n
|
=

1m
Ln

.  Connectivity

Idenpotents can be connected, strongly connected, or
interconnectsd. Interconncctivity is the more general notion,
and is really a properly of Lha Peirce decomposition; any Pelirce
decompositicon of & simple algsbra is interconnected, We show

rongly associative:

[

an n-interconnected algebra for n > 3 is

n

it and all its bimodules ars associative, and it remains nuclcar
in all larger algebras. Thus simple alternative algchras with

three orthogonal idempotents are associative.

The basic idez here is that if twe idempotents belong to
the "same piece" of an algebra (such as the same component of
a somisimple algsbra), they ought to De "connected" with each
other, and that if we gan tie all idempotents together we will
have tied the whole zslgebra tosether.

We say Llwo orthogonal idempolenbts = e, arc conviected i:

3 2
there are elements Kigr X5 1R the Peirce spaces Rior Ay such
that Hiq T Hpo¥uq is invertible in Hll and Hoqy = 321212 is

invertible in Byse They are ﬁ*rpnglg ctonnec+ad. 1 we can

actually choose x. ., X S0 X,-. = @& b o Koty L =

Y SRR el Rgy S0 1t ¥az 2% H¥ya¥ag 1
A ¥y = E5e As 1n the assoclative case, thess two notions
coincide.

5.1 {Strong Connectian Lemmna) 'wo crthogonal idempolents Syr Sy

an alternative zlgebra are connected iff they are strongly



eonnected: 1f there are ». _ & A and

12 12 41 &1 zuch that

21

XlEHEI = ¥y 18 invertible in All and lexlz = ¥ is

1 ¥ 1 il el ] ! = % L] ] e

invertihle 1n Ayns then ¥y2Y0q g0 ¥oi¥ o a,. for
..'| _1
= L"-C

Fip = Fpa¥ee T FpoBaor ¥y T Fage

Proaf. First obsecrvs that the two expressions for v

12
5 1 =) BT il g | R - = = 3 E
coincide: by flexibility Xyq%q5 Hq 57 21,312 X lexlz}
" » ’ 2 =1 . L
Kyp¥gqgr SO (multiplying by 5] and {?2) {hll lA]
-1 o 1 . s et
{{x_l lI}Alﬂ}x?z = {clxlz}yzd = Xy oBao coincides with
lx Jx L= xPl{‘ fx X_1} = xul{x e, = X7 Ty
l 17 ?" a2 11 127722722 1= iz ]] 17

By Peirce associativity (3 Peirce spaces) we get ¥,,¥,q =

_ -1 » _ -1 . . -~

[x_l 1,1121 = XlltxlﬁﬁETj = ®i¥%yq T oy immediazely, and

-'1'-1' F = _"l' T s 1.-_-E = A _l = = ifl
similarky yo ¥55 = ®yq Bpa%as! (21 %701%y = Xgp¥yy = ¢ BR

We know in the associative case that in a matrix algebra
‘w{D} the diagonal idempotents g, are strongly connected by
He matrix units .., e..e,. = &... In a split Cayley algebra
t matrixz units blj. 15793 13 split Cayley v i

the same holds (for one thing, 2 split Cavley containg a splik

guaternion = ME{Q}}. Examples of idempotents which are not

connzcted are those lying in different components of a direct

51 _?-‘Ll 8 3—‘;2.

To conncct all the C, together, it is enpugh to connecl

them 211 to cl.

5.2 (Transitivity Lemma) TI[ @y r &, are strongly connccted
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b Rygr Foq and €yr &4 are strongly connected hy Xyyr Xgg
: arc strongly nnccted by = KonXogi
then ¢,, e, arc strongly conncc by S Kqn¥ag

Proof. Clsarly #1a (=) P JJ:: ﬂll and Haq = A32h2]C:_ﬁ31
hy the Peirce relations, and Xy gHaq {XTEKRH}KE1 = Elz{nglej
= 'z » = - £ o -|' — = . =]

q 51Xy 3 (B0 0Xag I1 = 3y Hls o 0%, b = Hypleg®y b = g%y = @
by Peirce assccizativity and the assumed connections Hyq¥gs T 84y
HygHgy = €1- Slmilarly Hoyq¥y g T €ge E
5.3 Corollary, LF ey is strongly connected to esach

By (i = 2,*+*,n) by m=ans of elamenks xi]' xli theon any

e, and ej are strongly connected by x

Kew = X..X-.. E&

Ji i 8

sow = M. oMo
i e

A weaker, therefore more common, notion iz that of intar-

conneclivity. We say two orthogonal idempotents e,, e, are

i ‘ = Bz ; = B, t is 1all

ihtercenngcted if Dighay = Byyr Ay Ags = B,y It actually

enough 1if hlgﬂnl Just contains Cl and ﬂzl L2 contains 82' sinece

L ¥ =5 & Hljﬁ]l then By = 11 e [ i ljhji} =

(B, ;A.-1A.. — A..A.. by Peirce associativity. The difference
r3 17 11 i) g1

betwean connectivity and interconnecitiivity is that fer (strong)

connectivity we must have ey = xijxji expressible as a single
product, whereas for interconnsctiviby we nacd only have
. o G
B, = & KF.J KE.] a sum of such products.
i R | ji :

A family [Ei} of orlLhogonal idempotents is connected (resp.
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[

ﬁt“ﬁﬂjl}' i:iznnt*.;c.‘i"«f:.cﬁ-r m'tcmnﬁﬂ,c,{ai) if each pair 0 8, s

NOTE THOAT IF Sr 8y

. i ; ; 3 )
REMAIN 50 IN ANY EXTENSION A 2QA, since the elements xij}, xé;J

which do the conrnecting or interconnscting in & do it just as

ARE CONNRECTED OR INTERCONWLECTED IN A THEY

i

well in A.

Interconnectivity is really a preperiy of the Peirce com-

ponents, 4. AL, = B . . L | 1 oo 9 ] 5 P -he
I s k] Bys for 1 < i, 3 < i, raLher than of the
idempotenis themselves, To take into acecounbk Lhe "missing®
o
idempotent oy molwe (e = T @i}, we say a Peircs decomposition
i=1
I ' ;
A = il A, relative ko IR iz interecennected if
iod=p H
5 = pn 3 i
(3,4) Psij F'ij Bsy {C B # 7 % n}.

(WARNING: Although A remains interconnected in any extcnsion
n'\-l k - 0 -

&, an interconnoectad Peilrce deconpoesition af A need not extend
to one of & il 2, does not exlst 1n A or af £ exisls bulk A is

not 3 unital extension).

These rules have o5 cansaguenoe
|

5o ] ) i, 2 . 3 o - \
(5.4) Aiq Bk = By tirdek #)
Indeed, if 1,3.k are distinck eilher a. ar ey epxists {1 or k
et i [ o=y o = = 7 = = A
isn't 0), ard 1f (sav) = cexists then A “iﬁik {ﬁijhji;hik

- Aijihjiﬁik] Aijnjk by Peirce assoglativity.

One reason interconnsctivity is important is
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2.2 (Bimple Inlerconnectivity Theorem) Any Peirce decom—

vosition of a simple alternative algebra is interconnected.

n
Proaf. Let 2 =@ ., . _ {.. be the Peircs decompasition
i,3=0 135

relative to Gy “Fipa {tacitly assumaed Lo ke nonzmero, € # 0,
and non auppnlemsntary, ®y # 0).

If = ey . =< mn) ths Peirce degomposition relative to
2 hag 4 ey = L., : {(e) = E. ,. A. =) = A,

s M 5 ek P e Bpptel = Ly Buee 299 (8) = Ay

hDDIE} = 5 18k ﬁij by the Collection Formula 2.5. The fact

that ﬁuliejﬂlﬂic} = &Gn{e} fer & # 1,0 in a sinple alyebra
(Connector Corollary 4.3) implies for i # k Aii =B Hﬁﬂ{e}ei
= ei{hjl{ejﬁlﬁ{H}}mi = iei Aﬂl{e}}{ﬂlﬂthci} = ﬂ:kﬂki even it_
i= 0 and @, oxlsts only in g, or il k = 0 so0 e = e, exists
only in ; (note in this case EG1{ﬁU}ElDtEUJ =

10{9 SR }Eﬂl.el+---+cn] = ﬁll{e]+---+en} = ADD[ED} since

a1+~--+r-;n does exist inside A). This ostablishes (5.4) . B

Wa say A ia pn-lnterconneeted if it has an interconncoled

n—~1
Peirce decomposition of length n: A = @ - A:. (corresponding
Lo n=1 actual idempoitents Sy ",c”_1 and one perhaps fictitious

idemrpoLtanl e making n idempetents in all). OHE OF THE BASIC

nr
RESULTS ABOUT ALTERNATIVE ALGEBRAS TS5 ''HAT WULN THLY IAVE ENOUGH
iDEMPOTENTS THEY ARE AUTOMATICALLY ASSCOCIATIVE. Indesd, inter-
connected algebras are more than just associative, they are
Strong ly asseciative in the sense Lhat they remain nuclear in

any larger algebra: A is strongly associative if A & A implies

O MRy
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5.6 ({Strong Associatiwvity Theoorem] A&n n-interconnected

alternative algebra (n » 3) 15 strongly associaliwve.

Proof. Ths basic raason is simple: an interconnectcd

algebra A stays interconnecled in any larger algebra A. TE
-1
= . ative t SRR R R = ith (5.4 L. = - S
it & - hi] relative to e,, PB with (5.4) A.. A'I.]ﬁjl
i,1=0
= A, ; 2 (.4} Aa., = A, .4, i,3,k # >3 he
lkﬂkl and [5.4) Ry l]hjk bied.® ¥ni 2.3} then
L n-1 Ci n
A= & .. relalive to & ,+**;& with &,.€ A, . and
v i i 1 =l 1] i3
1,3=0 ;
T — . . %’ o G "-:;' ,:.I: 3 SR =
hence A Aijhjir‘i 'hj_khklc ":Ljﬂjiﬁ P L N({&) (by Peirce
3 g & b/ = Fo 2 S ™ i - > -
Nuclearity 3.19) and A,, = -&ij.*._]k e %’ijhjkc N(K) (by Peirce

Nuclegarity 3.18), =0 ;ﬁ.l:’_‘_'rd{gf}. B3
In particular A is nuclear in itsell, A = H(A).

5.7 {intercennzctivily Theorem} If A is n-interconnected

for n > 3 then A is associative. %]

25 an immsdizle conssguence of the previcus theorems, A

STMPTLE ATGEBRA WITH ENOUGH IDZMPOTENTS IS5 ASSOCIATIVE.

5.8 Theorcm. Any simple alternative algebra with two nonzero
crthogonal dempotents @ys 85 with ey * oy # 1 is

associative. ﬁ

If M is a bimodule for & then the fact +hat A is nuclear

in the split null exlensicon E = A & M mcans A acts associatively

on M,



5.9 [(Bimodule Associativity Theorem) All alternative
bimpdules for a strongly associative algebra are

associative. [3

5.10 Remark. As an example of the warning aflter (5.4}, if
the extension E = A @8 M is not null, so M has a nontrivial
multiplication, then although A acts associatively on M Lhe
algebra M itself need not be associative. OF course, 1L A 1is

unital n-interconnected (n > 3) and M unital as an A-bDimodule,

n=1
then ¥ iz also n—interconnected (1 =12 ey still has
i=0
e. € A..A..C E..E..) and therefore associativa. But if A is
i i [l 1 i L i
not unital, or A is unital but M is not, Lhen e, = S " e,
1:

doesn't exist in A, and E need nclk be interconnected: oo =

nzocd not cgual EDiEiU = Eﬁﬂi 0 =] min}

MDiEiD} (thers need nobt bhe any way of

A @ mui}[ni

ao @ Egq

S (N
D it {‘G

M.

110
svering ! S M. (e L

recovering MDD from Ilﬂ and bﬂl'

The point is that a unital Peirce decompositon which is

0ifio

interconnscted will remain intsreconneclked in any unital ox-

i

tension, buk a non-unital Peirce decompesition need not. B

Wz say an idempotent e is Sf?angh; asseciative (relative
tc ) if not merelv o but the whole Peirce space EEE is nuclear
in any larger alyebra P containing A: AC i implies
age{: N[EJ- For example, Lhs unit element of a 3-intecrconnected

algebra is strongly associative, or more generally
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5.11 Lemma. If o= Ie. ig B BUN OL grihogonal idempotents
such that zach e, is interconnectsd in A to at least

two obher

i+

5t e (but nol necessarily to all other ei},

then e is strongly associative relative to A,
s

b L M 2
Proof. If A& A then chie = lejAe, = IA, . To sco that

TR ) . : , : _
ﬂiiE: MiA) is nuclear, obsocrve that if 2y is interconnected

to Ej'ek in A it remains interconneccted in A, hence by Tairce
5 J\L' Bl -l"u Fig
¥uclearity 3.17 &,, = X, .R.. =R X .€ nN(&). To ses
. ¥ ey : S bpPy & NAD
i iy p N " . : §
ﬁijc: N(A) for i # j, observe that e, is inlkerconnzcted to

some e, # Hj o Lhal ﬁjq njﬁle: {nlkﬁkl;%lj

i AT ] - e erpes & e W -
ﬂikrﬁkiﬂijjc: ﬁikgki and therelore ﬂij is nuclear by 3.L17

£,

again. (Altsrnately, all unruly associators involving Ei4
4

(Y} ur

; . ; 4 . - 4 o el :
in 3.7 wanish since by nuclearity of o, all A, and A ., vanlish). &8
- - uk} 1k ki

¢

The £cllowing technical proposition will allow us to 1ifl
nuclear derivations _-':Jn ir the prooi of Malcev's Theorem in

Chapter VIII.

5.12 (Proposition) If A is an alternative algebra with unit e
over & field @ such Lhat zome Scalar cxtension A B I' becomes
n-interconnected (n >*» 3), then e is strongly assccialive

(relative to ASY  whensver /¢ is a s=porable field

extension.

£y :
Proof. Supposc we have f-algebras A = sie € ede TR, To

a - . . I-‘“ — ‘-‘I - ! i L =]
slhiow strong assoclatftivity ehe C N{A) of @ in & ik suffices to
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i

¥ " i, & ' ! - ! a
show strong associativity e(dé¢ T)e © ¥ (2 G, 1) of e 1n X Q, 1
‘i-' = 13

-

for TS0 an algebraic closure of T, since then
A

ehe C A N N(A 6, )€ W(A). Tc this cnd we will shew that in
¥ m E4
L 8 T we can write e = I T f.. as a sum of orthogonal
¢ e 3=y
idempotents such that sach fiJ iz interceonnscted te n - 1 » 2
-

idempotoncs f%k : by the Lemma %.13 this will show & is strongly

assceciative in & @ I.

Now since /% is separable we have A 8, b1 = H By for
i . " ™ T - " .
= A&, = (A @, J)@, L by the Scparable Decompesition
a

Theorem 0.00. 2v hypothesis a4 &, T {hence also each

ta

Y

Ai = (A &n T}ﬁr £)] ig p-interconnected. ‘Thus the unit C. of
i 3y N i
A is the sum a; = E f4j of n interconnected idempotents,
; ; S L
and the unit e of A @, L = [ A, may be wrltten e = Fey = LEfij

in A l.'J:de:| F.f:'A' i oAar promismend. r@

3
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V1. 5 FExercises

£ i in b, o =% W..¥.. = X.. are invertibl
I (as in 5.1} %y,2,0 = %pp0Wy %), = X, are invertible

forx Xy L~ ﬂl?’ Loy W <3 ﬂﬂl, ig it Lrues that

AL 21 E)
s T-l = Y_lw T Prowve X .Y = x = @y for
Py Ttg ey 8 2 Hpelay: T Byt Ypofie T S
r — _l R T == _J' g
¥oq zgjx]l and for Y41 ngwzl.

Give an cxample of an idempotent e such that Anlhlu =

i i) L A — - 11T = ] = - I =

RygrPioton A1y but XDQRDD lDDxﬂﬂ ¢ for some

Moo # 0. B}

IfA=8@. . . A, is an interconnccied Peirce decomposition,
J—r.]—c' 13

T T WO - L . R ) TTT']

show (T') Bjid, Ay, and L]lfll h}l iF 4 O (TITE)

Xiinij = J or A‘ixij = ) implies Xgg T 0. What abwutl

=L ! = = -

(IT') 2p0Rg; = Bgir PigPpo T Pio

If orthogonal idempotents €q1C5r@, Are oonneoted, are

+ e, and connccted? Repeal for the interconnocted

e : ]
1 2 3

cgituation. Gencralize.

Tf an idempotent e is Z-interceonnected, ¢ = & + 85 for

<!

: 2 Z
E L - 1'!.- = — =
e, interconncctad, show hlﬂihj Hul{e] 0 and

L T
Aln{: N{A).

v gl o o
= A, Bula) - A =5 ey L,

I1f A 1s strongly associatlve show Su(h)
any bispecialization cr birepresentation (A,p) has A a laft
and p a right specialization which commute with each other.

TF A, are strongly associative so is their direct sum @A By -

What about the direct product Hhi &
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If 02¢ is free as a $-module, show A/? is strongly
associative iff A“fﬂ is strongly associative, As a
consequence, a form of A strongly ascsopciative algehra i3

strongly associative. Conclude that i1f A. i1s n-inter-
wi

connected (n > 3) then A is strongly associative.

IT a/8 is strongly asscociative and 870 is a4 separahle

Tield extension, show A/ is strongly associalive.

Show directly that if e ig the unit of an n-intsrconnected
alternative algebra A(n > 3) Lhen & is slrongly associative
(relative bo A).

Prove the Addition Lemma: 1f e = 4 D= tde ig a direct
sum of idempolenis e, strongly asscocialive relative bo

hi, then e is strongly associative relative to A =

Ay M - B A .
Frovs the Extension Lemma: If 22% iz free as a ¢-module,
and & € A is strongly associative relative to A fas
ii=algebra), it iz strongly assoaiative relative to A

(as ¢-algebra)l,

Show that i1f & is n=-interconnoctoed (not necessarily unital)
then overy scalar cxtonsion Ny remains n-interconnected.

We say the Peircs decomposition is hﬁndtathtrﬂ-*ﬂlj nter—
cennected if in addition to 5.4 we have the nondegoneracy

condition

() xﬂﬁaﬂu = 0 or RUDKDG = [l 1mplies Xag = 0.
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Show this condition 1s autometic if € exlsts (le, 1f A

is unital). Show that any Psirce decomposition of

algebra 1s nondegenerately interconnectsd, But show the

nondoegenarac rondd B p = m—, = £315]
egehnaracy con -i0n ‘{[}{JnL}D n = -.UD J ne
not be preservad  in a4 split nell extenzicon I = A @ M,
XGE'LUE' = 0 neecd noit imply yg = 0: 4if Fag = %o T Mg
e [ @B, ) (0 ) : Bl + T
then {agq @ myg) (g ® M) = ageha, 8 {ag My, + mosiy,
= [ m=ans a, = HUDMDD = muuﬂﬂu = 0, =s0G aEU = 0, but

a0™pa

there is no reason why "ootan ~ ¢ should force Mog = a.

a simple



