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£3, The Cevley-iiichkson process

The Caylev-Dickson process, as its nanme sugpests, is due Lo A A
Albert, 1L is a doubling orocess for building new alpgebras out of old
ones.  Given a scalar e o and a unital algabra B with scalar inveolu-

tion b =+ 5 (za kR = Bb = nfb) and t(l) = b + b lie in 21), we will Bhuild

m

a new alpebra

(A1) ﬁ:?hﬂ;“? 3 & BY

from two copies of B as linear sp;te, with.nﬂw involucior
(3.2) (bel)* = b - cb

and new multiplication givea by the Caylev-Tickson fornules

(3.5 (bl+nlﬁ}fh2+u22} = (b, b+t c.c

This eminently Torgsttable formula con be broken doem intn Lbite-sized
pieres. Pesides the fact that 3 is imbedded as & subalgebya with its

usual wultiplication wa have

(3,67 hy =

e

(3.5) b{ci) {eb)e
(3.6) - (ei)b = {eb)s

(3.1) : (Le) (er) = uch .

Scmz helpful mremondic devices: In {3.5) notice that to multiply b apainst

ci yeou slip the b in bhahind the ¢, and also in (3,67 the b gots put betwoeen
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the ¢ and the L, but in moving past the & it g=ls conjugated as in (3.4).
(UARNING: many authors use B # 4B dnstead, which turns all these formulas
around, )

The multiplication formula is forced upom us: we muct define mulbi-

i 2
plication by {3.,3) if we want to have L = ul =nd bt = &b

4.8 (Nepessity Propesirion) If B is a unital subalgebra with goalar
involutien af a unital alternatiwve alpehra A, end L an element of

A satisfying iz = pi and bE = ih for all be& B, then B+ BL is a

suhalpebra of A whose multiplication 1s given by the GayicynDickson

formula,

PreoZ, Gines (3.4) is one of cuy assumptions, we have (hi)d(al) =
GEY(eL) = 1)t (Middle Moufans) = el (ba)} = £ (85) = i &b, =o (3.7)
is forced uvpon us. From alternativity (ch)i + fei)h = clhisilh) we seo
{ei)h :_"L:{{IJ-L-E}:*,] - {ch)n thy (3.4)) = {e(bth) -~ chli (since b +1b € 21)
= {cb)2, =0 (3.6) too is forced. If A had an invelution with ¢ = - ¢ rhis
would Amply (3.5), but since we are nobL assuming an inwolution we arpus
dually Bic2) = b(2o) = -2(he) + (Litib)c = = a(be) + {1 (b+h) e = &f{-bec +
(b+5)e] = £(he) = L{ch) = (be)b .

If p is vancellable {ux = 0 == = 0) wa could else derive (3.5) -

{3.6) from the Moufang fermulas: [for example, plblcidl = aleib{sy}t =

f,(*:':.'.f.‘ii}-lf_‘.} = F{*l—'?l'*};) = ,h[ﬂ:] = ulebyr and pl{lcidbt = ({ctibleds =

(cithi])e = uleb)r
Thus the various pleees (3.5) - (3.7) of the Cayvley-Dickson formula

are foreed vpon us.  In parbicular, B + 38 is a subalgebra., E3
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3.9 Corollary., Jf B is a wmital suhalpebra with scalar involuticon of

2
a unital alternatiwve alpebra A and L& A an element satisfying &0 =

"

pl and LE = LE, then the map b & cf »~ b + ¢i

s a homomorphiem
C {B,1) onto the subalechra B + In, When A has an Involurion ewx-

tending that on B owith 2% = -4, this hoszomorphism is g *-homomorphisz,

When B M B = 0 and o 1s cancallable, the wap is an isomorphizm.

Proof., Since both L{0,y) and B -+ Bi have oultiplication given by
the Ceylev-Dickson formula, the map 45 2 howmonorphism.  I§ EMoBg = €
then b+ ¢h = 0 =ph = ¢i = 0, and if 3 is cancellable ¢p = 0 = ¢ =
(co)a =0 =%=c = 1, 50 in these cases thez map ds dnjectiwve, T an invnlu-
tion % on A satisfies 3% = —§ and h¥ = h, then bt = b ==rhil = — 1%p% =

- (bi)s = (Le)* = — bi , so the Zavolulion on A sabisfies (3.2). In

*his case the map prescrves the invelution. U3

We sav sa algelra @03,p) (alteruative or not) is obteinad frem B

by the Lavlev-NHdckson process. HNote that this process doubles dimenciom.

Returndng to EH,0) in general, let us verify that % iz again a3

scalar dnwveoluticn. Clearly it ia linear of peripd 2. Iz iz an anbi-

19 5 aines C = - 2o ligve = \ =

homanorphisn sinca far x; h__T 4 Cofowe liave X %y ‘LJPE + SEy 2 )

h, + ¢ b, )2 = (b.h, = ue e T R T T e T s T
(eyhy Fieybgdl = (Byby + ue ey) = Leghy + eyh 00 = (By = 2pu)ihy —opz)

= A%y by (3.3). Furthermore, the involution is scalar sinee

=} = c(h)
(3.10) G = B R
n{x) = n{b) - unfe)

The trace is sasy, while for the norm we have xx = (b + )b - cg) =

bb - pee = ulh) - unlce),
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Motice that since it posscsses a scalar invelution, C(H,u} dis of
degree 2.
From the expression for the nerm en {L{#, ), wa see that it dnherits

nondegenerany from H:

3,11 (Meondepzneracy Orirerion) 1f U da carceilable then na,w) is non-
degenerale as a bilinaasr form om 63,20 if it is nendegencrate
on B, I in additics olb) 4 wde) whensver afb),nle) 4 O but
nlk, 1) = nlc,B) = 0, then n is ncnd:generaﬁe as a quadratic form

on {C(H,u) 1f it is nondegensrats on H.

Proof. Tf 2 = b + c has al(z,x) = 0 for a2ll w = a 4 d& then from
ldrecarized (3.10) nis,a) - ymic,d) = 0 for all z,d; sebting sucocessively
d==0, a=0we sgze nlb,B) = wnfc,B) = 0. If nix,w) is nondoconarate on
B oand podis caneellable, this viclds b = ¢ =0 and 2= 0, If we only

assuma the gquatdvatic forr is noadegenerate onn B, then vhern n(z) = n{z,=)

=0 for a1l x we have n(h)] = nie) yet n{h,?) = ale,B) = 0, hence nih).aflc)

# 0 by nendegencracy on B, contrary to our hypothesis nfh) # me). [4

3.12 Remark. If @ is a [leld, the condition n(h) # inle) is equivalent
; P et o
to the condition that b # ni{b)n(e) = nike l} not be & norm,

" slin:::ug}. 2]

To see what sort of alpebras ihe Cayley-Dickson proceass leads to, we

prove

3,13 {Criterion) If I is 2 unital algebra with scalar invalution then

(1) L(B,1) 18 commutatdive 1fF B is commurative seitvh trivial



E

involuction; (27 €(5,.) iz ascociatiwve iff B ls commutative and

asgeciative; (3) C(B,1) is zlternative iIf E is asscciative,

Froof. From the Cayley-Dickson fovmula the left and ripght wueltipli-

cations by an elemsat x = b % cf in C(5,:) hzve uwatriccs

relative to Lthe decowposition E(B.u) = B2 & Bi: L b, = i'_b':n,j:l g {CE.J]}J‘,

w2 3
='{1b(szi %’{Ln*[bz)}ﬂ, inczi) = “Ezc & ECEH]E ='{UR:*[n2J} o
f S = Ty oM - [t - . n S by =
{P-b{:cz:’]-': I\-}il_l {hlf".-' & {f-.."'l:]». {]{b{hl}} g 4 :(bl)}.",, KEL'I_'I""

uEr:l # {ciﬁ}i = [ LE (L:l}} 6] {T:E{'_c:l}_‘rﬂ . e will deal mpaoinly wichk the

P, since they have g slightly simoler fcrm,

b4
Commutativity of @ meaus Lx = R1{ for allos, and this is egquivalenk
to 1, = ®% and (setring o= 1, L= 1) % =T, 4.2, that B is comuolslive
[ b C
with jdentdity dinvolutdion.
Asgoclatlvicy of ([ means B, B =R » L.og,
}:2 ]-'.J }'..I}L2
E s R T wil. Lo =+ L. R- ] R + B ufl- = L, =]
ok o, b T e & b,C
b, by %% o S TR v A P1% Pt
L. R R L pl 1= E~ L Hrirlly, == yR= = ok pl=
T Wb I, bk c, B
2}‘11 \1»;, cy Cy ':l Hﬁzbl 'n\ ':.-31 ¢l,£ Byky .
Setling L‘l =gy = 0 shows th?lhj = Rblbq’ l.c. B is asspciative:! sebting
b, 7 ey = 0 and €y = 1 shows R.bl = Lh]' {(lower left entry), 1.2, B is com—

mutativie. Conversely, 1f 5 is commutative asseciative then F‘WE. = R b
o C [
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L. =L ,L =% shewR K =R _ .
b e b h b Ry My , HyX,
Alternativity of & means H; = &, {the invelution then pives lefl
’ p

alternativity), or equivalently R?H; = }-;.; (sinca wx = t({=) & ¥1),
(] ata

LB~ uloL wf =R La b Lol ]
R i1 oo & "|;-L4: I-:L:i'J T £
= (n{b) - ynfc)) .
B=— - RR.-L =l L= 4= R.K L] I/
Lc T L e Ve g Lﬂ'h
From [LC,RE] = (1 we mee B is assccoiative. Converssely, 1f B Is associc-

-tive the off-diagonals wvanish and R'IJPHL; - ]JLETIC. = R

e = UT'Ec* = {n{a) -

1L = BeRE o= pL Lo, p oo = R .
pn (e 1 Rh“h ot proving X OE ﬂxx i

tThus veu musl start with an ascoclatiwve alpebra in ordzsr te obtain
an alternative one by the Caviey—Dickson conztruction; once you lLave
built an alternative but not assocviative algebra you can go no further,

armything further will not he slbcraative,

We are mow inoa vosition to build compesition algebras. We begin

with El being just the ring 91 of scalars with identity drvelullion. Rext
we farm oA twe direusional B, = (OB, 0.7 = &1 + @i, which will Le compu-

2 T2 B
tative associative siwce.ﬁl ig commutartive asuccizlive with Identity
iuvolution; if ¢ has characteriscic & 2, 2 # 0, the involution o + 31 —+
@ = B4 d5 net the ddentity.

In characteristic 2 the usuwal process applied to any alpebra with

identity involution will =till have identity Invelution. To break out

of this cycle we must modify the progess slightly, We form

Hé = 01 + du uz ~-u+ pi=20

1i
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so Fhat E? {s a commutative associative alpebra with nontrivial involution

determined by
un+u=1.

: ) 2
Indeed, the oaly npon-trivial product of basis elenments 1, uis u™, and

2

el 1= - “11 = g+, Hots

g _
ua = {Jleu) =1 = 2u J--1:2='I—u—|11‘—-u-“

1 1

t{e) = 1, n(u} = - +,» We will still call this algelra {fiil,uz} and

1

3

pretend it ie ohblained by the Cayvley-1icksen process, Femember: the

characteristic 2,

Cnee wa lave arrived sl a sccond-stage algelra H2 of dimgosion 2 with

pontrivial scalar involuticn, we can form a A-diuzusional B3 = ﬂ:{“v,;?}

= B, @B

a ¥ B4l

cisely the quaterniom alpebras over ¢.

which will be associative bot nob commutative, ‘'These are pre-

From Eq we econstruct gn B=-dimensicnal alwgebra Bﬁ = ﬂl{ﬁq#“s} yhich
will be alternabive but fedince B 1s not commutative) not associatiwve,
. 2k
Buch an B-dimensicual alsebra is called a Cavley =" pebra (alias Caviey—

Mcksen, Caylev-Graves, Albert-Dickson, actaves, you nang ity in analegy

o

with quaternions, they are often called ortonions}. Thus Cayley algebras
arc thase ohtained from cuatermion slzcbras by the Cayley-Dickson process.

At this point the constructien stops, for further alpebras will not
be altemative.

These algebras
By =¥ B, = QCruy) By o= (r(?’z"'z] By = C(Byuny)

of dimensions 1, 2, 4, B are the basic alpehras oblained by the Cayley-



Dickson process, and so we will call them the Caylav-Dickson praocess
alpebras. If we had let the peneral censtructicn rum on in Characteris—
tic 2 (rather than modifying IL) we would sindly nave gollen largey and

larger cormutative, assoclative algebras wirh fdentity Invelution such

thar RE ¢ 21 far all x. TIf & is a field, this neans we have a purely

o]

inseparable cxtension of exponent 2.

e

As alternarive algebras with scalar involvtion, tha Cayley-Dickson
process alpehras are of degree 2 and their norm Forms pernlt composition
{sea (2,4))., To be couwpesiticn algabras according Lo our definitieorn,

the norng must be nendegenerate.  In Lhe case of B ol i) = 2qp is

1'!
nondegencrate 1ff $ has ne ?-torsfon, and nfa) = o ig nondeponerate 11T
) . . 2
$ has no elements with a” = 2: = 0. I[ ¢ has no Z-torsion and we Lzke

ﬁt‘ Ty s ﬁ3 to be cancellabls, then by the Vomdegoneracy Criterlom 3.11
the guadraric extensien Hz, Lhe gquaternion algcbra Bj, and the Caylay
alpahra ]'."r‘,{ will 211 have nopdogonerate forms 11":.3-:,}'}, snd =50 BLE composi-
tion alpsbras. I[ & has chavacterisric 2 the form u{x,y) on the medi-

fied ﬂ:i[@*u } = &l 4 #u is nondepenarate (being hyperbolic, n{gl+ au,

1

g1 ") = oft" 4 '8 if 2 =0, so apain 32. B’-}' E,F are composition

al pehras,

3.14 (Compositien Proposition) If ¢ has no Z-torsion or all 2-torsion,
then any algebra of dimepsion 2, 4 or & ehtainad by the Cayley-
Dicksen process by means of cancellable paraneters Myt Has Vg is
a composition algebra with nondegenserate norm bilinear form n(x,¥y);

degeneracy of nix,y) is pmssibi& cnly in dimension 1. If in addi-

tion ¢ has no nilpotent elements, then the norm form n is nendege-



[
1
o

nerate In all cases and all the alpshras arte composition algebras. Ea

In the next section we will see that conversely, owver a [ield, all
composition alpebras are cbtained by the Cayley-Nickson process.
In case & has no 2-tersien, the algebras we have bello loek 1ike

the Tfollowding.

Dimencsion 1: Hase ring
B, o= &1 = & is a commutative associative algebra wich identity Invelution

o 2
1 =1 and norm nle ) = o .
[ a]

Dinension 7: Onadratic extenslion

: LT ceyirmtlal Lv Sooll ative o~ il i ERC Rt e
: : i B E8 i 55 i 1 ial
B = ol & ¢f 18 a commulabive asscoclative alpebra will nontrivial dnvoluo

2
= 2 i ; 2 2
tion 1 = -1, multiplication 1" = “11’ ard norm n(ﬁ03 - all} = a4, T ogbg e
Dimension 4! OQuaternien algebra
B, = &1 & oL & 49 & ¢k iz a non—commutative assveiative algebra with

3

involution 1 = —-i, § = -j, k = ~k, norn

; ; 2 2 2
nfl:!Dl'i'D.iJ."t'{)_z_]'l'{‘qg":L} - aﬂ — \']'J_'H] . '-f?--':"’;l + &,_uluq ¥
and multiplication
2 e 2
i = '|_,|11 N e '-_|21 LT = - “1“21

ij'=1'=-ji j1."=—]_.|2.'i=--.’-1'1 kjﬁ‘—“]j=—ik

Dimension 8: Cavley alpshra

B, = &1 & 44 £ 4] & sk & &0 8 ML & 442 & dkb ds an alternative but not

£

assoeiative alpebra with dnvalution 1 = =1,3 = =4,k = =k, ¥ = =4, (i) =
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~12, (38Y = —qn, (ki) = —k&, norm

idasd 4+ ack ey Ao df i 4+ s-kP
o gﬁJ “J 4+ ﬁ& .l “53 J? 3

X s
n{ﬂﬂl 2y 5
= 2 = 2 - -\--?- =|= 2 & — 2 a 2 i 3= --zl = -\;E- N
o, ylly Gty a4l Hy Ul Tonglg g Gt fqtiqlighy

and multiplication

T L SR R B €T T 323" = =,
ﬂmi)z = p1;?pnl 1ij=Yk=-41 de==pi==-%] ki=-uj=-1ik

12k 5 1
G 0= - 12 fj = - 3b Gk = — ki
1(is) = vk —{indi q038) = gk = {4833 ki) = —Llnzl = —(killk
L0I8) = ~ke o= —(§8)i 3(kD) = woik = —(k1)] k(i) = w38 = —(i8)k

JGr) = ke = —(12)] k(L) = ~u,it -(jeik  1(ki) iy 38 = ~{ke)i

CLEY(52) = poke = =(Fa){ie) (e ike) = —p,di = =(&2)(38) (kL) (izd =

2 5ty

“”l”aj = ={183 (ki)

o o= -E(ie) (k)i o= ok o= —alkl) L

(ip)s = p i = =£{i2) [(jLl& 3

3

The results in characterisriec 2 arve (ewvean?) less wemorzble, since in place
2 S F
of 1,1 we have 1,u with n” = u + 3,1. Mulciplication in the Cayley
[

alpebra zan be summarized In a wultiplication table for the products xy:
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v 1 I
x N 1 1 3 4 L is jL g
P .- i
1 1 i i k ] 1! it 14 e
S ST, . ] e
= ¥ - Lt ; '.I s 3 e _il
= i ull k Mqd if uli '3 el
i = : gl
L y i | . L 18
1 3 13 _21 Myt ik ! k& u?ﬁ Mol
k k rj' -"|- ) ._1_ ~u .l ks : b A oLk i |
g “a G S - "1 7 "rg |
L B % —il.-. —1& | =t fpal l:r; e TG | -tk |
B 3 a7 3 3
; A A PR R N T
i 14 it L plji ”31 "l“ﬁl l “3] My jj
= i s = {
j% 1% L B P wyit | ugd —Hok E T | “Hylal
T T ; T i ¥ s ~
ko 1z Hydk -i.-Elk u].'fih Hak -~;__-1113j ; Mokt | uqiyu,l
L Sl =t !
Staring at this tabls uzuvally is NOT che best way to undarstand the
gtructure of a Cavley alpebra,
If & = IR 15 the 7ield ¢f real nimbhers and Hy = g = Mg = =1 then
the gquadratic extension Hz ig simply Lhe [jeld ¢ of complox numbsrs

with conjngstion sz involution, B, is the division algebra 0 of fardinary)

3
quaternions with =Landard invelution, and ]!l,_+ iz the alpehra rf: of Cayley

numbers; 1t is an alternavrive division algehra. It is eften helpiul to

think of the Cayley-licksen process alpebras z2s peneralizatlions of

m ,C,o L.

We have previously referred te the fellewing reswlt in coancction

with one-sided and guadratic ideals:
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3,15 (Dpne-Sided Ideal Prepesition) A Cavley algebra (split or not)

annf. Because of the 5yﬁ?etry rasulting from the invelution, it
sulflces ©o shew there are ne proper lefr ideals B in 2 Cayley algebra
G = Cla,p) (& a quafemnmion algebra)., If 3 1s nonzero it ceantains an
element ¢ + b for b # 0 (if ¢+ 0p & & then alse Lic+ 0L = fe =
SR E R for ¢ 4 0); sines it is a left ideal, B ulso contains = {(xy) {etbi)
- afw(eth)]t = 2 {Gvde - =wlyeldl +-{{bix5} - {bw)xlzii = {nlx,ylzll fox
all %x,v,2 & A. Thus B contains {b[A,A]AYE = [RAlL (TA,AJA is an ideal

il

in the simple cuaternion algedra A}, So far we have laeft-multiplied &
enly by A, TL we now 1eft—mujtiﬁiy hy AL we sez B contains Arifhalit =
H I:EE}-*. = AbA. Again by simplicity, b # 0 impliss B contains A, there-

fore tef = AL = Al ss well, and B =A + A2 =@ . Thus as soon as B # 0

we have B =C . 12
1,186 Corcllary. A Cavley alsebra over a field is & siwmple alternative
alpebra of dimension &. (5

Iy means of the Inverse Criterion 2.7 for conposition alpehras we

can decide when the Caylev-Dickson process yields z division algebra.

%.17 (Division Alpebrya Constructien) 77 % is a cowmposition alpgebra over
a field rhen (D(E,u) is a division algebra iff B is a divisien

alpehra and o 1_:; n(B} is not 2 nerm,

Pronf. The condition ﬂ;f'ﬂ,uj be a division algebra is that iks norm

nel renrescnt zoere, nl(x) = nfb) = unfe) # 0 for == b + cl # 0. Clearly
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this {implics n(b) £ 0 for h-# 0 (take ¢ = 0), =0 E mwust be a division
aTguhra,.and a{b) ¢ p(take ¢ = 1), so p is not a no¥m.

Conversely, if these two gonditions are pmct then nih) = pnfc) F 0
{f c =0 but b £ 0 (since nlk) £ D) and n(k) - pnlc) £ 0 if ¢ £ 0 (since

-1 -1 .
wod nthinde) ™ = nfbe 3, so nlx) # 0 for x # 0. [
fOn sevarnl cocasions we will nesd invertible slements of wvarious forms.

1,18 Lemma. Any Cavley=Tdckson process algebra of dimension » 2 contains
cancellable skew elenonbs sz, and in dimension 3‘4 coatains can-
cellabls commutators [x,v]. 1f & is & field all these elements are
invertibic. IF @ iz a field with worc than 2 elements, the alpgebra

Lra a hasis of dovertihle elemcnts.

Pronl. When ¢ has no ?-torsion, the clement i-4i = 24 in 3, 1
ra

1]

Canl

cellalbls since iy ig: dx = 0= p.x=4ifix) =10 Z?‘m = 0, TIn charactar—

1

istic 2, the element wv—u = ytu = 1 48 Invertible in E2

T characteristic £ 2 the commtator [1,3) = 1 - ji = 2ij = 2k in
33 is cancellable since n(k) = + iy i1a, 11 characieristic 2 [u,i]

i = du = (uw-u)j = (ude)j = 7 is5 cancellzble.

Tf & 45 a ficld then = cancellahle =% nix) # 0 = n(x) is invertibls
= = is dnvertible by the Tnverss Crilerion 2.7.

If I has a hasis of Ilnvertille {bi} then (C(%,u) has a basis of
invertible elocusnts {bi} ard {him}, and we atarl ol with Bl = ol haviag
invartihle basis {1%. ({In characteristic Z, Bé = p1 + &au for “2 —u + oyl
= 1 haos invertilble basls [1,31+u] as long as 0 # alyltu) = 12 + at{u) +

2 2

nfu) = 27 X+ vy sinee ¥ has at least 3 elements and A7 b d o w = 11 at



most ? rools, thore is et least one non-roat A, ) F

Lat us alse obrerve that the symmetric elemsnts of & Cayley-Dickson
process algebra are just those in ¢1, except when the characteristic is
2 and Lthe dimcnsion is 4 or 8. This fs clesr from (3.2) in chavacteyis-
ticlﬁ 2, and aleo in characteristic 2 for dimension 1. In charecteristic
2, dimensinn ¥ the enly element x = Fu + gu which ig symmetric, = =
;=ﬁ11+f1;= is % = au + ou =

Clearly everything in a &é;gﬁynﬁickﬁun process alechra of dimension
1, 2, 4 asscelates and in dimensien 1, 2 everything commutes, The

unnclenr cases are clarified by

3.19 (Commuting and Assnciating Criterion) An element of a guaterndon
alpehra commutes with everything 1L it is a scalay in 21. An
element of a Cayley algebra commutes with everything or asscolates

with evervthing iff 4+ 4= a sealar in 0L,

Froof, I1f z =bh + rj ig in the cenler of 0 = '!1-:{32,',[2} then O =

T |

la,z] = [a.B] + (ca — ca)j for all a B, impliss cla - &) = 03 since

there are invertible elements in BE of the form a - a hy the Lemwra 3.18,

1
o

this implics ¢ = 0 and z = b, Then 0 = [2,9] = (b = B} implies b

iz a scalar in BE., b = El, and &z = 5§1.

e

If 2 =10 + ¢ computes with evervthing in ﬂ: ='ﬂE(WJ.13] then 1 =
[2,2) = [a,b) + {cla - 3)12 shows [a,b] = cfa - a) = 0 for 2ll a & E..

By the provious result, if b lies in the center of 3'-‘; wo have b = Bl,

and apain aslonce invertible a - a exist in 53 we have ¢ = Oy 50 2 = El.
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1f z associates with everyLlhing in  then 0 = [a,d,z] = [a,d,b] +
felad) = (cdialt = {cfa,d]}2 implies c[a,d] = 0 for all a,d in the

azssociative almebra 0 = B.. Once wmore by the lLewmma 3,18, BB has inwvarti-

3
ble commulbators [a,d4], so ¢ must be zere. Then 0 = [a,z,2] = [a,b,i] =
{ab—ba}i fer all a implics b = 81 ldies in the ceonter of 0, S0 conce Tore

E = E']-I II_:

3.20 Corollary, 17 an elament ef a Cayley-Dicksen proccss algebra

commutes with everything, it also associates with evervthing. [0

3,21 Corellary. A Cavley-I¥ckson process algebra is either associative,

or else every element which associates with everything also con-

mutes with everyching, 04

These properties will furn out to bhe peneral properbies of alterna-

tive algebras. Commutativity will force asscclativity (except in charae-

.

teristic 3 ses Section ILI.4), and fTor simple net-asenciativa alpabres
nuecleus and center will coinecide (see IIIL1). This e iwportant for the

general structure theary (ses Appendiz IT).
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3.3

3.4

3.6

Fxercise

Find the Cayley=Nickson formula for multiplication in B + iR if
82 - w1, &b = be.
ry to define & peneral "modificd Cayley-Dicksen process’ ([ (B,v)

2 - 2
= pu & Buwith u+u=1, u —u-+ wl=0.

T

In the "rodificd" constructien Hé = %1 & ¢u in arbitrary charsctoris-
: 2 . - :
tic, u” - u+ vl =0, show n(x,y) is nendegencrate iff 1 + fv is

canecllable, Conclule in characteriscic 2 1t is nondepenerale oo

matter whalb ¥ is chosen.

I[-% E % show u = %{1 + 93 dn B, o= ﬂ:{ﬁ,ul) = 21 % 42 has u+ u= 1,
2

u o= u V11 = [0, What isx 1 + ijT
Tf B is 2 sinole algchra with Invelocion which iz associative but

not compratative, and P E b dw dnvertible, show the aigedra [0,
defined a8 in (3.1) with Lhe Cavlev-Dickson formula (3.3} has no
proper idsals, in particular is simple. (Wobice T iw not assumed
unital nor the involurtion scalar, =sn (CiB.u) need not be alternative.
Alao the plament © necd not exist in{i:, zo Di cannot be interprated
as a product ¢f b with £.)

If B 1s unical but the involution ﬁﬁt necessari ly acalar, show for
cancellakie u that ﬂ:{ﬂ,u] is commalative iff B is commutati*e and

% = ] (examine commulators}; show ﬂ: is associative i{f B iz commu-
tative asspclative {oxamine associators); chow C 15 alternacive 10f
{1} B is alternatiwve, (141} all alk) = bh = b commube with B, (iii)
all b + t(h) assnciate with B (examine aszocldtors).  Show from (Lid)

11

that 4f B has no J-torsion then B is associative, so 2 is a central
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involuticn . Thus to gel an alternative ﬁ: the iovolution has te
he at least eentral anvway: roegavrding I as an algsbra over ircs

*

centelr i, this maans is geoslar ower .
five an examnple of a 2—dinmensional Cayloey-Dickson procsss alpebre

cvar the field :E? which Hzs no basis of invertible slements. Can

vou give a 4-dimensicnal example?



