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Abstract

We propose new unitary space-time constellation designs with high diversity products. Our
Hamiltonian and product constellations are based on Slepian’s group codes, and can be used
for any number of transmitter antennas M and any data rate R. Our Hamiltonian constel-
lations achieve the theoretical upper bound of diversity product in the case where M is even
and the cardinality of the signal constellation is less than or equal to 5. Many of our Hamilto-
nian and product constellations outperform, and have higher diversity products, than the best
known designs in the literature. These include orthogonal designs, dicyclic groups, cyclic groups,
parametric codes, numerical approaches, nongroup designs, cayley codes, TAST codes and some

constellations obtained from fixed-point free groups.

Index terms-wireless communications, multiple-antenna systems, differential unitary space-time

modulation, group codes, Hamiltonian constellation, product constellation.

1 Introduction

The use of multiple antenna systems is a technique for increasing the data rate of wireless communi-
cations in a fading environment [4, 21]. Space-time coding was developed for use in multiple-antenna
wireless communications to achieve high data rate and reliability, using a combination of techniques

in error control coding and transmit diversity. The design of a good space-time constellation with



high coding gain and simple encoding-decoding algorithm is still an open problem. The construction
of full diversity constellations for any number of transmitter antennas and for any data rate poses a
particular challenge.

Space-time trellis codes [20] and space-time block codes from orthogonal designs for two transmitter
antennas [1] and for any M transmitter antennas [19] were introduced for use in a known channel, when
the transmitter /receiver antennas know the fading coefficient of the channel. In practical applications,
the fading coefficient of the channel is generally not known to the receiver antenna. In [8, 14], unitary
space-time modulation techniques, in which all transmitted signal matrices are unitary, were proposed
for use in the case of unknown channels. These techniques can work well for a piecewise-constant
fading model. Differential unitary space-time modulation [9, 10] was also proposed for use in unknown
continuous fading channels. In [18] and [12], the space-time block codes of [1] and [19], respectively,
are modified for differential transmission.

Let V = {V;}/7; be a signal constellation, where [V| = L and V; is an M x M unitary matrix. The
data rate is R = log, L/M. The design problem of differential unitary space-time constellations is to

maximize the diversity product, (y, which is computed from a constellation V' as

min | det(V; — V/)W (1)

1

v = 2 0<1<U<L—1

Our goal in this paper is to find a set V of M x M unitary matrices which has (), as large as possible.
The problem of constructing a full diversity constellation with high diversity product has been studied
in many prior works. For example, some of the group structures proposed to represent constellations
are cyclic and dicyclic groups [9, 10, 11], fixed-point free groups [16] and the compact symplectic group
Sp(2) [23]. Some examples of nongroup constellations include products of fixed-point free groups [16],
parametric codes [13] and numerical methods [6]. Many of these designs still have some limitations in
performance, the number of transmitters used, and the data rate achieved.

In this paper, we propose new unitary space-time constellation designs: Hamiltonian and product
constellations. These constellations can be used for any number of transmitter antennas and for any
data rate. Furthermore, they achieve full diversity and can be used for both known and unknown
channels with differential unitary space-time modulation. We begin with a 2 x 2 unitary constellation
which is constructed from 2 x 2 Hamiltonian matrices. The diversity product of a 2 x 2 Hamiltonian

constellation equals one half of the Euclidean distance between two points in C2. By considering

the transformation from R* to C?, the idea of group codes [17] is used to construct constellations
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for any cardinality L. We propose a new matrix form of a 2 x 2 Hamiltonian constellation which is
built by an (L,4) cyclic group code [2]. M x M Hamiltonian constellations for any M transmitter
antennas can then be constructed by using a direct sum of 2 x 2 Hamiltonian matrices for M even,
and a direct sum of 2 x 2 Hamiltonian matrices with the L roots of unity for M odd. A product
method is also proposed to increase the data rate and improve the diversity product. Although our
Hamiltonian and product constellations do not form a group, we show that the optimization will not
be computationally intensive for large L. It only requires checking L — 1 distinct matrices, making
it comparable to those that use group constellations. This paper is organized as follows: Section 1
briefly gives some background in multiple-antenna systems for both known and unknown channel.
Also the design criteria of unitary space-time constellations and a summary of prior works of high
diversity product designs are reviewed in this section. Section 2 presents a 2 x 2 Hamiltonian matrix
to be a full diverse constellation. Section 3 explains the idea of cyclic group codes. Section 4 and 5
propose the designs of constructing Hamiltonian and product constellations respectively. Section 6
gives the results of our constellations and also compare the performance of them with different designs.

Section 7 is the conclusion of the work of this paper.

1.1 Multiple antenna systems

In this section, we review some background of multiple antenna systems in wireless communications |8,
9, 10, 20].

Consider multiple antennas in a Rayleigh flat-fading channel with M transmitter antennas and N
receiver antennas. At time ¢, a fading coefficient from transmitter antenna m to receiver antenna n,
himn, and an additive noise on receiver antenna n, wy,, are independent complex Gaussian variables

with zero mean and variance one, CN(0,1). Let a transmitted signal at time ¢ on transmitter antenna

m be sy, m=1,2,..., M. The received signal at time ¢ on receiver antenna n is then equal to
M
mtn:\/ﬁthmnstm—i—wm, t=0,1,...andn=1,....N (2)
m=1

where p is the signal-to-noise ratio, SNR, at each receiver antenna. At each time ¢, the expected value

of the sum of all transmitted signal powers equals to one, that is, E Zi\le |sem|? = 1. Generally the

transmitted signals can be transmitted in a block of period T'. Therefore from (2) a received signal



X, can be written in matrix form as
X, =pS-H, +W., 7=0,1,... (3)

where 7 is an index of a block. The size of the received signal matrix X, and a transmitted signal
matrix S, are T' x N and T' x M respectively. W, is the T' x N additive noise matrix. H, is called

the M x N channel matriz, and we assume that hy,,, is constant within the block.

1.1.1 Known channels

If a receiver antenna knows the channel matrix, H,, the channel is called the perfect channel state
information, Perfect CSI. Let L be the size of the alphabet. The data rate R, in bits/channel use, is
computed by R = log, L/M. A message is sent as a sequence zp, 21, 22 . .. with z, € {0,1,... L — 1}.
The transmitted signal S, is chosen from a transmitted signal constellation V = {V;}/' by index z,.

Equivalently
S’T - ‘/27— (4)

where each V) is a T' x M unitary matrix which satisfies V;V;* = I, where ()* denotes conjugate
transpose. The received signal is defined by (3). Using the maximum likelihood decoder, the receiver
antenna will decode to a message 2, as

Zr = arg ()IniIg_l “XT - VZHTH (5)

where ||A]|? = Tr(AA*) = Tr(A*A) = Z” |aii]?.
Suppose the time period in one block equals the number of transmitter antennas, that is, 7' = M.
Then the size of the signal V; is M x M. Using the Chernoff bound, the pairwise error probability

that the receiver antenna decodes an error from V; to V» can be computed [8] by
14 p
P g [T+ Gonvi= vl (6)

where ,,(V; — Vi) is the m! singular value of the matrix V; — V. We know that the product of the
squares of the singular values equals the norm squared of the determinant. Therefore, at high p the

pairwise error probability P, can be approximated by

1
|det(V, — Vi) |2V

L 4 N
P, < 5(;) (7)



1.1.2 Unknown channels

The channel is called no CSI when the receiver antenna does not know H,. Hughes [10] and Hochwald
et. al. [9] proposed differential unitary space-time modulation for multiple antennas with no knowledge
of channel information. The idea of differential space-time modulation is similar to that of differential
phase shift keying modulation, DPSK, for noncoherent modulation in single antenna communications.
The current transmitted signal S is obtained by multiplication of the previous signal S;_; with its

signal constellation index V, . Equivalently,
S, =V. S, (8)

with Sy = Ijs. In the case of unknown channels, we have to modify the received signal equation in (3),
since H, is unknown. From [9, 10] we assume that H, is constant over two consecutive time periods,

H,~ H, ; = H. From (3), we will have

XT—l = \/ﬁST—lH—i_ WT—I (9)

X, = JpS,H+W, (10)
Substituting S, 1 = S,/V,, in (9), and then adding the resulting equation to (10), gives
X, = szTXffl + W, — szTW‘rfl- (11)

Since additive noise is independent and invariant under multiplication with a unitary matrix, the

received signal matrix X, for unknown channel is
X, =V, X, +V2W! (12)

where W/ is also CNV(0,1). A Maximum Likelihood decoder is also used for the receiver antenna to

decode a message Z, to be

Z. = arg _Omm | Xr — ViX, 4| (13)

Now suppose T' = M. The pairwise probability that a receiver antenna decodes an error from V; to

Vi can be computed, using Chernoff bound, as
1 p N
= | | Vi—Vi)| . 14
2 ot 1+2p) (Vi ) (14)

At high p, P, can be also estimated by

1
| det(V, — Vir)|2N°

Pe S 1(§)MN
2°p
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Clearly from (7) and (15), at high p, the unknown channel has twice the error probability, P,, of
the known channel. This implies a 3 dB penalty for differential space-time modulation for unknown

channels.

1.2 Design criteria for unitary space-time constellations

Let V = {Vi}/,! be a signal constellation, where |V| = L, and V; is an M x M unitary matrix. We

define the diversity product, ¢y, which is computed from a constellation V' by

min | det(V; — V/)W (16)

1
2 0<i<l/<L-1

v =

where M is the number of transmitter antennas. The term exponent ﬁ represents a geometric mean
of M eigenvalues, and 0 < (;, < 1. A constellation V which has {,, > 0 is said to have full diversity.
Clearly we need to minimize P, in (16). Therefore a design criteria for our full diversity constellation

V is to find a set V of M x M unitary matrices which has (), as large as possible.

1.3 Summary of prior works

The problem of constructing a full diversity constellation ) with high () has been studied in many
prior works. We give a brief overview of them in this section. These constellations will be compared

later to our constellation in Sections 6.

1.3.1 Orthogonal designs

A 2 x 2 orthogonal constellation for two transmitter antennas was first introduced by Alamouti [1].

A 2 x 2 signal matrix has the form

1 |z —y
V= — (17)
where |z|> = |y|> = 1 is the constraint that makes this matrix unitary and can be used for dif-

ferential detection in unknown channel [18]. x,y are chosen from the Q% roots of unity: =,y €
{1,em9/Q ¢2m32/Q  2mi(Q@=1)/QY The order of the constellation is given by L = Q2. The diversity

product can be computed as



~sin(r/Q)
w=""0

A differential detection of orthogonal designs [19] for multiple transmitter antennas was proposed later

(18)

in [12].

1.3.2 Dicyclic and cyclic group designs

Hughes [10, 11] and Hochwald et.al [9] used dicyclic and cyclic group structures to represent their

constellations. For M = 2, the dicyclic group constellation, a quaternion group @), is

eJ2m /2" 0 0 1
Qp = , ; : (19)
0 e—J2m/2P -1 0

The order of dicyclic constellation is L = 2P™!. On the other hand, an M x M cyclic group constellation

has the form V = {V;}17,} where

‘/2 — diag(@jZﬂull/L, €j27TU2l/L, o 7ej27’l'u]wl/L )’ (20)

and u; € {0,1,..., L — 1}. The diversity product is given by

y = min
¢ 1=12,...L—1

m=1

1.3.3 Fixed-point free group designs

Hassibi et.al. [16] have classified all six classes of fixed-point free groups: Gy Dinriy Emry Finriy Jimr
and K, ,; which are induced from a cyclic group. Some of these constellations have excellent diversity
product, and their diversity product are higher than constellations from [1, 9, 10, 11, 18]. But there
are still some limitations in these designs. First the possible constellations are limited when M is

large and odd. Second there exist only even order for 2 x 2 constellations.

1.3.4 Nongroup designs

There are three nongroup constellation designs for any order L and M transmitter antennas also
proposed in [16]: a 2x 2 Hamiltonian matrix for only M = 2, a nongroup S, which is a generalization

of a fixed-point free group G,,, and a matrix product of two different representations of fixed-point



free groups. It is shown that some constellations from .S,,, and product nongroups have diversity

product higher than group constellation designs.

1.3.5 Symplectic group designs

Subsets of the infinite symplectic group Sp(2) are used to construct full diversity constellations for
M = 4 transmitter antennas in [23]. Sp(2) is not a fixed-point free group. The constellations produced
are finite subsets of Sp(2) with diversity product not equal to zero. Although Sp(2) underperforms

fixed-point free group designs, its significance is in its simple decoding algorithm.

1.3.6 Parametric code designs

A parametric code design [13] was proposed for only M = 2 transmitter antennas. A parametric code

matrix is defined as a product of three 2 x 2 unitary matrices as:

e 0 cos(kyf sin (ko6 eIksfL 0
V= | (k20r) (k20r) . (22)
0 ekl —sin(kef) cos(k201) 0 e Ihkabe
where 0, = 27/L and ky, ko, ks € {0,1,...,L—1}. The value of k = (ky, k2, k3) is found by exhaustive

search to maximize (). This search is computationally intensive when L is large as it needs to consider

L(L — 1)/2 distinct values of V}, Vj in (16).

1.3.7 Numerical methods

In [6], a numerical approach is used to construct large diversity product constellations for any dimen-
sion M and order L. A simulated annealing and a genetic algorithm are used to search optimized con-
stellations from the algebraic structures: A¥B!, AB, A*B¥ A*B!C™ ABC and A* B*C* where A, B,C

are M x M unitary matrices and k, [, m are arbitrary numbers for a given L.

2 Hamiltonian constellation designs

A 2 x 2 Hamiltonian matrix can be used to design a full diversity constellation for M = 2 transmitter

antennas. This matrix is defined by



H = (23)

where z,y € C and |z|* + |y|*> = 1. This differs from orthogonal design [1, 18] which requires
|z|? = |y|*> = 1. Here H is unitary. Let H = {H,;};,' be a Hamiltonian constellation. From (16), a

diversity product (3 can be computed as

1 1
CH = E‘det(H—Hl)P

[NIES

1 r—z2 —(y—v
= L (y—v)
2 y—y  (z—a)
1
= Vle—aP+ly-yP (24)

From (24), we can easily see that now (3, equals one half of the Euclidean distance between two points
(x,y) and (2/,%) in C2. Consider a transformation from R* to C2. If A(ay, as,as,a4) is a point on the
unit sphere in R* where a? + a3 + a3 + a2 = 1, then we can convert this point onto the unit sphere in

C? space using the mapping:

A(ay, ag, as, as)ps — A(ar + jag, ag + jas)c2 = Az, y)c2 (25)

where x = a; + jas,y = as + jas, j2 = —1 and ay, as, as,a, € R. Consequently now the problem of

constructing a 2 x 2 Hamiltonian constellation can be reduced to finding L points on a unit sphere in
R* space such that the minimum distance between two points as large as possible. A possible solution
to this problem is to use Slepian’s group codes [17] to get these maximum equidistant L points on
a unit sphere in R* when in the group codes these points are considered as a set of L codewords in
four-dimensional space, that is, (L,4) group codes. For simplicity, we choose a cyclic group of order

L to generate codewords.

3 Group codes

We review the idea of a cyclic group code as given in [2] in this section.



3.1 Definitions

An (L,n) group code is a set of L codewords in the Euclidean space of dimension n. Basically we can
think that all L codewords are on the surface of a unit sphere in n dimensional space. Let {O, ZL:_OI

be a group of n x n orthogonal matrices. Then the codewords {X; lL:_Ol can be generated by

X, =0 X (26)

where X is called an initial vector. We assume all X; are equiprobable. The distance from any
codeword X; to all nearest neighbors is thus the same as from codeword X} to all nearest neighbors
for all [,k = 0,1,...,L — 1, or equivalently, all codewords have the same error probability. The

distance, d, between an initial vector X and codeword X is computed using

E(X,X) = |X - X|2=2-2X -0, X (27)

The main problem of group codes is how to choose the best initial vector X in (26) to minimize the
error probability, or to maximize the minimum distance of nearest codewords of (27). This is extremely
difficult and a solution for the general case has not yet been found, except for special cases such as for
a full homogeneous representation and the (n — 1)-dimensional representation of the symmetric group

Sy [3], for a cyclic group [2], and for a finite reflection group [15].

3.2 Cyclic group codes

The 4 x 4 orthogonal matrix, O, of an (L,4) cyclic group code [2] has the form:

O, = diag(A(lk1), A(lk2)) (28)
where A(k;) is defined by
cos Zk;, sin 2k,
A(k:) = - y (29)
—sin 2%/6@ cos %’Tlﬂ,
ki € {1,2,...,L —1}. Let X = (21, x9,23,24) be an initial vector. From (27), we can compute the

Euclidean distance between X and O, X by
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2
o T
=X - OX|*= 4;/% sin’ Elki (30)

where p; = 2?2 + x5 and py = 13 + 3.

4 Hamiltonian constellations

4.1 The case M =2

From (30), we observe that the distance between X and X; depends on the sum of squares of pair of

entries. Let X = (,/71,0,/72,0) be an initial vector with
1+ x9=1 and xz, 29> 0. (31)

Generate the (L, 4) cyclic codewords by {X;}/,} = O, X, where O, is defined in (28). This gives

127k 2 k 2 k 127k
= (\/?1(305 o , —/T1 sin o , /T3 COS e , —/T2 sin t 2). (32)
Transforming these codewords to the new codewords in C?, X;cz2, by (25) gives
W(COS 127k j sin l27rk1> \/_6 Jl27'rk1
X2 = = P (33)

VT2 (cos B2k — jsin 22k2) JTae L

Substitute in the form of a Hamiltonian matrix in (23) to get a 2 x 2 Hamiltonian constellation

L—-1 :
H2><2 == {HZ}ZZO with
27k 127rk2

Tie it — el
g | V" Ve (34)

127ko 127k

JTae T JTel T

We can also write H; in terms of H,—qg = Hj as

H, =& 1T R H,T, (35)
where
EPELIY 0 VB —JE L
e /T T1 —+/T2 e )L
Ry = 2rlky , Ho = and 1) = 2rlky

0 e’ VT2 /T 0 el T
Both {Rl}lL:_Ol and {T; f:_ol form cyclic groups of order L. The diversity product of a 2 x 2 Hamiltonian
constellation is computed by

min | det(H, — Hy)|z. (36)

1
2 0<I<lV<L—1

(n =

11



Even though the H; do not form a group, we may compute (3 just by taking H;—q and Hy—; (see
Appendix A). Then

1 . 1
o= g pin [det(Ho — Hil?
1 il L mhal\ ) 2
= 5121’21?}&1{4 (xl sin < + x5 s8in < (37)

The values of x = (21, x2) of (31) and k = (ki, k2) are chosen to maximize (3, of (37).

4.2 The case M even, M > 2

An M x M constellation for a case where M is even can be constructed by the direct sum of 2 x 2

Hamiltonian matrices. Hyrxn = {J; 11::—017 has the block diagonal form

Jy = diag(H"?, ®#Y*, ..., B M) (38)
where H;™" is defined as
\/Ee_j lQWI{CW _\/37_26] l272kn
H™ = (39)

12kn 27km

Jr1el L

Using the similar derivation as above, the diversity product can be computed by

1

™
(n = E min  [2M Af_/fi:x sin? szl (40)
LRI S| iy ! L )

Again, the values of x = (z1,25) of (31) and k = (ky, ko, ..., kas) are chosen to maximize (3 of (40).

4.3 The case M odd, M >3

For a case where M is odd, an M x M constellation is constructed by using the direct sum of 2 x 2
Hamiltonian matrices and the L roots of unity. Thus a block diagonal matrix of Hasxyr = {J, lL:_Ol

1S

Jp = diag(e??™it fg>? o HM MY, (41)

Using a derivation similar to the above, the diversity product can be given by

12



1

(M+1)/2 2 M

. . 7ka1 2 7rk:2] 344l
min, H Z x; sin (42)

The values of x = (x1,25) of (31) and k = (ky, ka2, ..., ky) are found such that they maximize (3 of
(42).

5 Product constellations
The representation of degree M of a cyclic group of order Lo, C = {Ok} weo > has the diagonal form

Ok — diag(ejQﬂ'T‘lk’/Lc’ €j2ﬂ'1”2k/LC o ’ejQTK'T‘]uk/Lc) (43)

We use the product of Hasxar = {Ji}127" in (38) and (41) and a cyclic group C in (43) to get a

product constellation P for M even and odd respectively, as follows:

P=HxC(C= {JlOk}f,f:])l’LC*1 (44)

A product constellation P is unitary, and |P| can be at most LyLc. From (16), a diversity product

of P can be computed by

1
2 4
Cp ngg;gp\det(P P)|r )
1 ' N
) ogl,zI/%?H_l | det(J;0r, — JyOp)| ™ (46)
0§k7k/§LC—l
(LE) AU k)

It is a straightforward calculation (see the proof in Appendix B) to check that

|det(JlOk - Jl/Oklﬂ = \det(Jo — Jl’—lOk’—k)’- (47)

Hence to compute a diversity product it suffices to consider the case of | = k = 0 and I', k" are

arbitrary. This will give us

1 1
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Thus although the product constellation P does not form a group, our search will require checking

only of Ly Lo — 1 distinct values of P, P'.

Then we search for the value of x = (z1,25) of (31), k = (k1, ko, ..., kn) and r = (11,79, ..., 737) Which
maximizes (p in (48). A necessary condition for full diversity, (p > 0, is that ged(r;, Lo) = 1 for all 4.

Hence we may restrict our search to choices of r such that r; = 1 and ged(r;, Lo) =1, i =2,..., M.

Theorem 1 A product constellation P will reduce to the form of Hamiltonian constellation of (38) and
(41) if ro;—1+1r2 = Lo foralli =1,...,M/2 for M even and ro;+719;+1 = Lo foralli=1,...,M—1/2
for M odd.

Proof: The proof is shown for Paxo case, where the proof for Py« follows immediately. From (44),

we have

2wkl . 27krg 2wkol . 27krg
—J J J J
Jrie T e e L — /xqe L e lc
{JlOk} - .27kol .2mkry .27mkql .2mkro (49)

Jxze ' Tu ¢ Tc Jxie T ¢ Te
.27k _ . 2mkry

We can see that J;0y, will reduce to the form of a2x2 J; for allk = 0,1,...,Le—1ife’ Tc =¢e 7 Zc

)

j 27k (o 4y . . .o
or equivalently ¢’ Lo ) This gives L. divides r1 +1ry. The values of 11 and r9 are chosen from

{0,1,..., Lo —1} thus the only one possible condition which satisfies L. divides r1+1y is 11419 = Le.
O

To get a product constellation P of (44) which has a diversity product higher than a Hamiltonian

constellation H, we thus omit those choices of 7 in Theorem 1.

Theorem 2 For M odd, if ged(Ly, Le) > 1 then the product constellation P of (44) will have (p = 0.
If ged(Ly, Lo) = 1, then there exist values of k = (ki, ko, ..., ky) and r = (rq,r2,...,75) Such that

(p > 0, with ki relatively prime to Ly, and each r;,1 = 1,2,..., M relatively prime to L.

o kil | Tk
Proof: In (48), (p will equal 0 if P ptie) = 1. The first part of Theorem 2 can be proved by
showing that if ged(Ly, Lo) > 1, then for any choice of ky, 71 there exist choices of k, 1, not both zero,

such that % — % 1s an integer. There are two cases that need to be considered.

14



Case 1: If ged(ky, Ly) =t > 1, then take | = Ly /t, so that kil = kyLy/t = lem(ky, Ly), which
is an integer; and k = 0. Sincet > 1,1 # 0, and | < Ly. The case of ged(ry, Le) > 1 can be treated
simalarly.

Case 2: If ged(k1, Ly) =1 and ged(ry, Le) = 1, then set g = ged(Ly, Le). Then Ly /g and Le/g
are integers strictly less than Ly and L¢, respectively. Moreover, we compute

Lu/g _ Le/g _

1
S —-=o.
Ly Lc g

1
g
We require the following lemma.

Lemma 1 If ged(a, A) =1, then the set S = {al mod A|l=0,1,...A— 1} has A distinct values.

Proof of lemma: If not, then some al must equal another al’ modulo A; say I’ < 1. This would mean
a(l—10)=0 mod A. Both sides are integers, so this means A divides a(l —1"). But this is impossible
unless | = U': since ged(a, A) = 1, no part of A can divide a, and since | —1I' < A, A cannot divide
[ —1" unless | —1I' = 0. Thus all values are distinct, and give representatives of all residue classes. (In

particular, the value | = 0 gives the zero residue class.) 0

Using the Lemma, we may choose | so that kil = Ly/g mod Ly and also choose k so that
rk = Lo/g mod L¢, proving the first part of the theorem.

Now to prove the second part of the theorem, suppose that ged(Ly, Le) = 1. If ged(ky, Ly) > 1 or
ged(ry, Le) > 1, then a similar argument as the one made in Case 1 above shows that the diversity
product will be zero. So suppose we choose ged(ky, Ly) = 1 and ged(ry, Le) = 1. In this case,
m(f+ )

the lemma shows that €' = 1 if and only if for some choice of a = 0,1,... Ly — 1 and

b=0,1,... Lc — 1, we have
a b

S —
Ly Lc

This is equivalent to saying that aLc = bLy for some a,b. But this product is strictly less that
LyLc, which is the least common multiple of Ly and Lc, by the hypothesis that ged(Ly, Le) = 1.
Hence it must be zero, and thus a = 0 and b = 0. Consequently, the only values of k and | giving
eﬂw(i_ﬁjL%) = 1 in the original product are k = 0,1 = 0. That the remaining 2 X 2 blocks will not
produce a zero diversity product for all choices in the given set follows from (24) and the remarks

preceding Theorem 1. 0
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Due to a limitation of possible product constellations for a case where M is odd (see Theorem 2), we
propose another unitary product constellation, Py, which is obtained by a product of two Hamiltonian
constellations with the diagonal blocks in different order.

Ly, —1,Lg,—1

Pr =Hy x H; = {JZJII 1,k=0 (50)

where Ly, , Ly, are the order of H; and Hs respectively, and J;r denotes a block diagonal matrix with

different order of Ji in (41):

Jl = diag(H? HY* .. HY M ermrak/ L), (51)

To optimize a diversity product of (45) which Py, Pj; € Py, it also suffices to consider a case of

[,k =0 and arbitrary I, k" because (see Appendix C)

|det(J.J} — Jp 1) = | det(JoJd — Ju_i T ). (52)

Thus this gives us

1 ) a
CPr = 2 0<iiery 1 |det(JlJ11 - JZ/JII'MM (53)
06U > 1
0<h,k/ <Lz, —1

(LE)AK)
min | det(JoJd — JiJf) |+ (54)

1
2 0<Lk<Lpy,—1,Lp,—1
(L,k)#(0,0)

We assume that both H; and H; have the same value of x = (x1,25). We choose z which satisfies

(31), k = (k1 ka, ..., kar) of Hy and r = (rq,...,7a) of H} in order to maximize (p,, in (54).

6 Results and Performance

6.1 Results

Table 2 shows some of Hamiltonian and product constellations with their best diversity product
comparing with different designs: orthogonal [1, 18], dicyclic, cyclic groups in [9, 10, 11], fixed-point
free groups, nongroups in [16], parametric codes [13] and numerical methods [6]. Our constellations

have diversity product higher than orthogonal designs, dicyclic groups, cyclic groups, nongroups,
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numerical methods, parametric codes and some of those obtained from fixed-point free groups. Our

Hamiltonian constellations of L = 2 to 5 for every M even case are optimal constellations whose

diversity product achieve the upper bound [13] given by , /ﬁ.

L 2 3 4 5

(= ﬁ 1.0000 | 0.8660 | 0.8165 | 0.7906

Table 1: Optimal diversity product for L = 2 to 5.

From Table 2, for M = 2, we can see that the product Pays, L = 120 has ¢ = 0.3090 which equals the
excellent fixed-point free group SL,(F5) constellation. The product constellation Poyo at L = 1089
also has an excellent diversity product = 0.1142. For M = 3, we have Hszx3, L = 3 which has
¢ = 0.8660 is the optimal constellation. Py, , at L = 513 has an excellent diversity product = 0.2283

which is higher than the fixed-point free group G7194.

6.2 Performance

We compare the performance of our Hamiltonian and product constellations with different designs
as listed in Table 2. The performance is considered by plotting the block error rate, bler, against
SNR. All plots are considered in an unknown Rayleigh flat fading channel which use the differential
modulation to transmit signals as explained in Section 1.1.2. The fading coefficient and additive noise
are independent CN(0, 1) and the channel matrix is assumed to be constant within two consecutive
time periods.

Figure. 1 shows the block error rate performance for M = 2 transmitter antennas and N = 2
receiver antennas at the same R = 3.00, L = 64 of a product Paxs compared with dicyclic group [10],
cyclic group [9], orthogonal design [18] and parametric code [13]. Our product constellation outper-
forms other four designs.

Figure. 2 compares the bler performance for M = 2 transmitter antennas, N = 1 receiver antenna
at the high rate R = 6.00 of our product constellation Psyo and orthogonal design [18], cayley code
Q) = 4 [7] and TAST code T35 [5]. We can see that our proposed constellation again outperforms
other three designs.

Figure. 3 compares the bler performance for M = 3 transmitter antennas, N = 1 and 2 receiver

antenna at the same R = 1.06, L = 9 of Hamiltonian Hsxo and the fixed-point free group Gg; [16].

17



We can see that our Hamiltonian constellation outperforms the fixed-point free group.

Figure. 4 shows the bler performance for M = 4 transmitter antennas, N = 1 receiver antenna of
Hamiltonian Hyx4 at R = 2.00, cyclic group [9] at R = 2.00, cayley code with Q = 7,r = 2 [7] at
R =1.75 and 4 x 4 orthogonal design with z;, 25, 23 are chosen from 6-PSK [22] at R = 1.94. We can
see that our Hamiltonian constellation outperforms other three designs.

Figure. 5 displays Hamiltonian constellations at the same R = 1.00 for M = 2, 3,4 transmitter

antennas and N = 1 receiver antenna of Hoyo, Hsxs and Pyy4 respectively.

7 Conclusion

We have constructed new unitary space-time constellations with high diversity products, which can
be used for any number of transmitter antennas and for any data rate. Our constellations have
full diversity and can be used for both unknown and known channel with differential modulation.
Although the Hamiltonian constellations H and the product constellations P, Py do not form groups,
the optimization of the diversity products requires checking only L — 1 distinct matrices in their
constellations. Hamiltonian constellations for L < 5 for the case where M is even achieve the optimal
theoretical bound. In addition, many of our proposed constellations have the best known diversity

products in the literature, as shown in Table 2, and outperform all other constellation designs.
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Figure 2: Block error rate performance for M = 2, N =1 at R = 6.00 of product Py, orthogonal

design [18], cayley code [7] and TAST code [5].
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Figure 5: Block error rate performance for M = 2,3,4, and N = 1 at R = 1.00 of our proposed

constellations: Hoya, Haxs and P,y as described in Table 2.

Appendix A

We prove that to compute the diversity product in (36) it suffices to choose [ = 0 for H; and arbitrary
I'=1,...,L —1 for Hy. This proof can also be worked for the general M x M case. From (34),

2-rrlk1 2mlky 27lko

Ry HyT; where R; = diag(e™7 7 ,e7 7 ) and T; =

we can write H; in terms of Hy as H; = €’

27rlk1 27rlk2

diag(e™~T ,e/7 2 ). We show that |det(H; — Hy)| = |det(Hy — Hy_;)| for 0 <1< l' <L —1.

|det(H, — Hy)| = |det(e] T " RH, T, — el RZ/HOTZ/)|
= |6]27rlk1|| det Rl|| det(Ho - €j Rl’ lHOE’ )|| detﬂ‘
= ’ det(Ho — Hl/fl)|

Appendix B

We prove that to compute the diversity product of P in (46) it suffices to choose | = k = 0 for
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P, and arbitrary 0 < ' < Ly —1, 0 <k < Lg—1 and (I',K') # (0,0) for P’. The proof is
shown for the 2 x 2 case, from which the general M x M case can follow immediately. We will show
that |det(P — P')| = |det(H,0r — HyOy )| = |det(Hy — Hy_1Opr)| for 0 < 1 < I’ < Ly — 1 and
0<,k,K K'"<Lc—1.

2mlk 2l k
’ det(HlOk — Hl/Ok/)| = ’ det(eJL—HlRlHoTllOk — 6] LHl Rl/HoﬂlOk/)’
27lky 27l kg
= ’ det(e] Lu RlHOT’l — 6] Lu RZ/HOE/OIC”)‘
2rlky 2m( =)k

= |6_j L || det Rl|| det(HQ — BJ Lu Rl/_lHoﬂ/_lOk//)H det 7”

2w (1 —1)kq

= | det(HO — GJ Ln Rl/_lHoTl/_lOkH”

= ]det(HO — Hl/,lOkﬂ)‘

Appendix C

We prove that to compute the diversity product of Py in (53) it suffices to choose | = k = 0 for J;J, ,1,
and arbitrary 0 <!/ < Ly, —1, 0 < k' < Ly, — 1 and (I', k') # (0,0) for JyJ},. The proof is shown

for a 3 x 3 case, for a case of general M odd follows immediately. A 3 x 3 J; can be written as

.27kql
¢ T 0 0 1 0 0 1 0 0 1 0 0
j27rk2l _ .2mkol 7] 2mkol
Ji = 0 € "m 0 0 e Fm 0 0 VoI —%2 0 e Fm 0
2mhal _j2mkgl ; 2mkgl
0 0 ¢ 'm 0 0 e’tm 0 Vi Vi 0 0 'm
- KRJ,T, (55)

Similarly, we can also write a 3 x 3 J,I as

. 27rok _2mrk 27 k

¢ fn 0 e’ T 0 0| | Vi v 0|0
_|_ .2mrok _.M _.27r'rzk
Sy = 0 " 0 0 e 'm0 V2 Ju 0 0 e
0 0 ¢ Fm 0 0 1 0 0 1 0 0
= K[RIJT

22
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a 0 0 a 0 0 10 0
A=l0 b 0|, D=]0bo0|adE=]01 0
0 0 ¢ 0 0 b 0 0 ble
where a, b, ¢ are arbitrary number. A = DE, and also A~ = D7'E~!. We will use this property in

our proof:

JoAJ, = DIy J E (57)

We note that D, D~! and E, E~! can commute with Jy and Jg (as well as any diagonal matrices)

respectively.

| det (JJT — JpJL)]

= |det(K; R JyT K[ RLJIT! — Ky Ry JoTy K, RL JIT)|

= |det(JoT,RLJ} — Ky_ Ry JoTy RL KL, JiT! )]

= |det(JoAJ) — Ky Ry JoTvRL KL, JITV, )|, where A = TiR]

= |det(DJoJIE — Ky Ry JoTy RL K}, JITY, )|, from a property (57)

= |det D||det(JoJ§ — D7'Ky_ Ry JoTy RL K\, _ JiT}, _ E7Y)|| det E]

= |det(JoJ} — Ky Ry JoTy D' E7*RL K], JITT )|

= |det(JoJ) — Ky Ry JoTy AT RL KL, T )]

= |det(JoJ§ — Ky Ry JoTy TR R KT, JITY )|, where A7 = (T,R)) ™' = TR,
= |det(JoJ{ — Ky—iRy_1JoTv R, K, JiT] )]

= | det(JyJf — Jl/—zﬂ_l)’
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0.7071
0.7071
0.7071
0.8165
0.7071
0.5946
0.7071
0.3827
0.3827
0.5000
0.5946
0.5098
0.5412
0.5000
0.5000
0.4122
0.4122
0.1951
0.2494
0.3827
0.3827
0.4082
0.3860
0.4039

dicyclic group Q4

cyclic group u = (1, 1)

orthogonal with 2*"-roots of unity

H 1 =0.6667, k= (1,2) Figure. 1

dicyclic group Q)-

cyclic group u = (1, 3)

H xz; = 0.5000, k= (1,3)

dicyclic group (3

cyclic group u = (1,7)

orthogonal with 4*"-roots of unity

parametric code, k = (3,4, 2)

H 1z, = 0.5198, k = (1,4)

P Ly=8,Lo =2z =0.588k=(1,2),r = (1,1)
fixed-point free group Es; = SLo(F3)

P Ly =8,Lo = 3,21 = 05000,k = (1,3),r = (1,1)
numerical method A* B*C*
PLy=9Lc=32,=07733k=(1,3),r=(1,1)
dicyclic group Q4

cyclic group u = (1,7)

parametric code, k = (7,8, 2)

H z = 0.4953, k = (1,7)

P Ly =8,Lo=4,21 =0.6667,k = (1,2),r = (1,1)
numerical method A*B!

PLy=9Le=4x =02577k=(1,2),r=(1,1)

Table 2: Comparison of different constellation designs: our constellations are highlighted in grey,

orthogonal design [18], dicyclic and cyclic groups [9, 10], fixed-point free groups and nongroups [16],

parametric codes [13] and numerical methods [6].
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M L R ¢ Constellation designs
2 48 279 0.3868 fixed-point free group Fs; _;
9 48 2.79 03678 P Ly=3,Lo = 16,2 = 0.2113,k = (1,2),r = (1,7)
2 49 281 0.3781 numerical method A*B!
9 49 281 04118 P Ly=7Le="7 2 =0.5000,k=(1,6),r = (1,4)
2 55 2.89 0.3874 parametric code, k = (34,15,0)
9 55 2.80 04074 P Ly=11,Lc =5,z = 0.5904,k = (1,2),r = (1,1)
2 64 3.00 0.0980 dicyclic group )5  Figure.l
2 64 3.00 0.1985 cyclic group u = (1,19) Figure.l
2 64 3.00 0.2706 orthogonal with 8"-roots of unity =~ Figure.1
2 64 3.00 0.3070 parametric code, k = (7,10,0) Figure.l
2 64 3.00 0.3090 numerical method AFB*
2 64 3.00 0.2816 H z; =0.6281, k= (1,27)
2 64 3.00 0.3678 P Ly=4,Lc=16,2; = 0.6533,k = (1,2),r = (1,9) Figure.l
2 75 3.11 0..3535 parametric code, k = (49, 18,0)
9 75 311 03535 P Ly=25Lc=3,z =0.5000,k=(1,7),r=(1,1)
2 81 3.17 0.2417 nongroup, L4 = 9,u = (1,2)
9 81 317 02974 P Ly=27,Lc =3,z = 04024,k = (1,12),7 = (1,1)
2 91 3.25 0.3451 parametric code, k = (64, 21,0)
9 91 325 03451 P Ly=13, Le=17,2; = 0.5000,k = (1,5),7 = (1,1)
2 105 3.36 0.3116 parametric code, k = (34,42,0)
2 105 3.36 03116 P Ly =35 Lo = 3,21 = 0.5000,k = (1,13),7 = (1,1)
2 120 345 0.1353 cyclic group u = (1,43)
2 120 3.45 0.3090 fixed-point free group Ji 3 = SLy(F5)
2 120 3.45 0.2377 numberical method
2 120 345 03090 P Ly =24,Lo=>5,2 = 0.5000,k = (1,5),r = (1,1)
2 121 3.46 0.1922 orthogonal with 11*"-roots of unity
121 3.46 0.2106 H x; =0.5590, k = (1,22)
2 121 346 02795 P Ly=11,Lc = 11,2, = 0.3670,k = (1,6),r = (1,1)
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M L R ¢ Constellation designs

2 128 3.50 0.0491 dicyclic group Qg

2 128 3.50 0.1498 cyclic group u = (1,47)

2 128 3.50 0.2606 parametric code, k = (1,8,20)

2 128 3.50 0.2031 H x; =0.5142, k= (1,12)

2 128 3.50 0.2793 P Ly = 16,Lc = 8,21 = 0.6104, k = (1,6),7 = (1,3)
2 240 3.95 0.1045 cyclic group u = (1,151)

2 240 3.95 0.2257 fixed-point free group Fis 111

2 240 3.95 0.1511 H x; =0.4173, k= (1,85)

2 240 3.95 0.2381 P Ly =10,Lc =24,21 =0.2960,k = (1,4),r = (1,5)
2 256 4.00 0.0245 dicyclic group Q7

2 256 4.00 0.0988 cyclic group u = (1,75)

2 256 4.00 0.1379 orthogonal with 16"*-roots of unity

2 256 4.00 0.1651 numerical method A*B*

2 256 4.00 0.1477 H x; = 0.5526, k = (1,119)

2 256 4.00 0.1981 P Ly =8,Lc = 32,21 = 0.3477, k = (1,4),7 = (1, 13)
2 289 4.09 0.1625 nongroup, L4 = 17,u = (1,12)

2 280 4.09 0.1838 P Ly =17,Lc = 17,21 = 0.6640,k = (1,4),r = (1,1)
2 1089 5.04 0.0794 mnongroup, L4 = 33,u = (1,26)

2 1089 5.04 0.1142 P Ly =99,Lc = 11,27 =0.7900,k = (1,9),r = (1,1)
2 4096 6.00 0.0347 orthogonal with 64""-roots of unity =~ Figure.2

2 4096 6.00 0.0685 P Ly =64, Lc =064,21 =0.3898 k= (1,28),r = (1,33) Figure.2
2 4225 6.02 0.0436 nongroup, L4 = 65,u = (1,19)

2 4225 6.02 0.0671 P Ly =65,Lc =652 =0.4026,k = (1,39),r = (1, 33)
3 3 053 0.8660 H xz;=0.5000, k= (1,1,1)

3 5 0.77 0.7183 numerical method

3 5 077 0.7673 H xzy =0.2316, k= (1,1,2)

3 8 1.00 0.5134 cyclic group u = (1,1, 3)

3 8 1.00 0.6588 H z; =0.8089, k= (1,3,4) Figure. 1
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L R ¢ Constellation designs

e L T & S B O B . & & R O . O O Y S

9 1.06 0.6004 fixed-point free group Gg; with v = (1,2,5) Figure. 3
9 1.06 0.6632 H x;=0.4679, k= (1,4,3) Figure. 3
9 1.06 0.6283 Py Ly, =3,Ly, = 3,21 =0.3820,k = (1,1,3),r = (2,2,1)
63 1.99 0.3301 cyclic group u = (1,17, 26)
63 1.99 0.3851 fixed-point free group G 4
63 1.99 0.3498 H x; =0.3758, k= (1,20,27)
63 1.99 0.4023 Py Ly, =7,Ly, =9,21 = 04603,k = (1,1,6),r = (5,3,1)
64 2.00 0.2765 cyclic group u = (1,11,27)
64 2.00 0.3478 H x1 = 0.6994, k = (1,23,30)
513 3.00 0.1353 fixed-point free group Gi71,64(t = 19)
513 3.00 0.1664 P Ly =27,Lc =19,2; = 04110,k = (1,3,11),r = (1, 18, 15)
513 3.00 0.2028 Py Ly, =9, Ly, = 57,21 = 0.4970,k = (1,1,5),r = (15,20, 1)
529 3.02 0.1863 mnongroup Ly = 23,u = (1,13,19)
529 3.02 0.2283 Py Lpg, =23, Ly, = 23,21 = 0.3671,k = (1,19,1),r = (2,20,1)
0.40 0.8660 H z; =0.5000, k= (1,1,1,1)
0.50 0.8165 H z; =0.6667, k= (1,2,1,2)
0.58 0.7906 H x; =0.5000, k= (1,2,1,2)
0.79 0.5904 numerical method

OO © Ot e W

0.79 0.7119 H z; =0.4094, k= (1,2,6,5)
16 1.00 0.5453 cyclic group u = (1,3,5,7)
16 1.00 0.6377 H z; =0.3680, k= (1,3,7,5)
16 1.00 0.6580 P Ly =4,Lc=4,2,=0.5000,k=(1,2,1,4),r =(1,3,3,1) Figure. 1
240 1.98 0.2145 cyclic group u = (1,31, 133,197)
240 1.98 0.5000 fixed-point free group K _;
240 1.98 0.3614 Py Ly, =16, Ly, = 15,21 = 0.3614, k = (1,2,9,18),r = (1,11,7,2)
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M L R ¢ Constellation designs

4 256 2.00 0.2208 cyclic group u = (1,25,97,107)  Figure. 4
4 256 2.00 0.3320 H oy =0.4834, k = (1,121,79,87) Figure. 4
4 289 2.04 0.3105 nongroup, Ly = 17,u = (1,3,4,11)

4 280 2.04 0.3287 H x, = 0.4646, k = (1,126,12,67)

5 32 1.00 0.4095 cyclic group u = (1,5,7,9,11)

5 32 1.00 05444 Kz =0.4500, k = (1,11,13,15,7)

6 3 026 0.8660 M =0.5000, k=(1,1,1,1,1,1)

6 4 033 08165 Ha=06667, k=(1,2,1,21,2)

6 5 039 0.7906 H x; = 0.5000, k= (1,2,1,2,1,2)

6 64 1.00 0.3792 cyclic group u = (1,7, 15,23,25,31)

6 64 1.00 05185 H ;= 0.4549 k = (1,19,3,57,23,31)
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