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(1) (3pts) For a homogeneous linear system answer the following questions

(a)

(2) (2pts) If A= [

Solution: Using the multiplication scheme “Row times Column” one gets that C' = [

If the system has 6 equations and 7 variables and the rank of the coefficient matrix is 5, the
general solution has how many parameters?

My answer:

Solution: The number of parameters is n — r, where n is the number of variables and r is
the rank of the coefficient matrix. Hence in our case n = 7, r = 5, so the general solution
depends on 2 parameters.

If the system has more equations than variables, it has infinitely many solutions. Answer
with T for true or F for false.

My answer:

Solution: This is false. The number of equations is not important for solvability. For
example, the system

x1+x9=0
T1+ 229 =0
1+ 3x20=0

has 3 equations, 2 variables, but it is uniquely solvable.

If the system has only the trivial solution, the coefficient matrix is invertible. Answer with
T for true or F for false.

My answer:

Solution: False. The coefficient matrix need not be a square matrix, see the example above.

1 9 4 4 1 4 3
and B= |0 —1 3 1], compute the first column of C = AB.
260 2 7 5 2

so the answer is {182}

My answer:

12 27 30 13
8 —4 26 12

J
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(3) (3pts) Calculate the inverse of the 3 x 3 matrix: A= [2 1 1|.
2 2 3

Solution: We row-reduce:

111100R2RR2R111100
Amzlz 1 1/0 1 0] PTILRT 1[0 -1 -1|-2 1 0]
2 2 3]0 01 0 0 1 -2 0 1
1 1 1|1 0 O R R R R 1 0 0]—-1 1 0
530112—10]1%23[0104—1—1]
00 1|{-2 0 1 00 1|-2 0 1
-1 1 0
It follows that A is invertible and A1 = | 4 -1 —1].
-2 0 1
My answer:
-3 -1 0
(4) (3pts) Calculate the determinant of the following matrix: A= | -2 —4 3
5 4 -2

Solution: Expand across the first row of A and get
4 3 -2 3
o an(_1\1+1 (1142
det A = (—3)(—1) det[ 4 _2]+( 1)(-1) det[ 5 _2}

=(-3)(8—12)+(4—15) =12 - 11 = 1.

My answer:
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(5) (3pts) Let V be a vector space of dimension 11. Answer the following questions with T for true

and F for false.
(a) Every subset of 11 vectors if V' is a basis of V.

My answer:
(b) Every spanning set of V' can be extended to a basis of V.

My answer:

(c) V contains exactly 3 subspaces of dimension 3.

My answer:

Solution: (a) is false: Only a spanning set of 11 vectors is a basis, or a linearly independent
subset of 11 vectors is a basis of V.

(b) is false: Every linearly independent subset can be extended to a basis; every spanning
set contains a basis.

(c) is false: There are infinitely many subspaces of dimension n for 1 < n < 10.

(6) (3pts) Let T': R* — R be a linear map whose kernel has the basisv =1 0 1 2 ]T. What

is the dimension of the image of T'7

My answer:

Solution: The dimension of ker T is 1 and the dimension of R* is 4. Hence, by the Dimension
Theorem dimim7T =4 —dimkerT =4 —-1=3.
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(7) (3pts) If T : P, — R? is a linear map with 7'(1 4+ z) = [ ]7 T(z +a%) = [ 1 ] and

N

T(x?) = [ 8 },then T(1) =7

Solution: It is immediate that 1 = (1 + ) — (z + 2%) + 22. Of course, this can also be seen
as follows: We write 1 as a linear combination of the three given polynomials with unknown
coefficients s;:

1=s1(142z)+ so(x + 2%) + s32° = 511 + (51 + 59)x + (59 + s3)22.

Comparing coefficients yields s; = 1, s1 + so = 0 and so + s3 = 0. Therefore s1 =1 = —s9 = s3.
Hence

T(l):T(1+33)—T(x+:c2)+T(x2):[;}—[_11}—%[8}:[?].

My answer:

(8) (2pts) Let Z=[1 2 3 ]T. The map T : R® - R, T(X) = X - Z is linear. Find its standard
matrix.

Solution: If X = [ 1 Ty I3 ]T then T(X) = x1 + 2z9 + 3x3. Since the standard matrix
A of T is given by A = [T(Ey) T(E;) T(FE3)] where By =[1 0 0 ]T, E,=[0 10 ]T,
Es=[0 0 1]" it follows that A=[1 2 3],

My answer:
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(9) (3pts) For an n x n matrix A answer the questions (ii), (iii) and (iv) below. As an example to
show you what type of answer is expected from you, I have given the answer to question (i),

(i) State a condition on the columns of A which is equivalent to the condition rank (4) < n.

Answer : The columns of A are linearly dependent.

(ii) State a condition on the determinant of A which is equivalent to the condition rank (4) < n.

Answer :

(iii) State a condition regarding the homogeneous linear system AX = 0 which is equivalent to
the condition rank (A4) < n.

Answer :

(iv) State a condition regarding invertibility of A which is equivalent to the condition rank (A) <
n.

Answer :

Solution: (ii) det(A) = 0. (iii) The homogenous linear system AX = 0 has a non-trivial solution;
equivalently, it has infinitely many solutions. (iv) A is not invertible.
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(10) (5pts) Let U be the subspace of R* spanned by {vy,v2,v3, v4,v5} where

1 1 3 3 1
|1 |2 . 4 . 5 |1
'Ul - 1 ) '1)2 - 3 Y 'U3 - 5 Y U4 - 7 9 'U5 - 2
3 5 11 13 2
Find a basis of U and determine the dimension of U.
11 3 31
Solution: U is th 1 f th trix A = b2 4 51
olution: is the column space of the matrix A= | o o -
3 5 11 13 2
1 0 2 1 0
. 01120
The reduced row-echelon form of 4 is R = 000 0 1
0 00 00O
The leading 1’s are in the columns 1, 2 and 5 of R. Hence the columns 1, 2 and 5 of A are a basis

of the column space of A.
Answer: {v1,vs,v5} is a basis of U, therefore dim U = 3.
Other solution: One can take the vectors vy, ...,v5 as the row vectors of a 5 X 4-matrix B,

and then calculate the (reduced) row echelon form. The rows with leading 1’s are a basis of the
row space of B, the transpose vectors are a basis of U.
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(11) (a) (3pts) Find all eigenvalues of the matrix A below together with their multiplicities:

0 01
A= -3 5 1
0 0 3

(b) (1 pt) Based on the knowledge of the eigenvalues alone, decide if A is diagonalizable or not.
Justify your answer!

(c) (1 pt) Based on the knowledge of the eigenvalues alone, decide if A is invertible or not. Justify
your answer!

Solution: We calculate the characteristic polynomial
T 0 —1
det(zl3—A)=|3 z—-5 -1 |=(z—3)
0 0 r—3
= (z —3)z(x —5)
The eigenvalues are the roots of c4(x), which are 0, 3,5, all with multiplicity 1.

(b) Since A has 3 distinct eigenvalues, A is diagonalizable.
(c) Since A has eigenvalue 0, it is not invertible.

T 0
3 x—5
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(12) (6pts) The eigenvalues of the matrix

-1 0 -2
A= 1 1 1
1 0 2

are 0 and 1. (You do not need to show this.)
(a) (4pts) For each eigenvalue of A find a basis of the corresponding eigenspace.

(b) (2pts) Decide if A is diagonalizable or not. If yes, give an invertible matrix P and a diagonal
matrix D such that P~'AP = D. Justify your answer.

Solution: (a) For the eigenvalue A = 0 we have to solve the homogeneous linear system with
coefficient matrix —A:

1 0 2 1 0 2 1 0 2
A= -1 -1 -1 |{~|0 -1 1 |~]0 1 -1
-1 0 =2 0 0 O 00 O
The corresponding homogeneous linear system is z 4+ 2z = 0, y — z = 0, whose general solution is
x -2t -2
y | = t =t| 1 (t a real parameter)
z t 1
Hence a basis of the eigenspace Ey(A) is
-2
1
1

For the eigenvalue A = 1 we have to solve the homogeneous linear system with coefficient
matrix I3 — A:

2 0 2 1 01
Is—A=] -1 0 -1 |({~[0 0 0|~
-1 0 -1 000
The corresponding homogeneous linear system is x + 2z = 0, whose general solution is
T —t 0 -1
y |l =1 s |=s|1]|+t| O (s and t are real parameter)
z t 0 1
Hence a basis of the eigenspace Ey(A) is
0 -2
1], 1
0 1

(b) Since for each eigenvalue the multiplicity equals the dimension of the corresponding eigenspace,
the matrix A is diagonalizable, PAP~! = D with P the matrix of basic eigenvectors and D the
diagonal matrix of eigenvalues

-2 0 -1 000
P = 1 1 0 D=]010
1 0 1 0 01
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(13) For the system of linear equations

z + 2y + 3z = 1
2¢ + ay — 122 = —-10
-z — y + (a+2)z = 1

(a) (5pts) determine the values of a for which the system has
(i) no solution,

(i) infinitely many solutions,
(iii) a unique solution.
(b) (2pts) In case (ii) above describe give all solutions.

Solution: The augmented matrix of the system is

1 2 3 1
2 a -—12|-10
-1 -1 a+2 1

We perform the following operations, where R; is row i: Ry ~ Ry — 2Ry, R3 ~~ R + R3; we then
switch Ry and R3 and replace row R3 by R3 — (a — 4)Ra:

1 2 3 1 1 2 3 1 1 2 3 1
0 a—4 —-18|-12 | ~ | O 1 a+5]| 2 ~10 1 a+5|2 | =8B
0 1 a+b| 2 0 a—4 —-18 | —12 0 0 b c
where b = —18 — (a —4)(a +5) = =18 —a? —a+20 = —(a®* +a —2) = —(a — 1)(a + 2) and

c=-12—-2(a—4) =—-12—-2a+ 8 = —2(a + 2). Hence

1 2 3 1 1 2 3 1
B=|01 a+5 2 ~ 101 a+5 2 =C
00 —(a—1)(a+2)|—-2(a+2) 0 0 (a—1)(a+2)|2(a+2)

We get :

e If a = 1, then the last row of C' is [ 0 00 ‘ 6 ] Hence the system is inconsistent.

e If a = —2 the last row of C'is [ 0 00 ‘ 0 ] Hence the system has infinitely many solutions.
o Ifa¢ {—21}, then

1 2 3 1
C=(01 a+5]|2
0 0 * *

Wy

where the stars “x” are non-zero numbers. Hence the system is uniquely solvable, because
there does not exist a free variable.

The answer to question (a) is therefore:

(i) The system in inconsistent if a = 1.

(ii) The system has infinitely many solutions if a = —2.
(iii) The system is uniquely solvable if a ¢ {1, —2}.

To answer (b), let @ = —2 in the matrix C' above. Then
1 2 3|1 1 0 -3|-3
01 3|2|~|01 3|2
0 0 0|0 00 010
Hence the corresponding linear system is x — 3z = —3 and y + 3z = 2 whose general solution is
x -3+ 3t -3 3
y | = 2—3t = 2 +t| =3

z t 0 1
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hence the set of solutions is

x -3 3
y | = 2 +t] =3 (t e R)
z 0 1

(14) (4pts) Are the following sets linear independent? Give details!

(a) {12171, 12+ém73, x2+411m+3} in F[—1/2,1/2], where F[—1/2,1/2] is the vector spaces of functions

fi[=1/2,1/2] = R;

() {[Z853]. 181, [29], [T 4], [ 48]} in Mys, where My, is the vector space of 2 x 2
matrices.

My answer:

Solution: (a) (3pts) Observe that 2> — 1 = (x — 1)(z + 1), 22 + 22 — 3 = (z — 1)(x + 3) and
2?2 +4x +3 = (z+1)(z + 3). Suppose there exists scalars sq, 2, s3 € R such that

S1 + s3

$2—1+82l’2—|—2l’—3 22 44z +3
in F[—1/2,1/2]. Then, multiplying with the common denominator (xr — 1)(x +1)(z +3) =p
T+ 3 z+1 z—1

1
0=s7 + 89 + s3 =—(s1(z+3)+s2(x+1)+s3(x—1
T TS (e 3) sl 1)+ sl =)

1
= 5((81 + 89+ s3)x + (351 + 52 — 83)

Multiplying by p shows that the polynomial (s + s2 + s3)z + (351 + s2 — s3) =0 on [—1/2,1/2].
This forces s1 + s9 +s3 = 0 and 3s1 + s9 — s3 = 0. Since this is a homogeneous linear system with
more variables than equations, it has a non-trivial solution, which means that the 3 functions are
not linear independent.

Indeed, we have
1 1 1

—9 =
2 -1 x2—|—2x—3+:r2+4:r—|—3
(b) (1 pt) No, since dim My = 4 and hence any set with more than 4 matrices, like the one
given, is linearly independent.
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(15) (8pts) Show that U = {p € P3 : 3p(1) = p(0)} is a subspace of P3, find a basis and determine
dimU. (Recall that P53 is the vector space of polynomials of degree < 3.)

(bonus question: (2 bonus pts) Find a linear transformation 7" : P3 — R such that U is the kernel
of T.)

Solution: Let p € P3, say p(z) = ag + a1z + as2? + azz®. Since p(0) = ag and p(1) = ag + a1 +

as + as, it follows that p € U <= ag = 3(ap + a1 + a2 +a3) <= ap = 7‘3((11 +ag +az). It
follows that

p(z) = a1z’ + asa® + azz® — 3a1 — 3ay — 3a3 = az(2® — 3) +azx(a® — ) +ar(z — 3),

so U = span{x3 — %,xz — %,x — %} We get that U is a subspace since it is a span! Moreover
since the spanning polynomials have distinct degrees, they are linearly independent. So a basis

for U is given by {3 — %,3:2 — %,:): — %}, and thus the dimension of U is 3.

For the bonus you should notice that 7" : P3 — R given by T'(p) = 3p(1) — p(0) does the trick.
Indeed, kerT ={pePs:T(p) =0} ={p e P3:3p(1)—p(0) =0} ={peP3:3p(1) =p(0)} =U.
But is 7" a linear transformation? It is: T'(p +¢q) = 3(p + q)(1) — (p + ¢)(0) = 3p(1) + 3¢(1) —
p(0) —¢(0) = 3p(1) —p(0) + 3¢(1) — ¢(0) = T'(p) + T'(q) for any p and ¢ in P3, and if ¢ is a scalar
and p in P3, then T'(cp) = 3(cp(1)) — (cp)(0) = 3ep(1) — cp(0) = c{3p(1) — p(0)} = cT'(p).
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(16) (6pts) Let U be the subspace of R* spanned by {u1,us} where

1 1
1 2
Uy = 1] U2 = 3
3 5

(a) (3pts) Find a basis of U+ where U* is the orthogonal complement of U :
Ut = {veR*: vis orthogonal to every element of U }
={veR':u-v=0for every u € U }.
(b) (3pts) Find the orthogonal projection of [-3 —4 1 1]T
have integer coefficients.)

onto U. (Hint: The result will
(c) (0pts) (practice problem —not part of the exam) Find the orthogonal projection of [—3 -4 1 1] 4
onto UL. (Hint: The result will have integer coefficients.)
Solution: (a) A vector X = [xl To9 I3 :E4]T is in UL if
r1+x9+a3+3x4 =0 and z1+ 229+ 323+ dxry = 0.
Solving this system we get that the general solution is
X=t[1 21 0] +s[-1 -2 0 1],
where ¢ and s are scalars. Hence
Ut =span{[1 -2 1 0],[ -1 -2 0 1]},
and a basis is given by the set: {[ 1 -2 1 0 ] ,[ -1 -2 0 1 ]}
(b) Recall that projy(X) = %Fl + ﬁFQ, where {F1, F»} is an orthogonal basis of U. We
get such a basis by applying the Gram-Schmidt orthogonalization process to a basis of U. Since

u1 and us are not multiplies of each other, it follows that they form a basis of U. We therefore
first apply the Gram-Schmidt algorithm to {uj,us}. We get

Flzulz[l 11 3]
|AIP=F -F=1+1+1+9=12,
upg-Fr=1[1 2 3 5/-[1 1 1 3]=1+2+3+15=21

ug - F 21
FQ:ug—F?.FiFlz[l 23 5]-5[1235]
7 1
=[t235]-2[1235]=7[-315 -1]

We can now calculate projy(X) = ‘f;fﬂlg 4+ |f;2}r|22 Fy:

X-FA=[-3 -411]-[1113]=-3-4+1+3=-3
X-ngi[—?) -4 1 1]-[-3 15 —1]
= 0-445-1)=1
FQ-FF%(9+1+25+1):%2:§
proju(X) = T3+ (i Fa =~y Fi +
:%[1 11 3]+i[—3 15 —1]
:i[—4 04 —4]=[-101 —1]
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(c) We proceed as in (b): projy(X) = H{;ﬁ‘g Gi1 + ||)gj\22 G2, where {G1,G2} is an orthogonal
basis of U+. We get such a basis by applying the Gram-Schmidt orthogonalization process to the
basis { X1, X2} we found in (a). We have

Gi=X1=[1 -2 1 0]
IG1?P=G1-G1=14+4+1=6,
Xo-Gi=[-1 -2 0 1]-1 =2 1 0]=-1+4=3

G2:X2—gj:gialz[—1 ~2 0 1]—%[1 2 1 0]

[-3 -2 -1 2]

| =

We can now calculate projy(X) = ‘fgﬁ‘g G+ H)ngIIZQ Go:
X-Gi=[-3 41 1]-[1 -2 10]=-3+8+1=6

1
X-G2:§[—3 -4 1 1]-[-3 =2 -1 2]
1 1
= —14+92)= =18 =
2(9+8 +2) 28 9
1 18 9
-Gy == 44144)="—"==
Go - Gy 4(9+ +1+4) 1= 3
6 9
(X)) =— Gy = 2
proju(X) 6G1+9/2G2 G1 +2Gs

1 21 0]4+[-3 -2 -1 2]=[-2 -4 0 2].



