1. (5 points) In the matrix below replace 3 with the second last digit of your student number and calculate
its determinant.

3 5 -2 §
12 -1 1
2 4 1 5
3 7 5 3
Answer:
3 5 -2 § 0 -1 1 pB-3
1 2 -1 1|@l1l 2 -1 1 |® _11ﬂ_3(c) Ogﬁ_?’(d) 9 -3
= =—[0 3 3 |=—-|0 3 3 |=
2 4 1 5 0o 0 3 3 1 8 0 18 0 3 3
3 7 5 3 0 1 8 0

— (27— 36+9) = 33 — 36.

Explanations: (a) add suitable multiples of the second row to the other rows.
(b) cofactor expansion along the first column
(c) add the last row to the first row
(d) cofactor expansion along the first column
(e) calculate the 2 x 2 determinant

2. (10 points) In the matrix below replace o with the last digit of your student number.

-1 0 0
A= 3o —ba—6 —6a—06
—3a—3 ba+5bd 6a+ 5

(a) (3 points) Find the characteristic polynomial of A.

(b) (1 point) Find all eigenvalues of A.

(c) (4 points) For each eigenvalue find a set of basic eigenvectors.
(

d) (2 points) Decide if A is diagonalizable or not. If yes, give an invertible matrix P and a diagonal
matrix D such that P~'AP = D. Justify your answer.

Answer: (a) We have

A+1 0 0
M — A= —3a A+ba+6 6a + 6
3a+3 —Ha—-—5 AN—06a-—5

Thus, by cofactor expansion on row 1, we get

A+ba+6 6a 4 6
det(AI — A) = (A + 1) det CBou—5 X —6a—5
=A+1)((AN+5a+6)(A—6a—5)— (6a+6)(—ba —5))
=A+1D)N+(—a+DIr—a)

1)

= A+ DA+ DA - a)



(b) The eigenvalues of A are the roots of the characteristic polynomial: so —1 and a. (The eigenvalue
—1 is a repeated root.)

(c) For A = a, we row reduce [l — A|0]:

a+1 0 0 ] o0 1 0 0o |0
30 6a+6 6a+6 | o YUTOELL 50 60i6 6at6 | 0
3a+3 —ba—-5 —ba-5 | 0 3a+3 —ba—-5 —ba-5 | 0

100 ] 0

~lo 11| 0

0000

(where we have done several row operations to get to this last step!) Thus the general solution is
r=0y+2=0,z=t1

which you can write as [z y 2|7 = [0 — 1 1]7, so a basic solution is

0
X=|-1
1
This is an eigenvector for the eigenvalue «.
For A = —1, we row reduce [—I — A|0]:
0 0 0o | o0 N 0 0 0 |0
3o ba+5  6a+6 | O —-3a ba+5 6a+6 | 0
3043 —ba—5 —6a—6 | o W@tDIE 1 T gt
Rl<—>R3[3 -5 —6 | 0 300 | 0
saR1+R2 |0 5 6 | of P05 6 | 0
~ 00 0 | o0 000 | 0
10 0 | 0
~10 1 6/5 | 0
00 0 | 0

Thus the system is 2 = 0 and y + 6/52 = 0 so the solution is [z y 2]7 = t[0 — 6/5 1]7; thus the only basic
solution is

(d) Since we have found only 2 basic solutions for the 3 x 3-matrix, it is not diagonalizable.



3. (b extra points) Let x1,x3,...,z, be real numbers, n > 2. Show that

1 2y 23 - a2ttt
1 xy 23 - bt
~1
1 x3 23 - 7| _ , A
393 3= (i — ;)
oo : 1<j<i<n
1z, 22 ... a0t

where [[,-;_;<, (z; — ;) means the product of all factors (2; — z;) for all pairs (i, ) satisfying j < i and
i and j between 1 and n. Hint: Replace the i*"-column C; of the matrix in question by C; — z1C;_1, and
expand along the first row. Then reduce to the analogous determinant for n — 1 numbers.

Answer: We follow the suggestion: Let A denote the above matrix. Add —x; times column C,,_; to column
C,,, then —zx; times column C),_5 to column C,,_;, and so forth, until we finally add —z; times column C}
to column Cs. The resulting matrix is

1 0 0 0
2 n—1 n—2
1 x9—2x1 .T% —T1Ty - Ty . — T1Tq ,
n— n—
B= |1 z3—21 x3—mx3 - X3  —x173
1 z,— 1 1‘% —X1Xy - fczfl — 1z 2

By Theorem 2 on page 77, det(B) = det(A). Now do the cofactor expansion along the first row; only the
first term is nonzero, so we deduce

Ty — 1 TF— a9 --- XHT 1 —zixy 2
T3 — 1T T3 — T3 - XY ! — Tz 2
det(A) = det(B) =1
2 1 2
Ty — X1 Xy —T1Tp -+ Ty o — XT1Ty
Now we can rewrite this as —
xo—wx1 (r2—x1)T2 -+ (T2 —@1)Th
n—2
xg—x1 (v3—w1)23 -+ (T3 —21)2%
2
Tp—x1 (Tp—x1)Tn - (Tp— xl)x”
and so we can factor out (xg — 1) from the first row, (z3 — z2) from the second row, - - -, (x,, — 1) from the

last row. By Theorem 2 page 77, we must multiply the determinant of the resulting matrix by these factors
to preserve equality. That is,

1 29 --- xp” 2

1 a3 - xh” 2
det(A) = (v2 — 21)(x3 — 21) -~ (5, — 21) :

1 xn x’l’L—Q

But now the determinant on the right is of the same type as the one we started with, only it’s of size
(n—1) x (n—1). Thus if we repeated the above argument n — 2 more times, we’d end up with

det(A) = [[(xj —a1) - [[ (x5 —w2) -+ J] (@j—wn-a)det(l)) = J] (2i—2))

j=2 j=3 j=n—1 1<j<i<n

as required.



