d. Classilfication of conposilbien zlgehras

L ocomnosition algsbra is a *-simple alternative algehra

of one of the Zollowing types: a field, a guadratic extension,

8 guaternion elgebra, or a Caylev aluebra. It can ba huilt up
from anv of its nonsinrgular subalgebras by Lhe Caylay-Dickson
constructian. lsomorphism of composition aloshras raduces wo
ajuivalence of their norm form; in particular, all isctopes of
a4 vomposition alesbra are isomorphic. Composition algebras are
glcher diwision algebras ox they are split, and any fws split
composition algebras of ths sawme dimension arg isomorghic. Ue

furthermore =

Ll

alyebra, thea orviginzl zlgebra iIs a4 composition algebra of the

Fecall that a composibtion alyebra is a unital alegebra

cerrying a nondeganerate gquadratic norm Zorm n{x) permitting

composition. Fecall also ths distinction bhelwessn nonsingular and

nondsysnerate .

We hawve sean in the Conposilion Proposition 3.13 that the
Cayley=Dickson wrocess huilds up composition alusmbras. our
naxt wesult schows all corgosition algebras can be obhbainsgd Dy

this process

tabligh that if 2 scalar extensicon is a compasiticn

4]



(Hurwitz Thaoren'! 2 Composition algebra over a fiald & iE‘-. either
(0) a purely inseparable extension field Q of o of exponent 1 and
characteristic 2, with identity involution
[I) the base field 3, with identity inwvolwutian

(LI a cuadratic extension ﬂ:r £u o+ Dy (g + g = 1)

(IT7) 2 yuaternion algebra @ willh standard invelniion
fzw) a Caviay a;qetraj:vﬁfh glhandard invelution,
PraoofE. The radical E of tha hilinear form nl{x,v) is an Ldagl

{by th= Radical Froposition 2.3). Ly nondegznsracy of the
gaadratic Zorm, niz) # 0 for 2 & EB; such z Azwve inverssosg
= = n{z}) "2z bv khe Inverse Crizervion 1.17, 30 githar R = ¥
ur R oecontains invsrtible Blemencs and thus is 8l ‘oF ",
We first get rid of the casc o= & wh;:e n iz totally
singular |[the polarizad woxm LFarm niw,vY is identically zara).
Tn Lliz case 2 + nix) iz a ring homsmoiphisn af & into 2, since
ni=¥l = n{=xIni{y) and n{x+ty) = nizd @ Bl{x, ¥ F nly) = nix) + nivy,
aid it is o monomorphiss sisca n{zl = 0 implies = = @ Uy non-—-
decensracy, -“Thus o iy .3 field ] conteining 81, Sinoe tlx)
= n{x%,1} vanishas=s ldenibtically we have 2 = {1} - 0, Ba & lLhas
characleristic 2, hance = 4 % = tix} — ¢ dmplies x = and ths
invalontion is the ldenticw. Thon xz = x& = n{®]1& ]l &0 T is
Aurely ingeparahle of gxponent 1. This is cass [0}
From now on we gssame o o— O, B nnlx,v) is nonsingulazx. We

will show +that 12 0 is any prazer finile-dimsnsional nonsingular

; _ ; - o2 5
subalgebyra (containing 11 there is £€ p with £7 = |1 gich that

(M

i
Efﬂ,p}{fh- indaed, we have A4 = 0 o BT ginee B is [inite~-dimensiocnal
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Since B is assumed Droper, pt # 0, and
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since n ramains ronsingnlar on B we can find Le B with

a{f) = -1 # 0. By the *-= Recessily Propositicn 3.9 w2 have

W2 now aDply the Caylzy-Dickson process with cva rsvihing
Taking plzos inside Lhe algebra & given at Lhe start. We bBegin

with dl = o1, LE ﬂ; — A we have Case T. If H! #F A bug Hl ig
nonsingulasrs wa have 32 = IEEJ,Ul] = 2L & FL{ A by tha foragoing.
s = is singular {i.=. +hk= cliaracteristic 1= 2) thers 18 un & 2
Wil ={u) = alu,l) = 1 by nonsingularity of nix,v), so H; = ®1 & dup
i1s a subaigsbra {(u” = tlulu - afull £ B_) and is nonsingular

(if afz,1} = alz,u) = 0 for z = L+ Su then [ = o = (1 ze

nf{l,L} = zn{u,u) = 0 and il ) = Y. I£f B, = 2 we have case TI.

If 2., # 2 weo have 53 = IfBE,JEﬁC'E. 3., is assceciative but nas

commutative hocouss ths involuatian o B is nonkriwvial., EilLher

B, = A, znd we hava gasnsa TLL: an HB 7oA and ws haowve G, = IjBa,HH}C 10

[
|
th
At
|—
rl
i
14
=
5]
rl
=
<
L

buot not sssociative, We must have Sd = % ox

elza .A_Z"CEF.EJ,;:H:I, whareas L(r ,u

] iR met aliernAtive sinece Hi;
= i 4 F4%

sociative. T

a
i
0
furs
i
o

igs dizmoortant to nets Lhat we can Hlhart the Uavlev-Tickson
Process wicTh &BEY uniz=s=1 subalgebra which 1= honsingulary rela=qve
be the npora hilinzar torn, 2pplyving Lhe doukline orocesszs until

wa evanitiolillv veach the whols zlgenya.

=]

Eoralloxs . commusition aluabra B ool Tyvoa I=IV can bz buils un

=rom o any oI 1E8 nonsingular unital subalgebras B by the Cavleaey-
Diaksol oEpcsso, In particular, nansingdlar und gl
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Thus & Cavley algebrs ven Bs Built ek of ANY of its guaternisn
subalgebicas by the Caylgv-Lickson prucess.

Eenarx. =¥ Lbe trensiinite aoplication of the unnodified
Ciyley-Dickson construcliicn in characteristic 2 we could alse

inszlude che composition zlgebras of YWypa 0 tnder the Caviley-
LDickron orouess: wily Durely insesarzlble exceasicn =ield ol

exponant 1 Qas che fozm 0 = %lw, ,u

L rona ] for some [perhane

2

- - ; 2 )
uncoun benlis) sel of alomentss u_'i wilbls !|Ji = 0.8 ¢, and Lie
L

unnodifisd construction takes any [ anéd Zorms i, a)

- 23 = h 2 X
= 1L+ 1 w=T[w] with g° = 4 e b, In Lhis senss wa g@o
iustifisa ing saving that TI® COMZOS5TTION ALGEZRLS AR PRECISHLY
THIEZ ZLTZBRNATIVE LLGEBRASE OTILT UR FROM § EY TIE CAYLEY-DTOZSON

The Type of a canpSS ition algehrs iz an invariant, and My

L descxiibe=gd intrinstically as fallews:

T¥D= U = vommutative assceiative of dimension 2= 1
With Leiwtel dnvelution
Yos T - gobkutativa asEocintive oS dimgnsion
wWith Lriwiwl dnwvolution
T¥re IT = commutative acsoclative wilkh
naanrtEivia Ly ILTNTLon
Tyms ILL = nomcomnutative aEanciative

[ P



il

L

We will call the algebras of Type I-IV the cﬂwi{nawg

=

uraly inseparable extension of

(561

CoMpesrtion alyebras. ¥pe

|:| 'rﬂ;i

,4
et
&}
[§E]

called an Extmardma.rj COmpositian u.igubrq.; nota that
1t ogeurs only in characteristic 2, and ig the only composition
algebra walch can bz infinite-dizersional over 9. The ordinary

composizion alygebras have as thoir Fcpanbers just @, but the

@auiranriinazy algehra has ®*-cawsor 0. Furtherwore, I'vpe 0O
becumes Twps I wihen coneidered over fts *ogunter O rather Lhan
9; in so008 gSanss it Qs unusual only hesuasce we considered 4+

avar ths "wrong" figld.
Tt Iz inmpussible to vvarstress Lha fact that AN OBRDIWARY

L. wr B. An ordinarv

compositian slgskra is forced ta be finite-dimensinonal. &an

extraordinary compositian algebra (purely inscparalbile sxztensicn
Figld of sxponent. 1t may have infinits dimensicn.

I® 135 oflen convenient to know that i° a scalar extension
ﬁﬁ 15 Lavlew awvex i, then the criginal slgebhra & was Cayvley owvar &,
(Txtesn=icn Theovren) IL 2he mcalar cxleasion hﬂ iz a coxpositil an
ale=bra o2 Tvps C-IV over 53, than A is a somposition algebra of
the sazs —vos oaver 0.

Frool. e hegin oy showing L is a degree 2 zlgebra ovar O,

. . ! 2
Sawllox 1n 3 satisfiss an sguacion = = tlzlx + n{x)l = D, but a
priorl tna peefficlents tix), ul(x) only lie 4in i}. On the other

nend, x nust satisiy sums esuction x° - ax + 31 - J aver & sineceo

R OIS RN B oawaes ndapzndant over 2 Lasy wonld remain independent
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over {1 in An = @ 8. 4. §
[

is uanigque for x # 5 1 we

and guadratic forms on A
ovar Q.

Next we show L iz a
Zorm on A wers degenerata
it would remain deygsnerat
of n{x,¥)),; whersas by d

1

aloebira AE ie aondegene ra

Fineglly, we show & h
commutative, aszsociative,
Lrue oi its s5ubalgzbra 2

propsrties so docs ibs sa

ince such an eguation of degrea 2

S22 Lhe tracs t({x) = o and norm

$, while for » = wl€ 910A = &1 trivially
in @, Thus t and n restriet to linear

with values in ¢, and & is degrees 2

composition algobra. LZ ths norm

¢« niaml = ni{z,8) = 0 for soms =z £ 0, Lhen

2 on EQ’ n{z) = nl=z,a.}) = 0 (by bilineawity
wi ab

efinition Lhe norm of the compositian

Ta.

as ©h2 Bame Iyps as A.. LT hfz

or has identity ipwolution the same is

and conversely 12 A has one o theas

alar extensicon A Moreavar, lhas

a Ba

the gams dimsnsien dim. a4 = ﬂtné noovexr B Lhat & dass over 9.

-

Therefore Ly (2.4) A has

Bemark. The converse 1is

then alx,¥) is nondegener

on AL, 50 A. is again a o
s "

Il

same Typ=). Trivially
But iT & = £ haz Typs O

cumposition algekbras {(for

¥4

the same type as L. L |

not guiite Lrus. IZ A has Tybe II-IV
atea on A, honee remains nondeganaratsa

gmposition algebra (necegsarily of zThe

i

AL = ®1 has Typs T then =zo does By = &

T8 scalar exleansions nesed not remain

aexanple, hr = § ® H has triwvial slements

w @l - 1 & @ Tor o e EWQE. Onoa more The +troeable Ls bthat such an

A ds really of Tyvue I ave

r i), so ws should be tomSoring owver i
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taz nars Zorm an

cemnusitian alge
igancrphisn,
{Isomorzhism Tha

&l

shrag ovear &

I_L-J

Sgrivalen o,

2l gashrac, Wa i

gguivalence of g

rasnlt th

” P
+ a(®HT = 0 in %

Nadracin

are inwvariars under Tsomorohisumns. )

‘tdepzandan oo

Isonorphisms

Urwitz theorem makes i: claar that

-
¥

rF
-
o

ju s

L

d the unit datermine tha strusturs o the

Braz, Thals leads to a hasie criterian for
vren for Composition Algebras)  Twe componsition

fizld % axe isonmorphic iff their nerm “oris ara

'l
-

4 78 an dscmornhism of composition

T -

e

a3im ni{Fx) = ni{=x), sa F is automatically an

TE NG . (This ig ra2ally o spacial casgae

2t The gzosrie norm and

mininum polvrnomial of

We haye

i . g ar
IT =0 4in 7, s applying v wields x° - wi{x)x
i N 2 r [y iy

" iy % P, - " i
F{®) in Aa. But we already Xnow ¥° -

CT A o
Ao [E(x) ~ £lx)]) x = [&g

i ooy B
lwas wix)] = L{x) =

Bl

s T My
2} — n{=) 1l for a1l =.

Eag REels
12 v AT -

nlix } = o,

. . e PR fir = T . o .
While 15 » = Fix}] = @l € §I then (ag ¥ is bijectival % = nl & 4
: M P AR . b, "
crrvaally kas tix} = plz) = 20, nilx) = nfx) =5 o, Thus in all

wWhora rl:zc,':'j =
AREmarablas TYsld,

15 an egquivalence of nors forms.

] - n"r r'vl r
Ze cugdratic forms n, n of A, A ares eculyvalent

iy T
Ao+ A, n{TFix)) = o) Firet consgidar

WLidr c&sz of an inseperahle fisld cexbtonsian & = 3,
T = ¢ s . - ' 3 :'-I'.'I + r
Ther n{x,¥) = 0 tod and & = ;i i 2 alzo an in-

It this case = maos+ alrxweady he an 2l gehra
Draserves praducbks, Ellzty) = E{x)F{v), bhaocasuyse

i "-'Ir I.u L] “_.‘ - T
¥ = n(TFRIn(Ey) = niFx-py) . and
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r o T ; ; . M L U | iy LV
F: A+ & is injenbkive (zi{z) = niw) foreces 2 = w in 0.

rom now O we assume nix,¥) is nonsingular. TIn genaral F
icealf will not be &5 aleabra izomorphism, but we will use a
avlay-Digksun process to build an izomorphism on larger and
largar monsingular subalgebras till we have an isomorphlsm an
all of A, We start o0fZ wizh a yather padestrian lsoxorphisn

. LY £ 7]
iz Do = BI =+ B = 1. In cheracterigsis ¥ 2 this foorheld is

i 3: 1

anough, Lut in charagltesriatiz 2 the subalyebra 2. iz bkotally

singulz> cnd {23 when building composilbion algahras) won'k do

tor our induction step. Weo chovse u & A with n{u,1) = 1 by

¥ Wa can always assuma 1 o= : if necessary

rezslace F by its franslate T (%) = Flwx) where Plw) = 1: than

E .-|__ "l.l ."|'. : ] r‘u, i'l". .
alv) = n{ZFv) = af(ly = 1 txolias n(F {(x})] = n(F{vx))

L]

1l
=
o
o

avvialx) = n(x) so F is again an isometry bul now B (1)
)

e
]

bl

=

: Once 2(1l) = 1 than al=o has nnilua,1l}

a8, A

L v A ; ,

MeFLlY - nf{u,l) = L n{a) = niFu) = aifu)] = U, ard F{al+fu)
- a = ey

T Bu cefings an 1somorphlsm E?: B, = Wl 3 Uy A n2 = 01 + Iy

aof {now monsineulaz) subalgzhras. Indead, @ll+hat ig nanassary

3 . " : . 2 pi ; =
for T, o be a1 izgnosphism is that £2{u ) = F_(u)l", which fallows
= i
7 W . o ALy onny un i
I¥nTW N = Lraiy —Semtall 'l = o 4 111 and u = & 3 u + Ull-

e maTtor what the chazectaristic, once we hawve =an isoworohism

=, 54 + 2, 0f proser nonsingulay svhalgeskbhracs wie can ocnlargo
5 .

iz a2 ; ko ) .
oy =hho=sd. =ihcc B ds alse nonsinuulsr {(by nonsingularity

_ 5 ; L . B T
OfF nix,¥l) we can tind £ & B witn afe, b = -p, # 0 and huild
1 1 |

1= e R o s S Eié.rp.} 25 bufore hy the #=Neocassity
i P | it i i : ) 3
Promozdtisn 309 3% Witt's Theorem {(which is apnliceble ewven
.ﬁl 4
T ' 2 . . - L] B
in i 2 sincs nix.w) is nowsingulary the fzct Lhabt n, n
, 9 : s ; L bl
gre aguivalant apd ¢, an iszowetry from B, o B, implies B, and B

1 1 1 1 Lk
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; : . u ", a"
"y, # 0 and build B, . =§, + 3¢
5 B i+l i 4
b
= ﬁiﬂ.;;,J. Henca », o, 24,
1] GE: ) PR T |

£.) = Fi{c} + F.[{d)f, defines a

=y SO Mmoo Al cri E' - .'r"I g .
lagmoronl 5 i 5 lI.E .a""'} '..B. i = s 48 | o
4 1’1'_L T l,,l_i_] ﬂi+l {since B is

Ly
]

Ig = & pmorohis®) . This is the sssential point - osnce

L and ¢ ars givan, +he malcisnlication follaws. Thus we can

“a22p bullding up larger and larger ischnorphic nonsingular sub-—

algabras unlil eventualliy (by finite-cimensionality when

nf{x,v) F 9 we hava an ldonorphism A = zix 1
A5 =2n Immediale consoouegnce af the thesurem we abtain our

praviovs result +hat changing Lhe pavams+cx U by & mnorm dosan't

changs %h2 zlgebra C(E,u).

Teomana. I ifuy ¥ 0 thes b g Euc}ﬁ*;-b @ of is an
1'_5-::;:::1_;rhi:;r-. of L(B,u! with o, uniul). Thus +the
imormarphisa ‘clase of @B, 1) depands only on B and Lhe
cosst of u modnlc tha porm subgroup of ¢, i.e. the image

o uwodm Fa0E)

L1 oy 5 '] a3 w4 - — 5 . w
Pronv. Cleszr. v 7 iz ac cgamebry: n(bk + {uc)d) = nib) - un{uc)

ro- I-'I
= — f ol = - ; :
nia) wnfulnicl = nibh + of). Thus by Lha Tsezorplism Theorem
(D, ul =iz (3,un{u)) ara isomorohic.

P owHoZ cRss we agloally saw directly F i3 an i somorpnism

-

b

Ax ERGERETYT col I8 ce w = skahlis = ]

o ShIsguancs we can esbablisk the fact, alludsd fo
= g chat 321 1za 51 = Y i 1

¢oRdAL a1 1z2otopes vl o2 Caylew alusbra ara lsomorphic.

Bw Ll IsOomorphish Theorers 4 . B e, & ; :
= FALSR Sheoren il suffices L0 thev hMave sgunivalerst

N rm forms. BUT in Lhe TIsolups Formala 1,20 we saW Lhat the isctoos



[1=8

a8

ak=
[
o

b
L}

=

fype Z, and for %fu 4+ @u of Yvos IT the only elewents 2 = su + o

u,v) . u, v
ﬂ:i r¥) nad norm form n( t¥) ()] = n{uv)n{x),

0 the bijection

{u,v e \ —
L'__]_‘l_;': '71:. r J._}ff:rsatlsflas nELT,:-:} = nfuvex) = n{uv)a(x)
[ =y .
” lu,v) = F : ; ' .
=T (%) . Thus L,y 15 an equivalence and the isotope ig

isomorphic to ‘:I:

f = - - « A R
(Tsotopy Theovrem Sor Cayley Algebraszs) hll lsotopes EEL‘ ) o f

g Cavley algabra { are isamorshic ta €. #

Fromocaioiss of Conpusition

We can extract more informalion

Hurwitz Theoorem. OJnce mors (comoara

(¥onsingularity Lemma) .

of an extra-ordinary comnposition algebhra

characteristic 2} wanishos identircal

*somarphism of § inte 4. OCtherwisa

algzabras

trom the proof of Lhe

s 1

Ly,

the

a1}

The bilinear norm Zorm =n(x,y) = L{x?ﬁ

(including Type I in
#nd ®x + n{x) is & ring

bilinear norm Torm of

&n orvdinary comvosition algebra is nonsgingalar. E!

(Eymmgiric Temma) The svmmetzic alamants

of & eompositian algekza

are nrocolselY the scalars §1 (emoaept for Types 0, IIT, IV in
characteriucic 2.,
Proel. Tf x = & + hf inp Ars, i) ooincidas wisn = 2

= ki then o = & and {in characterisbic &

s syunetric in 8. Starting with ¢l

=

Lhe

T)okE o= 0, Baow -

evmmetric elewents pnevar

Ln echara¢iesistic 2 Lhe vecult holds trivially Zor 41 of

i}

grow
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sevaral pocasions

[

«
=
tn
Fiy
o
~
L
=1
in
.

LEmm )

oL tnvawrtible mlemants, ex
IT ‘afa =D =E
2
Drogi. Cextainly anwy
invertible zlemenis, and

then E{E,h} flas favertihle

symEmetrio, n o= ;-4

“u + fBu, are the x = fuo + oan

we will nead

invertible alaments of

L comdosilion algebra mas a basis

cect Tor a split do 5 6= of Typea

fi=ld ol Type 0 0r T has a bagis of

Wisnaver B has inwveritikle basis {hl}
a

basis {bii, {b,£}. In particular,

Tyne s T ToT g ] ti
e i, 1L, IV have ‘nvertible bascs in chazracteristic & 2
We next opnsider the modi i ! i
G * the codifiad E:2 = 21 + ?u of Type II in
charecterizeic 2 £ { = il ]
5 L= nfa) = « p_ = € ther {1,u} is an invertihle
bases: if P = 0 but théere ia :
1 but thavrs is a sealar A# 0, 1 then n{l-ju)
= ] _?__rl-_‘ Ant = — . - i
fwl o+ Anlu) 1 # 0 =0 [1,1-Xul is aan invertible
F " 1
basls, Thz only cazse whare B d :
nly 2 aTa doe=sn 't 1 & a2n inverti : i
5 i 1ave 2N invertible kasis

= ;___,::F u owihiars 1,1

5
2 2 2
2
Fi = ol e 1
LV sy = mieyl = ul,

l 15 invertible.

L 3 b :
Pleda @ F 3.1 % wil edace g
= (] _ =

L3 I, I _I:J_ = -1.2_ nltl 4+ g

contains only 0 and 1; in this Case

= l-u are orthoconal idlanpotentg

and i B, = {0,1,u,u} only Lthe elefent

in

LA AeE @-—Ezﬁ

has invertibls nagls

invertible Bacoy tha

Ly AR = 1)

Lhan &, toou has
L,

ITT and 1V have invertible hases in, &11

L
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(Invertible Swanly Lemnal

contbaing

IIT-IV contdine inverlkible

Progi, Ia charzctaristic %
i = 4 =
Fu has dinvertinle u - Le-sr

contains a Tyne II subal gehra, hepnce

anv Tyvpe LIL-IV alscbra has ths

Tvoe LI-IIT: since B

ﬁ{S.u} contalas invertihle

Cavidsy

alfernalive-hut-nolb-associas) va

Center Critevrian) The

2% a composition

Typ= U: N{A) = Z(2) = C{a,*) =
Type 1: WA} = C(a) = Cia,*) =

ib.2] = b

2 anv tvpe II Ez i

u + : = 1.
contains
form (B, )

coentains Invertibls b - h by tha

P
;3

algebres exhiblit the moculiar nroparly of

algekbras tthat

nttelaus

a

- L =

lgabra

Any composition algebra of Type

invertible skew slements x - x, and any algebra

conmIators .

@+ 91

Ei? while in chatracteristdig 3

Anvy Tvpe

invertihle = - x,

For 0 of
shove,

(b - L)L, 53

sinpls

Ehe nucleus and

W{Rnl, certer Cla),
& Aare:

> R1L

I
W2
=

'_':’E:lé ITE Ry = iy dEaiand = f_-':ﬂr*.l G r:'-l
Lyveae IVW: ®B(4) = C(a) = o{n,*)

8 Cavley algebra dny elemsat which merely commutes with L iw
e SEFE L S

Pruowzo. The resul ts for the sommulatbtive associanive Iyvoas
B=Z1 ars glear {recalling all symme¥ric glemants Lelorg to

[IT-IV

it
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3 Myx T " R L 1 !
in Tvpe TI). It is well-krnown that Gualernion algehras are
lative algebras. Rlternately, if z = c+dj

25 in the canter of m{n?,qu = By 4+ B.J then [z,;3] = [z,a] =

[
]

-

I ; g g A TN i e
all a & B, implies (z-c¢jj + (d-4) j d{a-a} = 0., By

Li

<= =2xist invertible a - 3, s0 d = 0, and by 4.11

o in '12 inplies z = ¢ = vi € §1.

5]
&
-
1l
.H.
[
1}
=
Ha
Lo
e

,ﬂ.
f
L
o]
S
Lt
[
=
=
o
|
[
e

all = & 1:1__.Jr impliag
the zhove [o,0.]1 = 0 implies

ligcs d = 0 since by 4.13 again thero

|
i
e
i
in
N
i
n
-
i
t
T
i

Wwilll evervtliin L7 U}
= rvthiing Ln 'II'.EBE‘;J.H, then [a,b, =]

]
H
-
It
o=
H

or all a,b & B.. Thus {dlab-pa) b= (ac-ca)l

da=-ad = i £ 'z = [ i £
a=ad) J; g0 dla,.b] lea, o] = Jla,dl = 0 far all a,b.

A 1 I ] o i Okt T
.13 Bhere exist invercihla la k)], sa d = 0, and by tha

above [e,B,] = 0 implics ¢ = Y1, so »w =yl € ¢1. B

(1R

Corollary an ozl nt of i
rellary. TEf an z2lement of a composiblion algebra commutos

Wwind eworyoaaing, it wlso aszogiatbes with evervthing.

T

[l

L — T — ;
9 S L ocompositinn zlgsbkra fis eithet aszoclativa, or
®OEVIIY elavent which assoolatse with everyiking alsa comp-

Tes witih cwvesvohine. f_g

W ogan ales show that alil Cayley clgebvar are simpls,

SERELLID Na DrobDsr onoc-sided ideals whaTasovo .,



4.17

(One=-Sided Ideal Proposition) & Ca¥ley algebra coatains no

Broper one-sided idezls,
FrooI. Becgause 8f tha Symmetry rasulting from Lhe

invelution, it Suifices =5 shaoy there are no proger l2ft ideals

B oin a Caviesy algenrn = QHE,U} (A & quatarnizn algabra). If
B i1s renzsro it containsg a3 slement o + bd Zor b o2 D i

o+ 08 £ 3 then alan Ele + 0f) = fo = b & & for c < 01 sinoe
*tois 2 laft ideal, B also contains zlx,y,c+hi] = Zlx,v,z]

(1

+ { (p{xy) - Chyd=lzlf = {blxivlell fas all x,¥,z&3a. Thus B

. R e e e - e : T G LE . .
contains {b[a,a]lals cBREE (IALATA is an ideal in the simple
unital guzternion algebrse a) ., 20 far wa fave laft-mulsinliasd B

anly by 3, 1E we naw left-multiply ny AL we zee B contains

af{ b)) = W(RE) A = ABL,  Acain by simplicity, b # 0 implies

J ezntains A, Lhevaforn Za = paf = af 25 wa2ll, and B = 5 + zaf - .

worallary. A Cawvlew gldchra i a3 simnla alteroativa

i
ot
1o
U
2B
3
m
0
s

dimensicn #. B

2-sided idesls, Caylay

algebras nesd not+t he division algchras {witness the gnlit Cavlew

2loabraes) | s wWe mentbionsd {4 Clhapler T, an alternative dlgz=hbrs
£ & wlwision aleoabra {74 ib des N0 proper innar Zdeals,

Rezall that an algadrz with involution iz ®-Simple i2 it

-2 i’

is not t=idvial andg Hag o6 nroper F-ideales tidzales Snvariont
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fil

i
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(H

Ik

(L I

i

i

B

[

['H

==

ol
i

icity Thaaram! RBay conpositian algshra over a

tield & ik *-simeple, and all are simple except for the

Ca2se of a splil Z-simensiognal composition algelira O | dax,

B8 g e Note +that *—a;zplicity i3 zasy to Erove: Lhe

z2vlay=-Dickson Formuls (3.2) shows that if ¢ 3 & Drapayr *-jdasl

L 3 cftnen & +7¢E is g proDor *—idegl 497 (s, 1), so that 1f at anw

5|

fit

T4
i

o

|

wh2 Cayleyv—-Dickson trocess there were 2 proper *-—idogl

final 8-dimsnsional stage, whereas g

T

o

It
i
n
N
9]
[}

11d remain one at Tk

3]

[ ]
K

=
iH
-
| ]
|. i

Lgabrs hasn 'L aven 0% pProper asne-sidad ideals by 4,17.

Dr direc ol if ¢ is 1 Broper *-ideal then s{¢)] =& 4+ c*, nilg) =
snnot D invarkible, zo they ars zero, and n(C} = 0, n(c,a)
EloaE*) CoRiey = 5 by 1.12 implies o = ¢ Ly nendegenevacy of nl .

Thz insenarablo sxtensions f {including § = @) are triviaelly

irnle, =228 by 4,14 the Cavleyw algebras are taos . It & of dimensiorn
oY < Lkzs =2 propow i8eal U then =n(c) = o0 since C ¥/ A has o
invertible elemsnts, vet (0] :thc?} = nlC,a) £ 0 by 1.12 ginca
o0 =wd aim, vl is nonsingulzr. Thus there is &« Proper idernpotent

in i Tlg) = 1 but nle) = 0. If & has dipmension 2 then

e = BeY e T oaend omeds e 2*2 = n(a} = 0 shows 7 = e @ do* 43 g

SERRL Sumeant bue oepisE BE 8. T A Eas dimernsion 4 Lthen A 7)B
e & Wedy sooa =ErELuY = B¢ Bl For any j L B by 2.2. fhen

E 0 fmoligg &1 20d o o= 2%9 1:ig 4in L, which contradictsy total
soErapy oF O nicj,.e*y) = Hafe,z2%) = U = 0. Therafors po sunk
2Xizt:s in dimenszian 4 Ea



By means of ths Invarse Criterion 1,17 £gr composition

glgebras we oan decide when the Cayley-Dickson consitiruction

20 (Divwisian Adlagshry Construction) 1I1f 3 iz a fomuosition zlgokra

then {nHy s 4 Civision algebra 177 o i o Riwvigion 3lge

o
fu

T

and i é %(2) i85 net a norm.

Proof, The condition for Qdﬂ,uj e b2 a diwvigion alvehra is

th= anilsontrany fondition thgt its ROY® net reoreszenl Zero,

=
£
It
il
t
I
=
=
i
1.
L
i
L
A
"
|
ag
+

cf # 0, Cleariy Lhis imwlise
¢ B0 B must ha g Civimion algebra,

2ng nl(k) £ U (toke & = 1)y su | ois noe a4 norm,

COaVaEseTy, . if these tus conditisns are met then Libj - unfel # ©

if ¢ =0 bur b < O {sing= ni{n) # 0} and nlk) - Inmfe] £ 0 i g £ 0
: P P -1 =1 \ ’ =
(Elitce W2 Hihinie) =ntbe T) e o nlx) F 0 2o x £ o. BA

[
8]
=
b
ik

tompositisn algebras

lhd=mputents in g COMposition alechra are 2#asily characrerised

i f=2xws oF Lhe Trace and me e
W 7 CTadzmpoten & Crilerion) ot elemant & odin & Sonpnsition algebra
LS & propor idemporanl iff Eie) 1, nlel = o,
L . . ; " 2 il ;
ErgnE, Lt ©ie) = 1, ntal = 0 Llan o = Ele)e ~ Hla)s = & is
idempotant: ik ju Dropayr (a #£ 1,0} sinoe Elel = 1 bt 1} =2 and
. 2
=0y = g, C:nvcrsziy, 1€ g g 4 Proper ldanpotent then [0 = =]
— tigls + ni{all = l-t(e)Fa + #le)l dmpl ies | = tie) = nieg) = 0
Bifnes £ F 33 (il 5 idampotant enly for X = 1 &y A= 0, and
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As soon as the nopy form repregants “2r0, the whols

composition zleenhra dissglves ints & very simple farm.

.22 {Splittiug Equivalenca Theoren) Thaa follawing concitions are sgui-

valent for a composition alyebra & cver a fisld B,

{5y # i3 not a divisisn zlgehva
[ii) A lhas zero divisaxrs

| | the norm form is isotropiu{r:prasents TErg) . nlx) = 0

for sonpa = #

{ i) f contains 3 Droper ldcmootenl a

I

Loy Mg

Procf. By Corellazy 1,18 +o Lhe Tnvercs Lheaxem, (i) ana (iii)
Are sguivalent: clearly {11} implies (i) [zers divisores xy o=
destroy iniac:ivity of LxJ’ and (11i] impliecs (i} since 47 afl=)
=0 for = # 0 then wi . = 0 whare 3 P D {reegll w o= 1Y,

Tf e =1, 0 ix idewpotent thap n{c) = 0, and n réepresents wern

nontrivially, mhygs (i%) =Zpliii). Cunversely, suppose n{x) = 0

IOY Home x £ 0. Since the norm farm is Rondaconerate, nix, i) F 0,
dannd we can [ing Fowith ni{x,v)] = 1. Thus & = xv has trace =g}
= bEiEy] = nl{x,v) = 1 {s28 1.12) and nawrg ni{a] = nixy) = n{x=ln(y)

= 0, =2 that ¢ ig a Rropsr idemsotent. Tlue (1ii}) =2 {iv) . @

We 5av a composition 2lgebra is gp“t 1l it contains a Prousr
idompotent = & LBy By wlia abave, a sompositicon algahva <o either
Fplilt ar g divis_.on Zlgebra. It is wory impurtan - thatk COMBPOSITION
ALCHEBZRAS COME IN Two KINDS , LIYTEION ALGEDZASZ OP SELELTT ALLERWERAS

tavuordineg as 0 doos not aor dpes Foprasenl zsrg) . Anocthner
Imeortant fast is thay ant SPLIT COMPOSTTION ALQEBRAS oF A GIVEN

DINENSION Loox ALETET .



1=

Lud

{splizt Isomorphism Thearen) Any bweo split composition algebras

0Z the same dimension over the field ¢ are isamsrphic,

Froof, We will show that the norm form of 4 £plit algehra
necessarily has maximal Witt indax, sipee 40y two guadratic
forms of the came (even) dAimeansion having maximal wits idex are

cequivalent, and sinee eanivalerce of norm forms inplies isomorphism

of algekras by the Lzanozphisn Thedzem, this will estakblish oup

regsizlt.
IL A i3 mplic it contains an idempotent e With tla)] = I
nle} = 0, sa & | =¥ = 1 and 2%s = g, Thus A& = Al £ he + Bad iy
a sum of btwo subsoaces;: “hig sum 1s dirsco+ beaause as — Lo+ implies
2 e . g ] . .
32 = @ae = (as)a = {Deg*)a = bie*a) = ¢, (This is g Fartigular

LARs ol the Peircoa Deconposilion rzlative to two arthogonal
idenpotante discussed ip Chapter vI.} Tnus wa have Azconmposed

A2 intks a direct sum a o= Ave 8 Re  of Tobally iso=roplic subspaces

lnate nlas) = ni{flinfe) = 10, ni{dae#s) = nifln{a®)

n{dAln(e) = 0

30 that by definition il has maximal Witt incex. B4

Thas if you'we sean one split algeshra, ¥you've scan fthem all.
In particulas, the Fplit Caylew algebras introduecd in Chapter I
foincide will smlit Cavley algabras inm our pressnt sanse,  One

wey of brildiancg a s2lit zlgehra ig Lo take QEE;UJ for 4 =

[

(whether B is wolit ar nut) bgcause Lhe clemant # =1 + £ # 0 has

Dorm n{x) = 1 - y = g, (in 1.00 wa Y=Ve 8 proof that @B, 1) was

s

liv in characteristic P 2). ‘Therefave wa ollain the followiag

{exhaustive) 1ist of spllt comooeitiun algebres over Tigld o,



T‘Jime‘ns_'l_on_r%_. We obtain a splir Tour-dizeqsional glgeira G:.f:i-" 1)

Ta=y

= {22 + te*} 5 {go + Par}q = 'Zreu g By ¥ By, o %2, ,which is isemorphic

fo the aleebra i (¢} of 2x 2 matricos OVET % With standawd invalurian
—=" ¢ Matrices o tegre JSnvakuiion
* 8 (& -l
!

—# « Harpo g = fa.; = @28, e =Ed oa = 271 der 1ike
g 5 \“v g} o 11 " a9 e !tl::'. """:El 3 c 1K
]

ot

LAtTix units. This cog Le checked direetls, or nora Lhiat we have an

45 ; , . ' ¥ :

irhedding ¢a @ pav - ¢El'f_ =5 @czz' by e + g & ( l* i
] . /

- = 2fq =1 - h = ®°Y O Fas 4 P

%51 1 | &tisifes jb = p 1 Tor gil B E.rel1 - de

s 2ad 37 = 1, by

3.9 wa have ag isomorphisn T (2= 5 fa%, 1} ﬁ-HE{DJ TEE (68 S 4 The

&=
Lk +,{?311
@ B
v o&r

It edghc he well g stop For a momsnt andg consider tha fnvalurion

7 Sy, + {ﬁell + TEEE}(EIZ + 921) = e, T fey, + fag, *

]

gy S

in the (split) quatermion aleebra M2[¢] In: more detail.  Esra

4 oy
M1 8o G2 it

M1 | ey

Note that thisz is very different from the Eranspese dnvelution s «

wa L 1 = - a - -
CT 2ny fsctops x =+ cx a thereof, Tha csseatial fact is that a1l traces
Bl = 2 b %% are 64750, in @l. No athar marriw algohra ¥ (3 no» o2,
CEreRTLY Suth 8% involoriom: Trdeed, you will recal]l from the zssorcia-

tive theory {tus Cartan~Braver—Hua Thanwen, fo- cxamsle) that thasze

crabtemmion algebras wish standard involourien =

-

e tha wigys sxeerztioneg
to many general statomencs aboul asspeiative Algebras with invnlitiog

The nors and Lrace are thig voual ones S0 matricss w - (

P
J=t



Dimension 1. A one-dimensional cemposition algebra @1

is never split 3ecording to our definition,

Dimen;ign 2+ "1F the Characteristic # 2 the split two-

dirensiaonal fomposition al

with 7 = 1. Than L - s B 2ef iz a divect Sam sE EWwo coples

gebras laok like €(¢,1) = ¢1

of @ wich sxchangs involution,

=i
H,

the charccteristic = 2

tlua} = 1, n{u} =0 fu
2 Lronsy ldemnotant and a.
of 9.

o 3 = 0&. 8 Y9a_ the

| 2™
the J[Kl = le = n1xljnfx2
= o san Ba

OT

=

4
=

1 . Loz
whors =2 = ;{l + i), e¥® = el

Ltekes L (¢, 0) = &1 + &y whore

0 rather than H = 1! s again u is

P B du* consigts uf two copicg

trace and norm af én =2laipent

R, Aid nlx) = aon

o 1%a- Hotice

the product of pnorws ni{mei}



o - o0 t! = Ltrace ¥ = o oo
f1a%as 7 9,0, t(x) =

Dimensgizn 8, The unigue eight-dimesnsional split Cayley

algebre EE¢;1.L,1} 1s obtained as ME(GJ + M. (8)L = {da

(1) Wi (2) (3) (2) [3) (1)
Fhe s+ el 1 s V4 {te + te FoZa + fa for e
23 12 21t 12 Sz 21 1 ) 2
[ " i
tl) (2) . (2) 1 3) 9 {3
HE S fa1f B1p" < &4 Mg T “12£‘Elz S Ggges, ) = oe, L
Where EEnJ E{MJ ggain act like matrix unite g = - but wa have in
N aEan 21 5 4 i T e = 12 29-*
_ g - R {n} { m) fn} L
adailion produoctg e, € - 2.1 €13 — 0 3if m# n auna
{m) fw+1) (m=2) {m+ 1) (m) o w2 e o
259 2 . = ezl i ezl €., T el indices mod 3) .

[Lheze ara "Cavley metriw units" as in Séctian VI.E).

although atl Srlit algehm@s ot s givan dimsnsion lonk alike,
“he same is by no means Erus of division el gebras. The class-
ification of divisian algebras depends Yoy much on arithme<ic

Fropericiss of the Lase FTieald. We can =zay



(1) there are no composition divisien algshres of dimensicn » ]
Over an alpebraically closed fiald
{(11) there ave mo composition division aleebres of dizensicn » 3

OvaT a finfie field

the only quaternion division algebra over the veals ie the

alpebra of erdinary quaternigns TR, -T,-1); 2nd the nnly

i~h

Cayley divisiogn alpabra over the razls is the algabrz o

ordinary Ceyley numbers ‘:f{ﬁ..—'-',—l,—J.:l_
The algebralcally closed cace (i) is trivizl siqce LY Ton-tonstaat form
n{:-ai,...,x_k} for u > 1 has nontrivial zeves in an algebraicaliv closad

4

Tield; similarly <or a finite fiald ¢ the nora form n{xl, seea® 1 nas mora
3

variables n = 4, B thap its degree 2, hence (kv the Artin-Chevalley Thagramn)

"

-

hzs a neatrivial zero.  lFor the real case R we know that 17 we aver
teke 1 = I in tha Cavlev-Dickaon process, C{B,1») will be eplify hut +har
leaves us aoly p = ~1 aach time, beecauss every real U czEn be written

. L2 i . e .
U= & =t ale) {ac:t:r:‘rdl.ng 95 U 18 positive & napative), so TR, o

68, £1) by Lewma 4.9.

o



I=2

4

VIT1.4 Exzrcises
In tha proof of the Simplicity Thearem 4.19us2 *—simplicity of A

te show that 17 € 1z a Proper ideal dn A then A = 0 BHCx, In

2

Ii

dimension 2 show C = d¢ whave C ve for ¥ # 95 conclude G = 9o,

"I_F
Piva o exsmple eFf an {somsto 4o+ A of d-dimsasional composition
algebras such thas F(13 = 1 Hur F ls mot an isomorphiem, Ts this

. - F o i i .
Cive an examle af an isomorphise B 5 B of fedimensional und tal

sthalzabras (=ingu] ar, of couzsel!) whiech cannet be extendad bg
2o Isomarphisn A4 = & of d-dizsnsipnal compesition algebras. Show
that nevsrthless & aznd :ﬂ nust ha iH::mﬂrph_ic.

Pescribe =217 propsr nilpotent elemants <4 a ::c.mpu_sition algehra

(¥2lpotent Critericn).
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VIZIZ.4.1 Preblem Ser: Wright's Theoram on Absolute-Valued Algebras

An qﬁsalﬁt valug on an algehra 4 over the field [R af real numbers

is a real-valued function %] on & satisfyine

(1) f2] >0 forx g
(ii) [a:»:[. = lalfx] for se R
(2i1) sty ] =< x| + |y

@) syl = |x]|y].

The last ralation shows A cammot have any¥ zero divisors.

1.

dji“.i'isi:;;n ]
If A i3 a cnmpﬂsitioqﬁﬁlgebra over R, show [xf = va(x) 45 a wel;h
dafined abéolu!:a valus om A,

We'want to estabhlish the converse, that every abzolute-valned
{ncnasauciétive} division algahra 4s gz composition algehra with
[xf_? Vi), What we must do s show n{x) = fx]z iz 2 nondegensratc
quadratic form an A pérmitting cumpgsitien. It certainly permits
compasition, nfxy) =.]xy[2 = ]xrzfyjz = a(xIn(y) by (iv), znd also
nlox) = nEn{x] oy (ii). The whele difficulty vesides in showing n
iz quadratie, i.s. n(x%y) is bilinear, .

(Jordaa-ven ¥eunann Cﬁaracterizatiun of Inner Product spacesj Show
2 function £(x) ra a d-madule E%-Ei@} which satisfie% Flux) = &zf{x].
Floty) + £(u—y) = 22(x) + 21(¥) nacessariiy has the form £(x) =

n{x,x) whare wlx,v) = 1{f{3+y] = f{x=¥)] is 2 symmetric Z ~bilineax

Fumeticon. Ef 2 = [IR and () < £(x) £ Iy}, show g iw B, =Lbilinaas,

Conclude that a normed Tinear space (or Banach space) is an innar

product space (ur liZlbert space) 17f 4t satdgSies the parallelogran



7.

il

5 2][y|,2. Concluda furtker 2 porm-

ed linzar space X is an innar preduet soace iff svery 2-dipsnzicnal
. =] S V30 Aol i
subanape ¥ 3 - .
subapace X iIs. (Observe that a I-dimensicnal normed spece is aq
sdaliilda L mow il az

nar oodiuer & 1£f j§ i
lnner croduct space 1€f its wnit sohers 5 = {x

i
|_..I.
'_l
==
ol
f
1]
a3
P
ke
bt
Y™
1]
il
ey
4
£t ]
)
L
=
i3]
F
'
|_L|
e
o
—
[N
|
I
[44]
=
b
]

LY

3 Lot {F i
shaw that if f J 18 A norm on a Z-diwsnsignal teal w

2cioT space
B b 2 2
satisTring [wv|” + |x—w! : R
ving ity |%-¥{* 2 4 for =¥ in the wnit sphere 5, and

F 1l 4 i3 : Fooll
| 1] & cormdch unit sphers an ellipss Z {'le|2 = z(x,%x}) such
; 2l 3

it
'

4 . i o .
Hdes insids 3 with intersactien T A & consisting of more
ing ¢f more

than 7 points, then pecessarily % = 3 &nd i = |! |F iz ziven B
X ¥ i == EilvEn DT

Eog f oo ) . .
£ i | PS & mom on a I-dimensional space wirh unds sphers 5 Show

{a guadra—-

It
ek

is an ellipse {x | eGtx) = 13 =" i | gt

trl

-

tie fom ined iness i
t form) conrained ingide 5 and havine mawizal zraa enomz surh
. Hiad ] i

--1_.. E v =l . l ]
ellipses, then E meats S in at least & roints.

=) -— = gy - -t

Prove thz Da;—ﬁ;ncennerg_Ihcurpm: If a2 notmed linear sosce s2tisfiame
m - Abimesa =Sl SELVISELI®S

z 2
ok | © + [ |© [ I
oy T = > [ = - B e i
[ v | for j=l ¥l =1, it is an inner produsc space
Trove WrdioheTe o - :
srowe Wrizhbt's Theorem: Ao sheualubs gologed i
£ i2gram Ao zhsolute valued resl Aivis ion glgehra 1=




Problem Sat: Albert's Theorem on Absclute-Valuad Algchras

By techniques of lipear algabra (rather thap EEOMETTY) one cap

esteblish the firite-dize=sional version of Wright's Theorem,

1.

Show

that if Lx Satlsfies zun equation of degree 2 for cach x in =

mital algebra A, than A is lafr altemativa,

Thus wa will try te prove Lt iz degree 7 when A 1y absolute-

valued {2 similar arsumeaat on Rk Will give right alternativicy).

leads us to investigate the mintmum polynomial of Lx'

for a linear Lransformation T on a finite—dimensional space ocver

ﬁ% let (T}, the Ioectrum of T, vonsist of the charactorisrio TOOES

of T (ruots of det [aL = T| = 0); c(T) is a subser of C. Sshow

5(p{TJ}_= plo(t)) for any Polynomial pla).

Show

that if' X 43 5 finfte—dimanaiunal normed zpare and T iz a bowmdag
2

Tinear transformation, [Twi = ]T! [x! for all =, then [U{T}I E_JT[

(1.2,

“he specttun is contoined 1n a dise of radius iy,

If T, T~ are bownded and [Itl = fT]qI {for example, 4f | Tx]| =] =]
for all x then IZ2] = ¢ and [T-_I = t_?} showr fg{T}f = 1] (i,e. c(T)
lies on the circle of radius |7]).

ip 30 shsetitameaTuad finite~dimensional mnital algebhra, shoy

that anx L_has at most two {conjupate) charzeterierio Tonts,
Show thar if 5 = I -2 far 7 nllpolent hazs ]Sx] = |xi-fcr eli ®;
then Z = 0 and § = L.

Ehowr that any Lx fer x in a umital findte-dinensional absolute-
valuaed alssbra has degrea 2,



Show every finite-dipensionsl abgolute-valued elpebra has z unitel

izotape.

Prove Albart's Thecrsn:  Every finite-dizeasional absgluta—yaliued

alpebra ovar R 1e an isotope of m, @, Q, or & (and evary mital

one Is itself one of fF‘l. E, Q, ozd 3.



