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(1) (3 pts) For a homogeneous linear system answer the following questions
(a) If the system has 6 equations and 7 variables and the rank of the coefficient matrix is 5, the

general solution has how many parameters?

My answer:

Solution: The number of parameters is n − r, where n is the number of variables and r is
the rank of the coefficient matrix. Hence in our case n = 7, r = 5, so the general solution
depends on 2 parameters.

(b) If the system has more equations than variables, it has infinitely many solutions. Answer
with T for true or F for false.

My answer:

Solution: This is false. The number of equations is not important for solvability. For
example, the system

x1 + x2 = 0

x1 + 2x2 = 0

x1 + 3x2 = 0
has 3 equations, 2 variables, but it is uniquely solvable.

(c) If the system has only the trivial solution, the coefficient matrix is invertible. Answer with
T for true or F for false.

My answer:

Solution: False. The coefficient matrix need not be a square matrix, see the example above.

(2) (2 pts) If A =
[
1 2 4
2 6 0

]
and B =




4 1 4 3
0 −1 3 1
2 7 5 2


, compute the first column of C = AB.

Solution: Using the multiplication scheme “Row times Column” one gets that C =
[
12 27 30 13
8 −4 26 12

]
,

so the answer is
[
12
8

]

My answer:
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(3) (3 pts) Calculate the inverse of the 3× 3 matrix: A =




1 1 1
2 1 1
2 2 3


.

Solution: We row-reduce:

A|I] =

[ 1 1 1 1 0 0
2 1 1 0 1 0
2 2 3 0 0 1

]
R2−2R1,R3−2R1→

[ 1 1 1 1 0 0
0 −1 −1 −2 1 0
0 0 1 −2 0 1

]

−R2→
[ 1 1 1 1 0 0

0 1 1 2 −1 0
0 0 1 −2 0 1

]
R1−R2,R2−R3→

[ 1 0 0 −1 1 0
0 1 0 4 −1 −1
0 0 1 −2 0 1

]
.

It follows that A is invertible and A−1 =



−1 1 0
4 −1 −1
−2 0 1


.

My answer:

(4) (3 pts) Calculate the determinant of the following matrix: A =



−3 −1 0
−2 −4 3
5 4 −2


 .

Solution: Expand across the first row of A and get

detA = (−3)(−1)1+1 det
[ −4 3

4 −2

]
+ (−1)(−1)1+2 det

[ −2 3
5 −2

]

= (−3)(8− 12) + (4− 15) = 12− 11 = 1.

My answer:
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(5) (3 pts) Let V be a vector space of dimension 11. Answer the following questions with T for true
and F for false.
(a) Every subset of 11 vectors if V is a basis of V .

My answer:
(b) Every spanning set of V can be extended to a basis of V .

My answer:
(c) V contains exactly 3 subspaces of dimension 3.

My answer:

Solution: (a) is false: Only a spanning set of 11 vectors is a basis, or a linearly independent
subset of 11 vectors is a basis of V .

(b) is false: Every linearly independent subset can be extended to a basis; every spanning
set contains a basis.

(c) is false: There are infinitely many subspaces of dimension n for 1 ≤ n ≤ 10.

(6) (3 pts) Let T : R4 → R7 be a linear map whose kernel has the basis v =
[

1 0 1 2
]T . What

is the dimension of the image of T?

My answer:

Solution: The dimension of ker T is 1 and the dimension of R4 is 4. Hence, by the Dimension
Theorem dim im T = 4− dim ker T = 4− 1 = 3.
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(7) (3 pts) If T : P2 → R2 is a linear map with T (1 + x) =
[

1
2

]
, T (x + x2) =

[ −1
1

]
and

T (x2) =
[

0
0

]
, then T (1) = ?

Solution: It is immediate that 1 = (1 + x) − (x + x2) + x2. Of course, this can also be seen
as follows: We write 1 as a linear combination of the three given polynomials with unknown
coefficients si:

1 = s1(1 + x) + s2(x + x2) + s3x
2 = s11 + (s1 + s2)x + (s2 + s3)x2.

Comparing coefficients yields s1 = 1, s1 + s2 = 0 and s2 + s3 = 0. Therefore s1 = 1 = −s2 = s3.
Hence

T (1) = T (1 + x)− T (x + x2) + T (x2) =
[

1
2

]
−

[ −1
1

]
+

[
0
0

]
=

[
2
1

]
.

My answer:

(8) (2 pts) Let Z =
[

1 2 3
]T . The map T : R3 → R , T (X) = X · Z is linear. Find its standard

matrix.

Solution: If X =
[

x1 x2 x3

]T then T (X) = x1 + 2x2 + 3x3. Since the standard matrix
A of T is given by A = [T (E1) T (E2) T (E3)] where E1 =

[
1 0 0

]T , E2 =
[

0 1 0
]T ,

E3 =
[

0 0 1
]T it follows that A = [1 2 3].

My answer:
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(9) (3 pts) For an n × n matrix A answer the questions (ii), (iii) and (iv) below. As an example to
show you what type of answer is expected from you, I have given the answer to question (i),

(i) State a condition on the columns of A which is equivalent to the condition rank (A) < n.

Answer : The columns of A are linearly dependent.

(ii) State a condition on the determinant of A which is equivalent to the condition rank (A) < n.

Answer :

(iii) State a condition regarding the homogeneous linear system AX = 0 which is equivalent to
the condition rank (A) < n.

Answer :

(iv) State a condition regarding invertibility of A which is equivalent to the condition rank (A) <
n.

Answer :

Solution: (ii) det(A) = 0. (iii) The homogenous linear system AX = 0 has a non-trivial solution;
equivalently, it has infinitely many solutions. (iv) A is not invertible.



Final exam MAT 1341C April 2009 7

(10) (5 pts) Let U be the subspace of R4 spanned by {v1, v2, v3, v4, v5} where

v1 =




1
1
1
3


 , v2 =




1
2
3
5


 , v3 =




3
4
5

11


 , v4 =




3
5
7

13


 , v5 =




1
1
2
2


 .

Find a basis of U and determine the dimension of U .

Solution: U is the column space of the matrix A =




1 1 3 3 1
1 2 4 5 1
1 3 5 7 2
3 5 11 13 2


.

The reduced row-echelon form of A is R =




1 0 2 1 0
0 1 1 2 0
0 0 0 0 1
0 0 0 0 0


.

The leading 1’s are in the columns 1, 2 and 5 of R. Hence the columns 1, 2 and 5 of A are a basis
of the column space of A.
Answer : {v1, v2, v5} is a basis of U , therefore dimU = 3.

Other solution: One can take the vectors v1, . . . , v5 as the row vectors of a 5× 4-matrix B,
and then calculate the (reduced) row echelon form. The rows with leading 1’s are a basis of the
row space of B, the transpose vectors are a basis of U .
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(11) (a) (3 pts) Find all eigenvalues of the matrix A below together with their multiplicities:

A =




0 0 1
−3 5 1
0 0 3


 .

(b) (1 pt) Based on the knowledge of the eigenvalues alone, decide if A is diagonalizable or not.
Justify your answer!
(c) (1 pt) Based on the knowledge of the eigenvalues alone, decide if A is invertible or not. Justify
your answer!

Solution: We calculate the characteristic polynomial

det(xI3 −A) =

∣∣∣∣∣∣

x 0 −1
3 x− 5 −1
0 0 x− 3

∣∣∣∣∣∣
= (x− 3)

∣∣∣∣
x 0
3 x− 5

∣∣∣∣

= (x− 3)x(x− 5)

The eigenvalues are the roots of cA(x), which are 0, 3, 5, all with multiplicity 1.
(b) Since A has 3 distinct eigenvalues, A is diagonalizable.
(c) Since A has eigenvalue 0, it is not invertible.
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(12) (6 pts) The eigenvalues of the matrix

A =



−1 0 −2
1 1 1
1 0 2


 .

are 0 and 1. (You do not need to show this.)
(a) (4 pts) For each eigenvalue of A find a basis of the corresponding eigenspace.
(b) (2 pts) Decide if A is diagonalizable or not. If yes, give an invertible matrix P and a diagonal
matrix D such that P−1AP = D. Justify your answer.

Solution: (a) For the eigenvalue λ = 0 we have to solve the homogeneous linear system with
coefficient matrix −A:

−A =




1 0 2
−1 −1 −1
−1 0 −2


 ∼




1 0 2
0 −1 1
0 0 0


 ∼




1 0 2
0 1 −1
0 0 0




The corresponding homogeneous linear system is x + 2z = 0, y− z = 0, whose general solution is


x
y
z


 =



−2t
t
t


 = t



−2
1
1


 (t a real parameter)

Hence a basis of the eigenspace E0(A) is

−2
1
1


 .

For the eigenvalue λ = 1 we have to solve the homogeneous linear system with coefficient
matrix I3 −A:

I3 −A =




2 0 2
−1 0 −1
−1 0 −1


 ∼




1 0 1
0 0 0
0 0 0


 ∼

The corresponding homogeneous linear system is x + z = 0, whose general solution is


x
y
z


 =



−t
s
t


 = s




0
1
0


 + t



−1
0
1


 (s and t are real parameter)

Hence a basis of the eigenspace E0(A) is


0
1
0


 ,



−2
1
1


 .

(b) Since for each eigenvalue the multiplicity equals the dimension of the corresponding eigenspace,
the matrix A is diagonalizable, PAP−1 = D with P the matrix of basic eigenvectors and D the
diagonal matrix of eigenvalues

P =



−2 0 −1
1 1 0
1 0 1


 D =




0 0 0
0 1 0
0 0 1



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(13) For the system of linear equations

x + 2y + 3z = 1
2x + ay − 12z = −10
−x − y + (a + 2)z = 1

(a) (5 pts) determine the values of a for which the system has
(i) no solution,

(ii) infinitely many solutions,

(iii) a unique solution.

(b) (2 pts) In case (ii) above describe give all solutions.

Solution: The augmented matrix of the system is


1 2 3 1
2 a −12 −10
−1 −1 a + 2 1




We perform the following operations, where Ri is row i: R2 Ã R2− 2R1, R3 Ã R1 +R3; we then
switch R2 and R3 and replace row R3 by R3 − (a− 4)R2:


1 2 3 1
0 a− 4 −18 −12
0 1 a + 5 2


 ∼




1 2 3 1
0 1 a + 5 2
0 a− 4 −18 −12


 ∼




1 2 3 1
0 1 a + 5 2
0 0 b c


 = B

where b = −18 − (a − 4)(a + 5) = −18 − a2 − a + 20 = −(a2 + a − 2) = −(a − 1)(a + 2) and
c = −12− 2(a− 4) = −12− 2a + 8 = −2(a + 2). Hence

B =




1 2 3 1
0 1 a + 5 2
0 0 −(a− 1)(a + 2) −2(a + 2)


 ∼




1 2 3 1
0 1 a + 5 2
0 0 (a− 1)(a + 2) 2(a + 2)


 = C

We get :
• If a = 1, then the last row of C is

[
0 0 0 6

]
. Hence the system is inconsistent.

• If a = −2 the last row of C is
[

0 0 0 0
]
. Hence the system has infinitely many solutions.

• If a /∈ {−2, 1}, then

C =




1 2 3 1
0 1 a + 5 2
0 0 ∗ ∗




where the stars “∗” are non-zero numbers. Hence the system is uniquely solvable, because
there does not exist a free variable.

The answer to question (a) is therefore :
(i) The system in inconsistent if a = 1.
(ii) The system has infinitely many solutions if a = −2.
(iii) The system is uniquely solvable if a /∈ {1,−2}.
To answer (b), let a = −2 in the matrix C above. Then


1 2 3 1
0 1 3 2
0 0 0 0


 ∼




1 0 −3 −3
0 1 3 2
0 0 0 0




Hence the corresponding linear system is x− 3z = −3 and y + 3z = 2 whose general solution is


x
y
z


 =



−3 + 3t
2− 3t

t


 =



−3
2
0


 + t




3
−3

1



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hence the set of solutions is



x
y
z


 =



−3
2
0


 + t




3
−3

1


 (t ∈ R)

(14) (4 pts) Are the following sets linear independent? Give details!
(a)

{
1

x2−1
, 1

x2+2x−3
, 1

x2+4x+3

}
in F[−1/2, 1/2], where F[−1/2, 1/2] is the vector spaces of functions

f : [−1/2, 1/2] → R;

(b)
{ [−7 13

−9 47

]
, [ 0 16

25 0 ] ,
[

1 0−2 3

]
,
[

0 1
4 −6

]
,
[

0 0−1 3

] }
in M22, where M22 is the vector space of 2 × 2

matrices.

My answer:

Solution: (a) (3 pts) Observe that x2 − 1 = (x − 1)(x + 1), x2 + 2x − 3 = (x − 1)(x + 3) and
x2 + 4x + 3 = (x + 1)(x + 3). Suppose there exists scalars s1, s2, s3 ∈ R such that

s1
1

x2 − 1
+ s2

1
x2 + 2x− 3

+ s3
1

x2 + 4x + 3
= 0

in F[−1/2, 1/2]. Then, multiplying with the common denominator (x− 1)(x + 1)(x + 3) = p

0 = s1
x + 3

p
+ s2

x + 1
p

+ s3
x− 1

p
=

1
p

(
s1(x + 3) + s2(x + 1) + s3(x− 1)

)

=
1
p

(
(s1 + s2 + s3)x + (3s1 + s2 − s3

)

Multiplying by p shows that the polynomial (s1 + s2 + s3)x + (3s1 + s2 − s3) = 0 on [−1/2, 1/2].
This forces s1 + s2 + s3 = 0 and 3s1 + s2− s3 = 0. Since this is a homogeneous linear system with
more variables than equations, it has a non-trivial solution, which means that the 3 functions are
not linear independent.

Indeed, we have
1

x2 − 1
− 2

1
x2 + 2x− 3

+
1

x2 + 4x + 3
= 0.

(b) (1 pt) No, since dimM22 = 4 and hence any set with more than 4 matrices, like the one
given, is linearly independent.
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(15) (8 pts) Show that U = {p ∈ P3 : 3p(1) = p(0)} is a subspace of P3, find a basis and determine
dimU . (Recall that P3 is the vector space of polynomials of degree ≤ 3.)
(bonus question: (2 bonus pts) Find a linear transformation T : P3 → R such that U is the kernel
of T .)

Solution: Let p ∈ P3, say p(x) = a0 + a1x + a2x
2 + a3x

3. Since p(0) = a0 and p(1) = a0 + a1 +
a2 + a3, it follows that p ∈ U ⇐⇒ a0 = 3(a0 + a1 + a2 + a3) ⇐⇒ a0 = −3

2 (a1 + a2 + a3). It
follows that

p(x) = a1x
1 + a2x

2 + a3x
3 − 3

2a1 − 3
2a2 − 3

2a3 = a3(x3 − 3
2) + a2(x2 − 3

2) + a1(x− 3
2),

so U = span{x3 − 3
2 , x2 − 3

2 , x − 3
2}. We get that U is a subspace since it is a span! Moreover

since the spanning polynomials have distinct degrees, they are linearly independent. So a basis
for U is given by {x3 − 3

2 , x2 − 3
2 , x− 3

2}, and thus the dimension of U is 3.
For the bonus you should notice that T : P3 → R given by T (p) = 3p(1)− p(0) does the trick.

Indeed, ker T = {p ∈ P3 : T (p) = 0} = {p ∈ P3 : 3p(1)−p(0) = 0} = {p ∈ P3 : 3p(1) = p(0)} = U .
But is T a linear transformation? It is: T (p + q) = 3(p + q)(1) − (p + q)(0) = 3p(1) + 3q(1) −
p(0)− q(0) = 3p(1)− p(0) + 3q(1)− q(0) = T (p) + T (q) for any p and q in P3, and if c is a scalar
and p in P3, then T (cp) = 3(cp(1))− (cp)(0) = 3cp(1)− cp(0) = c{3p(1)− p(0)} = cT (p).
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(16) (6 pts) Let U be the subspace of R4 spanned by {u1, u2} where

u1 =




1
1
1
3


 , u2 =




1
2
3
5


 .

(a) (3 pts) Find a basis of U⊥ where U⊥ is the orthogonal complement of U :

U⊥ = {v ∈ R4 : v is orthogonal to every element of U }
= {v ∈ R4 : u · v = 0 for every u ∈ U }.

(b) (3 pts) Find the orthogonal projection of
[−3 −4 1 1

]T onto U . (Hint: The result will
have integer coefficients.)

(c) (0 pts) (practice problem – not part of the exam) Find the orthogonal projection of
[−3 −4 1 1

]T

onto U⊥. (Hint: The result will have integer coefficients.)

Solution: (a) A vector X =
[
x1 x2 x3 x4

]T is in U⊥ if

x1 + x2 + x3 + 3x4 = 0 and x1 + 2x2 + 3x3 + 5x4 = 0.

Solving this system we get that the general solution is

X = t
[

1 −2 1 0
]T + s

[ −1 −2 0 1
]T

,

where t and s are scalars. Hence

U⊥ = span{[ 1 −2 1 0
]
,
[ −1 −2 0 1

]},
and a basis is given by the set: {[ 1 −2 1 0

]
,
[ −1 −2 0 1

]}.
(b) Recall that projU (X) = X·F1

||F1||2 F1 + X·F2
||F2||2 F2, where {F1, F2} is an orthogonal basis of U . We

get such a basis by applying the Gram-Schmidt orthogonalization process to a basis of U . Since
u1 and u2 are not multiplies of each other, it follows that they form a basis of U . We therefore
first apply the Gram-Schmidt algorithm to {u1, u2}. We get

F1 = u1 =
[

1 1 1 3
]

||F1||2 = F1 · F1 = 1 + 1 + 1 + 9 = 12,

u2 · F1 = [1 2 3 5] · [1 1 1 3] = 1 + 2 + 3 + 15 = 21

F2 = u2 − u2 · F1

F1 · F1
F1 =

[
1 2 3 5

]− 21
12

[
1 2 3 5

]

=
[

1 2 3 5
]− 7

4
[

1 2 3 5
]

=
1
4

[ −3 1 5 −1
]

We can now calculate projU (X) = X·F1
||F1||2 F1 + X·F2

||F2||2 F2:

X · F1 =
[ −3 −4 1 1

] · [ 1 1 1 3
]

= −3− 4 + 1 + 3 = −3

X · F2 =
1
4

[ −3 −4 1 1
] · [ −3 1 5 −1

]

=
1
4
(9− 4 + 5− 1) =

9
4

F2 · F2 =
1
16

(9 + 1 + 25 + 1) =
36
16

=
9
4

projU (X) =
−3
12

F1 +
9/4
9/4

F2 = −1
4
F1 + F2

= −1
4

[
1 1 1 3

]
+

1
4

[ −3 1 5 −1
]

=
1
4

[ −4 0 4 −4
]

=
[ −1 0 1 −1

]
.
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(c) We proceed as in (b): projU (X) = X·G1
||G1||2 G1 + X·G2

||G2||2 G2, where {G1, G2} is an orthogonal
basis of U⊥. We get such a basis by applying the Gram-Schmidt orthogonalization process to the
basis {X1, X2} we found in (a). We have

G1 = X1 =
[

1 −2 1 0
]

||G1||2 = G1 ·G1 = 1 + 4 + 1 = 6,

X2 ·G1 = [−1 −2 0 1] · [1 −2 1 0] = −1 + 4 = 3

G2 = X2 − X2 ·G1

G1 ·G1
G1 =

[ −1 −2 0 1
]− 1

2
[

1 −2 1 0
]

=
[ −3

2 −1 −1
2 1

]
=

1
2

[ −3 −2 −1 2
]

We can now calculate projU (X) = X·G1
||G1||2 G1 + X·G2

||G2||2 G2:

X ·G1 =
[ −3 −4 1 1

] · [ 1 −2 1 0
]

= −3 + 8 + 1 = 6

X ·G2 =
1
2

[ −3 −4 1 1
] · [ −3 −2 −1 2

]

=
1
2
(9 + 8− 1 + 2) =

1
2
18 = 9

G2 ·G2 =
1
4
(9 + 4 + 1 + 4) =

18
4

=
9
2

projU (X) =
6
6
G1 +

9
9/2

G2 = G1 + 2G2

=
[

1 −2 1 0
]
+

[ −3 −2 −1 2
]

=
[ −2 −4 0 2

]
.


