=
1
==

4. ldeal-building

An ideal in a Peirce spacs generates an ideal in the whole

algebra which can be described ewplicitly. The connector ideal

genaerated by A is a measure of how close

10 15 to A

A10%01 11
the alternator ideal generzted by H?G measures how close
Z

ﬂiU iz te 0, and Lhe ideal generated by an ideal B.. of A,

measures simpliciiy of ﬁii' From such considerations we show
a Feirce subalgcbra Aii inherics sinplicity, primensss, or

semiprimanass From AL

In this seclicn we will use theo Peirce relaltions +o build

tdeals. We will ke able to see that a Peirce subalgehra ﬂii
inherits many of the properties of 4. Throughout we consider
8 Pelrec decomposition relative to a single fixed idempolenl =.
2311 indices arc clther 0 or 1, and i and j are alwayvs zaszsumed
distinel.

We begin by investigating the ideal gorerated by a sub-

space of an off-diagonal Peirce space.

B (Dff-diagonal Ideal-Building Lemma) IZ B.. 15 a subspace

1]
% ; o bkt e T e ey N s
of Ay such that A; ;B C B;., By, 54 By By 40Rs0B545] COB; L
then the ideal in A gsnesrated by Eiﬁ is
TER. .1 = Bi. ¥ I B +



W
i
P2

for

Buo: = Bepadeves By = NaaBs o Bus = Bu B & R Ba 3 N aBuy
11, 21 g 3}] ﬁ]l 1] 1 Bj]hjl ﬁ]; 11 al]Blj

Proof. 1Tt suffices to prove the above sum B is an ideal,
since it elearly is generated by Bi" We chock only that B
is a left ideal.

We have A..B = A..B, . + &, B., whare A_..8B.. = &a,.[8B..4..)
ii o O | B R | e MRS R Tk o i 0

- QB AL, = B, and A .B. . . by Peirce asse-
(B4 13 JlC:Al]A]l Byy and b, i3 C:B1] ¥ Peirce asso

ciativity and our hypothesis. We have A..B = AL..B.. + A..
: 1t 37 p o g T e

nd

tu
Lol
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= A.: (BBl = (AR )8, By o o=
where h..B. A..(A..R..) (A, .0 ",1.1Cﬂ"|.131"' E

o i o - 13 31% 13

Av:Ba B o ABs (B R s el S a. cx o+ (BL AL )BL
11 11 3313 11 Ji 11 PlJ ‘J}C: JJ J] ]l { 11 ]lj 1L
+ (A..A..)B.. [Peirce agsociativity and Slipping Pornuia) &
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We haveo ﬁiﬁB = A..B.. + 4.,.R + A.. 1. . where A..B.. B..

i g R s B “iJ 13 ij37i3 J1

r Tl ) T 1o = = [P = : i
by deliniticn, hijaiﬁ ‘ij{Aji ij} ‘Hijhji}ﬁij [Aij'ﬂji'Hij'

ﬂiiBi4 + Eij U.j by our strenger invariancs hypolhesas
i7ij .

Ld

i
ab : ool BooaBue selie a0 Ba ol ok BB oo
about Eljf i394 AlJ Ujjﬁ}l ']1311 + ﬁljBl]
A, B.. ..o+ O O e o o (Teiros associativity
(H]j jj}ﬁ;L (“13331'311 + Bl]{aijﬂnj} (Peirce associativity

and Permubing Formula) bijﬂji + hllEll + Bijhji {Aijajj Eij

above) BHilia
11

Similar] B = AL.B.L. P B..B., whare A..0.. = B..
imilarly AJlE P]lBll + A]LBlj o 3 ﬂ]lE]l wWhaTr s AJLJLJ B]]r

= B by definition; and A..82.. = A..18B..5.. + A,.B.. + ﬁij"ik

jl il TE- 75 e 1 jivii
Ko “'11 ]l}g + Eiifﬁjihji} m(a} 3Py By g [Aji,hij, ig)
(5lipping Fermula) C &, + B..A. .+

id Jl FREaT 0 - Bij (hvpothesis)



where we just saw ﬁijﬂj: Eij ahove and Ejihij = {Bijﬁji}hij
3 | A, 488D G )
[hii'ﬁii’ﬂiﬁl | Bii [“ii}ij) Bi:' + B‘-]A]] BlJ[L ‘

hvpothesis) .

Thus AR C B and B is a left ideal.

portant: SRR b i —compc :of I(B..)} is just the B..
Tmportant noke the ij-componenbk o I\Bl:l_ 1 3 5

J
we slarted with.

Cerlainly B = is as invariant as can he. Adding

A E..
ij 3

I{hln} and I{ﬂﬂl} gives

4,2 [Conncotor Lomma) If ¢ is an idempotent in A then the
idcal generated by A q and A9 is the conncctor ideal
I 2 ¥ 2 I )
o= Bghpy Ry ¥ B ot BgiPag

This has the very important result that idempotents in a simple
algebhra are "connected" (in a sense Lo be madc clear in the

nexlk ssction.)

£.3 (Conneclkor Corollary) If e # 1, 0 is a proper lidsmpotent

in & simple alternative algebra then s ﬁii’ ﬂulﬂlo = HUE'

Pronf. If © = 0 thoen Alﬂ = ﬁﬂl

Peirce orthogonality a direct sum of ideals, so by simplicily

= I:}j A = Al'l_ + ELUU -i-E bY

either A = All (whence & = 1) or A = ﬂDU (whence & = 0), con-
tradiction. Therefore ¢ = A and ﬁijhjj = Cii; Aii'

Since h

‘C‘ TaT 1 - . = rd T z
'ijﬂji iz always in the nucleus of ﬁii v {(3.12}),
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wa gee bhal a proper Peirze subalgehra A, . of a simple alter-

native algebra is always assoclative: the diagonal pisces
. ! ' ! LI, I T '|
are associative, and any non-asseciativity creeps 1n “rom the

ofif-dizgonal picces. We proceod to estimate this non-

aesogiativity.

4,4 [(Alternator Lemma) If e is an idempotent in A then Lhe

ideal gensralbad hy ﬁji is Lthe alternator ideal

ii 1] Ji 17
5 “ 5
Bar By o wodly By By = Rl By om By Bey o
11 4 s S g 31 o R W E J_:| __|'| Jl

: JJ"jl . jiTii i alj mtey N

tracf. This follows immedialely from the Ideal-Building

-~

Lemma once woe verify invariance of Béj = ﬂ;i. We havo
Tu--ﬁ?~t: T~2.. and f-‘,;.".A. '::_5";:] by Slipping Formulas (3.8},
R e e iRt
Y, B yBL L] = o= R oyl o) o= o= (ARG R
and [hlj'l]lfBljJ [ jlrﬁlj Blj' {hJ|W1ijlj

LS

2 _—
TSN N PR
j_‘i_{'qijﬂi_i] =0+ ':,’jj_?\l:lc y Iy B o

This too has important conseguences for simple alcebras.

4.5 (Alternater Corollary) If ¢ # 1, 0 is a proper idempolent

in & simples alternative algehra & then eithor ﬂiﬂ = ﬂgl = {
. 2 2

S TLL is associative r alse I = E p: o - R

and A is associative, or else qlﬂ nDl and Aﬂl 10

- w2 2 _ h e averig o " I i
Proof. I ﬂlD = ﬁﬂl = 0 then (since we alreacy know E]ﬂﬁﬂl

= A]l* ﬁﬂlﬂlﬂ = A by the Connector Corollary 4.3) we can
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conciude A is associative by the Peirce Associativity Cri-

terion 3.16.

On the other hand, 0 [#ay) ﬁél # 0 then the alternas lor

ideal B determined by E]G = gél is nonzecro, hence by simplicity
' 2
o e B - | > oacticenlar i = T = = : ¥ = B
mast ke all of A; in particular, 2y jlﬂ AD¢ and Byq 511
= B, 5 = QZ-A - [T hg #F 0 wa would have A = ﬁg
Lo ol SOETRL el e i plafbads i 10

similarly,
. . . . N ) _
What if A4 # [ but Ay = 0 # Tt sesms strangely messy
to rule this out directly (see Ex. 4.4), but with a litkle
help from some radicals we can dispose of it. Since A contains
an idempotent it iz pot nil; if its nil radieal 15 not every-

thing, by simplicity il must be nothing, and in particular &

is strongly semiprime (no trivial clements; see V.d4).  Dut

= 2 P 2 ot ;1 = 5 e - o L e L
if EJD Qa, hlﬂ = ﬂlﬂ the slemenks of aﬂl arc trivial:
2
U, A=1 Aye = AT = feehA B w ) S AR = 0
X1 %gp 10 i1 ol o101 017017 1010
o
using middle Moulfang. Thean Ay = 0 contradicts AE-} # 0. &

4,5 Remark. The FPeirce relations = hﬁl and A

i) Ty =
210 01%10 = Poo

or a simplse not-asscciative alternative algebraz provids another
demonstration that a Cavley alyebra {splil or not) contains no
proper cne-sided ideals. TIf B is proper then n() = 0, if

t{R) = 0 as well then n{C,B) = (@73 C t(B) (left ideal!)

= 0 would contradict nondegoneraacy of n{x,y), s0 we must have
t{a) = 1 (and c¢f course nie) = 0) for scme e € 3. Then & 1s

idempotent; in the Peirce decompositon T = G:'ll il 0:10 & “Im

oo



y 2
we have @ €, = e R . 2
11 G 01 CEL C B, hence also 'Ilr:r ﬂ:l{] OB
(the trick of getting ".'Ilﬁ from ﬂ:nl is impossible for
glative alge s) and = = 3. 1S
associative algebras) and so II%]EJ G:Dl C 10 — B Thu

B = (E , which is most improper. B

4.7 (Diagonal Ideal-Building Lemma) I Bii is an ideal in

the Pairce space Al then the ideal venerated by e is

T 1B . = g o e i R — . e B A B DBs o B e
1(B;4) = Byy + Byy + Byy + Byy = Byy £ BygAgg o ByyBog o+ AL A

Proof, Clearly Bi_. generates the above subspace B, sc it

is anocugh to verify 1t is an ideal, and as usual ws only cheok
ill 15 a leftl ideal.
We have A, . B = K, .B.. + 4h,.B.. whore h, . H.,. B.. mince D_ .
i s i £ a1 i, B Aj4B54 S Byy i
is an ids=al in A.., and A, .T.. = A..(0..a..1 = (B..H.. 1A, . T

i B N Ty iitTiioig L e B R i
! = 51 os o i 1571 4 1 i = B =
Biinij Eij by Deirce associaldivity. Similarly hjjB
T 5. T S S = S neres S = i FR -
Ay s A55By, where ﬂ]]le L J&]lBll) i Eh le}Bll i
A..B.., = B.. by Peirce a“'*'*i't' F1Ey L T R R Gy i C i e
AsgBis 354 by ce assaclativizy, s aaBis 35 'By4 1'_|]
= (ByaByi R g € Bygfay = Byy
. = R T = ooy
We have E'&_I 3 .?‘L,J lBJ__ + ﬁlel_' bRy iEj' whereo By lBll E]l
. B.. B Beowp @00 BiiBey = ReowlBaBeel = e (Ba ol Y00 R R,
L L] JJ i s 5 F i i o P 11" Ja 1i%ij
= E_'i_j by Blipping Formulaz (3.8).
Weo have A, JE = ﬁlj i + hi"]E'li + Aijﬁij where 'a'ijﬁji =
(AL LB = [A..A. o w3 =] 3 Lo Baes =
A..'_:I{ §eRaa) (A;484378B53 € D438 © By 3s usual, 19511
Ao lBoJA L) = i NG BL G EUEY ; H1d 1n
Ay { ii il]} I[e"*-l‘].ﬂ.l_})l’rlE o ﬂjlf_’.ll Bj_l_ by the Slipping
Formaula (3.8), and ,'e.___]_:_,, = A..(A..DB..) = (A, A..YL..
R B 13 JL L]
- |A.. A . = ¢ T -
[B55eBy32By 51 € A58, Dys (BB (by (3.10)) € 3y

{Imye th-e above) = Bij (v tho previous A cds=e) . B

AL B
Ji 31
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Agaln, it is very important that the ii-conmponent of
I{Eij} is just the original space Bii we began with. Thus
I(B,,) is & proper ideal in A if B,. is a proper ideal in By

As an immediate conssguence,

4.8 (Simple Inheritance Thecrem) If A is a simple alterna-

tive zlgebra, so is any Paeirce suhalgsbra hji' Eﬁ

Toe see that ﬂii inherits properiies cbher than simplicity

from & we nesd A

4.3 Leamma. tf B8,., €., are ideals in A., t e idea
| 44 i1 = 51 then th deal
generated hy their product iz the product of the ideals

they gencerate,

I{B i©s l} = I{Bii]I(Cii} .

Proof. Containment one dircction is casv: a5 thc prodact

of ideals, 1{B..)T[{C..) is itself an ideal, containing Eiit*i

i 1i
end therefors T[FEJ_L Cii)' Tn the other direction, by the explieil
: =) 1 =y : Thiet ave = 1 ol L L -
expressilion Ior I{Cilj we hove EijI[CjiJ Bjj Gil Ciiﬂi]
-+ = PR c -
ATy Allcllal]} By;Cy; + (By3Cy4)R c;' 1(B;;C,,), 80 B,

belongs te the left transporter af l{Lii] int@ I{Biicii}; since

this transpeorter is an ideal by the Transportation Lemma TV.2.4,

I(B,.) alsc belongs to the transporter, and I{Bii]I[CiiJCZ
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FProm this we ses that if Ej; is trivial, salvable, or
il

ailputent g0 15 I(B jle TIErEIore

I._-.-.

4.10 {Inherilance Corollary) If A iz simple, prime, or

semiprime so 15 any Peires subalgehra ﬁii' Eﬁ
Wi can sun up by saving thal Lhe correspondsnee “-ij_ =+ I['[i.ii']
iz an injeclive mep from the ideals in Eii to the idasals in A,
which preserves sums and products. IfE Bii &5 & proporiy
definable in terms of inclusicn, sums, and products then

I{Bii} will inherit this prooerly. If A is free of idsals

with this property, the same will be truc of LR



VIi.4 Exercises

Show that if B,., €,.. are subs spaces of A, ., A.. satisfying

ij s 1] Jj1
the invariance conditions A, lﬂlj C:B Ciigii Cji then
Eijcji is anp ideal in ﬁii' Conclude Hijhji’ ﬂijﬂfj’
E'L;_'ﬂ_ji are ideals in ﬂii'
Prove directly thal ﬁlﬂﬂﬂl + Elﬂ 9 gﬂl + EGG is an idsal
in A,

Use the remarks zlter the Connectio= Caorollary 4,2 1o zshow
that a simple alterrative algebra with two nonzero ncn=
supplemenlary orthogonal idempotents ejreyleg,e, # 0 and

#yte, # 1) is associative.

LR

:Ez '.'-’—'=7l A =
1E ﬂlﬁ 0 huat 301 Ag andl Alﬂﬂﬂl ﬁll,

e .x

Show [Ay 4By o rfy

[hﬂl’ﬁﬂl'ﬂlnj = 0. Show ?Dl = ﬁﬂﬂxﬂlhll has the neooessa iy

invariance oroperlies for the Tdeal-Building Lemnma 4,1

. et 45 2 2 = 1 : |
whenover %51 e By and BDl = 0. Conclude I[Enl} £ A,
Doduce that ﬂ 15 = 0, Agl # 0 is impossible in a simple

algchra n., (There must be a hetter way 1)

Show 2 = 814 + 245, [zij = {zij & J?x:.Ljizij_ﬂLj.L = Ajizij = 0}

is a nilpotent ideal in Ny 33 = 0, consiskting entircly of
trivial clsments z, Uzﬁ = 0. Conclude that if A is semiprime
then 2 = 0, 50 A, 32 = ﬂ?.ﬂ.. = 0 implies A? = B

9751 1374 i

TE Byy is an arbitrary subspacs of By find an expression

For the idez]l gencrated by Bii' Repeat for an arbitrary

Subspace Eij of Aij'
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I'ind an expression Zfor the lefl ideal in A generatcd by

a left ideal Bij of the Peirce subalgebra ﬁ.i.

Show Rad{ede) = s=ie M Rad 2 wilthout avalling yourself of
the elementwise characterization of Lhe radical, by show-
ing Eil = Rad{ehe) gensrates a g.i. ideal in Ao

ove computation v Ehat TR )it e L) oas
Prove computationally th T(R;;)1{C, ;) & 1(Bl]cl1] as

in Lemma 4.9,

Although it is not in gensral truse that L{Biirﬁ C..) =
T S I B.. o A. .y S it comes close:

I(Bllj F\_{Cll} hen B,., C P A,;r show it comes cles

11
—_ . ; ; 2
]’{Eiiﬁ L:ii; = I{Bii; ™ I[C:.U.] and {itai;; ™ I"Cii” R

T8 3T(C; 30 C TByy M €5
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VI. 4.1 Problem Set on Prime Algebras

1 A is prime show zC = 0 (C a nonzero ide:al) implies

i3 z.;8.. = 0 show 454 kills the connector idesl.

Show that if 2 is prime and e # 0, 1 a proper idempotent

Ehen z..8.. = 0 or A.:xz
11l

i3 ji%54 = 0 implies Zig = 0. Conclude

thal. ﬁ'll R otal ‘“‘-:m are dAzsofilalive,

s i . A £ e i . _

show that if A is prime ard zjjhij = 0 then cither djj 0
- AT = .

or 25 J

Prove the Theorewm. I1f A i5 a prime alteornalive algsbra

and e # 0, 1 a proger idempotenl, then either A is aseo-

clative ar =lse ﬁ?ﬂ + ﬁgl £ 0 and Ell' EGG ars comnutalive,
' 2

assoglative intsgral domains acting faithfully on AlD ! ﬁDl'

This gencralizes the results for simple algebras (where

the Eii are fields).



