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Abstract — In this paper, we present a new design of
constructing full diversity unitary constellations using
differential space-time modulation for any number of
transmitter and receiver antennas. These constella-
tions are constructed from a Bruhat decomposition
which allows us to choose disjoint non-overlapping
cosets of a unitary diagonal subgroup in such a way
that full diversity is preserved. Simulations show that
our Bruhat constellations perform well in unknown
Rayleigh fading channel.

I. INTRODUCTION

Differential unitary space-time modulation [2, 3] was proposed
for use with an unknown fading channel. Consider a multiple-
antenna system in a Rayleigh fading channel. Let M be the
number of transmitter antennas, and V = {V;} ! be a signal
constellation, a set of M x M unitary matrices. The design
problem of differential unitary space-time modulation is to
maximize the minimum value of the distance

d(L,1') = | det(Vi — Vir)| 2 0, (1)

for all distinct V;,Viy € V. A constellation V for which
d(l,I') > 0 for all I # I’ is said to have full diversity. The
diversity product (as defined in [2, 3, 7]) of a constellation V
is calculated by

v = 1mind(l,l')ﬁ; (2)

2

this term is used to compare different constellation designs.
It has been shown that the finite simple unitary groups hav-
ing full diversity are the fixed-point free groups [7]. It has
also been proven that U(1) and SU(2) are the only two infi-
nite full diversity unitary groups [1]. The application of the
Bruhat decomposition to the design of a full diversity unitary
subgroup constellations of U(2) and U(4) was first introduced
in [5] using a method which was developed for 2 and 4 trans-
mitter antennas respectively, but which is not applicable to
an odd number of transmitter antennas.

In this paper, we present a new Bruhat decomposition de-
sign for constructing full diversity unitary space-time constel-
lations for any number of transmitter and receiver antennas.
A Bruhat constellation V is constructed from M cosets of a
unitary diagonal subgroup D, and our design has a particu-
larly simple structure when M is prime. Although our Bruhat
constellation is not a group, we show that it is extremely sym-
metric in that the minimum value of d(I,1’) can be determined
by checking only L—1 distinct elements in V which is compara-
ble to a group constellation. Simulations show that proposed
Bruhat constellations perform well in unknown fading chan-
nel, and also outperform constellations obtained from cyclic
groups.
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II. DIFFERENTIAL UNITARY SPACE-TIME
MODULATION

Consider a multiple-antenna system in a Rayleigh flat fading

channel with M transmitter and N receiver antennas. The
M x N received signal matrix X is
X, =pS-H-+W,, 7=0,1,... 3)

where Sr is the M x M transmitted signal matrix, W is the
M x N additive noise matrix and H, is the M x N channel
matrix. The fading coefficients of a channel matrix and the
additive noise on receiver antenna are independent complex
Gaussian variables with mean zero and variance one, CA(0, 1).
Here p is the SNR at each receiver antenna. Let V.. be an
M x M unitary message matrix at block 7 which is chosen
from an alphabet zr. € {0,1,...,L — 1}. The date rate is
R =log, L/M. In differential unitary space-time modulation,
the transmitted signal matrix is

S, =V., Sr 1 (4)

with So = Ia where In is an M x M identity matrix. We as-
sume that the channel matrix is constant over two consecutive
time periods, that is H; = H,_i. Then the received signal
matrix of (3) can be written as

Xr=Vo, Xo 1 +V2W, (5)

where W/ is also independent CA/(0,1). The ML decoder is
used for decode a message Z- to be

2 = i X, — ViXr_1]|.
Zr=arg _ min | ViXr | (6)

sl

III. MATHEMATICAL PRELIMINARIES

Let S denote the symmetric group of order M, that is, the
group consisting of all permutations of M elements. We use
the notation (123) to denote the cycle sending 1 — 2 — 3 —
1; every element of Sy may be decomposed uniquely into a
product of disjoint cycles. Of particular interest to us is the
cycle w = (12--- M). For i > 1, the permutation w’ need not
to be a single cycle. Set g = ged(i, M) and b = M/g. Then
we may compose

wizalag---ag (7)

where o, is the cycle (r,r @ i,r ®2i,--- ,r ® (b — 1)i) where
we write r @ k for the result of adding & to » mod M.

The group Sa has a natural representation on CM | called
the permutation representation, in which each element 7 € Sps
is realized as the M x M matrix of the linear transformation
which permutes the standard basis vectors e1, e, ... exs of CM
according to 7. For example, in S3, the permutation 7 = (123)



sends e; to ez, e2 to ez and es to e;. Hence under the natural
representation, we identify 7 with the (unitary) matrix

010
r=10 0 1f. (8)
100

The symmetric group has a special relationship with the gen-
eral linear group GL(M) (that is, the group of all invertible
M x M matrices) defined by the Bruhat decomposition. The
Bruhat decomposition of GL(M) is the disjoint union of dou-
ble cosets
GL(M)= |J BB 9)
TESNM
where B denotes the subgroup of all invertible upper trian-
gular matrices, and 7 is written in its natural representation.
Whereas the group B is not unitary, it contains the subgroup
T of diagonal unitary matrices. Restricting to 7" in equation
(9) defines a unitary subgroup of GL(M). A quick calculation
reveals that the double coset T'77T is equal to the left coset 71T
for any 7 € Sa. This defines an infinite unitary subgroup of
GL(M), Sm x T (a semi-direct product) as:
SuxT= ) T7T= |J =T (10)

TESM TESM

This subgroup does not have full diversity, however, since T’
itself does not. Thus to obtain a full diversity constellation,
we restrict to a full diversity subgroup of T" and then construct
our (nongroup) constellation from its cosets.

IV. UNITARY BRUHAT CONSTELLATION

In this section, we present the design of a full diversity
unitary Bruhat constellation for any number of transmitter
antennas using a Bruhat decomposition as given in equation
(10).

A. Design Preliminaries

Let M be the number of transmitter antennas. We first con-
struct a cyclic subgroup D of unitary diagonal matrices, whose
cosets will form the constellation. We choose this subgroup, of
order |D| = Lp, subject to two constraints, (C1) and (C2),
given below. Foreachl € {0,1,...,Lp—1}, write the element
D; €D as

Dl :diag(dl,dg,...,d]u). (11)

Then each di, = eﬂ”“’“l/LD, for some choice of urp €
{1,2,...,Lp — 1}. For each i € {1,2,..., M — 1}, we require
(c1)

drgp-1)i =1 (12)

for each r € {1,2,...,g = ged(¢, M)}, where b = M/g and &
denotes addition modulo M. (This condition arises from the
decomposition of w® into disjoint cycles, as given in (7), and
is used in the proof of Theorem 1, below.) Further, choose D
to be a subgroup with full diversity, that is, such that (C2)

dr . drEB'L . drEBQ'L e

dp(1,1') = det(D; — Dyr) > 0 (13)
for all 0 < 1,I’ < Lp. In terms of the parameters uy, the con-
straints (C1) and (C2) may be rephrased as the requirement
that

Ur + Urgi + Urg2i + - + Urg—1); =0 mod Lp (14)

for each 0 < ¢ < M and for each 1 < r < g, and that each uy
is relatively prime to Lp. This latter condition is equivalent
to (C2): for suppose instead that ged(ux,Lp) = ¢ > 1 for
some 1 < k < M. Then d, = 1 with [ = Lp/t < Lp,
which implies det(Do — D;) = 0, so that (13) fails. (One can
also prove the converse; see [6] for details.) For example,
when M = 3, we must choose D; = diag(di,d2,d;'d;?) =
diag(e??™1l/Lp gi2mual/Lp o=j2n(mi+u2)l/Lp) - This will give
a full diversity constellation only if w1, us and ui + us are
relatively prime to Lp. For example, we can choose Lp to be
prime. In practice, one chooses the values of uy, subject to
(C1) and (C2), which maximize the minimum value of (13)
over all [ # I', by exhaustive search.

B. Design of a Full Diversity Unitary Bruhat Constellation
We may now define the unitary Bruhat constellation. Set
A= e%j/Mz7 and let w be an M x M matrix representing
the full permutation (123 - M) in the natural representation.
This cycle has the property that w’ has no fixed points for
any ¢ € {1,2,..., M — 1}. Consequently, the positions of the
nonzero entries in w’, or equivalently, in w'D, are entirely
disjoint from those for w? for any i # j. Our proposed unitary
Bruhat constellation V is a subset of S, X T, given by the
disjoint union of sets of unitary matrices defined by

M—-1
V= U Aw'D.

=0

(15)

Since equation (12), with ¢ = 1, implies that det(D) = 1 for
all D € D, it follows that

det(A\f Wk D) = xe?mH/M (16)

for all k € {0,1,...,M —1}.

Theorem 1: The Bruhat constellation V has order LpM and
rate log,(LpM)/2. It has full diversity whenever D does. The
value of the diversity product (2) v will equal

. 1 ib 1

— — b
 fnin (CD, A7 =1 ) :
where (p denotes the diversity product of D and for each i, we
set b= M/gcd(i, M). The term (p may be computed explicitly
in terms of the parameters u; as

v = (17)

o = ymindo(l’,I")V (18)
7 L
M il |
_ . . T
- 1:1,21}1..121)71 iilsln Lp (19)

Proof: One computes the order and rate directly. Recall
that the diversity product depends on the minimum value of
the distance (as defined in (1)) between two elements of V.
From the definition of V as a disjoint union of cosets in (15),
it follows that the calculation of the distance d(l,1’) may be
broken into two cases: the same coset case, when V; and Vj,
lie in the same coset \'w®D; and the distinct coset case, when
V, and Vs lie in two different cosets.

i) Same Coset (sc) Case: Suppose Vi, Vs € V lie in the same
coset A\'w'D. Then we can write V; = Aw'D and Vjy = Aw'D’
for some D, D’ € D. We compute dsc(l,1') = |det(\'w'D —



Xw'D')| = |det(AN'w?)||det(D — D')| = | det(D — D’)|. Thus
the minimum value of ds.(l,!") equals the minimum distance
between two elements of D. Hence, in order to have ds.(I,1") >
0, it suffices to require the full diversity of the subgroup D.

it) Distinct Coset (dc) Case: Suppose now that Vi, Vi, € V
lie in distinct cosets; say Vi = A*w*D and Vi = Nw/ D', k < j
for some D, D’ € D. Then as above, we may restrict ourselves
to the case where V; € D and V), € )\'luﬂ'D7 since | det()\kka—
NwID| = |det(\*w®)||det(D — N "*w?=*D")| = |det(D —
N =FwI=kD")|. To compute dg. explicitly, we proceed follows.
Recall the decomposition of w® into disjoint cycles given in
(7). Let S; be the set of all possible permutations which
can be formed from the set of disjoint cycles {o1,02,...,04}
using each cycle at most once. For example, in the sym-
metric group S¢ with i = 2, we have w? = (135)(246) so
Si—o = {I,(135),(246), (135)(246)}. In general, |S;| = 29.
For o € S;, write fio for the number of disjoint cycles occuring
in 0. Then, as proven in [6], the distance between V; and V}s
in this case can be computed as

dae(1,l') = |det(D — X\w'D) (20)
M

= [ Y (=nFa T 4 (21)
v€d; =1

Here we have defined df to be equal to d; if o(j) = j and dj if
o(j) # j. Our constraint (C1) thus implies H]Nil df = 1. For
each value of k, 0 < k < g, there are ({) elements o € S; with
o = k. Thus to evaluate this expression,we may sum over k,
to yield

dac(l,1) = (22)

1D () (=1

= -1 (23)
Finally, note that since ¢ < M and b = M/g < M, we have
that ib < M?. Hence A" # 1 for any i, and thus da.(,1') # 0.
It now follows, using (2) that

(v = gmin(dee(l,l), dac(l 1)) (24)

’

N | =

= min (CD,%MH)*HA%). (25)
Since b = M /g, this completes the proof of (16). The proof of
the equation (18) is given in [6]. O

Let us illustrate the concept of the proof with an exam-
ple. Suppose the number of transmitter antennas is M =
9 and A = €%/ (Consider ¢ = 3: the permutation
w3 = (147)(258)(369) = 010203 with g = ged(3,9) = 3 and
b =9/3 = 3. We choose a subgroup D to consist of diag-
onal matrices D = diag(d1, d2,ds, d4,ds, ds, d7,ds, dg) which
satisfy didad7 = dadsds = dsdedg = 1 (following from (12)).
Clearly det(D) = 1 and from (22) we have the distance be-
tween any 2 elements of the distinct cosets D and w3A3D is
dac(1,1) = NP — 1]* = 0.3201.

Remark: When the number of transmitter antennas M is
prime, we have g = ged(i, M) =1 for alli =1,2,...,M — 1,
so b = M. Hence from (22), we have da.(I,I') = |A\*™ —1].
This value is equal to the Euclidean distance between two
points on a unit circle. It follows that the chosen value of

. 2
A = ¥/M° maximizes the minimum value of dg.(l,1') in

this case, by ensuring the M points A** are equally spaced
along the unit circle. Moreover, since the permutation w* is a
single cycle for each i, the equation (12) simplifies to nothing

more than the requirement that det D = 1.

C. Some Examples of a Bruhat Constellation
1. For M = 2: From (15), a Bruhat constellation for two
transmitter antennas is

Vo =D UMD (26)
where A = ¢/2™/* and
0 1
w= { 1 0 } . (27)
Using (22), we have dg.(I,I') = |\ —1|=|-1-1]=2>0.

The elements D, = diag(d1, d2) € D must satisfy d2 = dy! by
(12) where d; = €*>7“1/Ep Then this constellation is

0 1
ik

where the value of u; = {1,2,...,Lp — 1} is chosen to maxi-
mize dsc(I,1') for a given Lp. The order of this constellation
is 2Lp. (We note that our constellation in (27) is equiva-
lent to the optimal dicyclic group constellation [4] for M = 2.)

VQZDUejZTW{ (28)

2. For M = 3: Our Bruhat constellation for three trans-
mitter antennas of order 3Lp is

Vs = DUAMDUNW’D (29)

with A = /27/9 and

01 0
w=1]0 0 1 (30)
1 0 0
Using (22) with g = 1 and b = 3, the distance dq.(,1’) may be
computed as: for i = 1, w = (123), we have dge = |\* — 1| =
1.7321 > 0; for i = 2, w? = (132), we have dg. = |X\® — 1| =
1.7321 > 0. Each D; € D must have det(D;) = 1; so set

D; = diag(di,do, dy "dy ). (31)
To obtain a cyclic subgroup, set each d; = ei?muil/lp =1 2
for some parameters u; € {1,2,..Lp — 1} which are chosen
to maximize the value of ds.(l,1’) for a given Lp. Table 1
shows some of our Bruhat constellations for M = 3 but Lp
varying, with best diversity products compared with different
3 x 3 unitary constellation designs in the literature. We can
see that our proposed constellations have diversity products
higher than cyclic groups and some constellations obtained
from fixed-point free groups.
3. For M = 4: For four transmitter antennas, our proposed
Bruhat constellation of order 4Lp is

Vi =DUIDUNWDUND. (32)
where \ = e/27/16 and
0100
0010
“Zlo o o0 1 (33)
1 0 00



L R Cy Designs L R Cy Designs

9 1.06 0.6004 fpf group Gg1 [7] 32 1.00 0.4095 cyclicu = (1,5,7,9,11) [3]

9 1.06 0.6004 BruhatV u; =1,us=1 33 1.01 0.5580 &i13uw=(1,3,4,5,9)[7]

57 1.94 04845 Sig93,u=(1,7,11) [7] 35 1.03 05164 Vu=lus=1us=4,u1=5
57 1.94 0.4845 Bruhat V u; =1,us =7

63 1.99 0.3301 cyclic u = (1,17,26) [3] Table 2: Comparison of different 5 x 5 unitary constel-
63 1.99 0.3851 fpf group Goy 4 [7] lation designs (proposed constellation is highlighted in
63 1.99 0.3851 Bruhat V u; =1,us =4 grey).

64 2.00 0.2765 cyclic u = (1,11,27) [3]

69 2.04 0.3548 Bruhat V u; =1,us =4

513 3.00 0.1353  fpf group Gi71,64 [7] where A = €/2™/36_ For i = 1 and 5, g = ged(i,6) = 1, the
513 3.00 0.1436 Bruhat V uy =1,up = 22 condition of (12) on the unitary diagonal matrix D; is simply
4095 4.00 0.0361 fpf group Gizes,16 [7] didadsdadsds = 1. For ¢ = 2,3,4, the conditions on D; are
4095 4.00 0.0471 Bruhat V Uy = 1, Ug = 121 listed below:

Table 1: Comparison of different 3 x 3 unitary constella-
tion designs (our proposed constellations are highlighted

in grey).

For i = 1, w = (1234), we have dg. = |A* — 1| whenever
det(D;) = 1. For i = 2, w? = (13)(24), g = ged(2,4) = 2,
b = 4/2 = 2; from (22), we can have dg. = |A* — 1]* by
setting dids = dads = 1. For i = 3, w® = (1432), we have
dge = |)\12 —1|. Thus the unitary diagonal matrices D; can be
chosen by

Dy = diag(da, do, d; ', d3 ") (34)
where d; = e?™wl/Ilp 4§ = 12 The values of
ui,uz = {1,2,...,Lp — 1} are chosen to maximize ds.(I,1")

for each given Lp. For example, set Lp = 4, then the order of
a proposed constellation is 4 x 4 = 16. The choices of u; =1
and up = 1 give a Bruhat constellation with the diversity
product (v = 0.5453, which is equal to that of a constellation
obtained from a cyclic group u = (1,3,5,7) [3] at the same
data rate R = 1.00. For Lp = 16, the constellation has
4 x 16 = 64 elements. Choose u; = 1 and uz = 7; then the
diversity product of this Bruhat constellation is {y = 0.3827
which is higher than the constellation G4 obtained by
Konishi’s method (¢y = 0.3418) in [5] with the same order
and data rate R = 1.50.

4. For M =5: A Bruhat constellation for five transmitter
antennas is

Vs = DUMDUNWDUNWDUNW'D (35)

where \ = ¢72™/25_ For this case, we have g = gcd(i,5) = 1 for
all ¢ = 1,2,3,4. The choice of a subgroup of unitary diagonal
matrices D = {Dl = diag(dl,d27d37d4,d5|d1d2d3d4d5 = 1}
can be made by

Dy = diag(di, da, d3, da, dy *dy "y "dy ) (36)
where d; = ej%””Z/LD7 i = 1,2,3,4. The values of u; =
{1,2,...,Lp — 1} are chosen to maximize ds.(l,1") for a given

Lp. The order of this constellation is 5Lp. Table 2 compares
our proposed constellation with different 5 x 5 unitary con-
stellation designs at the data rate R ~ 1.00.

6. For M = 6: For six transmitter antennas, our proposed
constellation is

Vo = DUMDUNWDUNGPDUNW'DUNGD  (37)

i dde Constraint on D;

2 [N =17  didsds = dadads = 1

3 N — 1  dids =deds =dsds =1

4 A2 -1 didsds = dadads = 1
Consequently we may choose a subgroup D = {D; =
diag(d17d27d37d47d57d6)} by

Dy = diag(d1,do, dy "do, di dy ", didy ) (38)

where dy = €271/ LD and dy = 722!/ LD The values of u;
and ug are chosen to maximize ds.(l,1") for a given Lp. Here
6Lp is the order of this constellation. Table 3 gives some of
our proposed constellations with their best diversity products
compared with different 6 x 6 unitary constellation designs at
the data rate R =~ 1.00.

L R Cy Designs

64 1.00 0.3792 cyclic u = (1,7,15,23,25,31) [3]
66 1.01 0.4865 BruhatV u; =1,us =3

72 1.03 0.5000 Sio6u=(1,1,7,7,7,1)[7]

78 1.05 0.5000 BruhatV u; =1,us =10

Table 3: Comparison of different 6 x 6 unitary constella-
tion designs (our proposed constellations are highlighted

in grey).

V. PERFORMANCE

The performance is considered by plotting the block error rate,
bler, against signal-to-noise ratio, SNR, in unknown Rayleigh
flat fading channels. We use a differential modulation as ex-
plained in Section II to transmit signals. The fading coeffi-
cients and additive noise are independent complex Gaussian
variables with mean zero and variance one. The channel ma-
trix is assumed to be constant within two consecutive time
periods. The maximum-likelihood decoder (6) is used for de-
coding.

Figure 1 displays the block error rate performance of our
3 x 3 Bruhat constellation with u; = 1,u2 = 4 at R = 2.04
compared with the cyclic group v = (1,11,27) at R = 2.00 as
given in Table 1 with the number of receiver antenna, N = 1.
We can see that the proposed constellation outperforms the
cyclic group. The gain improvement is ~ 2 dB.

Figure 2 shows the block error rate performance of our 5x5
Bruhat constellation with u1 = 1,u2 = 1,us =2 at R = 1.03



compared with the cyclic group v = (1,5,7,9,11) at R = 1.00
and the nongroup Si1,3 at R = 1.01 as given in Table 2 with
N = 1. We can see that our Bruhat constellation outper-
forms the cyclic group and compares well with the nongroup
constellation.

Figure 3 displays the block error rate performance of our
6 x 6 Bruhat constellation with u; = 1,us = 3 at R = 1.01
with the cyclic group v = (1,7,15,23,25,31) at R = 1.00 as
given in Table 3 with V = 1. We can see that our proposed
constellation V again outperforms the cyclic group with ~ 1
dB gain improvement.

bler

—p— proposed code V
—— cyclic

2 L L L L
0 2 4 6 8

I I I I
12 14 16 18 20

10

L
snRth db

Figure 1: Block error rate performance for M = 3, N =
1 at R =~ 2.00 of our proposed constellation and cyclic

group

—p— proposed code V
—*— cyclic
- _nongroup

10° L L L L L L L

0 2 4 6 10 12 14 16

sNRGn db

Figure 2: Block error rate performance for M =5, N =1
at R =~ 1.00 of our proposed constellation, cyclic group
and nongroup

VI. CONCLUSION

We have proposed the design of a full diversity unitary space-
time Bruhat constellation V for any number of antennas using

—&— our proposed code
—— cyclic

10 I I I I I I

0 2 4 6 8 10 12 14
SNR in db

Figure 3: Block error rate performance for M = 6, N =
1 at R ~ 1.00 of our proposed constellation and cyclic

group

the Bruhat decomposition. Our proposed design has a simple
structure for a case where the number of transmitter anten-
nas is prime. We have shown that the optimization of the
diversity product is not computationally intensive when the
number of transmitters is a composite number, for example,
when the number of transmitter antennas is 6, there are only
two parameter values, u1 and g, for searching (see equation
(37)). Simulations show that our proposed Bruhat constella-
tions performs well without the knowledge of the information
of the channel, and also outperform cyclic group constellation
designs.
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