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University of Ottawa

Department of Mathematics and Statistics

MAT 1341 B: Introduction to Linear Algebra

Instructor: Erhard Neher

Test 2; Oct. 25, 2007, 17:30-18:50

Family Name:

First Name:

Student number:

The last digit of your student number is α =

The third last digit of your student number is γ =

Please read these instructions carefully:

• Enter your name on this page and the next, but your student number only on this page. You will
get back the test without this first page.

• The table below is for the TA. Do not write in the table. For privacy reasons, this page of the test
will be detached, and you will only get back the remaining pages of the test. Therefore, fill in
your name on both pages and your student number on this page only.

• No books or notes are allowed. Calculators are not permitted.

Good luck!

Quest. 1− 6 7 8 9 10 Total

maximal 12 3 6 6 2(bonus) 27

score
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University of Ottawa

Department of Mathematics and Statistics

MAT 1341 B: Introduction to Linear Algebra

Instructor: Erhard Neher

Test 2; Oct. 25, 2007, 17:30–18:50

Family Name:

First Name:

Please read these instructions carefully:

• Read each question carefully, and answer all questions in the space provided after each question.
You may use the backs of pages if necessary, but be sure to indicate to the marker that you have
done this.

• Questions 1-5 are multiple choice questions. No part marks will be given. Questions 6-9 require a
detailed answer; you may earn part marks for these. Question 10 is a bonus question.

• Please write legibly and argue logically: You must convince the TA that you know why your
solution is correct.

• No books or notes are allowed. Calculators are not permitted.
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1. (2 points) Let A be an m × n matrix with m 6= n. Which of the following statements are true or false
for the corresponding homogeneous linear system AX = 0:

(i) If rank (A) = r, the system has exactly m− r basic solutions.
(ii) If m > n, the system has a nontrivial solution.
(iii) If rank (A) = m, the system has only the trivial solution.

A. true, false, true
B. false, true, false
C. true, true, false
D. true, false, false
E. false, false, true
F. false, false, false

My answer:

2. (2 points) Let A =




a11 a12 · · ·
a21 a22 · · ·
...

...
. . .


 and B =




b11 b12 · · ·
b21 b22 · · ·
...

...
. . .


 be two 3 × 4 matrices and let AT B =




c11 c12 · · ·
c21 c22 · · ·
...

...
. . .


.

Which of the following formulas is correct?

A. c23 = a21b13 + a22b23 + a23b33 + a24b43

B. c23 = a21b13 + a22b23 + a23b33

C. c23 = a21b31 + a22b32 + a23b33

D. c23 = a21b31 + a22b32 + a23b33 + a24b34

E. c23 = a12b13 + a22b23 + a32b33

F. c23 = a12b13 + a22b23 + a32b33 + a42b43

My answer:
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3. (2 points) Let A and B be n× n matrices. Among the following statements, which one is false?

A. If there exists an n× n-matrix such that AC = In, then A is invertible.
B. If A and B are invertible, then AB is invertible.
C. If A is invertible, then so is AT .
D. If A is invertible, the linear system AX = C is solvable for every column vector C ∈ Rn.
E. If A and B are invertible, then (BA−1)−1(AB−1)−1A = A.
F. If A and B are invertible, then B−1(AB−1A−1)−1A = A.

My answer:

4. (2 points) Let B be the matrix obtained from the matrix A by performing the following elementary row
operations:

(i) exchange the first and fourth row of A,
(ii) add 3 times the second row to the third row,
(iii) multiply the fourth row by 3,
(iv) add −2 times the first row to the the second row,
(v) add 1

2 times the first row to the fifth row.
Then det(B) and det(A) are related as follows:

A. det(B) = −3 det(A)
B. det(A) = −3 det(B)
C. det(B) = 9 det(A)
D. det(A) = 9 det(B)
E. det(B) = det(A)
F. det(A) = −det(B)

My answer:
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5. (2 points) The complex eigenvalues of the matrix
[

1 2
−5 3

]
are

A. λ1 = 1 + 5
2 i and λ2 = 1− 5

2 i
B λ1 = 1 + 3

2 i and λ2 = 1− 3
2 i

C. λ1 = 2 + 5i and λ2 = 2− 5i
D. λ1 = 2 + 3i and λ2 = 2− 3i
E. λ = 2 + 3i
F. λ = 1 + 5

2 i

My answer:

6. (2 points) Suppose that a directed graph with four vertices has adjacency matrix given by

A =




0 1 1 1
0 0 1 0
1 0 0 1
1 0 0 0


 .

How many paths of length exactly 2 go from vertex 1 to vertex 3? Show your work.

My answer:
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7. Suppose we have two population of competing species, whose growth satisfies the dynamical system
Vk+1 = AVk where Vk is a 2-vector representing the populations of the two species in year k and

A =
[− 1

2 3
− 1

2 2

]
.

Suppose we start with an initial population of V0 =
[

100
100

]
. The matrix A has eigenvalues 1 and 1

2 with

associated eigenvectors X1 =
[

2
1

]
and X2 =

[
3
1

]
, respectively.

(a) (2 points) Give a formula for the population Vk at year k as a linear combination of X1 and X2.
(b) (1 point) Estimate the long-term population (as k →∞), if possible.
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8. (a) (5 points) In the matrix below, replace α with the last digit of your student number and find
all eigenvalues of A. Hint: One of the eigenvalues is −1.

A =




2α− 7 −4 18− 2α
3α + 3 α −6− 6α
α− 3 −2 8− α




(1 point) Without computing basic eigenvectors, can you decide if A is diagonalizable or not?
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9. In the matrix A below, replace γ with the third last digit of your student number. The matrix

A =



−γ − 4 0 −2γ − 4
γ + 2 γ γ + 2
γ + 2 0 2γ + 2




has eigenvalues γ and −2.
(a) (4 points) For each eigenvalue of A find basic eigenvectors.
(b) (2 points) Decide if A is diagonalizable or not. If yes, give a matrix P and a diagonal matrix D satisfying
P−1AP = D. If no, explain why A is not diagonalizable.
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10. (a) (1 bonus points) Let A be an n× n matrix. Give the definition of invertibility of A.
(b) (1 bonus points) Let A be an invertible n× n matrix. Use the Product Theorem for determinants

to show that det(A) 6= 0 and

det(A−1) =
1

det(A)
.


