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Algebras Without Finitensss Condibions
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Proof. We hagin by praving

) [y g €ET = %5 [R.95.8] = 0
0T L1 hown 0wl M L w0l Ao AWk AN
- L g, g L }{,}’ P o L
of Jordan products. Here ﬁﬂ o, wills 2 = [3,y] by Artin's
ry
Theorem, which establisncs the first cqualicy. Also
[z,y, luevleal = [x,v, [x,vral — velx,z]]
= {= [eiveav[2:yl]lE = 1 Ee¥eylelxal + v [Baamilx.all
= = [Ix,y, [x,yl)ea + yolx,a, [x,v)1) - {0 — yelx,a, [x,v]17}
= 0
gince O, A, R ) are Jordan derivaticons and since
.8 H, ¥ o le, v
Tinearization of [x,v,[=%,¥]] = 0 yields [x,v,[=,2]] = - [#.2,]
Then [zi,a,{x,y,b]] = geleg,pa, [xeyv,.R1] =
szafzn?-};f‘frb]] = I.?-ra El]“[r.-*f‘-n'] = 0 iu&ill':_-] 1'*1'}
e o 2 2 71 —
{ } [‘E r ':[r[-'zrvrb..l =0
. o 2 i i 2
Linearizing [[=x,v]", ®,¥] = 0 wvields |[[x,v] ,x,al
- [[z=,¥]=lx,a], =,¥] which vanizhes by (*), so [32, ] =00,
and dually Lz f¥eal = 0. Thus by Left Bumping
Pk - = - afos s
{ ! 2 sarxal = alz ,a2,%] 0
[Frxx) 2%, 8. (eylal = [2%a,xy] = - alz®,y.xal = 0.

{using lincarized (***)).
We can ussa the linearizations of these relations to Tlip

factors from one kterm to ancther inside an assoociator:

-

[zz,a,zb] == [zzra,{xy}b] - fzéra,{yx}b]

2 . 2 .
= Irﬂ :arx::f-h:i i [Z rbll::f}{]a} {.b-"_r; {**:rf****}

Hr}"]]*



= = [zzr{?b}-xa] + [zzrb;yfxa]1 (lay (#fr) | {wekd)

+ [2%,%a,vb] - (27, (xa),vb] (by (***))

= 0.
5
om thls 0= [l a,ab) » L]
Frzom this 0 = [z ,8,28h] = gole,a,zh| = zwelz,a,blz =
{z nlz,a,bl} z = [27,a,blz by middle and Tefll bumping.

")
Dually =z |=",a,b] = 0, and (1.2) is eskablished. E

From this Sccond Power Identity we obtain the Faurth

Power Theoorem by bumping.

173 [Fourlh Powsr Theoream) In ap albernative aloehra the
fourth power ©f any comnmutator lies in the nooleus,
L4 e
[x,y] € 2(Aa).
When [=,v] iz not a zera divisor, already the sccond powso
liss in the nucleus, [%,¥v] zE RIS
: : . . o 2 z

Proof. The relation (1.2) z[z“,as;b] = [2",a,blz =0
; . 2 = , ,
implies [z ,a,b] = 0 for all a,be&e A when z = |x,¥] 1s not
A4 wern Jdiviascr, so z":E Mi&) is rnuclecar 1n that case. Tn

o . . . . . £ G
general, by Middle Dumping it implies |[=27,a,b] = z [z ,a.k] |

s o ‘
lz%,2,b]z° = 0 for all a,p& n and w =n(a). B

Thus supplisd wilkh nuclear clements, we can eskablish the

scyucture of an arbitrary alternative divisicn algchra.

n



L.4 (Bruck-Kleinfeld-Skornyakov 'Theorem) An alternative division
algehra is cither associative or a Cavley algebra over its

center.

proaf. Assums throughout that the alternative division

wlgebra A 1s not sssociative. We wish to show A 1z a dogree

2 algebra over its center. But for any loment ® wWe Can
aclually write down a guadretlc cquation iL satisfies:
- = 2 , i
(1.5} ars — fFux + vl =0 (Eall's identity)
. 2
no= [X,v]
; . 2 . : ;
whered 3 = l=,y17 = = [=®,v]i=l=,¥v] = [x,y1% Ix;v']
9 A

v = [x.ylele,viz = [xy'l

(here ¥' — vx has [x,¥v'] = =yx - ¥YEX = [#,¥lx). By Arbtin's

theorem the above equaticon holds identically in » and ¥.
We must show the cosfficients lie in the cenber and ocan Do
chosen nontrivial.

Since a division algebra has no zZero divisiors,

2 2 . :
o= [x,w]° and v = [x,¥']" 1lig 1n the nucleus N by Lhe Fourth
Dawer Theorem, and sc doss the linearization @ = (3,7l e[xiy'].

By the MNucleus = Centor Thenrer and the assumed nonassociatlvity
of N,o, B,y lic in N = C.
Thus every element x salisiles a gquadratic sguation

over C. The only troubls is that 1L might be a trivial sguation.

I+ will be nontrivial if [x,y] # 0 (sinoe bthen a= [<,v]° # 0},

so by proper choicc of we can qet a nontrivial equation

kel

unless [=,v] = 0 #for all possible y. But such an x already



ring 18 A finike (COMMUCALiVe, ameegiative] Fiele.



Cive arn alternate prool of Lhe £Lh Power Theoren a2 Follows.

Show (*) hy writing Zed = H¥ed

- (ay)x = yl=xa) = {fo - L Lx} a+ |k - RHRyj a and

¥ _y
A = L S Tpiile. W SR + R K., then using lett and risht
i ¥ =Y O wy ¥OH '
Youlang Lo prove A {zea) = 0.
- = €,y
2 2 s ; ; .

Deduce [2°,x,a] = [z7,y,a] = 0, and linearize Lo obtain

. Z 2 2 i :
wlz ;a;B] = 2 ;a;bx]l, yvl=",3a] = =2 jay,B]-

; 3 = 2

Use the HIDING TRICE to show xly[zé,a,hli = wvixlz ;a,k]].

lise txyj{zz,a,b] = [K,y[zz,ﬂ.h]] + x{y[zz,a,b]l to show

T
zlz " ;a.b] = 0.

Still ancther proof was given in Problem Set TTT.2.1



1-¥

I1¥.1.1 Problem Sct on Domains

Go back through the proof of the Bruck-Kleinfcld-

Skornvakov Theorem, making whatever additicnal arcuments are

necessary, to establish.

{(Theoram) If A is an alternative algsbra wilhout zcro
divizors, ther A is =ither associative or an order in &

Cayley aluehra.

Suggested skheps are:

Show that if A is not associative iL is of degree 2 over C

and semiprime.

Show C is an integral domain with cuotient field €, and Lhat
can be imbedded as a C-order in its central closure i = n
Show % has no zero divisors, and is of degree 2 over C iff
ig degrece 2 over [C.

if i is nok associalbive but iz a domain aof degreo 2 QVer 4

field ©, show A is a Cayley algebra, so our original A 1s an

crder in a Cayley algebra.

oy



I¥.1.7? Problem Set an Lh= Fourth Power Theorven

1. Prove that [x,m)[y,z,w]xn] = [x;m] [xin] l¥2:w] 4

for all =,v,2,w Aoand n,me MA).

1Y r

. . — 2 i
2. Drove any associator a=[x,v,z] satisfies a” = [x,y;az] - cla

= -1 faz) for ¢ = [x,¥]., B = L = iy Ti .

Hoey < Ky MY D

i. Praove Lhat [:x,v:i,z;w]z — { holds in all =alternative algebras.

4, Conclude that if A haz ne nilpotent elemsnts, the sguars

2 : y .
[2eear] of any commutalbor liss in the nuclous.

This imporves on the Fourth Power Theorem (instead of no
zoro diviscrs  we pneed only no nilzetentsg) .  Ilowever, we cannot
generalize the Hucleus = Canker Thecrem from the case of no
zarc divisors to the case of no nilpotents: if D iy a central
assocliative division algebra and C a Cayley divigion algebra
then 4 = 2 [0 C has no nilpobtenlks but has nucleus NiA) = D & ¢

different from A or C(A) = T & 4.



Himple allernative algepras

In thia section we extsnd the Bruck-Kleinfeld-S8xernyakov
Thecrem to arhitrary simpls algebras. The fach that we are
no longer in a division algebra foruss us Lo modify slichtly

the approach of the vresvious section.

The [irst crder of business is to prove that in a simple

rot-associdtive algabra A the aucleus ¥ and center O coincide.
The procof cf the Nucleus = Center Theorem reguired cancellation,
so we will give a differenl ( and more general)l proof.

(Prime Nucleus Theorem). TI7 A is a prime altcrrative algsbra
elther A js assoeciabive, N(A) = », or the nucleons and centoer

coincide, Mia} = C({A).

Proof. Assumc N(A) # Cla), sa N dossn't commute with
cvervehing: [&,M] % 0. We will show A is associative.
The ideal genarated by the nonzero subspasce M — [A N

is just AM = MA. Indeed, MC N iz nuclear by II.1.¥, so

AfAM) = (AB) M (T AM shows AM is a left ideal and similarly
MA is & righlL ideal; they coincide since [A,M] — [M,N] = M shows

AMEC MA + M = MA and dually MA C AM.

Next, this ideal is killed by any assacialor w = [[x,¥,2].b,
To show w E:ﬂnRR{ﬁHJ it suffices if Mw = 0, since then
(AMYw = &{Mw) = 0. But mw = [a,n]lw = [a,nllx,v.2],b,c] =

- |I®,v,zl,nlla,b,el (kv the linearized Yuclcus-Center [edenliy
IT.19'}, which vanishes since by IZ. 1.8 the nuplear element B

commutes with associators |x.v,.z2)] -

"y
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By primenﬁssfﬁh]-hnn,{in} = 0 forces the annihilator

of the nonzero ideal AM Lo wvanish, so all w = [%..%. 2] . B.¢l

arc zero and all n = [x,v,2] belong Lo bLhe nucleus:
(&) [2.5,.8] C N,

I'nrthermore,

gsince the nuclear slement n = [x,v,z] has nlx,5,2] = [nx,A,4] =
[[, vzl A,0] = [[xyy,2x],AA] (right bumping)} (W, A,R] = 0
ol L

These relabicns imply 11 asscicators n = [x,y,z] are

Erivial nucelear elemsnls:

nan = |x,v,zl {alx,v.,=2]1}
= 1;‘5:}':ZJ 'f_zlz{!f:?rij + |x,va,z] + [K,‘_:.’Z;EIJ}

=: = [R;E¥;2] lx,v,2a] + lx,vez] lx,va,z] + |x%x,¥,2] [2:¥2,4)]

by linearized left bumping, right bumping, and {(**)., But by
V.00 a trivial nuclear elemenbk generales a Lrivial ideal, which
must wvanish by primeness, so all associateors n vanish and A is

assoclahkive.



[R5

There are certain general conditions under which an

s st RAMAAAYELY 100 3 WUOTONC. (UL E0Q FOUTR ORI

Theorem ag a source of nuclear elements, we have

(Nuclear Existence Theorem) 1f A # 0 is a strongly seim-

o

™

prims allernative algechra then its nuclews is nenzero, MMl £ 0.

- - . " 4 i
Indeed, either (i) soms fourth power [x,v] # 0 1s a nonzero

. . 2 x .
nuclesr alemanl, (ii) some [x,v] alz,v]" # 0 18 a nonzero

nilpokent nuclcar slement, or (iii) A — H(A) 15 commutative

associative without nilpotent clomonts.

Proof. By the Fourth Power Theorem all commutators

d =
z = [%,v] have =z & H(&), so we have case (i) unless all
& - 4 . 2 2 ;
w0 o= (. If all =7 wanish then the elemsnls z oz (aE )
. ; : o 2 2.2 P L
are nilpotent, since by Artin (g az ) = z az az = 0;

. 2

; i 2 . 2 :
morecver, they are all nuclear since [z 7,3z Al = 2 [27,4,8] = G

kv left Bumping and the Second Powsr Tdentitbty (2.1), and any

timse oty = N we have [u,v]&E Nia) by the Associalor Derivation
I
T % o] = = A } no S S (] =
Formuleae [ |u,v], b, AL (o) + 1.L_”vb]-i:' 2 F‘u‘U-r'”' [tz ] 0
. 2z 2 i 4 2 2
86 in our case [2°,d87] = g az’ <« az” = p afz” ‘dre ‘all nuclear.

2 2 N .
Thus we hawve case {(1i) uanless all z az = 0. But i1f &a11

T}

& A L N s

2 az"” vaiiish then 2z is trivial, so by S1'RONG SEMIPRIMENESS all
2 . 2 " .
= =0 and [x,v]” = 0 for all x,¥v. We want to show A contains

no nilpobkenbks in this casc.

Quite generally, for any element =z in an alternative algshrs

i



