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el - ~———- KHe need a method of creating an infinite

cantreid without at the sane destroving primencss: unlike
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simplicity, primeness is not preserved by arbitrary scalar

extensions{izz
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Show that ths center € of a prine ring is 0 or an integral

domain, and in the lattsr case that the centranl closure
Pt T N Bl g T

= AR C i3 isomorphic to the algebra of "fractions" a/c

ang has asntar just &h
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H
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> 1d of fraclionns C of C.

2 What 1s bhe zelation of tho sase Lroid of the csntroid closuse
: B3 : a2 B . - b ot i ._.'-'_ P il . = :.'-_:. <+ }"IZ:-‘., :"-.
Eo= fu::«r Tto the prigins? centeid ™ 3 Jdew e i O S o Bt
T i e e _-',--'-_--‘5.‘-1-::"-'-_.-_'_!_=;;_..; o - .

3 Give an example where the centroid closure A 15 degree 2 over T
but. A is nol degres 2 over I .

4 Cive an exampla of a prime associaliva algebra with center a
field ¢ aand an extension 0 8 sveh that Ag no longor remains
prime.
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If Z2 C&CT{a) show a is —priziz {prime as & —alysbra; iec. as

2 ring) 1ff A is ¢=prime iff & 1ig [—prime,

%E Show that if 2 is an order in a Cayley algshbra A over a field §2,

50 is any one-sided ideal T of 5.
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1%, 3 | ¥ETZe4 Problem Set on Algebras with Non-nil Heart

A8 in asscciative algebras, the heart M of an alternative
Y = 1 ; L

algebra & is the intersection of zll noazero id=als of A. {In
particular, a non-Lrivial aleebra A i simple 1£f 4l is w21

heart, M = &), If M # 0y 3¢ 45 the unigua minimal idsal.

Show that if the heart M of A iz not trivial, M5 # 0, Lhan

Doduce that if the heart of 2 is nol trivial, either A is
associative or N{R) = C(a).

LT B i5 & nonzero ideal in 2 prime algebra, show [B,a,C(B)] = 0,
R.0,00 1 =0, CE AT = 0, Conclude that if A is orime and

£ e i)

E <A then CMB) ¢ a1 'f'fr’ef.’_ st vl % o wa et %},

m

Show that in general if ¢ © C{a) then cM = 0 por oM = M (i Lthes

heart): if 2 i rime show o M = ¥

e
==

for all ¢ € C(M) &rd hancs

n

C(M) s z2ro er a field. IF & iz prime and C{M) is a fi=la with
unit e, show ¢ is the unit for Ay, hence M = A, Conclude thab

A dis prime and its hzark M has aonzero center C(M) # U, Lhen

1

4
C(M} iz a field and A = M is simple.

Assume A is prime, nol associative, and O(M) = 0, ZShow fourth
Powers of commulators in M oare Zero, so the nilpotent zlements
Cf M form an idozl Z2(M) QA M. Shaw ()< A, concluds AlM) = M

or Z(IM) = 0. Lf Z(M) = M then M is nil; if Z(M) = 0 show

M= C(4) = 0. Conclude that if 3 i prime but not associative,

with heart M satisfying (M) 0, then M is nil,

TFrove the Theoren, If A has a non—nil hearli then A is ailther

associative or a Cayley algebra,
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