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v, /= IIL.1v3 Problem Set on Nucleus and Center

How far the nucleus is frem being central is measured by

the ideal Curd(d) generated by all cowmmutators [a,n] for a £ B

I

2nc o1 & M(A): Curdfh) = 0 iff all [a,n] = D iff N(R) = C{A).

s Show Curd(d) = A[AN(A]] = [AN(R)]A. :
’ Ly

2. Bhow Curd(f) € Murd(d) <= Curd{i):A(A) = O «<&=Sin,0(0) 1.

[A,A,0] = 0 &= [Curd{d),A,r,] = 0. Usually Curd(h) will be

containsd in Nurd(a). Show that although [Curd({a) jA,A] may

ot alwavs be serc, at least it 1z always contained in N(A).

3. Ehow any m = [a([x,n]l,b,cl (for a,b,c;,x € A, n& H(A)) is
a trivial -:.l::mar-_t of the nuzleus. Conclude that either Curd(i)
- Murd{A) or else Lherc is = trivial ideal TIi{m) whers m is=
contained In Curd{d) ™ I—".{Ia,}.r"\ Ni{a). - {(We do not gl.ai_m all of

Ti{m) is contained in N(A); see SN 2 in the next problem set),

4, Deducz Slater's Gonera] Nugitas Thesvem: If curd (&) 7

’

Afa)my Hurdi{d) zontains no trivial elemsnts. then Curd(d)

Merd{A), so that if A is also purely alternative then N{a) = C[a),

5. bDaduce Slatewr's Nuclear - Thesvewm : Tf & is
semivrime Lhar Curd(A) C Nurd(a). If A is seminrime and purely

alternalive then its nuclevs and center coincide, ¥{a) = ol 7. IR

£
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§. Dzauce N(2) = C(A) also if A has no associative ideals,

or is semiprime with no associative images (spurely exceptional).

7. If A has no trivial nuclear elements show:- (i) A is unmixed,
(i4] Curdin) Wurd(a), (iii) N(A) = C(a&) if A is purely aller-

nativa, (Eyw) AfA) ANIAY = A8V M cla), &) INar,ndn)] = 0.



T4 Prebklem Set on Slater's Nuelear Conjecturas

Michael Slater has made the following conjectures about

the distance of the nucleus from the center in the purely

o 1} Curd{a) M A(A) iz zeros or containzs trivial

nusnlear id=als

53 2) Curd(i) & M(A) or else Curd{A) /A AlA) contains

trivial nuveclear idesals

(2% 3) A unmixed == Curd(a) € H(a)
({=x 4} LZ Nurdi{A) is commutative without nilpotent

alements, then HN{A) = C(A).
(55 3] A purzlv altcrnative = N(A) = C(a)

I Show in ganzral 1 == 3 D o3 "\i’ﬂ 4 -a'_-:-_'“-"._...f:? 5 for zslternzative

algezras. In the previous problem set we saw (SN 4) zlways holds

- ¥ =
. st glx,. V. rZ.0w.sn.y = I ; ' Fig g T
2 i g%, ¥, ¢,w];n]} Vg [y ey e2] Hjallﬂj’nj] (&8 2.1
for xirYLyziij & A and fig € W{A). Show g is independ=znt of the
ordsr znd assocliation of fhe faclors [x ,y .] and [wj,njj.

Show its waluves lie in Cuard(d) f\ H{a) .

3. Ehow g is an alternating funchkion of its arguments SN SRR AL
- i

which wvanishezs i1if one of thess varizbles lies in N(A). B 3

4
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Wl ;Y'l.:l

W= w!w! show glx, v, 21 = glx,v,2sw jniwl + g{x,y,z;w;;n]w;
S 5 5

glx,y, 2w, g0l ) whare n = Ew;,nsl. Conclude that if g van-

ishes on a set of generators x,v,z,w for A wmodulo N(A), it

vanishes evarywhara.

oy, Concliats ehan Ly &

|_!.

g finitely genorated mod M{a) then g = 0
=
for large snough r and 3. Show,2-5 held if A is finitely gen-—

5. I¥If A is generated mod N(a) by 3 elements, show Curd(A) <
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A% B D £RLL Problem Sst on Semiprima Cenlers

We want to show that a samiprime alternative algebra of

characteristic # 3 has a center.

= (., Show A = A?Ker 3 is

i
B
A
i
o
Lad

Tt & is semiprime show Tr o

"l
L i

nonesro id 5

20 # 0 mhow B is stil1 sepiprime bub has no

3-tuersicn, and imbeds in o sssiprine $H-algebra A for some

ring of scalazs with 1/3 e § - Conalude HIA) # 0 and N{R)£ 0

and H{a} # 0 1f 3n # 0.

Use Problam Sets 00 and OC to show Lhat sither 32(AY = 0 or

LT R T 5"

Lz T = o
E(R{2} ) =NLa(AF) # 0.

e
[ )
| 1]
4
L
s
=3
)
[
@]
H
il
i=
,_'
=
e
|_|
ITH
w

semiprime alternative algebra then
either 3A = 0 ar ¥(A) # 0, and 2ither 32 ¢ W(A) or () # 0.
Prove Proposition If B iz & one-sided idezl in 2 and A is
H-semiprime then ecither 3B = 0 or IAN(A) # 0, anéd either

3B C W{a) oz B C(n) £ 0.

Deducs as corzollary that if N(2) is a field sither 3B = 0 or

B =2, and Lhat il C{a) is a fi=ld then either 38 € H(aA) or
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A+, (i whIEw8  Problem Set on Weakly Prime &lgebras

Bn zlgebra is said to be weakly orime if it is sewiprime,

purely allernative, and faithZul as a module cover its center

o {in the sense that ax = 0 for o € &, x € A forces ¢ = 0 or

o= 0.
Fhow that any prime algebra whlch iz not sgsoaciative is weakly
Erime, Show that the cenler ¢ of a wsakly prime algebra is

zero oF a1 intsgral domain.

Show Lhat an algebra with centsr @ # 0 is weakly prime iff it
is o g-order in a weakly prime algebra over a field. Show a
central algabra over a ficld is weakly prime i1iff it iz scmi-

primz purcly zllevnative,

Show that a weakly prime alyelbira over a ficld of charvactersistic
st -".-f:::.__ o i R o By s |
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Show that 1f A 1s weoakly prime and 34 ¥ 0 then A has cenler

Deducs Slaler's Weakly Prime Tacorem. A weakly prime algebra
o ¥k :

with 2A 4 0 is an order in a Cavley algebra over a field,
Show that a prime algebra is either assoclative or weakly prime.

Deduge Slater's Prime Theorem. A prime algebra with 3a # 0

is cithar associalive or an order in a Cayley algehra.

This method of proving Slater's Prime Theorem reduces prime

algabras directly to simple algebras; the basic idea is that



an ideal has nonzero nucleus = genter, hence hits the nuclaus

= center of the criginzgl, and thersfore essentially contains

an invertible element.

Prove Proposition If A is geniprime with center C(A)

Tield of chzrscteristie # 3, then A i3 gssnociastive or

a
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Caylew

At fixst glance Lhis lecks like a much more gencral Lhesorsm

since one thinks of semiprime algebrasz as being direct (really

subpdirsct)] sums of primc algsbrss. However, a direct
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position 0f A would lezd to a dzcowpesition of its cenrter, so

the condition that the center b2 & field prevenis there being

more than one direcl summand, so A& locks prime.



