorphism of L lifts to an automorphism of E. Although
our method of proof is inspired by general Galois descent considerations, we will give a
self-contained presentation (with some hints for the expert readers regarding the Galois
formalism).

Throughout we will use the notation and definitions of §4. Thus L = L(g,0) is
a multiloop Lie torus with o = (o1,...,0,) consisting of commuting automorphisms
o; € Auty(g) of order m;. The crucial point here is that the subalgebras L C g ® S and
E C Eg are the fixed point subalgebras under actions of I' = Z/mZ & --- & Z/m,,Z
on g ® .S and Eg respectively. In this section we will write the group operation of I as
multiplication.

Indeed, let 7; be the image of (0,...,0,1,0,...,0) € Z™ in T'. Then ~; can be viewed
as an automorphism of S via «; - 2* = C,i‘;iz)‘ for A € A = Z™. This defines in a natural
way an action of I' as automorphisms of S. Clearly R = S'. The group I also acts on g
by letting v; act on g via o, ! The two actions of I combine to the tensor product action
of I' on g ® S. Note that I' acts on g ® S as automorphisms. The subalgebra L C g® S
is the fixed point subalgebra under this action.'”

17 In fact, S/R is a Galois extension with Galois group I'. The action of I" on g ® S is the twisted action
of T" given by the loop cocycle (o) mapping v; € T' to 0;1 ®Ids € Auts(g® S).
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By construction every v € I' acts on g ® S by an R-linear automorphism preserving
the A-grading of g ® S. Identifying (with any risk of confusion) v € T with this auto-
morphism, the inclusion (4.7.2) applied to Fs = g® S @& C @ D says that v extends to
an automorphism f, € Auty(FEg) given by (4.7.1). Moreover, the group homomorphism
v — f~ defines an action of I' on Fg by automorphisms. By construction, F is the fixed
point subalgebra of Eg under this action. To summarize,

L=(g®S)" and E=(Es)".

The action of I on g ® S gives rise to an action of I' on the automorphism group
Auty (g ® S) by conjugation: v-g =yogo~y~?! for g € Aut,(g®S) and v € T'. Similarly,
I acts on Auty(Es) by conjugation. The first part of the following theorem shows that
these two actions are compatible with the restriction map Tes. of (3.4.1).

6.1. Theorem. (a) The restriction map Tes.: Auty(Es) — Autr(g® S) is I'-equivariant.
Its kernel is fized pointwise under the action of T'.
(b) The canonical map

Autk(Es)F — Im(@c)r

induced by Tes. is surjective.
(c) Every R-linear automorphism g of L lifts to an automorphism f, of E, i.e.,
resc(fg) = g

Proof. (a) Let v+ € T' and view « as an automorphism of g ® S. By construction
TeS.(fy) = . Since T€S, is a group homomorphism, for any f € Auty(Eg) we get
tes.(y- f) =Tesc(fyo fo f;l) =yoTtes.(f) oy~ =v-7es.(f). We have determined the
kernel of Tes, in Proposition 3.5. The description in Proposition 3.5 together with the
definition of the lift f, in (4.7.1) implies the last statement of (a).

(b) By [26, 1§5.5, Prop. 38|, the exact sequence of I-modules 1 — Ker(Tes.) —
Auty(Eg) — Im(tes.) — 1 gives rise to the long exact cohomology sequence

1 — Ker(tes.) — Auty(Es)" — Im(tes.)" — H' (T, Ker(tes.)) — -

of pointed sets. Since Ker(Tes,) is a torsion-free abelian group and I is finite, we have
H'(T',Ker(res,)) = 1. Now (b) follows.

(c) Every automorphism g € Auti(g ® S)I' leaves (g ® S)' = L invariant and in
this way gives rise to an automorphism pr(g) € Autg(L). Similarly we have a group
homomorphism pp: Auty(Es)t — Auti(E). Since tes.: Auty(Es) — Auty(g ® S) is
I'-equivariant, it preserves the I'-fixed points. We thus get the following commutative
diagram where T€s. g: Auty(E) — Autg(L) is the map (3.4.1):
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Autg(Bs)” —== Auty(g® S)"
(6.1.1) pEl lpL

Tes, g

Auty,(E)

Auty(L)

We will prove (c¢) by restricting the diagram (6.1.1) to subgroups. Observe that p;, maps
Auts(g ® S) to Autgr(L). In fact, we claim

pr: Autg(g® S)' — Autr(L) is an isomorphism.

This can be proven as a particular case of a general Galois descent result of affine group
schemes. That said, due to the concrete nature of the algebras involved it is easy to give
a direct proof (which we now do). The Lie algebra L is an S/R-form of g ® S. Indeed,
the S-linear Lie algebra homomorphism

0: LRrS — g® S, Zixi®si®sr—>zixi®sis

where Y .2; ® s; € L, s € S, is an isomorphism. This can be checked directly [5,
Lem. 5.7], or derived from the fact that L is given by the Galois descent described in the
last footnote. It follows that L C g ® S is a spanning set of the S-module g ® S, which
implies that py, is injective. For the proof of surjectivity, we associate to g € Autgr(L)
the automorphisms g ® Idg € Autg(L ® S) and § =60 o (g ®Idg) o071 € Auts(g® S).
We contend that § € Auts(g® S)', i.e., yogo~y~! = g holds for all v € T'. Since both
sides are S-linear, it suffices to prove this equality by applying both sides to [ € L. Since
0(l®1) =1 weget (o(g@Id)od 1)) = (0o (¢9®Id))(l®1)=0""(g(l)®1) = g(l)
and since v fixes L C g ® S pointwise the invariance of § follows. It is immediate that
pL(g) =g

By Theorem 5.2, every S-linear automorphism of g ® S lifts to an automorphism of Eg,
in other words Autg(g ® S) C Im(7es.). Using (b) this implies that the canonical map
res, ' (Auts(g ® S)F) — Autg(g ® S)' is surjective. By restricting the diagram (6.1.1)
we now get the commutative diagram

res; ' (Autg(g® S)') —== Auts(g® S)F

res, p (Autg(L)) ——— Autg(L)

which implies that the bottom horizontal map is surjective and thus finishes the
proof. O
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7. The conjugacy theorem

In this section we will prove the main result of our paper: Theorem 0.1 asserting
the conjugacy of Cartan subalgebras of a Lie algebra E which give rise to fgc EALA
structures on a Lie algebra E (Theorem 7.6). Assume therefore that H and H' are
subalgebras of E such that (E, H) and (E, H') are fgc EALAs.'® The strategy of our
proof is as follows:

(a) Show that the canonmical images H.. and H/, of H and H' respectively in the
centreless core E,. are conjugate by an automorphism of E.. that can be lifted to E.

This allows us to assume H.. = H/.. Then we prove that

(b) Two Cartan subalgebras H and H' of E with H.. = H|_ are conjugate in Auty(E).

It turns out that part (b) can be proven for all EALAs, not only for fgc EALAs. In
view of later applications we therefore start with part (b), which is the theorem below.

7.1. Theorem. Let (E, H) and (E,H') be two EALA structures on the Lie algebra E. We
put H. = HNE,, H.. = H. C E.. and use ' to denote the analogous data for (E, H')
keeping in mind that E. = E!, by Corollary 3.2. Assume H.. = H... Then:

(a) H.= H..
(b) There exists f € Ker(tes,) C Auty(E) such that f(H) = H'.

Proof. (a) Let € H.. Since H.. = H/, there exists y € H. such that T = § € E,.
Then c =z —y € C = Z(E,.), so that the elements x and y commute. Being elements of
H. and H/, both adg  and adg y are k-diagonalizable endomorphisms of E. It follows
that adg c is also k-diagonalizable.

We now note that it follows from [C, D] C C and [C, E.]g = 0 that any eigenvector of
adg ¢ with a nonzero D-component necessarily commutes with ¢. Therefore ¢ € Z(E) C
H!. Thus © = y+ ¢ € H., and therefore H. C H.. Thus H, = H, by symmetry finishing
the proof of (a).

Since the proof of (b) is much more involved, we have divided it into a series of
lemmas (Lemma 7.2-Lemma 7.5). The reader will find the proof of (b) after the proof
of Lemma 7.5.

Because H, = H. = H.. ® C° we have decompositions H = H.. @& C° & D° and
H = H. ® C°® D" for a (non-unique) subspace D' C E. Our immediate goal is
restrict the possibilities for D0,

7.2. Lemma. D° ¢ H..& C & D°.

18 We have seen that the core, in particular the fgc assumption, is independent of the chosen invariant
bilinear form.
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Proof. Let d° € D', say d’° = I’ + ¢ + d with obvious notation. Since [d’°, h]g = 0 for
h € H.,=H. weget0=['+c+dhlg=(',h]r +d(h)) +o(l',h) = [, k], because
CDer(L)°(H,..) = 0 and therefore d(h) = o(I',h) = 0. Thus I’ € Cp,(H..) = Lo.

We have two Lie tori structures on L, the second one is denoted by L’; the L’-structure
has a A’-grading L’ = @yea LY, induced by D. Similarly, L = ®xeaL? is induced
by D°. Since H.. = H/, the identity map of L is an isotopy (see [1, Theorem 7.2]). Thus

A _ gl oa(N)+ds(o)
La=1Ly, () :
The nature of the maps ¢ is given in [1]. All that is relevant to us is the fact that for all
A, a there exist appropriate o/, A’ such that L) = L/ 3,. Since D'Y induces the A-grading
of L, we have for I* € L* that

kXS [d° g = +c+d, e = (I, +d(1Y) + o', 1)

Thus 0 = o(I',1*)(d) = (d(I') | I*) for all d € D and all I*. By the nondegeneracy of
(-]) on L we get d(I') = 0 for all d € D. As D° C D induces the A-grading of L this
forces I € L°, whence I’ € LY = H... But then [I’,1*];, € ki* so that the equation above
implies d(I*) € kI*. We can write d = > er r7d® for some 17 € RY and d*7 € D°.
Since r7d%7 (1) € LMY we get r7d°7(1*) = 0 for all y # 0. But R acts without torsion
on L,sor? =0or d =0 fory#0,and d € D° follows. 0O

We keep the above notation and set C## = @A;ﬁuc)\'

7.3. Lemma. There exists a subspace V C H' such that:

(a) H=H. oV, VcC?aD° and
(b) V is the graph of some linear map ¢ € Hom(D°, C70).

Proof. (a) By the already proven part (a) of Theorem 7.1 we have H' = H. @® D'° =
H.® D" and by Lemma 7.2, D'° ¢ H.. ® C @ D°. We decompose

(7.3.1) H,.®C&®D’=(H,.®C" & (C" ¢ D).

Let p : Hee ® C @ D° — C7° @ DY be the projection with kernel H.. @& C° and put
V = p(D'"?). Since D" N (H.. ® C°) C D' N E. = 0, we see that p|po: D® = V is a
vector space isomorphism. Note also that V' C H’. Indeed, every v € V is of the form
v = p(d") for some d" € D", whence d"° = h+c? +v for unique ¢® € C°, h € H,.. Since
h,® € H' it follows that v = d'° — ¢® — h € H'. Moreover the inclusion V ¢ C#° @ D°
implies VN (H..®C°) = 0 by (7.3.1). By a dimension argument we now get H' = H.®V.

(b) The multiplication rule (2.2.3) together with the fact that the A-grading of D is
induced by D° shows [D, D] = Do D?*. Hence, using (1.4.1) and the perfectness of E.,
we have F = [E,E] ® D° and then D° ~ E/[E,E] ~ D". In particular, dim(V) =
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dim(D’°) = dim(D°). Note also that V N C7° = {0}. Indeed, let v = p(d"®) for some
d'® = hee +c®+¢7% 4+ d° (obvious notation). Then p(d’°) = ¢#0+d° € C7° forces d° = 0,
whence d'° € E.. But then d’° = 0 because E. N D'® = {0}. Therefore v = p(d’®) = 0.
It now follows that the projection p;: C7° @ D° — D° with kernel C7° is injective
on V. By reasons of dimensions p;|y: V' — DU is a vector space isomorphism. Its inverse
followed by the projection onto C7? is the map ¢ whose graph is V. 0O

7.4. Lemma. (a) The weights of the toral subalgebra V of C ® D are the linear forms
ev), € V* for p € supp(C) = supp(D) C A, defined by

eV (E(d°) + d°) = ev, ()

for d° € D° and ¢ as in Lemma 7.3.
(b) There exists a unique linear map 1, : D* — C#H such that the evL-weight space
of C ® D is given by

(7.4.1) (C & D)ey, = C* & {p(d") +d" : d" € D"}.
(c) We have ¥y = €.

Proof. (a) Since V C H' N (C @ D) the space V is indeed a toral subalgebra of C' @ D.
We write the elements of V in the form £(d®) +d°. Since 7(D°, D) = 0 we then have the
following multiplication rule for the action of V on C @ D:

(7.4.2) [€(d°) +d°, c+d]p = (d° - c— d- £(d°)) + [d°, d] p.

It follows that C* is contained in (C' & D)th. Moreover, for any eigenvector ¢ + d of
ad V with d # 0 the D-component d is an eigenvector of the toral subalgebra D° of D,
whence d € D" for some 1 € supp D and thus ¢ +d € (C'@® D)ev,,.

(b) By (7.4.2) we have ¢+ d € (C' @ D)eyy, with d 7 0 if and only if d = d" and

v (d®) (c+ d*) = ev),(£(d°) + d°) (c+ d*) = [§(d°) + d°, c+ d"]g
= (d" c—d" £(d%) + ev,(d®)d"

holds for all d° € D°. Thus ev,,(d®)c = d°-c—d"-£(d°). Writing ¢ in the form ¢ = 3, ., ¢*
with ¢* € C* and comparing homogeneous components we get ev,,(d®)c* = evy(d°)c* —
(d* - £(d°))* for every A € A, whence

(7.4.3) (@ - £(d*)* = eva_,(d)c.
Since C* C (C' @ D)ev, we can assume ¢ = 0. But for A # p there exists d° € D” such

that eva_,(d°) # 0 and then (7.4.3) uniquely determines ¢*. Thus ¢ + d = t,,(d") + d*
for a unique v, (d*) € C7#. That 1, is linear now follows from uniqueness.



V. Chernousov et al. / Advances in Mathematics 290 (2016) 260-292 289

(c) We have C° @V C (C @ D)eyy by definition of the ev{-weight space. Moreover,
by (7.4.1) and Lemma 7.3 (b), dim(C° & V) = 2dim D° = dim(C & D)y, whence
C'aV=(Co D)eyy- But then 1 = & follows from Lemma 7.3 (b) and the uniqueness
of ¥g. O

7.5. Lemma. Let ¢: D — C be the unique linear map satisfying ¥|px = 1, with 1, as
in Lemma 7.4. Then 1 is a derivation, i.e., for d* € D* and d* € D* we have

(7.5.1) Uagp([dY, d*]p) = d* by (d) — d* - A (d).
Proof. The multiplication in C' @ D yields
[A(@) + @, Yu(d) + d"|osp = (r(d*,d") + d* -y (d") = d" - $a(d)) + [@*,d"]p.
Since 7(d*, d") € CA*H the C7(AF#)_component of this element is
(7:52) [A(@Y) + d*, (@) + d)cromm = d - Pu(d) = d* - r(d).

But because ¢ (d*) + d* € (C @ D)eyy, and ¢, (d") + d* € (C & D)eys, we also know

[Ya(d) + d*, ¢u(d") + d"]cap € (C @ D)

/ .
Vi

By (7.4.1) there are therefore two cases to be considered, [d*, d"]p # 0 and [d*, d"]p = 0.
Case [d*,d"*]p # 0: In this case

[WA(@) + @, Yu(d*) + d'cep = Yapu([dd, d*]p) + [d*, d"]p
with C#A ) _component equal to Yaiu([d*, d*]p) so that (7.5.1) follows by comparison

with (7.5.2).
Case [d*,d"*]p = 0: In this case (7.5.1) becomes

d* - (d) = d" - pa(d)

with both sides being contained in C# ). We prove this equality by comparing the
CP-component of both sides for some p # A + p. By (7.4.3)

eV(P*)\)*M<dO) Pp(dH)Pr = d* - (E(d())(p_)‘)_”) and
eV (A (d0) p(d)P 7 = d* - (¢(d) PN,

Hence, choosing d® € D° such that ev,_x_,(d°) # 0, setting e = ev,__,(d°)~! and
using [d*, d"]p = 0 we have
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d> .q/;(d#)pfk = d*- (ed* .g(dO)pfAfu) —edHt. (d)‘ . f(do)p*)‘*l‘)
=edt- (evp_A_#(dO)w(dA)P*#) = d* ,d)(dx)pf,\.

This finishes the proof of (7.5.1). O

End of the proof of Theorem 7.1 (b): It follows from Lemma 7.5 that the map f
defined by (3.5.1) lies in Ker(tes.). This map fixes L & C pointwise and maps D° to
(¢ +1d)(D°) = V. Thus f(H) = H' in view of Lemma 7.3. O

We can now prove the main result of this paper: Conjugacy of Cartan subalgebras of
a Lie algebra F which give rise to fgc EALA structures on E.

7.6. Theorem. Let (E, H) be an EALA whose centreless core E.. is fgc, and let (E, H')
be a second EALA structure. Then there exists an automorphism f of the Lie algebra F
such that f(H) = H'.

Proof. Using the notation of Theorem 7.1, we know that (E.., He.) and (E.., H..) are
fgc Lie tori. Both subalgebras H.. and H., are MADs of L = E,. [1, Cor. 5.5]. We can
now apply [12]: Both H and H’ are Borel-Mostow MADs in the sense of [12, §13.1]
and satisfy the conditions of the general Conjugacy Theorem [12, Thm. 12.1]. Hence
there exists g € Autr(L) such that g(H..) = Hc.'” According to Theorem 6.1 (c),
g € Autp(L) C Auty(L) can be lifted to an automorphism, say fy, of E. So replacing
the second structure (E, H') by (E, f(H')) we may assume without loss of generality
that H.. = H/..*" An application of Theorem 7.1 now finishes the proof. O

7.7. Remarks. (a) We point out that conjugacy does not hold for all maximal
ad-diagonalizable subalgebras of an EALA (E, H), see [28].

(b) In the setting of Theorem 7.6 let ¥ and ¥’ be the root systems of the EALA
structures (F, H) and (F, H') respectively, cf. axiom (EA1) of the Definition 2.3. The
dual map of the isomorphism f|p is an isomorphism ¥/ — ¥ namely an isomorphism
H'™* — H* sending ¥’ to ¥ and ¥'*® to ¥™. The root system ¥ and ¥’ are extended affine
root systems and are thus given in terms of finite irreducible, but possibly non-reduced
root systems W and W’ ([2], or [17] where ¥ and ¥’ are called quotient root systems).
It follows from [17, 4.1] that isomorphic extended affine root systems have isomorphic
quotient root systems. Thus ¥’ ~ ¥. We thus recover [1, Prop. 6.1 (i)] where this was
proven by a different method.

19 Even though it is not needed for this work, we remind the reader that g can be chosen in the image
of a natural map &(R) — Autg(L) where & is a simple simply connected group scheme over R with Lie
algebra L.

20 We leave to the reader to check that (E, fy(H')) has a natural EALA structure. For example if (-|-)’
was the invariant bilinear form of (E, H') then on (E, ¢(H') we use ((:|-)" o (f7' x £71).
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(¢) We can be more precise about the automorphism f needed for conjugacy in The-
orem 7.6. Namely, let resp : Auty(F) — Autg(E/E.) ~ Autg(D) be the canonical map.
Then the conjugating automorphism f can be chosen in the normal subgroup

G = Ker(resp) NTes, ' (Autp(Ee.))

of Autg(E). Indeed, the automorphism f of the proof of Theorem 7.6 has the form
f = f'ofy where f" € Ker(Tes.) and thus f’ € G by Proposition 3.5 (b). Moreover, fg is
a certain lift of g € Autg(E,.). That resp(fy) = 1 follows from the proof of Theorem 5.2,
Proposition 1.6 (iii) and Lemma 4.7.
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