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(1) (4 pts) For an m× n matrix A answer the following questions:
(a) If the linear system AX = 0 has a nontrivial solution, then there is no trivial solution. True

or false?
Solution: This is false. Any homogenous linear system always has a trivial solution.

Reference: §1.3, #1e, DGD problem

My answer:

(b) If X = 0 is a solution of AX = B for some column B in Rm, then B = 0. True or False?
Solution: This is true. If A0 = B then B = 0.

Reference: §1.3, #1c, DGD problem

My answer:

(c) If there is a column B ∈ Rm such that the system AX = B has infinitely many solutions,
then rank(A) < n. True or False?
Solution: This is true. If the system AX = B has infinitely many solutions, then there is

at least one parameter. Thus rankA ≤ n−# of parameters < n− 1 < n.

My answer:

(d) If the row-echelon form of A has a row of zeros, then for every B ∈ Rm the linear system
AX = B is inconsistent. True or false?

Solution: This is false. For example, for B = 0 there is always a solution.

My answer:

(2) (3 pts) (a) If A is a m×n matrix, B is a p× q matrix and AB and BA can both be formed, then
the sizes of A and B are:

Solution: Since AB can be formed we must have n = p and since BA can be formed we have
q = m. Thus the answer is n = p and m = q.

Reference: §2.3, assigned exercise #7b

My answer:

(b) If A is a non-zero matrix such that AB = A, then B = I is the identity matrix. True or false?

Solution: This is false. For example

A =

[
0 1
0 0

]
, B =

[
0 0
0 1

]
, yet AB = A.

Reference: §2.3, assigned exercise 27b

My answer:
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(c) If A and B are matrices such that AB has a row of zeros, then A has a row of zeros. True or
false?

Solution: This is false. For example, for A =
[

1 −1
]

and B =

[
1
−1

]
we have AB =

[
0
]
.

Reference: §2.3, assigned exercise 27j

My answer:

(3) (5 pts) Let A be an n × n matrix with det(A) = 1 + (−1)γ , where γ is your student number.
Determine if each of the following statements is true or false. Answer with T for true and F for
false.

(a) rank (A) < n.

Solution: If γ is even then det(A) = 2 6= 0, so A is invertible. If γ is odd, then det(A) = 1−1 = 0,
so A is not invertible. Answer: γ even: False and γ odd: True

My answer:

(b) The homogeneous system AX = 0 has infinitely many solutions.

Solution: True for γ odd; false for γ even.

My answer:

(c) There exists a vector B ∈ Rn such that the system AX = B is inconsistent.

Solution: True for γ odd; false for γ even.

My answer:

(d) The columns of A are linearly independent.

Solution: False for γ odd; true for γ even.

My answer:

(e) The rows of A span Rn.

Solution: False for γ odd; true for γ even.

My answer:
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(4) (2 pts) Let T : R2 → R2 be rotation through π/4 from the x-axis to the y-axis. Give the matrix A
such that T = TA, i.e., T (X) = AX for all X ∈ R2. (If you have forgotten the formula, calculate
to which vectors the standard basis vectors [1 0]T and [0 1]T are mapped.)

Solution: In general, rotation by an angle θ is given by the matrix[
cos θ − sin θ
sin θ cos θ

]
.

Since cos(π/4) = 1
2

√
2 = sin(π/4) we get

A =

[ √
2/2 −

√
2/2√

2/2
√

2/2

]
=
√

2/2

[
1 −1
1 1

]
.

Reference: suggested exercise 2.6 , 10 b

My answer:

(5) (3 pts) Let T : R2 → R3 be a linear transformation such that T
(
[4, 3]T

)
= [2, 1, 1]T and

T
(
[1, 1]T

)
= [−1, β, 1]T where β is the second last digit of your student number. Find

T

([
1
−1

])
.

Solution: We have to express [1,−1]T as a[4, 3]T + b[1, 1]T , i.e., solve the linear system

4a+ b = 1

3a+ b = −1

The unique solution is a = 2, b = −7. Hence

T

([
1
−1

])
= 2T

([
4
3

])
+ (−7)T

([
1
1

])
= 2

 2
1
1

− 7

 −1
β
1

 =

 11
2− 7β
−5

 .
Reference: Assigned exercises §2.6, #1b

My answer:

(6) (3 pts) Let U be a subspace of Rn. Answer the following questions with T for “true” and F for
“false”.
(a) Every spanning set of U can be extended to a basis of Rn.

My answer:

(b) Every set of n vectors in U is linearly independent.

My answer:

(c) Every set of n linearly independent vectors in U is a basis of U .
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My answer:

Solution: (a) False, since a spanning set need not be linearly independent. (b) False: An
arbitrary subset of n vectors need not be linearly independent. (c) True: If U contains n linearly
independent vectors, its dimension is ≥ n. But as a subspace of Rn, its dimension is also
len. Hence dimU = n and any set of n linearly independent vectors of U is a basis of U .

(7) (3 pts) Determine if the matrix A below is invertible or not. If the matrix is invertible, give its
inverse. If it is not invertible, say why.

A =

 1 −2 1
4 −7 3
−2 6 −4

 .
Solution: Let I3 be the 3× 3 identity matrix. We row-reduce the 3× 6-matrix [A|I3]:

[A|I3] =

 1 −2 1 1 0 0
4 −7 3 0 1 0
−2 6 −4 0 0 1


R2→R2−4R1

R3→R3+2R1∼

1 −2 1 1 0 0
0 1 −1 −4 1 0
0 2 −2 2 0 1


R2→R3−2R2∼

1 −2 1 1 0 0
0 1 −1 −4 1 0
0 0 0 10 −2 1

 .
Since the matrix has rank 2, the matrix A is not invertible.

Second solutions: Calculate the determinant of A, using elementary row operations:∣∣∣∣∣∣
1 −2 1
4 −7 3
−2 6 −4

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 −2 1
0 1 −1
0 2 −2

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 −2 1
0 1 −1
0 0 0

∣∣∣∣∣∣ = 0.

So A is not invertible.

Marking: Correct method, but small mistakes so that the answer becomes A is invertible: (2 pts)

Calculating the determinant with mistakes (2 pts) ; calculating the determinant with mistakes so
that det(A) 6= 0 and then concluding that the matrix is not invertible: (1 pt)

(8) (5 pts) Find a basis and calculate the dimension of the subspace U = {
[
a a− b a+ b b

]
:

a, b ∈ R}. Justify all your claims!

Solution: The equation[
a a− b a+ b b

]
= a

[
1 1 1 0

]
+ b

[
0 −1 1 1

]
says that the two vectors

v1 =
[

1 1 1 0
]

and v2 =
[

0 −1 1 1
]

are a spanning set of U . We verify that they are also linearly independent: Suppose s1v1+s2v2 = 0,
i.e.,

s1
[

1 1 1 0
]

+ s2
[

0 −1 1 1
]

=
[

0 0 0 0
]

Calculating the left hand side of this equation we get[
s1 s1 − s2 s1 + s2 s2

]
=
[

0 0 0 0
]

We now see that s1 = 0 from the first coefficient and that s2 = 0 from the last coefficient. Hence
v1, v2 are linearly independent. Since they are also a spanning set, {v1, v2} is a basis of U . Its
dimension is therefore 2.
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Marking: (2 pts) for spanning set, (2 pts) for linearly independent, basis (0 pts) , dimension (1 pt)

Correct basis but no justification (3 pts)

(9) (6 pts) Let U be the subspace U = Span {
[

1 −1 1 −1
]T
,
[
−2 1 −1 0

]T }.
(a) Find an orthogonal basis of U .

(b) Let X =
[
−1 2 0 1

]T
. Find X1 and X2 such that X = X1 +X2 and X1 ∈ U , X2 ∈ U⊥.

Solution: (a) We apply the Gram-Schmidt algorithm to the basis Y1, Y2 of U where Y1 =[
1 −1 1 −1

]T
and Y2 =

[
−2 1 −1 0

]T
:

F1 = Y1 =
[

1 −1 1 1
]T
,

F2 = Y2 −
Y2 · F1

F1 · F1
F1 =

[
−2 1 −1 0

]T − −4

4

[
1 −1 1 1

]T
=
[
−2 1 −1 0

]T
+
[

1 −1 1 1
]T

=
[
−1 0 0 −1

]T
.

Hence
{
[

1 −1 1 −1
]T
,
[
−1 0 0 −1

]T }
is an orthogonal basis of U .

(b) The projection of X onto U is

X1 = projU (X) =
X · F1

F1 · F1
F1 +

X · F2

F2 · F2
F2

=
−4

4
F1 +

0

2
F2 = −F1 =

[
−1 1 −1 1

]T ∈ U.
The vector X2 is given by

X2 = X −X1 =
[
−1 2 0 1

]T − [ −1 1 −1 1
]T

=
[

0 1 1 0
]T
.

Marking: Each part (3 pts)

Reference: §8.1 (a) Assigned exercises #1bd, (b) #2bd
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(10) (8 pts) In the matrix A below replace α by the last digit of your student number.

A =


1 −1 2 5 1
3 1 4 2 7
1 1 0 0 α
5 1 6 7 8

 .
(a) Find the rank of A.
(b) Find a basis for row(A) and the dimension of row(A).
(c) Find a basis for col(A) and the dimension of col(A).
(d) What is the dimension of null(A)? Support your answer.

Solution: We row-reduce the matrix A:
1 −1 2 5 1
3 1 4 2 7
1 1 0 0 α
5 1 6 7 8

 ∼


1 −1 2 5 1
0 4 −2 −13 4
0 2 −2 −5 α− 1
0 6 −4 −18 3

 ∼


1 −1 2 5 1
0 2 −2 −5 α− 1
0 4 −2 −13 4
0 6 −4 −18 3



∼


1 −1 2 5 1
0 2 −2 −5 α− 1
0 0 2 −3 6− 2α
0 0 2 −3 6− 3α

 ∼


1 −1 2 5 1
0 2 −2 −5 α− 1
0 0 2 −3 6− 2α
0 0 0 0 −α


Hence there are two cases, α = 0 and α 6= 0.

Case α = 0: (a) The matrix A is row-equivalent to
1 −1 2 5 1
0 2 −2 −5 −1
0 0 2 −3 6
0 0 0 0 0

 ∼


1 −1 2 5 1
0 1 −1 −5/2 −1/2
0 0 1 −3/2 3
0 0 0 0 0

 = R

and therefore has rank 3.
(b) A basis of the row space if given by the non-zero rows of R, that is[

1 −1 2 5 1
]
,
[

0 1 −1 −5/2 −1/2
]
,
[

0 0 1 −3/2 3
]

The dimension of the row space is 3.
(c) A basis of the column space is given by the columns of A corresponding to the columns of

R with leading 1’s. These are the columns 1, 2 and 3. Hence a basis of the column space of A is
1
3
1
5

 ,

−1
1
1
1

 ,


2
4
0
6


The dimension of the column space is 3 (and equals the dimension of the row space and the rank).

(d) By the rank theorem dim (A) = number of variables− rank (A) = 5− 3 = 2.

Case α 6= 0: (a) The matrix A is row-equivalent to
1 −1 2 5 1
0 2 −2 −5 α− 1
0 0 2 −3 6− 2α
0 0 0 0 −α

 ∼


1 −1 2 5 1
0 1 −1 −5/2 1/2(α− 1)
0 0 1 −3/2 3− α
0 0 0 0 1

 = R

and therefore has rank 4.
(b) A basis of the row space if given by the non-zero rows of R, that is[

1 −1 2 5 1
]
,
[

0 1 −1 −5/2 1/2(α− 1)
]
,[

0 0 1 −3/2 3− α
]
,
[

0 0 0 0 1
]
.

The dimension of the row space is 4.
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(c) A basis of the column space is given by the columns of A corresponding to the columns of
R with leading 1’s. These are the columns 1, 2, 3 and 5. Hence a basis of the column space of A
is 

1
3
1
5

 ,

−1
1
1
1

 ,


2
4
0
6

 ,


1
7
α
8


The dimension of the column space is 4 (and equals the dimension of the row space and the rank).

(d) By the rank theorem dim (A) = number of variables− rank (A) = 5− 4 = 1.

Marking: (a) 1 point for the correct row-reduction, 1 point for rank; (b) 1 point for basis and 1
point for dimension; (c) 1 point for basis and 1 point for dimension; (d) 2 points: 1 point for the
correct answer, 1 point for justification.
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(11) (10 pts) Let A =

[
2 −1
−1 2

]
. (The problem has two pages)

(a) Find the characteristic polynomial of A.

Solution:

cA(λ) = det

[
λ− 2 1

1 λ− 2

]
= (λ− 2)2 − 1

= λ2 − 4λ+ 3

= (λ− 1)(λ− 3).

(b) Find all eigenvalues of A.

Solution: The eigenvalues are the roots of the characteristic polynomial, hence the eigen-
values are λ1 = 1 and λ2 = 3.

Marking: (2 pts)

(c) For each eigenvalue determine the corresponding eigenspace.

Solution: The eigenspaces are the null spaces of λI2 − A. For λ = 1 we get I2 − A =[
−1 1
1 −1

]
∼
[

1 −1
0 0

]
. The general solution of the corresponding homogeneous linear

system x1 − x2 = 0 is [
x1
x2

]
=

[
t
t

]
= t

[
1
1

]
(t ∈ R).

Hence the λ1-eigenspace is

E1(A) =

{[
t
t

]
: t ∈ R

}
= R

[
1
1

]
.

We proceed in the same way for λ2 = 3: 3I3 − A =

[
1 1
1 1

]
∼
[

1 1
0 0

]
. The general

solution of the corresponding homogeneous linear system x1 + x2 = 0 is[
x1
x2

]
=

[
−t
t

]
= t

[
−1
1

]
(t ∈ R).

Hence the λ2-eigenspace is

E3(A) =

{[
−t
t

]
: t ∈ R

}
= R

[
−1
1

]
.

Hence, we have 2 eigenspaces, each of dimension 1.

Marking: -1 if the eigenspaces are not correctly written down, e.g. only one eigenvector
instead of the full eigenspace.
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(continued on the next page)

(d) Diagonalize the matrix A, i.e., find an invertible matrix P and a diagonal matrix D such
that A = PDP−1. Check your answer.

Solution: Based on part (c) we get

D =

[
1 0
0 3

]
, P =

[
1 −1
1 1

]
.

To verify that the solution is correct, we first find the inverse matrix of P which in any case
we will need for part (e).

P−1 =
1

detP

[
1 1
−1 1

]
=

1

2

[
1 1
−1 1

]
=

[
1
2

1
2

−1
2

1
2

]
.

It now easy to calculate

PDP−1 =

[
1 −1
1 1

] [
1 0
0 3

] [
1
2

1
2

−1
2

1
2

]
=

[
1 −3
1 3

] [
1
2

1
2

−1
2

1
2

]
=

[
2 −1
−1 2

]
= A.

(e) Does there exists a basis of R2 consisting of eigenvectors of A? If yes, give such a basis. If
no, justify why not.

Solution: Such a basis exists. The matrix P is invertible. Hence its two columns, which are
eigenvectors of A, form a basis of R2. Hence an example for such a basis is{[

1
1

]
,

[
−1
1

]}
.

(f) Calculate A4 using (d).

Solution:

A4 =
(
PDP−1

)4
= PD4P−1

=

[
1 −1
1 1

] [
14 0
0 34

] [
1
2

1
2

−1
2

1
2

]
=

[
1 −1
1 1

] [
1 0
0 81

] [
1
2

1
2

−1
2

1
2

]
=

[
1 −81
1 81

] [
1
2

1
2

−1
2

1
2

]
=

[
41 −40
−40 41

]
.

Marking: (a) (2 pts) (b) (1 pt) (c) (2 pts) (d) (2 pts) (e) (1 pt) (f) (2 pts)
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(12) (8 pts) For the system of linear equations

−x − 2y + 3z = −4
3x − y + 5z = 2
4x + y + (a2 − 14)z = a+ 2

(a) (6 pts) determine the values of a for which the system has
(i) no solution,

(ii) infinitely many solutions,

(iii) a unique solution.

(b) (2 pts) In case (ii) above give all solutions.

Solution: The augmented matrix of the system is −1 −2 3 −4
3 −1 5 2
4 1 a2 − 14 a+ 2


We perform the following operations, where Ri is row i: R2  3R1 +R2, R3  4R1 +R3 → R3;
R2  R3 −R2; R1  −R1, R2  −1

7 R2 and obtain :

M =

 1 2 −3 4
0 1 −2 10/7
0 0 a2 − 16 a− 4

 .
Since a2 − 16 = (a− 4)(a+ 4) we get :
• If a = −4, then the last row of M is

[
0 0 0 −8

]
. Hence the system is inconsistent.

• If a = 4 alors M =

 1 2 −3 4
0 1 −2 10/7

0 0 0 0

. Hence the system has infinitely many solutions.

• If a /∈ {−4, 4}, then M =

 1 2 −3 4
0 1 −2 10/7

0 0 ∗ ∗

 where the stars “∗” are non-zero numbers.

Hence the system is uniquely solvable, because there does not exist a free variable.

The answer to question (a) is therefore :
(i) The system in inconsistent if a = −4.
(ii) The system has infinitely many solutions if a = 4.
(iii) The system is uniquely solvable if a /∈ {4,−4}.

To answer (b), let a = 4 in the matrix M above. This yields

M =

 1 2 −3 4

0 1 −2 10/7

0 0 0 0

,
a matrix in row-echelon form. The leading variables are x, y while z is a free variable. Putting
z = t (t ∈ Reals) gives the following general solution: x

y
z

 =

 8/7− t
2t+ 10/7

t

 =

 8/7
10/7

0

+ t

 −1
2
1


hence the set of solutions is x

y
z

 =

 8/7
10/7

0

+ t

 −1
2
1

 (t ∈ R)

Time: 20 minutes

Reference: Test 1
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(13) (6 pts) Let B ∈ M33 be a fixed matrix. Show that U = {A ∈ M33 : AB = BA} is a subspace of
M33.

Solution: We check the 3 conditions of the subspace test:
• 0 ∈ U where 0 is the 3 × 3 zero matrix. Indeed, any product where one factor is the zero

matrix is zero, so 0B = 0 = B0, proving 0 ∈ U .
• Suppose A1 ∈ U and also A2 ∈ U . This manes that A1B = BA1 and also A2B = BA2. We

need to show that A1+A2 ∈ U . This follows from (A1+A2)B = A1B+A2B = BA1+BA2 =
B(A1 +A2).
• Suppose A ∈ U and let s ∈ RR be a scalar. We need to show that sA ∈ U . By assumption

on A we have AB = BA. Then (sA)B = s(AB) = s(BA) = B(sA), whence sA ∈ U .
We have verified the 3 conditions of the subapace test. Therefore U is a subspace of M33.

Reference: §6.1, assigned exercise #2d

Time: 15 minutes

(14) (4 bonus points) Show that U = {p ∈ P2 : p(2) = 0} is a subspace of P2 and find a basis of U and
its dimension.

Solution: An arbitrary polynomial can be written in the form p = a2x
2 + a1x + a0. Such a

polynomial lies in U if and only if

p(2) = 0 ⇐⇒ 4a2 + 2a1 + a0 = 0 ⇐⇒ a0 = −4a2 − 2a1.

Hence the polynomials in U are exactly those of the form

p = a2a
2 + a1x− 4a1 − 2a1 = a2(x

2 − 4) + a1(x− 2)

with arbitrary a2, a1 ∈ R. This shows that

U = Span {x2 − 4, x− 2}.
In particular, it follows that U is a subspace since U is the span of two polynomials. We claim
that {x2 − 4, x − 2} is a linearly independent set: Suppose that s2(x

2 − 4) + s1(x − 2) = 0, the
zero polynomial, where s1, s2 ∈ R are some real scalars. Then s2x

2 + s1x + (−4s2 − 2s1) = 0.
Therefore all coefficients s2 = 0 = s1. This proves that {x2 − 4, x− 2} is a linearly independent
set. Since it also is a spanning set, it is a basis of U . Finally, the dimension of U is the number
of elements in a basis of U , which is 2: dimU = 1.

Reference: #6.2, Exercise 6c, DGD

Time: 20 minutes

Marking: subspace and spanning 2 points, linear independence 1 point (students can quote the
result instead that a set of polynomials with distinct degrees is linearly independent, dimension
1 point


