STEINBERG GROUPS FOR JORDAN PAIRS
— AN INTRODUCTION WITH OPEN PROBLEMS

E. NEHER

ABSTRACT. The paper gives an introduction to Steinberg groups for root graded Jordan
pairs, a theory developed in the book [LN2] by Ottmar Loos and the author.
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INTRODUCTION

The connection between Jordan structures (Jordan algebras, Jordan pairs) and Lie alge-
bras and groups has a long and successful history, starting with the work of Chevalley-
Schafer [CS] and continued by Jacobson [Jal, Ja2, Ja3|, Kantor [Kal, Ka2|, Koecher
[Kol, Ko2, Ko3, Ko4], Loos [Lo2, Lo3, Lob5|, Springer [Sp|, Springer-Veldkamp [SV] and
Tits [Til, Ti2].

The book [LN2] by Loos and the author is a further contribution to the theme “Groups
and Jordan Structures”. It contains a detailed study of Steinberg groups associated with
certain types of Jordan pairs. These groups generalize the classical linear and unitary
Steinberg groups of a ring by, roughly speaking, replacing associative coordinates with
Jordan algebras or Jordan pairs. We are able to prove the basic results on Steinberg groups
(central closedness, universal central extension in the stable case) in our setting, thereby
recovering all previous results, except those on groups of type Eg, F4 and Go, and in addition
deal with new types, not considered before. The main novelty however is our approach based
on 3-graded root systems and Jordan pairs.

The present paper is an introduction to the theory developed in [LN2]. In §1 we describe
the linear Steinberg group St(A) of a ring A from the point of view of Jordan pairs. This
is motivation for §2 where we define the Steinberg group of a root graded Jordan pair and
state the main results of [LN2]| regarding these groups. The final section §3 discusses some
open research problems in the area of Steinberg groups and Jordan pairs.

The paper does not assume any prior knowledge of linear Steinberg groups or Jordan
pairs: all relevant definitions are given in the paper. We demonstrate their scope by many
examples and refer the reader to [LN1] and [LN2] for most proofs. But we include the
details of our discussion of the linear Steinberg group and the elementary linear group of
a ring from the point of view of Jordan theory (1.7 — 1.10 and 1.12 respectively). We also
give all details of our description of the Tits-Kantor-Koecher algebra and the projective
elementary group of a rectangular Jordan pair (2.12, 2.13).

Notation. Throughout k is a unital commutative associative ring and A is a not neces-
sarily commutative, but unital associative k-algebra. Its identity element and zero element
are denoted 14 and 04 respectively. We will often simply write 1 for 14 if A is clear from
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the context, and analogously for 0 € A. We use A* to denote the invertible elements of A.
If Kk = Z we will refer to A as a ring.

For non-empty sets I and J we denote by Mat;j(A) the k-module of I x J-matrices over A,
i.e., maps x : I x J — A with only finitely many values different from 0. As usual, we write
a matrix in the form x = (245)(; j)erxs. In case I = J we abbreviate Mat;(A) = Mat;(A).
This is an associative k-algebra with respect to ordinary matrix multiplication which is
unital if and only if I is finite. We put Mat,(A) = Mat;(A) if |[I| = n < co. Here and in
general |I| denotes the cardinality of the set I. The identity element of Mat,,(A) is denoted
1,,, and the group Mat, (A)* by GL,(A).

The group commutator of elements g, h in a group G is (g, h) = ghg'h~L.

Acknowledgement. The author thanks Ottmar Loos for many helpful comments on an
earlier version of this paper.

1. ELEMENTARY LINEAR GROUPS AND THEIR STEINBERG GROUPS

In this section we give an introduction to elementary linear groups over a ring A (1.1)
and their associated Steinberg groups (1.3). After a review of central extensions in 1.4 we
state the Kervaire-Milnor-Steinberg Theorem (1.6) which says, for example, that the stable
Steinberg group is the universal central extension of the stable elementary group. We also
exhibit a new set of generators and relations for the Steinberg groups considered in this
section (1.7 — 1.9), which we take as axioms for a new Steinberg group defined in 1.10. The
main result is Theorem 1.11: the classical and the new Steinberg groups are isomorphic.

1.1. Elementary linear groups. Let n € N, n > 2. As usual, E;; € Mat,(A) is the
n X n-matrix with entry 14 at the position (ij) and 04 elsewhere. For 1 < i # j < n and
a € A we put
e;j(a) =1, +aE;j, (a€A)

The well-known multiplication rules aE;; bEy; = d;, abEy for a,b € A imply
(E1) €ij (a) eij(b) = eij(a +0b).
Hence e;j(a)e;j(—a) = 1, = e;j(—a)e;j(a), which shows that e;;(a) € GL,(A). The ele-
mentary linear group (of rank n) is the subgroup

En(A) = (ejj(a) : 1 <i#j<n,a€A)
of Mat,,(A)* generated by all e;;(a).

One easily verifies two further relations of the e;;(a):

(E2) (eij(a), ex(b)) =1, (J#ki#1),

(E3) (eij(a), (D)) = eq(ab)  (i,5,1#).

Taking the inverse of (E3) and using (g,h)~! = (h, g) yields the equivalent relation
(E4) (eij(a), eri(b)) = er;(—ba) (1,7, k #).

We will also need an infinite variant of Mat,(A) and the group E,,(A). Let
MatN(A)

be the set of all N x N-matrices © = (2;;); jen with entries from A. Since Maty(A) is a
non-unital k-algebra,

, but with only finitely many x;; # 0. The usual addition and multiplication of matrices
are well-defined operations on Maty(A) satisfying all axioms of a ring, except the existence
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of an identity element. To remedy this, let 1y = diag(14, 14,...) be the diagonal matrix of
size N x N with every diagonal entry being 14. Then

MatN(A)eX = kly + MatN(A)

is a ring with the usual addition and multiplication of matrices. Its identity element is
1y and its zero element is the zero matrix, see for example [HO, 1.2B] where this ring is
denoted Maty,(A) (its elements are the N x N-matrices with entries from A which have
only finitely many non-zero entries off the diagonal and whose diagonal elements become
eventually constant).

We associate with x € Mat,,(A) the matrix ¢, (x) € Matn(A)ex by putting x in the upper
left corner and filling the diagonal outside xz with 14:

tn(x) = (55 diag(loA,~--))

Then ¢, maps invertible matrices in Mat,,(A) to invertible matrices of Maty(A)ex, in par-
ticular ¢y (e;;(a)) € Matn(A)%. Since iy (es(a)) = tp(eij(a)) for p > n, we can take the
maps L, as identification and view all e;;(a), 7,7 € N with i # j, as elements of Maty(A)X.
The (stable) elementary linear group is the subgroup E(A) of Maty(A)Z, generated by all
the e;j(a):
E(A) = (ejj(a) : 4,5 € N,i # j).

It is immediate that the relations (E1) — (E4) also hold in E(A). The group E(A) is
canonically isomorphic to the limit of the inductive system (E;,(A), tpn) where ¢, E,(A) —
E,(A) for p > n is defined by taking the left upper (p x p)-corner of ¢, ().

1.2. Why is E,,(4) important? One reason is that E,,(F') = SL,,(F) in case of A = F'is a
field — in other words, every matrix of determinant 1 can be reduced to the identity matrix
by elementary row and column reductions. The equality E,(A) = SL,(A) even holds
for a noncommutative local ring, for example a division ring, if one uses the Dieudonné
determinant ([HO, 2.2.2] or [Ro, 2.2.2-2.2.6]). If A is commutative then obviously E,(A4) C
SLy,(A). Equality holds for example if A is a Euclidean ring [HO, 1.2.11].

While all of this is interesting, the real interest in E,(A) and E(A) stems from their
connection to Steinberg groups of A and to the K-group K3(A), defined in (1.3.2).

1.3. The Steinberg groups St,,(A) and St(A). We assume n € N, n > 3 (the case n = 2
is uninteresting since then the definitions below yield free products of A. The group Sto(A)
is defined differently, see e.g. [Mi]; it will not play a role in this paper).

The Steinberg group St,(A) is the group presented by
e generators x;;(a), 1 <i# j <nand a € A, and
e relations (E1) — (E3) of §1.1:
xij(a) xi;(b) = x4(a+b) forall 1 <i# j<nanda,bec A,
(xij(a),xu(b)) =1 if j #k and I # 1,
(xij(a),xj(b)) = xu(ab) if i,4,1 #.
The (stable) Steinberg group St(A) is the group presented by
e generators x;;(a), 4,5 € N distinct, a € A, and
e relations (E1) — (E3) for 4,j € N.

Since the defining relations (E1) — (E3) hold in E, (A) and E(A) we get surjective group
homomorphisms

(1.3.1) on: Stp(A) = En(A4) and p: St(A) — E(A)
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determined by x;;(a) — e;j(a). The second K-group of A is then defined as
(1.3.2) Ky(A) = Ker(p).

This is an important but also mysterious group, even for fields. The reader can find more
about this group in the classic [Mi], and in [HO, Ch. 1], [Ma, Parts IV and V], [Ro, Ch. 4],
or [We, III] (the list is incomplete).

To put all of this in a bigger picture, we make a short detour on central extensions of
groups.

1.4. Central extensions. Let G be a group. An extension of G is a surjective group
homomorphism p: E — G. An extension is called central if Ker(p) is contained in the
centre of the group G. A central extension ¢: X — G is a universal central extension if for
all central extensions p: F — G there exists a unique homomorphism f: X — F such that

g=pof:
e arf - E
DN
G

A group X is called centrally closed if Idx: X — X is a universal central extension. Thus,
X is centrally closed if and only if every central extension p: £ — X splits uniquely in the
sense that there exists a unique group homomorphism f: X — FE satisfying po f = Idy.
The concepts defined above are related by the following facts, proved for example in [HO,
1.4C], [Mi, §5], [Ro, 4.1] or [St2, §7].

(a) A group G has a universal central extension if and only if it is perfect, i.e., generated
by all commutator (g, h) of g,h € G. In particular, a centrally closed group is perfect.

(b) For two universal central extensions of a group G, say ¢: X — G and ¢': X' — G, there
exists an isomorphism f: X — X’ of groups, uniquely determined by the condition
g=qof.

(c) Let ¢: X — G be a universal central extension, whence G is perfect by (a). Then X is
centrally closed and thus also perfect, again by (a). Obviously, G is a central quotient
of X. The following fact (d) says that every universal central extension of G is obtained
as a central quotient of a centrally closed group.

(d) A surjective group homomorphism ¢: X — G is a universal central extension if and
only if (i) X is centrally closed and (ii) Ker(q) is central.

(e) Let f: X — G and g: G — G be central extensions. Then f is a universal central
extension if and only if g o f is a universal central extension.

To describe a universal central extension of a group G we have, by (d) and (e), two ap-
proaches:

(I) Find successive central extensions G; — Go = G,...,G, — Gp_1,... until one of
them, say G,, — G,_1, becomes universal, and then take the composition G,, — G
of these central extensions, or

(I) find an extension ¢: X — G with X centrally closed and then find conditions for
Ker(gq) to be central.

Although (I) sees to be the more natural approach, we will actually follow (II). But first
back to Steinberg groups.

In [St1] Steinberg gave a very elegant description of the universal central extension
of a perfect Chevalley group over a field. “Most” Chevalley groups are perfect by [St2,
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Lemma 32]. In particular, for n > 2 and F' a field, the group SL, (F') = E,,(F') (equality by
1.2) is a Chevalley group, and it is perfect if n > 4 or if n =3 and |F| > 3 or if n = 2 and
|F'| > 4. A special case of Steinberg’s result in [St1] is the following theorem.

1.5. Theorem ([Stl], [St2, Thm. 10], [St3, Thm. 1.1]). Let n € N, n > 2 and let F
be a field satisfying |F| > 4 if n = 3 and |F| & {2,3,4,9} if n = 2. Then the map
on: Stn(F) — En(F) of (1.3.1) is a universal central extension.

We have defined the maps @,: St,(A) = E,(A) and p: St(A) — E(A) for any ring A.
It is therefore natural to ask if Theorem 1.5 even holds for rings. An answer is given in the
following Kervaire-Milnor-Steinberg Theorem.

1.6. Kervaire-Milnor-Steinberg Theorem ([Ke, Mi, St2]). For an arbitrary ring A,
(a) the group St,(A), n > 5, is centrally closed.
(b) The map @: St(A) — E(A) is a universal central extension.

An indication of the proof of (a) can be found in see [HO, 1.4.12] or [St2, Cor. 1]. The
attribution of part (b) of this theorem is somewhat complicated. Kervaire cites a preliminary
version of [Mi], Milnor attributes it to Steinberg and Kervaire ([Mi, p. 43]), and Steinberg
says that (b), proved in [St2, Thm. 14], is “based in part on a letter from J. Milnor”.

In view of (a), the map @,: Stn(A) = E,(A), n > 5, is a universal central extension if
and only if it is a central extension. It is known that this is not always the case, see [HO,
4.2.20]. However, by 1.4(c), both St,(A) and St(A) are centrally closed. It is this result
that we will be concentrating on, following the strategy 1.4(1I).

1.7. Another look at St,,(A) and St(A): using root systems. To treat St,(A4), n € N,
n > 3, and St(A) at the same time we use the subset N C N, which is the finite integer
interval N = [1,n] or N = N. We can then put

[Sta(A) N = [Ln)]
Stw(4) = {St(A) if N = N,

By definition in 1.3, Sty (A) is generated by x;;j(a), (i,j) € N x N, i # j, and a € A.

We replace this indexing set by the root system Ay (notation of 2.2), which we realize in
the Euclidean space X = @,y Re; with basis (g;)iey and inner product (|) defined by
(eiles) = dij:

R=Ay={e—¢j:i,jEN}, R*=R\{0}.
Thus R* = A,—; for N = [1,n] in the traditional notation, while for N = N we get an
infinite locally finite root system — a concept that we will review later in 2.1. For the
moment, it suffices to use the concretely given R above.

For o, f € R one easily checks that («|5) € {0,£1, £2} with (¢|f) = £2 <= a = £0.
To conveniently describe the remaining cases we use the symbols

(1.7.1) alB < (af)=0 and a—fB < (a|f)=1.

A straightforward analysis of the indices shows for a = ¢; —¢; and = ¢}, — ¢; € R that
alfora—f <= j#k and [#1,

(1.7.2) a—(=B) <<= J=kijl# ori=1Lijk#.

Hence, putting
Xo(a) = x;5(a) for a =¢; — g5 € R”,
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the relations (E1) — (E4) can be rewritten in terms of roots as follows. Let «, 8 € R* and
denote the relations corresponding to (Ei) by (ERi). Then the previous relations read

(ER1) (xa(a), xa(b)) =1,

(ER2) (xa(a), x5(b)) =1, ifal fora—a23,

(ER3) (xa(a), x5(b)) = xq45(ab) ifa=¢e —¢;, B=¢j—¢1, 14,7, #,
(ERA4) (xa(a), x3(b)) = xq+5(—ba) ifa=¢e —¢;, B=cr—ei, 4,5,k #

In particular, the two cases for « — (—/3) in (1.7.2) correspond precisely to the relations

(ER3) and (ERA4).
1.8. Another look at Sty (A): fewer generators. We continue with NV and R as in 1.7.
In addition we choose a nontrivial partition
N=1UJ, 0 #1+#N,

which we fix in the following. It induces a non-trivial partition
(1.8.1) R=RiURyUR_q,
whose parts are

Ri={e;—¢j:i€l,jeJ},

R y={ej—¢:i€l,jeJ}=—Ry,
Ro={ex—er:(k,))eIxTor (kl)eJxJ}=A;xAy.

The partition R = Ry U Rg U R_1 will later be seen to be an example of a 3-grading of R,
but we do not need this now. Observe that every u € Ry can be written (not uniquely) as
u=a—F with a and g € Ry satisfying a« — (. Indeed,

(i) if p = e, — e with k,1 € I then p = (e —€;) — (g, — ;) for any j € J, hence
(1.8.2) () = x(0) = (5(0), 351(1)) = (xal@), x_5(1))
by (ER3) for a« = ¢, —¢j and 8 =¢; —¢; € Ry, and
(i) if p = ex — & with k,l € J then p = (g; — ;) — (g; — &) for any i € J, hence
(1.8.3) xu(a) = xp(a) = (xu(—a), xxi(1)) = (xa(—a), x_5(1))
by (ER4) for « =¢; —¢; and f =¢; — e € Ry.
The equations (1.8.2) and (1.8.3) show that Sty (A) is already generated by
(1.8.4) {xa(a) :a € RYUR_1, a € A}

1.9. Another look at Sty(A): fewer relations. Our next goal is to rewrite some of
the relations (ER1) — (ER4) in terms of the smaller generating set (1.8.4). Each of these

relations depend on two roots £, 7 € R. Because of (g, h)™! = (h, g) we only need to
consider the relations involving (£, 7) lying in one of the following subsets of R x R:

R1 XRl, R,1 XRfl, R1 XRfl, RoXRl, RO XRfl, ROXRO.

(a) Case (§,7) = (o, B) € Ry X Ry: Given a, 8 € Ry, exactly one of the relations a = 3,
a— f, a L 8 holds. Hence only (ER1) and (ER2) apply in this case and yield

(1.9.1) (xa(a), x5(b)) =1 for a, f € Ry and a,b € A.
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It will now be more convenient to change notation (again) and put for o = ¢; —¢; € Ry
and u, = aE
(1.9.2) E} = Ejj, X!y (ua) = xa(a) = xi;(a)
(1.9.3) Voj_ = AE;;’ V= @aeRl Va+ = @(ij)EIXJ AEl]
Because of (1.9.1) the map
(1.9.4) X VP —Sty(A), u=0cr, ta — [lacr, ¥ (ta)
is well-defined (independent of the chosen order for [],cp,) and satisfies
(1.9.5) Xy (u4u') =% (u) x, (u) for u,u’ € V*.
It is clear that conversely (1.9.5) implies (1.9.1).

(b) Case (¢,7) = (—a,—f) € R_1 x R_1: This case is analogous to Case (a). Given

a=¢; —¢j € Ry and v, = aF, we define
E, = Ej;, X (Va) = X_a(—a) = in(—a),
(1.9.6) V., = AE_, VT =®acr, Va = @(ji)gx[ AEj;.
(The minus sign in the definition of x_(v,) is not significant, but has been included so that
the relations below are precisely those used later on. It avoids a minus sign in the formula

(1.12.3).) As in Case (a) the relations (ER1) — (ER4) for (—a,—8) € R_; x R_; yield
(x_(va), x_(v')) = 1 and thus give rise to a well-defined map

(1.9.7) X2 VT — Stn(A), v=2cr, @By = [laer, X (—aaEy)
satisfying
(1.9.8) X (v+0) =x_(v)x_(v)) for v,0" € V.

At this point we obtain a new generating set of Sty (A),
(1.9.9) Sty (4) = X, (VHux_(V7)),

(c) Case (&, 7) = (a,—f) € Ry x R_1: From this case we will only explicitly keep the
relation (ER2), which in our new notation says

(1.9.10) (= (u), x_(v)) =1 for (u,v) € V3f x Vi~ with o L .

In the following Case (d) we use the relations (ER3) and (ER4) for (o, —3) € Ry x R_; in
double commutators.

(d) Case (&,7) = (u,7) € Ro x Ry: To deal with this case, we view the elements of V'
as I x J-matrices with only finitely many non-zero entries, as in (1.9.2). Similarly, elements
in V~ are J x I-matrices with finitely many non-zero entries. Matrix multiplication of
matrices in VT x V= x VT is then well-defined and yields the Jordan triple product {-- -},
i.e., the map

{1 VIV xVT —= VT (z,y,2) = {zyz} = zyz + 2y
We claim that (ER2) — (ER4) imply

/

(<} (ua), X2 (), ¥ (29)) = X (—{ua vp 2 })

(1.9.11) . _
for a, 8,7 € Ry with a — B and all u, € V', vz € VB , 2y € V7+
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We prove this by evaluating all possibilities for y = o — 8 with «, § € Ry satisfying a« —
and v =&, —e5 € R;. By 1.8(i) and 1.8(ii) there are two cases for such a representation of
u, discussed below as (I) and (II).

(I)a=¢ei—¢j, f=¢i—¢ forielandjl e J distinct. Thus p=a - =¢ —¢;. We
let uq = aFsj, vg = bEy;, 2, = cErs. Then, by (ER4) - (E4),
(¥4 (ua), X (vg)), X (29)) = ((xi5(a), %1 (D)), xrs(c)) = (x1(ba), xrs(c)) =: A,
{uavg 2y} = {aFE;; VE}; cEys} = g cbaE,; =: B.
If | = s then, again by (E4), A = x,;(—cba), while B = cba E,;. Otherwise [ # s, whence
A =1 by (E2) and clearly B = 0. This finishes the proof of (1.9.11) in case (I).

(II) @ = g; — €5, B = €, — ¢ for distinct i,k € I and j € J. This can be shown in the
same way as (I).

To obtain a slightly simpler version of (1.9.11) we apply the commutator formula

(ga hy h2) = (97 hl) ’ (ga h?) ’ ((h2> g)7 hl)
with g = (¥, (ua), x'_(vg)), h1 = X/, (2,) and hy = ¥/, (25) for arbitrary § € R;. We obtain

(g, h1 h2) = (g, h1) - (g, h2), which allows us to rewrite (1.9.11) in the form

(<t (ua), X2 (v8)), ¥ (2)) = x4 (—{ua vs 2})

(1.9.12) , . _
for a, B € Ry with @« — 8 and arbitrary u, € V5, v € V;, 2 € V.

(e) Case (&,7) = (u, =) € Ry x R_1. We proceed as in Case (d) and define the Jordan
triple product

{1V XV XV — V", (z,y,2)— {zyz}:=zyz + 2yz,

using matrix multiplication in the definition of {---}. As in Case (d) one then proves the
relation

((x"(va), ¥y (ug)), x_(w)) = x_(—{vaug w})

(1.9.13) , ) 3 n 3
for o, B € Ry with o — 8 and arbitrary v, € V7, ug € Vﬁ ,weVT.

(f) Case (£,7) € Ry x Rp: As we will see below, the relations involving these (£, 7) are
not needed for presenting Sty (A).

1.10. The Steinberg group St(M;;(A),R). We keep the setting of (1.7) — (1.9). In 1.9
we defined a pair of matrix spaces,
(VH V)= (MatU(A), MatJ[<A)) =: My;(4),
and Jordan triple products
{1 VIXxVIxV =V (v,y,2) = {xyz} =2xyz+ zyx
for 0 € {+,—}. In (1.9.3) and (1.9.6) we also introduced a family
R=Va)acry, Vo= (Vi Vy)
of pairs of subgroups with the property that V7 = @ . R, Vo - Furthermore, in (1.9.9)
we found a new generating set for Sty (A), and we rewrote some of the relations defining

Sty (A) in terms of this new generating set. It is then natural to define a new Steinberg
group using these new generators and relations.

The Steinberg group St(My;(A),R) is the group presented by
e generators x4 (u), u € V', and x_(v), v € V~, and
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e the relations (1.9.5), (1.9.8), (1.9.10), (1.9.12) and (1.9.13). Taking o € {+,—}
these are
(EJ1) Xo(u+u') = x,(u)x,(u') for u,u’ € Vo,
(EJ2) (xt(u), x-(v)) =1 for (u,v) € V7 x V7, o L B,
(EJ3) ((xo(u), x-0(v)), x-(2)) = xo(—{uvz})
for up, € VJ, v e VB_U’ z € V7 with o — S.
(The letter “J” in (EJi) stands for “Jordan”, to be explained in the next section.)
From the review above, it is clear that we have a surjective homomorphism of groups
(1.10.1) ®: St(Mys(A),R) — Sty (A), xq(u)— x(u)

where x/ is defined in (1.9.4) and (1.9.7). Moreover, composing ® with the surjective
group homomorphisms px: Sty(A) — En(A) of (1.3.1) yields another surjective group
homomorphism

(1102) PN St(M[J(A), 9%) — EN(A), X+(CLE7;]') — e,-j(a), X_ (ani) — eji(—a)

and hence a commutative diagram

St(Mr(A),R) Stn(A)

(1.10.3) k %

En(A)

1.11. Theorem ([LN2]). The map ® of (1.10.1) is an isomorphism of groups.

In particular, St(Mrs(A),R) is centrally closed if [N| > 5 and py is a universal central
extension of E(A) if N =N.

Proof. To prove bijectivity of ® is bijective, a canonical approach is to show that the family
of x4 (aF;j) and x_(—bE;;) € St(Mys(A),R) can be extended to a family of elements
satisfying the defining relations (E1) — (E3) of Sty (A). As a consequence, this yields a group
homomorphism ¥: Sty (A) — St(M;;(A),R) such that o ® and ¢ o ¥ are the identity on
the respective generators and therefore also on the corresponding groups. Another proof of
the bijectivity of ® is given in [LN2, 24.18], based on the interpretation of both groups as
initial objects in an appropriate category of groups mapping onto Ex(A).
The second part of the theorem follows from the Kervaire-Milnor-Steinberg Theorem 1.6.
O

1.12. Another look at Eyx(A). It follows from the existence of the surjective group ho-
momorphism py of (1.10.2) that Ex(A) is generated by py(x+ (V') Ux_(V7)) and that
the matrices in this image satisfy the relations (EJ1) — (EJ3). It is instructive to verify this
directly.

For (u,v) € Mj;(A) we define elements e (u) and e_(v) of the ring Mat y(A)ex of 1.1 by

(1.12.1) e+(u):<101 1“J) e(u):<i; 10J>.

Then clearly
(1.12.2) er(ut+u)=er(u)er(u) and e_(v+v')=-e_(v)e_(v).
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In particular, the matrices e (u) and e_(v) are invertible with inverses ey (u)™! = e; (—u)
and e_(v)~! = e_(—v). Since e;(aE;j) = e;j(a) and e_(vE;;) = ej;(—v) for (ij) € I xJ, the
equations (1.12.2) also show that e;(u) € En(A) and e_(v) € Ex(A). By straightforward
matrix multiplication one obtains

_ 1; — uwv + vvuv uvU
(1.12.3) (e4(u), e-(v)) = ( VUV 15+ Uu> '

In particular, taking (u,v) with vu = 0 or wv = 0, this proves

1;—uv O 1; 0
( 0 1J) S EN(A) and <0 1J—|—UU> S EN(A)

Specifying (u,v) even more, one then easily sees that all elementary matrices ey;(a) with
(k,1) € I x I or (k,l) € J x J lie in the subgroup of Ex(A) generated by e, (VT)Ue_ (V7).
Therefore, this subgroup equals Exn(A).

The relation (EJ1) is (1.12.2), and the relation (EJ2) follows from (1.12.3) since for
(u,v) € Vif x V7 with a L B8 we have uv = 0 and vu = 0. In order to prove (EJ3) in case
o=+, let (u,v) € V;F x Vy witha L B andlet z € VT arbitrary. Then uvu = 0 = uvzou,
vuv = 0 and (17 +vu)~! = 17 — vu. Hence, by (1.12.3),

(e (), e—(v)), ex(2)) = ((1’ 0 A, _Ow>1> ’ (101 1ZJ>)

_ (101 —z+ (1= ﬁ’)'z(l - ”“)> — ey (—fuvz)).

The relation (EJ3) for 0 = — can be verified in the same way.

To put this example in the general setting of the following section §2 we point out that
the calculations above are not only valid for matrices of finite or countable size |N|, but
hold for N of arbitrary cardinality.

2. GENERALIZATIONS

In this section we generalize the Steinberg groups considered in §1. The generalization
has a combinatorial aspect, 3-graded root systems, and an algebraic aspect, root graded
Jordan pairs. They are presented in 2.1 — 2.3 and 2.4 — 2.6 respectively. We define the
Steinberg group of a root graded Jordan pair (2.7) and state the Jordan pair version of
the Kervaire-Milnor-Steinberg Theorem (2.8 and 2.11). Since the elementary linear group
only makes sense for special Jordan pairs, we replac it by its central quotient which can
be defined for any Jordan pair: the projective elementary group PE(V) of a Jordan pair
V defined in terms of the Tits-Kantor-Koecher algebra £(V') (2.10). We discuss £(V') and
PE(V) for the Jordan pair of rectangular matrices over a ring in 2.12 and 2.13.

2.1. Locally finite root systems [LN1]. We use (-,:) to denote the canonical pairing
between a real vector space X of arbitrary dimension and its dual space X*, thus (z, p) =
o(z) for z € X and ¢ € X*. If p € X* satisfies (a,p) = 2, we define the reflection
Sa,p € GL(X) by
Sap(@) = 7 — (7, 0)a
A locally finite root system is a pair (R, X) consisting of a real vector space X and a
subset R C X satisfying the axioms (i) — (iv) below.

(i) R spans X as a real vector space and 0 € R,
(ii) for every o € R* = R\ {0} there exists a” € X* such that (o, ") = 2 and 54 v (R) =
R.
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(iii) (o, BY) € Z for all o, B € R*.
(iv) R is locally finite in the sense that RNY is finite for every finite-dimensional subspace
of X.

Locally finite root systems form a category RS, in which a morphism f: (R, X) — (S,Y)
is an R-linear map with f(R) C S. In this category, an isomorphism f: (R, X) — (S,Y) is
a vector space isomorphism f: X — Y with f(R) = S. Such an isomorphism necessarily
satisfies (f(«), f(B)Y) = (o, 8Y) for all o, 5 € R*.

Remarks, facts and more definitions. (a) The linear form o in (ii) is uniquely
determined by the two conditions in (ii). Therefore, we simply write s, instead of s, v in
the future.

(b) Our standard reference for locally finite root systems is [LN1]. As in [LN1] we will
also here abbreviate the term “locally finite root system” by root system. Then a finite root
system is a root system (R, X) with R a finite set, equivalently dim X < oo. Finite root
systems are the root systems studied for example in [Bo, Ch. VI]. That [Bo| assumes 0 ¢ R
does not pose any problem in applying the results developed there.

The real vector space X of a root system (R,X) is usually not important. We will
therefore often just refer to R rather than to (R, X) as a root system.

(c) As in [LN1] and again in [LN2, §2] we assume here that 0 € R, which is more natural
from a categorical point of view. In [LN2, §2] the real vector space X is replaced by a free
abelian group X and condition (iv) becomes that RNY be finite for every finitely generated
subgroup Y of X. With the obvious concept of a morphism, this defines a category of root
systems over the integers, which is equivalent to the category RS [LN2, Prop. 2.9].

(d) A locally finite root system need not be reduced in the sense that Ra N R = {£a}
for every a € R*. The rank of a root system (R, X) is defined as the dimension of the real
vector space X.

(e) The direct sum of a family (RU), X (7)) jeg of root systems is the pair
(Ujes BY), @jes X)),

which is again a root system [LN1, 3.10], traditionally written as R = P, RU). A non-
empty root system is called irreducible if it is not isomorphic to a direct sum of two non-
empty root systems. Every root system uniquely decomposes as a direct sum of irreducible
root systems, called its irreducible components [LN1, 3.13].

(f) Every root system (R, X)) admits an inner product (| ): X x X — R, which is invariant
in the sense that (sq(x) | sa(y)) = (x | y) holds for all &« € R* and x,y € X, equivalently

(8]
(a
[LN1, 4.2]. If R is irreducible, (|) is unique up to a non-zero scalar. It follows that the

definition of a root system given in [Ne2] is equivalent to the definition above, and that a
finite reduced root system is the same as a “root system” in [Hu], again up to 0 ¢ R.

£

(2.1.1) (B,0") =2

for all a, 8 € R

£

2.2. Classification of root systems. We first present, as examples, the classical root
systems Ag,...,BCr. Let I be a set of cardinality |I| > 2 and let X = @,.;Re; be the
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R-vector space with basis (¢;);cr. Define

(2.2.1) Ar={ei—¢j:i,jel},
(2.2.2) D;=Aru{£(e +¢5):i#j},
(2.2.3) Br =DyU{#e :i €I},
(2.2.4) Cr=DrU{42¢:iel},
(2.2.5) BC; =B;UCy.

Then A; is a root system in X = Ker(t) where t € X* is defined by t(g;) = 1, i € I. Its
rank is therefore |I| — 1. The notation A instead of the traditional A is meant to indicate
this fact. Observe that Ay is the root system R of 1.7. All other sets Dy, ..., BCy, are root
systems in X, whence of rank |I|. The root systems A 1, By, Cr and Dy are reduced, while
BCjy is not.

The isomorphism class of a classical root system only depends on the cardinality of the
set I. In particular, when [ is finite of cardinality n we will use the index n instead of I.
Thus, Dy, = Dy, n) ete. Note Appr = A{o,l,...,n} = A, in the traditional notation.

The standard inner product (| ), defined by (g;]ej) = d;5, is an invariant inner product in
the sense of 2.1(f). With the exception of Dy = A; @ A, the root systems A;,...,BCy are
irreducible. Apart from the low-rank isomorphisms By = Cy, D3 = Ag, they are pairwise
non-isomorphic.

The classification of root systems [LN1, Thm. 8.4] says that an irreducible root system is
either isomorphic to a classical root system or to an exceptional finite root system.

2.3. 3-graded root systems. A 3-grading of a root system (R,X) is a partition R =
Ry U Ry U R_; satisfying the following conditions (i) — (iii) below:

(i) R—1 = —Ry;

(i) (Ri + Rj) N R C Ry4j for i,j € {1,0,—1}, with the understanding that Ry = 0 for

k¢{1,0,—-1}

(iii) Ry + R—1 = Ry, i.e., every root in Ry is a difference of two roots in R;.
In particular (ii) says that the sum of two roots in R; is never aroot and (R1+R—1)NR C Ry,
a condition which is strengthened in (iii).

Since a 3-grading of a root system (R, X) is determined by the subset R; of R, we
will denote a 3-graded root system by (R, R, X) or simply by (R, R1). A 3-graded root
system is a root system equipped with a 3-grading. An isomorphism f: (R,R1,X) —
(S, S1,Y) between 3-graded root systems is a vector space isomorphism f: X — Y satisfying
f(R1) = S, hence also f(R;) = S; for i € {1,0,—1}, and is therefore an isomorphism
fi (R, X)— (5,Y) of the underlying root systems. References for 3-graded root systems
are [LN1, §17, §18], [LN2, Ch. IV] and [Ne2].

Some facts and examples. (a) The decomposition (1.8.1) of the root system R = Ay
is a 3-grading. The restrictions on N imposed in 1.7 are not necessary for the definition
of a 3-graded root system, as we have seen in 2.2 for the root system Ay. Any non-trivial
partition N = I U J induces a 3-grading of Ay as in 1.8, denoted Afv Thus, the 1-part of
the 3-graded root system Afv is

(2.3.1) (Al ={ei—¢j:i€l,je N\I}.

Every 3-grading of A is obtained in this way for a non-empty proper subset I C N.
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(b) A 3-grading B(}f of the root system By is obtained by choosing a distinguished element
of I, say 0 € I, and putting Ry = {eg} U{eg t¢e; : 0 #i € I}.

(c) The root system R = Cy has a 3-grading, denoted CI}er, whose 1-part is Ry = {g;+¢; :
i,j€TI}. Note Ry ={e;—¢j:4,j €I} =A;.

(d) The root system Dy, |I| > 4, is a subsystem of By and C;. The 3-gradings of these two
root systems, defined in (b) and (c), induce 3-gradings D(}f and D of D;. The first of these
is determined by R1 = {eg+e; : 0 # i € I} and the second by Ry = {e;+¢j :4,5 € I,i # j}.
It is known that DY = Dalt if [T| = 4, but DY 2 D3l if |1] > 5.

(e) The 3-gradings of a root system R are determined by the 3-gradings of its irreducible
components (RY)) e s as follows.

If (R, Ry) is a 3-grading, then (RY), Ry N RY)) is a 3-grading for every j € J. Conversely,
given 3-gradings (RY), jo )) for every j, the set Ry = ; jo ) defines a 3-grading of R.

These easy observations reduce the classification of 3-graded root systems to the case of
irreducible root systems. Their classification is given in [LN1, 17.8, 17.9]. It turns out that
an irreducible root system has a 3-grading if and only if it is not isomorphic to Eg, F4 and
Go. Some irreducible root systems have several non-isomorphic 3-gradings, such as Ay or
D;. But every 3-grading of C; is isomorphic to the 3-grading C?er of (c).

(f) The relations | and — introduced in (1.7.1) in case R = Ay can be defined for any
root system R without using an invariant inner product. For a, 5 € R* we put
alp <<= (a,pfY)=0, equivalently (5,a") =0,
a—f = () =1=(f,a%)
a—f <= (o,p)=2, (8,a") =1
The formula (2.1.1) shows that the definitions of L and — above generalize (1.7.1). The

relation — occurs for example in the root system Cj: we have 2¢; — ¢; + ¢; for # j. (In
[LN1] the notation T and H is used in place of — and —, respectively.)

(g) Given «a, 8 € Ry, exactly one of these relations holds:

(2.3.2) a=p or a—p or a<+f or a—p or «alp.
Moreover, again for a, 8 € Ry,
(2.3.3) 20— €ER <— 2a—-0€eR <+ a+fora=/p.

2.4. Jordan pairs. This subsection contains a very short introduction to Jordan pairs over
a commutative ring k, although for the purpose of this paper k = Z is completely sufficient.
We will only present what is needed to understand this paper. A more detailed but still
concise introduction to Jordan pairs is given in [LN2, §6]; the standard reference for Jordan
pairs is [Lol].

We have already seen an example of a Jordan pair in 1.9: the rectangular matrix pair
M;;(A) = (Matr;(A), Mat ;(A)) equipped with the Jordan triple product {xy 2z} = xyz +
zyx for (z,y,2) € VIx V™7 xV? and 0 = +. The Jordan triple product is the linearization
with respect to x of the expression Q(x)y = zyz, which did not play any role in §1, but
which is the basic structure underlying Jordan pairs.

A Jordan pair is a pair V = (V*,V ™) of k-modules together with maps
Q:VIxV? =V (x,y)— Q°(z)y, (0 ==),

which are quadratic in  and linear in y and which satisfy the identities (JP1) — (JP3) below
in all base ring extensions. To define these identities, we will simplify the notation and omit
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o, thus writing Q(z)y or simply @Q,y. This does not lead to any confusion, as long as one
takes care that the expressions make sense. Linearizing @),y in x gives

Qz2y = Q(r,2)y = Qui2y — Quy — Q2y,

which we use to define the Jordan triple product
{1 VIxVTI%xVI =V (2,y,2) > {zyz} = Qu.y.

To improve readability we will sometimes write {z, y, z} instead of {xyz}. If K is a
commutative associative unital k-algebra we let VZ = V7 ®;, K and observe that there exist
unique extensions of the Q7 to quadratic-linear maps @: Vi X Vg — Vi. The identities
required to hold for z,z € VZ, y,v € V7, 0 € {+, -} and any K as above are

(JPl) {CL‘, Y, va} = Q(E {97 z, ’U},
(JPQ) {me, Y, Z} = {33', ny7 Z},
(JP?’) QQxyv = Qm Qy sz-

A homomorphism f:V — W of Jordan pairs is a pair f = (f4, f-) of k-linear maps
fo: VO — W satisfying f,(Q(z)y) = Q(fg(x))f_g(y) for all (z,y) € V7 x V=7 and
o ==

Remarks and more definitions. (a) Instead of requiring that (JP1) — (JP3) hold for
all extensions K, one can demand that (JP1) — (JP3) as well as all their linearizations hold
in V. For example, linearizing the identity (JP1) with respect to x gives the identity

{Z, Y, va} + {1'7 Y, Qm,zv} = Qz,z {y7 x, U} + QLE {y, Z, U}

(b) If V. = (V*,V7) is a Jordan pair and S = (S*,S57) is a pair of submodules of V
satisfying Q(S7)S~7 C S7 for 0 = 4, then S is a Jordan pair with the induced operations,
called a subpair of V.

(¢) An idempotent in a Jordan pair V' is a pair e = (e4,e_) € V satisfying Q(es)e_ = e
and Q(e_)e+ = e_. An idempotent e gives rise to the Peirce decomposition of V,

Vi=Vi(e)@aVi(e)@Vi(e), o=+,
where the Peirce spaces V;(e) = (Vi"(e), Vi (e)), i = 0,1,2, are given by
VE(e) = {r € V7 Qen)Qle_o)t = 2,

Vi) ={xeV?:{e;e_sz} =1},
V()g(e) = {:C eV Q(ea)x =0= {ea € o fL‘}}
The Peirce spaces VijE = V;i (e) satisfy the multiplication rules
(2.4.1) QVI)V; 7 C Vg, VeV oveycViZia,
(2.4.2) VE Vo vy =0 = (Vg VT Ve,
where 7, j,1 € {0,1,2}, with the understanding that V.2 = 0 if m ¢ {0,1,2}. In particular,

the V; = Vj(e) are subpairs of V. If 2 € k* we have V7 (e) = {x € V : {e e 7 2} = iz} for
i=0,1,2.
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2.5. Examples of Jordan pairs. We now give concrete examples of Jordan pairs, to
illustrate the abstract definition of 2.4.

(i) Any associative, not necessarily unital or commutative k-algebra A gives rise to a
Jordan pair V = (A, A) with respect to the operations Q,y = zyz.

Indeed, since a base ring extension of A is again associative, it suffices to verify the
identities in V', where they follows from the following calculations.

{z,y, Qv} = zy(zvr) 4 (vv)yr = z(yazv + vey)r = Q.{y, v, x},
{Quy,y, 2} = (vyx)yz + 2y(vyr) = 2(yzy)2 + 2(yry)r = {7, Qyz, 2},
QQ.yv = (zyx)v(zyz) = 2(y(rva)y)r = QrQYQuv.

An idempotent c of the associative algebra A, defined by ¢? = ¢, induces an associative Peirce
decomposition A = A1 & A1g @ A1 ® Ao with A;; = {a € A : ca = ia, ac = ja}. The
pair e = (c, ¢) is an idempotent of the Jordan pair V' whose Peirce spaces are Vi (e) = Aj1,
Vi (e) = Ao ® Ap1 and Vi (e) = Ago. Not only Vi(e) but also (Aig, Ao1) and (Ag1, A1g) are
subpairs of V.

Not every idempotent of V' has the form (¢, c¢), ¢ an idempotent of A. For example, if
u € A* and c is an idempotent of A, then (uc,cu™!) is an idempotent of V' which, however,
has the same Peirce spaces as (c, ).

(ii) By (b) and (i), any pair (ST, S57) C (A, A) of k-submodules closed under the operation
(z,y) — zyz is also a Jordan pair. Jordan pairs of this form are called special. Their Jordan
triple product is

(2.5.1) {zyz} =2yz + zyx (x,2€ 8%, yeS7).
We next describe some important cases of special Jordan pairs.

(iii) Let I and J be non-empty sets. Let N = I'UJ’ where J' is a set disjoint from I and
in bijection with J under j — j’, and embed Mat;;(A) into the right upper corner of the
associative algebra Maty(A). Similarly, we identify Mat j;(A) with the left lower corner of
Matn(A). Then

My (A) = (Matz;(A), Mat s (A))

is a subpair of the Jordan pair (Maty(A), Maty(A)) and is therefore a Jordan pair, as
claimed at the beginning of this subsection. If N is finite, M;;(A) is of type (A1, A1) for
A = Maty(A) and the idempotent ¢ = 17, see (i).

(iv) Let a +— a’ be an involution of the associative k-algebra A. Then H(A,J) = {a €
A:a’ = a} is closed under the Jordan pair product, whence H(A, J) = (H(A4, J), H(4,J))
is a Jordan pair.

More generally, extend J to an involution of the associative k-algebra Maty(A), || > 2,

defined by (z;;)” = (a:}ll) and again denoted by J. Then the hermitian matriz pair

H; (A, J) = (H(Mat;(A), J), H(Mat;(A), J))
is a special Jordan pair. In particular, taking A = k, J = Id; and I = {1,...,n} we get the
symmetric matriz pair Hy, (k) = (Hy(k), Hy(k)).

(v) Let Alt;(k) be the alternating I x I-matrices over k, where x = (z;) is called
alternating if z;; = 0 = x;; + xj; for 4,5 € I. Then the alternating matriz pair Aj(k) =
(Altz(k), Altz(k)) is a subpair of M(k), whence a special Jordan pair.

(vi) Let M be a k-module and let g: M — k be a quadratic form with polar form b,
defined by b(z,y) = q(z +y) — q(x) — q(y). Then J(M,q) = (M, M) is a Jordan pair with
quadratic operators Q,y = b(z,y)x — q(x)y.
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(vii) Let J be a unital quadratic Jordan algebra with quadratic operators U, x € J
([Jad, Jab]). Then (J,J) is a Jordan pair with quadratic maps @)y = U,. For example, if k
is a field, the rectangular matrix pair M, (k) is of this form, but M,,(k) for p # ¢ is not.
Thus, there are “more” Jordan pairs than Jordan algebras.

Let C be an octonion k-algebra, see for example [SV] in case k is a field or [LPR] in
general, and let J = H3(C) be the exceptional Jordan algebra of 3 x 3 matrices over C which
are hermitian with respect to the standard involution of C. Then (J,J) is a Jordan pair,
which is not special in the sense of (ii). Such Jordan pairs are called exceptional.

2.6. Root graded Jordan pairs. Let us first recast the Peirce decomposition 2.4(c) of
an idempotent e in a Jordan pair V from the point of view of a grading.

We use the 3-graded root system Ch' of 2.3(c) with I = {0,1}. Its l-part is Ry =
{ei+e;:1,7€{0,1}} = {2e1,e1 + €0,2¢0}. Putting

Ve =Vile)  (a=eite; e R)
we have the decomposition V7 = @, Vi which satisfies
(RG1) QVY)Vs 7 CVy, g, (Ve Va7V C Vi gy
(RG2) {(VaVgoVvor=0 ifa L p.

Here 2a — 8 and a — 8 + v in (RG1) are calculated in X = R-gg ® R -¢; & R?, and
Vo =0 if 2a — ¢ Ry or V£—5+’Y =0if a — B+~ & Ry. We see that, apart from the
actual definition of the Peirce spaces, the rules governing the Peirce decomposition can be

completely described in terms of R;. The following generalisation is then natural.

Given a 3-graded root system (R, R;) and a Jordan pair V, an (R, Ry)-grading of V
is a decomposition V7 = P cp, Vi, 0 = =+, satisfying (RG1) and (RG2). We will use
R = (Va)aecr, to denote such a grading. A root graded Jordan pair is a Jordan pair
equipped with an (R, R;)-grading for some 3-graded root system. In view of (2.3.3) we can

make the first inclusion in (RG1) more precise:
Q(VJ)VEU =0 wunless a — 3, in which case

(2.6.1) o "
20 =B € Ry and Q(VT)V 7 C Vg, 4.
We call SR an idempotent root grading if there exists a subset A C R; and a family
(éa)aca of non-zero idempotents e, € V, such that the V3 are given by

(2.6.2) Vs =] Viga)(ea)
a€A

Observe that (2.6.2) makes sense since («a, 5Y) € {0, 1,2} by (2.3.2). Neither the idempotents
nor the subset A C R; are uniquely determined by an idempotent root grading, see for
example (iii) below.

To avoid some technicalities, we will often assume that R is a fully idempotent root
grading, i.e., R is idempotent with respect to a family of idempotents with A = R;y. In the
terminology of [Nel] this means that V is covered by the cog (€q)ackr, -

Examples. (i) Let R = A1 = {«, —a} equipped with the 3-grading defined by R; = {a}.
An (R, Ry)-graded Jordan pair is simply a Jordan pair V = (V*,V ™) for which V7 = V7.
This root grading is idempotent if and only if V' = (J,J) where J is a unital Jordan
algebra. To see sufficiency in case J is a Jordan algebra with identity element 1;, one uses
eq = (17,15) and observes (J, J) = Va(eq).
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(ii) Let (R, R1) = C4¢". We have seen above that the Peirce decomposition of an idem-

potent e € V' can be viewed as a Cger—grading, which is idempotent with respect to e = e,
a = 2¢1. Thus here A = {a}.

(iif) Let (R,R;) = AL be the 3-graded root system of 2.3(a). Put J = N\ I. An
Aﬁv -grading of a Jordan pair V is a decomposition
V= @(z‘j)efo V(z’j)

such that for all (ij) and (Im) € I x J and ¢ = 4 we have, defining V,
€ —E&j € Ry,

’L]) ‘/Ei—éj fOI'

QUVEnVigy € Viisy V& Vs Vim € Vmy
{‘/( )Vl]) Vl])} C Vv(lJ {Vv((lfj) } - Vzm)’

and all other types of products vanish.

An example of an Aﬁv -graded Jordan pair V' is the rectangular matrix pair Mj;(A) of
an associative unital k-algebra A # 0, see 2.5(iii), with respect to the subpairs V(;; =
(AFE;j, AE;;). This AL -grading of M;;(A) is fully idempotent with respect to the family

(ea)acRys €a = (aUEU,aZJlEﬂ) where o = ¢; —¢; and a;; € A*. It is also idempotent with

respect to the following smaller family: fix iy € I and jy € J and consider (eq)aea Where
A:{é‘i—€j0 2i€I}U{€iO—6j IjGJ}.

Let a,b C A be k-submodules with aba C a and bab C b. Then S = (Mat;;(a), Mat ;7 (b))
is a Jordan subpair of M;(A). It inherits the AL -grading from M ;(A) by putting Sij) =
(aE;j,bE; ;). This A{V—grading of S is in general not idempotent, e.g., if a is a nil ideal.

(iv) The hermitian matrix pair V' = Hj(A4, J) of 2.5(iv) has an idempotent Ch"-grading.
Indeed, define

his(a) = 4 “E +a’Ej ifaecAandi#j,
YY) aEy if i = j and a € H(A, J).

V., with

_ | (hij(A), hij(A)), ifi+#j
Vo =Veiie; = {(hJ(H(A J)), hii(H(A, J))), ifi=j.

Then V = P cp,

is a C]}‘er-grading of V. It is fully idempotent, for example with respect to the family
(ea)acr, for which eq = (hyj(1), hij(1)), o = &; + €.

(v) The remaining examples in 2.5 all have idempotent root gradings. The alternating
matrix pair As(k) of 2.5(v) has an idempotent D#*-grading ([LN2, 23.24]). The Jordan pair
J(M, q) associated with a quadratic form ¢ in 2.5(v) has an idempotent B?f if ¢ contains

a hyperbolic plane, or even a D(}f-grading if ¢ is hyperbolic ([LN2, 23.25]). If C is a split
octonion algebra in the sense of [SV] or [LPR] the exceptional Jordan pair (Hs(C),Hs(C))
has an idempotent root grading with R of type E; ([Nel, III, §3]).

2.7. The Steinberg group St(V,R). Let (R, R;) be a 3-graded root system and let V' be
a Jordan pair with a root grading R = (V,)aer,, not necessarily idempotent. The Steinberg
group St(V,R) is the group with the following presentation:
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e The generators are x; (u), u € V', and x_(v), v € V.

To formulate the relations, we first introduce, for a # 3 € Ry and (u,v) € V,; x Vi
the element b(u,v) in the free group with the above generators by the equation

(2.7.1) x4 (u) x—(v) = x_ (v + Qupu) b(u,v) x4 (u + Quv)
e Then the relations are
(St1) Xo(u 4+ ') = x5 (u) x4 (u) for u,u’ € V7,
(St2) (x+(u), x_(v)) =1 for (u,v) € V7 x Vi, alp,
{(b(u,w, x(2)) = xi (~{wv 2} + QuQu2),

(blu,v)™h, x- (1)) =x—(—{vuy} + QuQuy)
for all (u,v) € VF x V with a # § and all (2,y) € V.

(St3)

Remarks. (a) Let us have a closer look at the element b(u,v) in (2.7.1). By (2.3.2) the
possibilities for a, 8 are « L 8, « — 3, @ —  and « + ( and by (2.6.1), Q,u = 0 unless
8 — «a, and Qv = 0 unless o — (. Therefore, by (St2),

1, if o L S,
BN SRS} if o p,
blu,v) x_(—Quu) (x=(—v), x4 (u)), if a— B,
(5_(~0), %+ (W) X+ (~Quv), if ¢ b

In general, the factors x_(—Qyu) and x4 (—Qyv) in the last two cases are # 1.

(2.7.2)

The reader may be puzzled by the definition of b(u, v): why not take “b(u,v) = (x—(—v),
x4+ (u))”? We will give a justification for this in 2.11.

(b) We claim that (St3) follows from (St2) in case o L 5. Indeed, the left hand sides of
the two equations (St3) are 1 because b(u,v) = 1, but also the right hand sides are 1, since,
say for 0 = +, we have {uvz} =0 by (RG2) and Q,Q,z = 0 by (2.7.3) below, :

(2.7.3) QVY)QVy)VY #0 = a=Bora+ f=yora—pf+vLla,

[0}

which can be shown by repeated application of (2.3.3).

(c) Let (V,R) = (M1s(A),R). Comparing the definition of St(My;(A),R) with the one
in 1.10, it is clear that the first two relations coincide: (EJ1) = (St1) and (EJ2) = (St2).
We claim that the relations (EJ3) coincide with the two relations in (St3). Indeed, since
we do not have a relation a < S in A{V, it follows from (b) and the assumption a #
in (St3) that we only need to consider the case o — f. Then the map V;~ — St(V, %),
v = (x4(u), x_(v)) is homomorphism of groups, whence, by (2.7.2),

b(u,v) = (x- (=0}, x4 (u)) = (x4 (), x- (~0)) " = (s (), x-(0)).

Thus (EJ3) = (St3) for 0 = + because Q,Qzz = 0 by (2.7.3). The equality of the two
relations for ¢ = — can be established in the same way.

We can now state the generalization of part (a) of the Kervaire-Milnor-Steinberg Theo-
rem 1.6 in the setting of this section.
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2.8. Theorem A. Let (R, R1) be a 3-graded root system whose irreducible components all
have rank > 5, and let V' be a Jordan pair with a fully idempotent root grading R. Then
the Steinberg group St(V,R) is centrally closed.

This theorem is one of the main results of [LN2]; its proof takes up all of Chapter VI
of [LN2]. It is shown there in greater generality. First, it also true when R has connected
components of rank 4, but not of type Dy. Moreover, it is not necessary to assume that
the root grading R is fully idempotent. For the irreducible components of type By or Cy,
|I| > 5, one only needs idempotents e, € V, in case « is a long root in type B and « a short
root in type C. This generality allows us to consider groups defined in terms of hermitian
matrices associated with form rings in the sense of [Ba].

2.9. Highlights of our approach. The novel aspect of our approach is the consistent use
of the theory of 3-graded root systems and Jordan pairs, which introduces new methods in
the theory of elementary and Steinberg groups. For example, instead of first dealing with
the case of finite root systems and then taking a limit to get the stable (= infinite rank)
case, we deal with both cases at the same time. Moreover, our approach avoids having to
deal with concrete matrix realizations of the groups in question, as is traditionally done, see
e.g. [Ba] or [HOJ. It allows for a concise description of the defining relations, independent of
the types of root systems involved. Finally, as the discussion of the linear Steinberg group
in 1.9 — 1.11 shows, we need fewer relations than in previous work, for example no relations
involving two roots in Ry.

With the exception of groups defined in terms of root systems of type Eg, F4 and Go,
which are not amenable to a Jordan approach, cf. 2.3(e), our Theorem 2.8 covers all types
of Steinberg groups considered before. In addition, it also presents some new types, e.g., for
elementary orthogonal groups. A detailed comparison of our Theorem 2.8 with previously
known results is given in [LN2, 27.11].

At this point it is natural to ask if there also exists a generalization of part (b) of
Theorem 1.6, stating that the map p: St(A) — E(A) is a universal central extension. While
the group St(V,9R) gives a satisfactory replacement for the linear Steinberg group St(A),
recasting the elementary linear group E(A) in the framework of Jordan pairs is limited
to special Jordan pairs in the sense of 2.5(ii). While this can be done, see [Lod4|, we will
instead replace the elementary group E(A) by the projective elementary group PE(V), see
2.10, that can be defined for any Jordan pair V. From the point of view of universal central
extensions, this is harmless since, as we will see in 2.13, the group PE(V') is isomorphic to
the central quotient PE(A) = E(A)/Z(E(A)) and universal central extensions of a group
and its central quotients are essentially the same by 1.4(e).

2.10. The Tits-Kantor-Koecher algebra and the projective elementary group of
a Jordan pair. Let V be a Jordan pair, defined over a commutative ring k of scalars. It
is fundamental (and well-known) that V' gives rise to a Z-graded Lie k-algebra

(2.10.1) V) = (V)1 & (V)o@ £(V)_1,

introduced at about the same time by Tits, Kantor and Koecher in [Til, Ti2, Kal, Ka2,
Ka3, Kol, Ko3] and called the Tits-Kantor-Koecher algebra of V. Various versions of £(V)
exist, but all agree that (£(V)1,£(V)-1) = (V,V ") as k-modules. For our purposes, the
most appropriate choice for £(V)g is

(2.10.2) £(V)o = k¢ + Span,{d(x,y) : (z,y) € V},

where ¢ = (Idy+,Idy-) and §(x,y) = (D(z,y), —D(y,z)) € End(V*') x End(V ™), defined
by D(z,y)z = {xyz}. We let gl(V?) be the Lie algebra defined by End(V?) with the
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commutator as the Lie product. By definition, the Lie product of £(V') is determined
by the conditions that it be alternating, that £(V)o be a subalgebra of the Lie algebra
gl(V*T) x gl(V™) and that

[V, V7] =0, [D, z] = Dy(2), [z,y] = —d(z,y)
for D= (Dy,D_) € £(V)o, z € V7 and (z,y) € V. It follows from the identity (JP15) in
[Lol],

[D(I’,y), D(ua ’U)] = D({.’lﬁyU}, U) - D(u7 {y(l?'l)})

that £(V)g is indeed a subalgebra. As a k-Lie algebra, £(V) is generated by ¢, V' and
V~, and it has trivial centre.

For a Jordan pair V with a fully idempotent root grading $R a description of the derived
algebra [£(V'), £(V)] is given in [Ne3]. The Tits-Kantor-Koecher algebra of a special Jordan
pair is described in [Lo4, §2]. We will work out £(V') for a rectangular matrix pair in 2.12.

An automorphism f of V' gives rise to an automorphism £(f) of £, defined by
z®D®y = filx)@(foDof )@ f(y).

The map f — £(f) is an embedding of the automorphism group Aut(V') of V into the
automorphism group of £(V').

Any (z,y) € V gives rise to automorphisms exp, (z) and exp_(y) of £(V), defined in
terms of the decomposition (2.10.1) by the formal 3 x 3-matrices

1 adx @y 1 0 O
(2.10.3) exp,(z)=(0 1 adz|, exp_(y)=lady 1 0
0o 0 1 Q, ady 1

The map exp,, 0 = =, is an injective homomorphism from the abelian group (V7,4+) to
the automorphism group of £(V'), whose image is denoted U?. The projective elementary
group of V is the subgroup PE(V) of Aut (£(V)) generated by UT U U™, introduced in
[Lo4] and studied further in [LN2, §7, §8].

We have now explained all the concepts used in the generalization of part (b) of the
Kervaire-Milnor-Steinberg Theorem 1.6.

2.11. Theorem B. Let (R, Ry) be a 3-graded root system and let V' be a Jordan pair with
a root grading R = (Vo )acr, -

(a) There exists a group homomorphism w: St(V,R) — PE(V), uniquely determined by
T(xq(u)) = exp, (u), (ue V7).

(b) If all irreducible components of R have infinite rank and R is fully idempotent with
respect to a family (€q)acr,, the homomorphism 7 is a universal central extension.

Theorem B is established in [LN2]. Part (a) follows from [LN2, Cor. 21.12]. By
Fact 1.4(d) and Theorem 2.8, the proof of (b) boils down to showing that Ker7 is cen-
tral, which we do in [LN2, Cor. 27.6]. As for Theorem 2.8, it is not necessary to assume
that R is fully idempotent.

In the setting of (a) let (u,v) € V| x Vi with a # 3 and let b(u, v) be the element
of St(V,R) defined in (2.7.1). Then 7w(b(u,v)) = £(f) for some f € Aut(V) (for the
experts: f is the inner automorphism (B(u,v), B(v,u)~!) of [Lol, 3.9]). That m(b(u,v)) €
L£(Aut(V)) C Aut(£(V)) is the motivation for the perhaps surprising definition of b(u,v).

We finish this section by describing £(V') and PE(V) for V. = M;;(A).
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2.12. The Tits-Kantor-Koecher algebra of a rectangular matrix pair. Let V =
My (A) = (Matzs(A),Mat;7(A)) be the rectangular matrix pair of 2.5(iii). In this sub-
section we present a model for the Tits-Kantor-Koecher algebra £ = £(V) in terms of
elementary matrices which will be used in 2.13 to link the elementary group of V' and the
abstractly defined group PE(V).

Let 17 = diag(14,...) be the diagonal matrix of size I x I, define 1; analogously and let
2l be the unital associative k-algebra

B (k17 +Mat;(A) Mat;;(A) _ (Matr(A)ex Matss(A)
2= Q((V) o ( i/latjj(zi) k 1J -+ ﬁat{;(A)) o (MatIJ](A) Matji}A)eX>

whose operations are given by matrix addition and matrix multiplication. In particular,

(5w am( )

are orthogonal idempotents of A. We consider 2 rather than its subalgebra Matn(A)ex,
N =T U J, since this will allow us to model the element ¢ of (2.10.2).
The Peirce decomposition of 2 with respect to the idempotent e; is

Mat;(A)ex 0 0 Maty,(A
91112( aIO< )e O>’ 9110=<0 agj( )>a
0 0 0 0
Hor = <MatJ1(A) 0)’ oo <0 MatJ(A)eX)'

Let A7) be the Lie algebra associated with 2. Thus, A7) is defined on the k-module
underlying 2 and its Lie algebra product is [z,y] = zy — yx for z,y € A. The Lie algebra

A is Z-graded, A) = @, ., AL with
A7 =0, A=A O U0, AT =An

and A7) =0 for n ¢ {1,0,—1}. We define ¢ = ¢(V') as the subalgebra of 2~ generated by

e1, e2 and
_ (0 Matry(A)) _ () _ 0 0) _ o0
e = <0 0 =2 and e¢_q1 = Mat,;(4) 0) = 207

Put eg = key +kex+[er, e—1] and ¢; = 0 for i ¢ {—1,0,1}. Then e = @, ¢; is a Z-graded
Lie algebra.

We now relate e to the Tits-Kantor-Koecher algebra £ = £(V) of V. First, for a =
(a9) € ¢ define A(a) = (A(a)4+, A(a)—) € Endi(VT) x Endg(V ™) by

A(a)+(u) = au — ud, A(a)_(v) = dv — va,
so that

(2.12.1) (0] (% 0" = (o ).

We claim: the map

U:e— £ (2 Z)Hb@A(a,d)@(—c)

is a surjective Lie algebra homomorphism whose kernel is 3(e), the centre of ¢, and thus
induces an isomorphism

(2.12.2) e/3(e) = £
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of Lie algebras ([Lo4, 2.6], [LN2, 7.2]). Indeed, ¥ is surjective since A(e;) = ( = —A(ez)
and for (z,y) € V

2123) A(E5). GO = A L) = dew)
by (2.5.1). To see that Ker ¥ = 3(¢), observe for m = (%) € 2 that
(2.12.4) me1] =0 <= b=0=c < [m,e3] =0,

whence by (2.12.1),
meKerV <« b=0=c¢, A(a,d) =0, (83)

<~ [m,e1] =0=[m,ez], [m, ¢1]
< meje)

because eq, €2, ¢1 and e_1 generate ¢ as Lie algebra. Finally, since both ¢ and £ are Z-graded

and W preserves this grading, ¥ is a Lie algebra homomorphism as soon as ¥ preserves

products of type [x,y;] for (i,j) = (0,%1), (1, —1) and (0,0). For (0,+£1) and (1, —1) this

follows from (2.12.1) and (2.12.3) respectively; the case (0,0) is left to the reader.

In the remainder of this subsection we will give a more precise description of ¢ and its
centre, see (2.12.5) and (2.12.7). Let [A, A] = Span{ab —ba : a,b € A}, the derived algebra
of the Lie algebra A~ and let

siy(A) .= {z = (z1) € Maty(A): > ,cn Tnn € [A, Al}.
From [aEy;, bE,s] = abd.Exs — badys E, one then gets
e1 @ [er,e_1] De_y =sly(A4), whence

2.12.5
( ) kei + kes —|—5[N(A):e.

The description of the centre 3(¢) depends on the cardinality of N because

Aly 1f|N‘ < 00,

()
A ALy =
0 N {kle if |N| = 0.

Denoting by Z(A) = {z € A : [z, A] = 0} the centre of A (= centre of A7), a straightfor-
ward calculation shows
Z(A)ly, |N| < oo,

(212.6) {zedf) [z, =0=[re]} =A T NZA)Ly = {klN, IN| = oo,

Since ¢ is generated by e, e2, ¢; and e_j, (2.12.4) and (2.12.6) imply

e N (Z(A)1y), |N| < oo,

(2.12.7) 5(e) = ¢o N (Z(A) 1y) = {klN N oo

For example, if A = k is a field of characteristic 0 and |N| = n is finite, we get ¢ = gl,,(k),
3(e) = k1, and £ = sl,, (k).

2.13. The projective elementary group of a rectangular matrix pair. We use the

notation of 2.12 and let V' = M (A). The goal of this subsection is to show that the group

PE(V) is isomorphic to a central quotient of the elementary group E(A). We put
E(V)=En(4)

and call it the elementary group of V. Since by 1.12 the group Ex(A) is generated by
et (VT)Ue_(V™) this agrees with the definition of the elementary group of an arbitrary
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special Jordan pair in [Lo4, §2] or [LN2, 6.2]. We will identify the Tits-Kantor-Koecher
algebra £(V') = £ with ¢/3(¢) via the isomorphism (2.12.2) induced by ¥: ¢ — £.

Any g € A* gives rise to an automorphism Ad g of 2~ defined by (Ad g)(z) = gxg~'. If
Ad g stabilizes the subalgebra ¢ of 2, it also stabilizes 3(¢), and therefore descends to an
automorphism Ad(g) of ¢/3(¢) = £ satisfying ¥ o (Adg|.) = (Adg) o ¥. The map

Ad: {g e 2™ : (Adg)(e) = ¢} — Aut(L), g— Adg

is a group homomorphism. For g = ey (z) = ({7) € %* as in (1.12.1), the automorphism
Adey (z) acts as follows:

(Ades (2) (8 8) — <8 8)
(raee) (5 g)= (6 ") =( )+[( 0)- ()]
(adea) (°, 0) = (20 )

(%0416 8) (& )l %)

These equations show that the automorphism Adey (z) stabilizes ¢ and, by comparison
with (2.10.3), that Ade;(z) = exp,(x). One proves in the same way that Ade_(y), y €
V', stabilizes ¢ and that Ade_(y) = exp_(y). Since PE(V) is generated by exp, (V') U
exp_(V7), the homomorphism Ad restricts to a surjective group homomorphism

Adg: E(V) = PE(V), g~ Adg.
We claim that its kernel is the centre Z(E(V')) of E(V):
(2.13.1) Z(E(V)) = Ker Ad |y = Ker Adg, whence
(2.13.2) E(V)/Z(E(V)) = PE(V).
Proof of (2.13.1): Clearly, Z(E(V)) = Ker Ad |g(yy C Ker Adg, so it remains to show that
g € Ker Adg is central in E(V). Let g = (¢5%) and 7! = (% % ). Then

d d
(2.13.3) g (101 8) g = <ZZ: Zz:) ’
(2.13.4) g <8 10J> g = <Z(c:/’ Zill//> :
(2.13.5) g <8 g) a <(cl’/jccg Zig) ’
(2.13.6) g <2 8) 9= <Z/’ZZ 2152) '

Since (Adg)(m) = m = (Adg~!)(m) mod 3(¢) for all m € ¢ and since 3(¢) is diagonal by
(2.12.7), it follows from (2.13.3), (2.13.4) and (2.13.6) that

ab =0 =ca’ = bd, dya=yforyecV-.

Applied to ¢ € V', this proves ¢b = (d'ca) - b = d'c-abl = 0 and then b’ = b - (d'ca) =
bd' - c'a = 0. From 1y = gg~! we obtain

1; 0\  [ad +bd =\ [ad x
0 1,5/ * *) % %)
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Together with the already established equations this shows, using (2.13.3), that (Ad g)(e1) =
e1. Because g € A, we get b = 0 = ¢ from (2.12.4). Thus also ¥ = 0 = ¢/, so that (2.13.5)
and (2.13.6) prove that Adg fixes ex1. Since e+(VF) = 1y + ex1, we see that Adg fixes
the generators ex(V*) of E(V), i.e. g is central. O

A similar result holds for any special Jordan pair V: there always exists a surjective
group homomorphism from the elementary group E(V') (which we have not defined) onto
the projective elementary group PE(V), whose kernel is central, but not necessarily the
centre of E(V), see [Lo4, Thm. 2.8].

3. SOME OPEN PROBLEMS

We describe some open problems for Steinberg and projective elementary groups of Jor-
dan pairs. Our list is very much limited by the author’s taste and knowledge. This section
requires some expertise in Jordan pairs.

3.1. The normal subgroup structure of PE(V). The problem is quite easily stated:
Given a Jordan pair V', describe all normal subgroups of PE(V). As stated, this may be
too general. We therefore discuss some special cases.

(a) In view of the results of [Lo5] it is natural to ask: when is PE(V) a perfect group,
when is it simple? Indeed, [Lo5, Thm. 2.6] says that, for a nondegenerate Jordan pair
V with dcc on principal ideals, PE(V') is a perfect group if and only if V' has no simple
factors isomorphic to (Fa,F2), (F3,F3) or (Hg(F2), Ha(F2)). Here Fy is the field with ¢
elements. Also, by [Lo5, Thm. 2.8], PE(V) is a simple (abstract) group if and only if V'
is simple and not isomorphic to (Fg,Fs), (Fs,Fs) or (Hz(F2),Ha(F2)) ([Lo5, Thm. 2.8]).
That the exceptional cases have to be excluded in these two theorems is evident from the
isomorphisms PE(Fy,Fo) = &3 (the symmetric group on three letters), PE(Fs, F3) = 2y
(the alternating group on four letters), and PE( Hy(FF2), H3(F2)) = &¢. Thus, the problem
is to find out if these two theorems of [Lo5] hold for more general Jordan pairs. It follows
from (b) that is natural to assume simplicity of V for the second theorem.

(b) Every ideal I of the Jordan pair V' gives rise to a normal subgroup of PE(V'). Indeed,
one can show ([LN2, 7.5]) that the canonical map can: V' — V/I induces a surjective group
homomorphism PE(can): PE(V) — PE(V/I). We let PE(V, I) be its kernel:

PE(can)

1 1

PE(V,I) PE(V) PE(V/I)

Problem: describe PE(V, I) by generators and relations. For elementary linear groups over
rings this is a standard result, see for example [HVZ, Lemma 3]. The paper [CK] shows
that even in case SLa(A) one needs methods from Jordan algebras.

3.2. Central closedness of St(V,fR) in low ranks. We have excluded low rank cases in
Theorem 2.8 for the simple reason that it is not true without further assumptions in low
ranks. We discuss 2 <rank R <4 in (a) and rank R = 1 in (b).

(a) One knows ([LN2, 27.11]) that St(V,R) is a classical linear or unitary Steinberg group.
Let us first consider the case that V is defined over a field F' and that dimg V, = 1 for all
a € R;. Then [St3, Thm. 1.1] applies and yields that St(V,fR) is not centrally closed if and
only if (R, Ry) and F satisfy one of the following conditions.

(R,Ry) | A} | A} or A2 | Cher | BYF | Cher | Dat
|F| 2,4 2 2 3 2 2

(3.2.1)
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In this table we use the abbreviation Al = AL, for |[N| = 2, |I| = 1 and analogously for
Al . D3, The cases R = Ay, By, C4 do not appear in the table because in these cases
St(V,R) is centrally closed, as mentioned in 2.8.

Still assuming that V is defined over a field F', it is natural to replace the assumption
dimp V, = 1 by the requirement that the fully idempotent root grading R of V' is a division
grading in the sense that all root spaces V,, are Jordan division pairs, which means that for
every non-zero z € V.2 the endomorphism Q(x)|V, ¢ is invertible. Preliminary investigations
lead us to conjecture:

(C) If St(V,R) is not centrally closed then dimp V, = 1 for all « € Ry and F satisfies
the restrictions of table (3.2.1).

(b) R = Aji: As in (a) we assume that R is a division grading, i.e., V is a division pair
and is therefore isomorphic to the Jordan pair (J,J) of a division Jordan algebra J. By
[LN2, 9.13] this is equivalent to PE(V') being a rank one group in the sense of [Lo6]. Since
the grading is trivial, St(V,R) is the free product of the abelian groups V* and V~, which
is not perfect in general, a necessary condition for a group to be centrally closed (1.4(a)).
Following the example of Chevalley groups [St2], it seems more promising to consider the
group St(.J) defined by the following presentation:

e generators x,(a), a € J, 0 = + and, putting
wp =x_ (b x (b)x_(b7h)
for 0 #b € J,

e relations
Xs(a 4+ b) = x,(a) xs(b) for a,b € J and
wpx_(a)w, ' =x; (U(b)a) for alla € J and all 0 £ b € J.

We remark that St(J) is the Steinberg group St(V,S) of [LN2, 13.1], where S is the set of
all non-zero idempotents of V. By [LN2, 13.6], St(.J) is the classical Steinberg group St(A)
in case V = (A4, A) and A an associative division algebra.

To motivate our conjecture in this case, let us first consider the special case J = IF,.
Since by 3.1(a) the group PE(V) is not perfect in case J = F,, ¢ = 2, 3, these cases have to
be excluded. Moreover, by [St3, Th. 1.1], St(J) is not centrally closed in case V = (F,, F,)
and ¢ € {4,9}, but these values of ¢ are the only exceptions for V = (F, F), F' a field. This
leads us to ask:

(Q) Is St(J) centrally closed whenever J # Fq with q € {2,3,4,9} ¢

There exists an example of an associative unital Fs-algebra A for which St(A) is not centrally
closed [Str, Ex. 4], but A is not a division algebra.

3.3. Centrality of Ker(w). Let 7: St(V,9R) — PE(V) be the homomorphism of Theo-
rem 2.11(a). For simplicity, let us assume that R is irreducible. If R has infinite rank, part
(b) of 2.11 says that 7 is a universal central extension. The problem here is: find sufficient
conditions for Ker(m) to be central if R has finite rank.

Some special cases are known. For example, if V' is split in the sense of [Ned], centrality
of Ker(7) is established in [vdK], [La], [LS] and [Si] for rank > 3. The quoted papers all
use the same method, pioneered by [vdK], namely a “basis-free presentation of St(V,R)”.
Can the method of [vdK] be generalized to treat St(V,R), V split root graded, in a case-free
manner?

For a slightly different type of Steinberg group and a unit regular V', centrality of Ker ()
is shown in [Lo5, Th. 1.12].
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