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Abstract

For local non-archimedean fields k of sufficiently large residual characteristic, we explicitly
parametrize and count the rational nilpotent adjoint orbits in each algebraic orbit of orthog-
onal and special orthogonal groups. We separately give an explicit algorithmic construction
for representatives of each orbit. We then, in the general setting of groups GL,, (D), SL,, (D)
(where D is a central division algebra over k) or classical groups, give a new characterisa-
tion of the “building set” (defined by DeBacker) of an sl (k)-triple in terms of the building
of its centralizer. Using this, we prove our construction realizes DeBacker’s parametrization
of rational nilpotent orbits via elements of the Bruhat-Tits building.
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1 Introduction

Rational, or arithmetic, nilpotent adjoint orbits of algebraic groups over a local field k arise
in representation theory in several contexts. For example, the Harish-Chandra—Howe char-
acter formula locally expresses a character of a representation as a linear combination of
(Fourier transforms of) nilpotent orbital integrals. As another example, the orbit method
would parametrize representations by admissible coadjoint orbits, with the admissible
nilpotent orbits corresponding to core singular cases.

Algebraic, or geometric, nilpotent adjoint orbits can be thought of as those under
the algebraic group over the algebraic closure of the local field. These orbits can be
parameterized in multiple ways, including the Bala-Carter classification (extended to low
characteristic by McNinch and others), weighted Dynkin diagrams, and partition-type
classifications (for classical groups).

The rational points of an algebraic orbit form zero or more rational orbits, and these can
in principle be counted using Galois cohomology; yet it remained an open combinatorial
problem to count these orbits for orthogonal groups. Solving this is the first goal of this
paper, in Section 4.

Our second goal is to present an algorithm for generating representatives for all rational
nilpotent orbits of orthogonal and special orthogonal groups over k, in the spirit of the
one presented by Collingwood and McGovern in [9] over R; our solution is presented in
Section 5.

Our third and most important goal is to offer insight into the geometric parametrization
of rational nilpotent orbits by elements of the Bruhat-Tits building of G that was proposed
by DeBacker in [10]. To this end we prove, in the more general setting of G = GL, (D),
SL,(D) (for D a central division algebra over k) and classical groups, that DeBacker’s
“building set” attached to a Lie triple can be identified with the building of the centralizer
of that Lie triple. This kind of “functoriality result” gives a coherent interpretation of the
geometry of the DeBacker parametrization, and is presented in Section 6.

Finally, combining these results, we attach a representative of each nilpotent orbit to
a facet of the building in our standard apartment, and prove that this gives an explicit
realization of the DeBacker correspondence, in Section 7.

Let us now summarize the results of this paper in more detail.

For symplectic, orthogonal or special orthogonal groups the algebraic nilpotent orbits
can be parametrized by partitions. Let A be a partition of n in which even parts occur with
even multiplicity and let O, denote the corresponding nilpotent adjoint orbit of the algebraic
group O,,. Fori € Nlet x; be the number of odd parts of A whose multiplicity is exactly i.
Set X3+ = D ;23 Xi-

Let (g, V) be a quadratic space; then O(q) is a fixed k-form of O,, with respect to which
we take the k-points of this orbit. Assume the characteristic of k is either zero or sufficiently
large (see Section 3) and that p # 2. Then it is known that the rational orbits occurring
O, (k) are parametrized by certain tuples q of quadratic forms (Theorem 3.2). Our first
result is to compute their number.

Theorem (Theorem 4.3). Let (g, V) be a nondegenerate n-dimensional quadratic space of
anisotropic dimension n, < n. Then the number of k-rational orbits under O(q) in O, (k) is

%4)(17)(28)(% if X34 > 1
TDxi 0006 = %4“7” + Q=120 72 if 34, =0, x1 > 1;
L%7X2-| T Eno,xa if x1 = x3+ =0,
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where &y, y, = 0 unless either n, = 0 and x» is even, or n, = 4 and 2 is odd, in which
cases €, y, = (—1)*2. The number of k-rational orbits in O, (k) under SO(q) is the same
unless x1 = x2 = x3+ = no = 0, when there are two.

The arithmetic complexity of this answer stands in sharp contrast to the cases of SL(n)
and Sp(2n). The number of SL(n, k)-orbits in one algebraic nilpotent orbit of SL(#n) is
|k*/(k*)8| where g is the gcd of the parts of the corresponding partition. The number of
Sp(2n, k) orbits in the algebraic orbit of Sp(2n) corresponding to a partition A is simply
4X17X28X3+ where now y; counts the number of even parts of A with multiplicity exactly i
[19].

Next, for each pair (A, q) parametrizing a rational nilpotent orbit of SO(g), we choose,
following Proposition 5.1, a partition I of the set Z, := {(i,j) | i € A, | < j < m;},
where m; denotes the multiplicity of i in A. We construct an explicit orbit representative
and associated Jacobson-Morozov triple d¢ by constructing subspaces of V for each part
of T" in Sections 5.3 to 5.9. This kind of explicit parametrization has many uses in repre-
sentation theory, including: computing Fourier coefficients of automorphic forms as in [1]
and [14]; geometrizing invariant distributions coming from nilpotent orbits [8]; and prov-
ing the motivic nature of Shalika germs as in [13], building on work of [11]. Note that
although determining a complete set of representatives in the case of special linear and sym-
plectic groups is a direct generalization of the real case (see [19]), orthogonal and special
orthogonal groups present a special challenge, and this result is not straightforward.

Using a “generalized Bala-Carter” philosophy, DeBacker parametrized the rational nilpo-
tent orbits of groups over, among others, local non-archimedean fields (with restrictions on
residual characteristic) using the Bruhat-Tits building of the corresponding group. The key
construction is of a “building set” of a Lie triple {Y, H, X}, denoted B(Y, H, X). Namely,
the DeBacker parametrization attaches to each rational nilpotent orbit O one or more degen-
erate pairs, which for our purposes we may take to be pairs (F, X), where F C B(Y, H, X)
where F is a facet and {Y, H, X} is a Lie triple extending a representative X of O (see
Section 7). When F is maximal in B(Y, H, X), the pair is called distinguished; associativity
classes of distinguished pairs are in bijection with rational nilpotent orbits [10]. The chal-
lenge inherent in this description is that it does not suffice to work within a single apartment:
a facet F of the building may be maximal in B(Y, H, X) N .A without being distinguished!

We prove the following general result in Section 6. Here D denotes a central division
algebra over k, R denotes the integer ring of k, and p is sufficiently large (see Section 3).

Theorem (Theorem 6.1). Suppose G is GL, (D), SL, (D) or a classical group, and suppose
d¢ = {Y, H, X} is a Lie triple in g, with corresponding homomorphism ¢ : SLo(k) — G.
Let G? be the centralizer of ¢ (SLy(k)) in G. Then B(Y, H, X) = B(G)?CL2(R) and there
is a G®-equivariant identification

B(G)d)(SLz(R)) — B(G¢).

An immediate consequence is a formula for the dimension of all the maximal facets
in B(Y, H, X), whence it suffices to produce a pair (F, X) attached to O of the correct
dimension in order to deduce that it is distinguished. We apply this approach to prove
the correctness of our parametrization for orthogonal and special orthogonal groups in
Proposition 7.1 and Theorem 7.2.

DeBacker’s parametrization has only been explored in a handful of cases, including [19]
for the special linear and symplectic groups, where the dimensions of the maximal facets
were established via combinatorial arguments.
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The current paper initially arose from an NSERC USRA project of T. Bernstein, work-
ing under the supervision of M. Nevins, on counting the number of rational nilpotent orbits
for orthogonal groups. M. Nevins complemented this with a parametrization of these orbits
and circulated a preprint, whereupon the J.-J. Ma and J.W. Yap shared their report [22]. In
it, J.W. Yap, working under the supervision of J.-J. Ma, constructs distinguished represen-
tatives of rational nilpotent orbits of split even orthogonal groups (correcting an error in the
proof of [19, Theorem 4]). They had also gone on to prove Theorem 6.1 as it appears here.
J.-J. Ma would like to thank Jiu-Kang Yu for helpful discussions.

Several interesting questions remain open.

For one, although the proof of Theorem 4.3 is currently restricted to particular groups, J.-
J. Ma has shown separately the existence of the map Z: B(G)?S2(R) . B(G?) Eq. 6.1
for any connected semisimple G of adjoint type over k, and conjectures that there should be
a natural inverse map &.

For another, it is an open question to determine known invariants of rational nilpotent
orbits in terms of the data of their DeBacker parametrization. Together with [19], we now
have the complete parametrization for all split classical groups, which opens the possibil-
ities for study. Part of the problem would be to give a combinatorial description of the
associativity classes of facets in /3, and more particularly of the r-associativity classes for
each r € R, which are greater in number and offer a finer parametrization.

Our counting results rely on Jacobson-Morozov theory to describe the nilpotent orbits,
and thus entail a restriction on the characteristic of k. It would be interesting to count rational
orbits, and give explicit representatives, in these missing cases.

This paper is organized as follows. In Section 2 we establish our notation and some
necessary results about quadratic forms. In Section 3 we give the constraints on the charac-
teristic and residual characteristic for the union of the results in this paper, and review key
facts about nilpotent orbits and the orthogonal groups. Section 4 is devoted to the proof of
Theorem 4.3, counting the number of rational orbits. In Section 5, we present an algorithm
for generating representatives of each orbit. To do so explicitly, we set the notation for root
vectors in Section 5.1 and describe the overall strategy in Section 5.2, with details for each
of the subcases in Sections 5.3 to 5.9. In Section 6 we revert to the case of general G and
briefly recall the DeBacker parametrization, before proving Theorem 6.1. In Section 7 we
attach to each of our orbit representatives a distinguished pair, thus establishing a new dic-
tionary from the partition-based to the building-based parametrizations of rational nilpotent
orbits for orthogonal and special orthogonal groups.

2 Notation and the Witt Group

Let k be a local non-archimedean field of residual characteristic p # 2, with integer ring R
and maximal ideal P generated by a uniformizer o . Denote by § the residue field of k. Let
p be a fixed nonsquare in R* with image o5 in f*.

The following theory is concisely presented in [2] and based on [15, Chapter 1]. A
quadratic space (g, V) over a field F such that char(F) # 2 is a finite-dimensional vec-
tor space V over F equipped with a regular quadratic form ¢; when needed, its associated
(nondegenerate) bilinear form is denoted B, a matrix form is M, and the dimension of V
is deg(q), the degree of ¢. Denote by H the quadratic hyperbolic plane.

If (g, V) and (q’, V') are two quadratic spaces we write ¢ = ¢’ if they are isometric and
q = ¢’ if the isometry classes of the quadratic forms ¢ and ¢’ differ by a sum of hyperbolic
planes. Then ~ defines an equivalence relation on the monoid of nondegenerate quadratic
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forms, and the resulting quotient is the Witt group VW of F with trivial element denoted
0 or H. Write g for the image of ¢ in W, which we can identify up to isometry with the
anisotropic kernel g, of g. Then dim g := deg(g,) = n, is the anisotropic dimension of q.

Each quadratic space (g, V) admits a basis relative to which ¢ is diagonalized; in this
case we write ¢ = (aj, --- , ay) for some a; € F* but even up to permuting and scaling
each coordinate by elements of (F*)? this representation of ¢ is not necessarily unique.

If F = §, then since p > 2 we have W; = {H, (1), (p}), (1, —pj)}, which has the
structure of Wf_ = (Z/27Z)* if —1 € k> (that s, if p is congruent to 1 mod 4) and of W;“ >~
Z/AZ otherwise. The identification of sets ¢: Wf_ — Wf+ is thus not a homomorphism but
it is easy to check that it satisfies the very useful property that for all u, u’ € Wf_ ,

dim(:(u) — ¢(U)) = dim((u — u")). 2.1

If F = k, then the map p; — p induces a well-defined injection i : W; — W\. In fact,
the map which sends (u, u') € Wz to the class of i (u) @ @i (u’) defines an isomorphism

Wi, = W2 (We may write W when we want to specify the group structure.)

We hst the distinct elements of W in the second and third columns of Table 1,
in terms of the favoured representatives {1, p, @, pw} for k> /(k* )2, and grouped by
their anisotropic dimension (given in the first column). Write Q4 for the unique class of
anisotropic dimension 4, which is the quaternionic class. We now collect some facts needed
for Section 4.

Lemma 2.1. Let k be a local non-archimedean field of odd residual characteristic.

Table 1 Representatives of elements of W (in two forms: simple ones dependent on the sign of —1 in &, and
more complex ones which are independent thereof), together with the number of choices of distinct diagonal
representatives of each up to (k*)?

dimyg Representative for g Number of Common
—1ek? —1¢k? choices representative
0 (a, a) (1, p) = (@, pw) 4 H = (a, —a)
1 (1) (1) 1 (1)
(p) (p) 1 (p)
(@) () 1 (o)
(pw) (pw) 1 (pw)
2 (1, p) (1, I)=(p, p) 2 (1, —p)
(1, @) (1, @) 2 (1, @)
(1, pw) (1, pw) 2 (1, pw)
(p, @) (o, @) 2 (o, @)
(0, pm) (o, pm) 2 (0, pm)
(o, pw) (o, )=(pw, pw) 2 (o, —pw)
3 (1, p, @) (1,1, @) 6 (1, —p, @)
(1, p, p) (1, 1, p) 6 (1, —p, pw)
(1, w, pw) (1, o, w) 6 (1, w, —pw)
(p, @, pw) (p, @, @) 6 (p, @, —pw)
4 (1, p, @, pw) (1,1, w, @) 24 Oy =(1,-1,w, —w)
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1. The number of isometry classes of quadratic forms of degree n is4 ifn = 1, 7ifn = 2,
and 8 ifn > 3.

2. The number of choices of distinct diagonal representations of each anisotropic form or
hyperbolic plane, counting order but modulo (k*)?, is an invariant of the anisotropic
dimension and is independent of the class of p mod 4.

3. The map t extends to a bijection 1: W, — W,j such that for all u,u" e W,_,

dim((u) — ¢(u)) = dim(t(u — u')). 2.2)

Proof The first statement is well-known, but can also be inferred from Table 1 directly. We
have recorded the number of choices of distinct diagonal representatives for each class of
anisotropic form or hyperbolic plane, counting order but modulo scaling in each factor by
(kx)z, in the fourth column of Table 1; this establishes the second assertion. The map ¢
extends via the isomorphisms i : )/VkjE — (Wfi)z. Since dim(i (u) ® wi(u)) = dim(u) ®
dim(u’) for any u, u’ € W, Eq. 2.2 follows from Eq. 2.1. For convenience, we have recorded

the common representatives defining the map ¢ in the last column of Table 1. O
We say that two tuples of quadratic forms (g1, g2, ..., ¢5) and (g}, g3, - - -, q;,) are iso-
metric if s = 5" and for all i, ¢; = qi’. Let g = [g1, q2, - - -, g5] denote the corresponding

isometry class; then q = gy + - -- + ¢ is a well-defined element of W;. We say that q
represents g if g = g.

Now let A be a partition of n. The multiplicity m; of i in A is number of times i occursin A.
Let A¢(n) denote the set of partitions of n in which even parts occur with even multiplicity.
For A € A¢(n), let @, = {H} if A has no odd parts; otherwise, let j; < jo» < ... < Js
denote its distinct odd parts and let

9y ={q:=1q1,...,qs] | foreach i, g; is a quadratic form of degree m ;, }

be the set of isometry classes of s-tuples of quadratic forms of the stated degrees.
Given a quadratic space (¢, V) of degree n, we set

N @G, n)={(rq | reA®n),qe O, suchthat §=g). (2.3)

If n is even, let A¥(n) C A(n) be the subset of partitions of n which have no odd parts;
these are called very even partitions. If ¢ = 0 then to each very even partition we attach two
distinct copies of H, to give

NPy = N(©, n) U {(h, H) | » € A¥(n)). (2.4)

3 Lie Triples, Nilpotent Adjoint Orbits, and the Orthogonal Group

Let G be a semisimple algebraic group defined over k and Lie(G) its Lie algebra. Let & be
the maximal value of the Coxeter number of any irreducible component of the root system
of G. We assume that the characteristic of & is either zero, or else is greater than 3(h — 1).
This hypothesis implies, by [7, §5.5], that each Lie triple defined below lifts to a unique
homomorphism of algebraic groups ¢: SLy — G, and that the degree of nilpotency of any
nilpotent element is less than p. Hence, if char(k) = p, then for each nilpotent element
X € Lie(G), we have X = 0 where this denotes the p-operation on the restricted Lie
algebra Lie(G). We note that by the work of G. McNinch, including particularly [16], these
hypotheses on p can often be weakened via the theory of optimal SL,-homomorphisms.
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3.1 Lie Triples

Let G = G(k) and g = Lie(G)(k). A Lie triple is a nonzero set {Y, H, X} C Lie(G)
such that [H, X] = 2X, [H, Y] = —2Y and [X, Y] = H. Then Jacobson-Morozov theory
[3, VIIL,§11], [16] asserts a bijection between the nonzero nilpotent orbits of G on Lie(G)
(respectively, of G on g) and conjugacy classes of Lie triples in Lie(G) under G (respec-
tively, in g under G), given by associating the triple to the orbit of its nilpositive element
X. Moreover, by [7, §5.5] there is a group homomorphism ¢ : SL, — G defined over k for

B R R

We often denote the Lie triple {Y, H, X} by d¢.

Suppose V is a G-module; then the subgroup ¢ (SL2(k)) (or equivalently its Lie algebra
d¢p) decomposes V into pairwise orthogonal isotypic components. Let U; denote the unique
irreducible sl, (k)-module of degree i, and set M’ := Hom, L) (Ui, V). Then for each i the
map sending (u, T) € U; ® M to T (u) € V induces an isomorphism

v=@Ppvi=Pui em, (3.2)
ieN ieN
where V; is the U;-isotypic component of V. Since elements of G commute with d¢, each
space M' is a G?-module.

In Section 6, we have need of the preceding in the more general setting of SLy(R)-
modules. For each n < p let U, be the irreducible module of SL;(R) of rank n + 1. Then
U, =U, ®r kand U, :=U, Q% f := U, /PU,. For any R-lattice L, let L := L @R k and
L:=L®r f

Lemma 3.1. Suppose L is an R-lattice with SLy(R)-action given by ¢. Then
L= @Ui QR M

i<p

where M! = Homgy,(r)U;, L) is an R-lattice in M'.

Proof By the assumption on p, the SLa(f)-module L is semisimple, and therefore L. =
@i<p U; ® Homgy,(j)(U;, L). It now follows from [17, Proposition 5.3.1] that this
isomorphism lifts to the level of SL;(R)-modules. (I

3.2 Centralizers

Under the hypotheses on k, the centralizer G? of ¢ (SL,(k)) in G coincides with G99, the
stabilizer under the adjoint action of the Lie triple d¢. Let us describe the structure of G?
for a large class of groups.

Let D be a central division algebra over k and suppose V is additionally a right D-
module. Then M! inherits the structure of a right D-module. In fact, if G = GL(V, D) then
G? =[], GL(M', D).

Now suppose further that V is equipped with a non-degenerate G-invariant sesquilinear
form F. Let B; denote the the unique (up to scaling) sl (k)-invariant nondegenerate bilinear
form on U;. It is symplectic if i is even and symmetric if i is odd. In this latter case, fix a
choice of form such that g; ({f;, U;) = R and gg, = (1) @ HOK where i = 2k + 1.
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2040 T. Bernstein et al.

Then under the isomorphism (3.2), for each i, F and 8; induce a nondegenerate G?-
invariant form y’ on M’ which satisfies, for each u,u’ € U; and each T, T’ € M,
that F(T (), T' ') = Bi(u, u")y (T, T'). It follows that if G is the group U(V, F) of
isometries of (V, F), then G% = I UM, yh).

In the special case that D = k and F is a symmetric bilinear form, we have that yi
is symplectic for each even i and symmetric for each odd i. Writing O(q) := U(V, By)
for any quadratic space (V, ¢) and Sp(n) := U(V, F) for any symplectic space (V, F) of
dimension n, we have

0(q)? = ]_[ 0(g,i) x ]_[ Sp(dim(M")). (3.3)

iodd: M' #0 ieven: M #£0
3.3 Nilpotent Orbits of Orthogonal Groups and Algebras

For the remainder of this section and until Section 6, let D = k and F = B, be symmet-
ric, so that (g, V) is an n-dimensional quadratic space over k. The special orthogonal Lie
algebra is

so(g) = {X esl(n, k) | ' XM, + My X = 0.

Observe that s0(g) = so(aq) for any & € k*, so from Table 1 we infer there is a single iso-
morphism class of Lie algebra for each anisotropic dimension, except for dimg = 2. In this
latter case, by the Kneser-Tits classification [20], there are two isomorphism classes, corre-
sponding to Lie algebras splitting over a ramified or an unramified extension respectively.
The orthogonal group is

O(q) ={g € GL(n, k) | "gMyg = My}

and it contains SO(g) as the index-two subgroup of elements of determinant equal to 1.
These groups are compact if and only if ¢ is anisotropic. We think of them as the k-points
of the corresponding inner forms of the algebraic groups O,, and SO, respectively.

Given a geometric nilpotent orbit O under the algebraic group O(g) = O, then its set
of rational points O (k) may be empty, or may decompose as a union of one or more rational
nilpotent orbits. In the latter case, using the arguments of [18, Prop 4.1], one can deduce that
the set of rational orbits is in bijection with the kernel of the map of pointed sets in Galois
cohomology

a: H'(k,0(¢)®) - H'(k, 0(¢)) (3.4)

where d¢ is an slp-triple for a base point of O and O(q)? is its centralizer.

By Eq. 3.3, the algebraic group O(g)? is a product of symplectic and orthogonal groups.
For a group U preserving a nondegenerate m-dimensional bilinear form, H' (k, U) counts
the number of k-isometry classes of forms of degree m; thus it is trivial if the form is
symplectic, and if the form is symmetric, it has order 4, 7 or 8 if m is 1, 2 or at least 3,
respectively. The kernel of the map (3.4) can thus parametrized by tuples of quadratic forms
whose sum is equivalent to the chosen form ¢ in the Witt group. This correspondence is
made explicit in the proof of the following theorem, which is a known result; for example,
for R and C see [9, Ch. 9] and for extensions of Q, see [21, 1.6].

Theorem 3.2. Let (q, V) be a nondegenerate n-dimensional quadratic space over k. The
nilpotent O(q) orbits on so(q) are parametrized by the set N'(q,n). If § # 0, then the
nilpotent SO(q) orbits coincide with those under O(q) but otherwise, n is even and the
nilpotent SO(q)-orbits are parametrized by the set N"™P (n).
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Proof Let X € so(q) \ {0} be nilpotent and let d¢p = {Y, H, X} be a corresponding Lie
triple. Decompose V into isotypic components under the corresponding action of sl (k) (or
equivalently under its lift ¢ (SL>(k))) as in Eq. 3.2; then the nonzero summands are indexed
by parts i of a partition A of n in which each part i occurs with multiplicity m; = dim(M?).
Hence A € A¢(n), since even parts correspond to symplectic forms. If X = {0} set d¢ = {0}
and M' = V in Eq. 3.2, so that A = [1"]. When i is an odd part of A, we have gg, =~ (1).
Thus writing g; := g|v, and noting that gg, ® ¢,,i = gi, we conclude that (g,,., My ~
(gi, Vi) in Wk. On the other hand, when i is an even part of A, 8; ® yi is a split quadratic
space, whence (g;, V;) ~ H in Wk.

Consequently, the tuple q = [qy_,- | jodd, m; # 0] lies in Q,. Since ®iengi >~ ¢,
the pair (1, q) lies in A/ (g, n). Since G? acts by isometries on the spaces M, this map
d¢ — N (g, n) lifts to a well-defined map on nilpotent orbits. It is surjective, since each
element of N/(g, n) defines a decomposition (3.2) of (g, V) (uniquely up to isometry) and
consequently a subgroup of O(g) isomorphic to SL (k).

To show this map is bijective, suppose d¢ and d¢’ are two Lie triples in so(g) and
V =@&;V;and V = @;V/ are the corresponding decompositions of V into isotypic com-
ponents. Then these decompositions are isometric if and only if d¢ and d¢’ are conjugate
via an element of O(g). As N'(g, n) is in bijection with the set of isometry classes of such
decompositions, the first statement of the theorem follows.

To understand the SO(g) orbits, suppose that g € O(q) \ SO(g) gives Ad(g)d¢ = d¢’.
From Eq. 3.3, and that the symplectic factors have determinant 1, we conclude that O(q)¢
contains an element % of determinant —1 if and only if A contains at least one odd part, in
which case gh € SO(q) and Ad(gh)d¢ = d¢’, showing that the O(g) and SO(q) orbits
coincide.

If, however, dim(V;) is even for all i, then no such % exists. In this case, each V; is a
split quadratic space and so (g, V) is a sum of hyperbolic planes, whence ¢ = 0. Since
O(q)¢ = SO(q)¢ in this case, and SO(g) has index two in O(g), we deduce that each
of the O(g)-orbits corresponding to A € A’(n) decompose as a disjoint union of two
SO(g)-orbits. O

Note that for i odd, where convenient, we can and do identify M i with the 0-weight
space of V;.

4 Counting Rational Nilpotent Orbits

Let . € A®(n). Fori € N let x; denote the number of odd parts j of A occurring with
multiplicity exactly /, and set x3+ = Y :_3 xi. Let X be an element of the algebraic orbit
O,., d¢ an associated Lie triple, and ¢ the corresponding homomorphism ¢: SL, — O(g).
From the form of O(q)¢ in Eq. 3.3, and Lemma 2.1, we deduce that

|H' (k. O(q)")| = 41177285+,

whereas |H! (k, O(g))| € {4,7, 8}, depending on n. Thus from the discussion preceding
the statement of Theorem 3.2, if n > 3 one expects for each choice of k-form O(g) about
%(4)“ 7X28X3+) rational orbits in O;, (k), with some variation depending on A and q.

On the other hand, Theorem 3.2 gives a direct means of counting the number of rational
orbits in Oy (k): they are parametrized by Py, = {q € Q, | § = g¢}. That is to say, it
suffices to count the number of isometry classes of tuples (of degrees prescribed by the
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multiplicities of the odd parts in 1) that represent ¢. This is a nontrivial counting problem,
and the subject of this section.
We begin with the simple case that each odd part of A has multiplicity equal to 1.

Lemma 4.1. Let u € Wy and let n,, be its anisotropic dimension n, = dim(u). Let x| €
Ny have the same parity as n.. The number N(u),, of isometry classes of xi-tuples of
degree-one quadratic forms representing u is

1
Ny, = g4 + (2 - ne)2X172, (4.1)

Proof For ease of notation set x := x1. We prove this formula by induction on even and odd
X, respectively. When x = 1, we have N(u); = lifn, = 1 but N(u); = 0ifn, = 3, so
Eq. 4.1 holds. When x = 2, there are 16 distinct isometry classes of pairs of quadratic forms.
By Lemma 2.1, regardless of the sign of —1 in k, each of the six anisotropic quadratic forms
u with n, = 2 is represented by exactly two such pairs, accounting for 12 = 6 x 2 pairs; the
remaining four pairs represent the hyperbolic plane (which has n, = 0). In particular no pair
can represent Q4 (which has n, = 4). This count agrees with Eq. 4.1 for x = 2 and each
no € {0, 2, 4}. Thus Eq. 4.1 holds for x € {1, 2} and all u with n, of the same parity as .

Suppose now that x > 2 and that N(u'),—» satisfies (4.1) for all ' € W} such that
n, := dim(u’) has the same parity as x. In particular, since the right side of Eq. 4.1 depends
only on the anisotropic dimension, we may define N(n}) , —o> := N(U'), 2.

Let u € Wy and suppose it is represented by a x-tuple of degree-one quadratic forms
dy = [q1,92,ay—2] where g,_> denotes an (x — 2)-tuple. Set U = q,_2; then u’ =
u—{q1,q2) € Wk. Set n, = dim(u) and n/, = dim(u’); then necessarily n/, € {n,,n, £
21N {0, 1,2,3,4}.

Suppose first that n, € {0, 4}. There are four pairs that yield (g1, g2) >~ H (and hence
give U = u and thus n), = n,) whereas the twelve others give n, = 2, yielding

N(u), = 4N(U),_2 + 12N(2), 2

1 1 1
=4 <§4X—2 +@2- no)ZX_4> + 12 <§4X—2> = §4X + (2 —no)2X 72

Next suppose that n, = 2. Then for each U’ € {H, Q4} we have that dim(u — u") = 2, so
u— U’ is represented by exactly two choices of pairs (g1, g2). Thus the remaining 12 choices
of (q1, g2) correspond to u’ such that n/, = 2. This yields

1 1
N(u), = 2N(0),—2 + 12N(2),_2 + 2N(4),_2 = 16 <§4X*2> = g4

as required.

Finally, suppose n, € {1, 3}. If U’ = u, then we must have (g1, g2) =~ H; this accounts for
4 pairs (g1, q2). For each of the three other elements u’ of the same anisotropic dimension
as u, a quick calculation using Table 1 and Lemma 2.1 yields that dim(u — u’) = 2 and so
u— U’ is representable by exactly two choices of (g1, ¢2). This accounts for 3 x 2 = 6 pairs.
The remaining six choices of (g1, g2) therefore yield u’ such that n/, # n,, so necessarily
n!, = 4 — n,. We thus infer

Ny, = 4N(u),—2 + 6N(no) 2 + 6N(4 — no) 2
=10 (ézwz +Q2- no)zﬁ‘*) +6 (éﬂ*z + (o — 2)2X*4) ,

and the formula follows. O
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Now consider the case that each odd part of A has multiplicity exactly two.

Lemma 4.2. Let u € W be such that dim(u) = n, € {0, 2,4}, and let xp > 0. Then the
number M(u) , of isometry classes of x-tuples of degree-two quadratic forms representing
uis
Lé7xﬂ + 1 if xo is even and n, = 0;
MUy, = § 8771 = 1 if x2 is odd and no = 4;
Lé7X2'| otherwise.

where I_%7X21 = %(7)‘2 — (—=1)*2) denotes the closest integer to 7%% /8.
Proof Set x := x2. We can write the formula as M(u), = %(7)‘ — (=DX) + &p,,y, Where

—1)X if n, = 0and y is even, or n, = 4 and x is odd, and
Enoy = { = X X 4.2)

0 otherwise.

Notice that if n, € {0, 4} then g, 1 + (=1)X =&, 4, forall x.

When x = 0, then M(0)g = 1 and M(u)g = O for all u 0 so the formula holds. Assume
x > 1 and let us count the number of ways, up to isometry, to construct a x -tuple of degree-
two quadratic forms q, = [q1, qy—1] representing u. There are 7 choices for the form ¢,
of which 6 are anisotropic. Set ' = g,—; = u — gr and let n, = dim(u’). By induction
M(u’) ,—1 is an invariant of anisotropic dimension so we can set M(n,),—1 := M(U’),_1.

Suppose 1, € {0,4}. If g7 = 0 then ' = u and n, = n,; otherwise, n/, = dim(u’) =
dim(u — g1) = 2. Therefore we have

M), = MU)y—1 +6M(2), -1

- é (7x—1 - (—l)x—l) + Engy—1 + 6 (é (7x—1 _ (—I)X—1)>

= ST DO 4 D e = (5 = (D) ey

On the other hand, if n, = 2, then ' = H if gy = uand ' = Q4 if g1 = Q4 — u. Each of
the remaining five choices of g gives u’ such that n/, = 2. This yields the final relation

MW, = M(H)y—1 +5MQ2)y—1 +M(Q4)y—1
1
7 (g (7)(_1 — (—I)X_l)) + €0, x—1 T &4, 5—1-

Since g0, y—1 + €4,5—1 = (=1)*~1, the formula follows. O

Theorem 4.3. Let M be a vector space of dimension n > 1 and let A be an index set.
Suppose M is decomposed as a direct sum of nonzero subspaces @yecaMy; set xi = |{a |
dim(My) = i}|. Let u € Wy and let n, = dim(u) denote its anisotropic dimension. If
n — N, is a nonnegative even integer, then the number of ways T(U) y, y,,x34 Of assigning a
nondegenerate quadratic form to each of the |A| subspaces such that the sum is equivalent

to u in the Witt group is

%4X|7X28X3+ if x34 > 1;
TW0.06r = %4)('7)(2 +Q2=no)2M72 ifx34 =0, x1 > 1;
Lé7le T Eno,xa if x1=x3+=0,

where g, y, was defined in Eq. 4.2.
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Proof Set x34+ = > ;5 xi. First suppose that there exists some o € A such that dim(My) >
3. Then the number of choices of quadratic forms on M’ = @ga My is 4x17x28x3+ =1,
Given such a choice, let u" be its Witt class. Then dim(u — u’) has the same parity as
dim(My). Since dim(My) > 3, each of the 8 possible choices of u — u’ can be realized on
M, . The formula follows.

Now suppose that x34+ = 0, so that dim(My) € {1,2} forallo € A. If o =0or x; =0
then we apply Lemmas 4.1 and 4.2, respectively. Otherwise, letting /), denote the subgroup
of the Witt group of all quadratic forms of even anisotropic dimension, we deduce that

) 1
TWyx0 = Y NU—U) MW)y, = Y Nu—u)y, Qgﬂﬂ +8dim(u/),x2)

uvew, uew,

1
4u Lgﬂﬂ + D NU =)y Edimw) 43)

uvew,

where at this last step we have used that u—u’ ranges over all Witt classes of quadratic forms
of dimension of the same parity as dim(u), and thus all 4X! possible y;-tuples of degree-one
quadratic forms.

When y; is even, &dim(), , 18 nonzero only when v = 0, in which case £0,y, = 1, s0
the final summand is

1
€0, N(U)y, = §4X1 + (2 —no)211~2
whereas when y» is odd, the only nonzero factor is €4, ,, = —1 and the term corresponding
to u’ = Qq has dim(u — u’) = 4 — n,; this yields
1 1
€4.oNU = Qa)yy = (=1)- <§4X‘ + (2= (@ =n) 2X1‘1> =gy +e- ne)2% 2,

Thus the final summand in Eq. 4.3 is precisely (—1)*2 é4X1 + (2 — n,)2%4 72, Expanding
L%VZ—‘ as in Lemma 4.2, we obtain, for x, x2 > 0 and x3+ =0,

1 1
TW 50,0 = 41 §(7X2 —(-D*)+ (—1)’<2§4X1 + (2 —no)211 72,
as required. O

By Theorem 3.2, the O(gq) orbits in O, (k) are in bijection with
Prg={ae Q) |q=7q).

Therefore rephrasing Theorem 4.3 gives the desired result.

Corollary 4.4. Let q be a nondegenerate quadratic form on an n-dimensional space V and
let & € A¢(n). Denote by O, the corresponding algebraic nilpotent adjoint orbit of O(q).
Write x; for the number of odd parts of multiplicity exactly i in X and x34 = Y i3 Xi-
Then the number of O(q)-orbits in O, (k) is | Py g| = T(@) x1,x0. x5 -

Finally, let us formulate an algorithm, suggested by the proofs above, for enumerating
the elements of the set Py 4. Set n, = dim(g) and n = deg(q).

Algorithm 4.5. Let . € A°(n). Write m; for the multiplicity of part j in A, and let D be
the set of odd parts in A. Set m = ZjeD mj.

Step 1 Ifm < no then Py 4 = 9. If m = 0and n, = 0 then Py 34 = {H}. Otherwise:
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Step 2 Define a subset E of D as follows. If there is at least one part j € D withm; > 3,
let E = {j}. If m < 4 then let E = D. Otherwise, choose E to satisfy ZjeE mj =3if
n, is odd and ZjeE mj =4 ifn, is even.

Step 3 Generate the set S of all tuples [q; | j € D\ E] and the (small) set T of all tuples
lgj | j € E](withdeg(q;) = m; for each j).

Step 4 By construction, for each qs € S, there exist one or more tuples qr € T such that
Qs + ar = q, include each of the resulting tuples [qs, ar] in Py 4.

In particular, O, has no k-rational points in so(q) if and only if m < n..

5 Representatives for Nilpotent Orbits

In this section, we show how to generate from an element of N (g, n) (or A/ "YP (1)) an
explicit representative of the corresponding rational nilpotent orbit of G = O(g) (or G =
SO(g)) on g = so(g). We set our notation for g and for irreducible sl,(k)-modules in
Section 5.1. We present the strategy for the algorithm in Section 5.2, and provide the steps
in Sections 5.3 t0 5.9.

5.1 Bases for g and for sl;(k)-Modules

Suppose ¢ = H®" @ g, where the anisotropic kernel ¢, is represented by (ri, 72, ..., n.);
then dim(V) = n = 2m+no. Let {v1, ..., Uy, w1, ..., Wy} be a Witt basis of H®™”, that is,
with B, (v;, wj) = §;,j, such that the subspace generated by the v;s (respectively, the w;s)
is totally isotropic. Complete this to a basis of V by choosing, for 1 < «, £ < n,, vectors
z¢ in the orthogonal complement such that B, (z¢, i) = 8¢,«7¢. Then with respect to the
ordered basis B = {v1, ..., Uy, W1, ..., W, 21, .- ., Zn,} Of V, and the corresponding dual
basis B* = {v}, ..., vy, wi, ..., wy, 2}, ..., 2, } of V¥ the Lie algebra g C gl(V) has a
maximal split toral subalgebra t spanned by

Hi = vivf —ww}, forl <i <m.

Then its centralizer g* = t @ s, where 5 = s0(g,) is spanned by {rezezg —reziezy | 1 <
¢ < k < n,}. Denoting by &; € t* the functional gi(Hj) = §; j,foreach 1 < i, j < m, the
positive roots of g with respect to t are ®+ = {g; £ gj,ep |1 <i<j<m1=<k=<mj
and the root system is ® = & U (—®™T). A basis for each root space is given as follows:

gi—egj(l<i#j<m): X,-,j:v,'vj—ij;k
gitei(1<i<j<m): Xi—j = viw] —vjw/
—ei—egj(1<i<j<m): X_ij = wjvf — w,-vj 5.1)
i (1<i<m): X = zew} —revizj | 1< € <no)
—& (1<i<m): X5 = zevf —rowizf | 1< € <no.
With respect to these choices, we have the expected relations [X; ;, X;;] = H; — H;,

[Xi,fj, Xfi,j] =H; +Hj, [Xf, Xlil.] = 8¢ r¢H;, and also fori < j

X[, XS] = —redeXi—j X

—1

X1 =redeXij, X X1 =reXi g,

whereas if £ # « and i # j we have [Xf, X;] € 5.
Suppose now d¢ = {Y, H, X} C so(q) is a Lie triple. Let U; be an sl,(k)-submodule of
V. Then a basis for U; is given by {X‘_]v, X2y, ..., Xv, v}, where v € U; is a lowest
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weight vector; we’ll call such an ordered basis an sl (k)-basis. With respect to this basis, the
action of X is given in matrix form as a Jordan block J;, that is, an upper triangular matrix
with 1s on the second diagonal and Os elsewhere. In fact, H, X, Y act by, respectively, the
matrices

h; =diag(i —1,i —3,---,—i+3,—i+1), x;,=1J;, and yi:D,‘lJ,' (5.2)

where D; = diag(0, p1, -+, ni—1) with ug = k(i — k) for 1 < k < i. Importantly, by our
hypotheses on p we have that the residual characteristic satisfies p > h (where the Coxeter
number i of G is h = 2n if n is odd, and & = 2(n — 1) if n is even) so that u; € R*,
regardless of i. We use this property at various points, whose importance will be evident in
Section 7; its necessity for the DeBacker correspondence was discussed in [19].

We want to describe various sl (k)-submodules with respect to the basis B of V in order
to construct our desired matrix representatives. In Sections 5.3 to 5.9 we generally do so in
one of two ways.

In the first way, given a consecutive subset of the Witt basis, which we take without loss
of generality tobe B’ = {vy, ..., v;, w1, ..., w;}, we realize its span V' as two copies of U;
by choosing the sl (k)-bases By = {vi, v, ..., v;} and By = {—w;, wi_1, ..., (—=Diwy).
Then the restriction of d¢ to V' is given in matrix form by

. x; 0 i 0
Hly: = diag(h;, —h;), Xy = [Ol —’xl] , and Y|y = [%l _zy,:|- (5.3)
1 1

Alternatively, if i = 2k 4+ 1 is odd, we may take a consecutive subset such as By =
{vi, ..., vk, wi, ..., wr} of the Witt basis, together with a vector x in the span of B \ B
(which is not necessarily in span{zy, - - - , z,,}!) satisfying g(x) = r, which will take the
role of the O-weight vector of the module. Then

k
B = {rvi,rva, ..., rog, X, —wg, W1, ..., (=) wi}

~ ~

is an sl (k)-basis of a submodule V' isomorphic to U;, such that g|y: = (r) & HOk =
(rNel)e HO%). The restriction of d¢ to V' is given in matrix form relative to the ordered
basis By U {x} by

H|y» = diag(hg, —hi,0), where hy = diag(2k,2k —2,---,2), (5.4)
x 0 M, Yk 0 0

X|V/ = 0 —I,X,'k 0 , and Ylv/ = 0 _tik M*l )
0 ‘M; 0 ‘M.- 0 0

where M, denotes the k x 1 matrix (6; x$)1<i<k> apd Vi is the kth order principal submatrix
of y;. We make the convention that if k = 0 then & is omitted.

5.2 The Strategy

Now suppose that (A, q) € N'(g, n) or NP (n), so that A € A®(n) and q = lgi, - .qi]€
P, 4 (or is taken to be H if A has no odd parts). Let m; be the multiplicity of i in A. Thus
each distinct part in A corresponds to an orthogonal component of the direct sum Eq. 3.2,
on which the restriction of g is equivalent to g;, if the part i is odd, or else to a direct sum
of hyperbolic planes if the part is even. When —1 ¢ k%, some complications may arise, as
in the following example.

Example 1. Suppose A = (1,3,5) and ¢ = (1) ® H®*. If —1 € k>, then Py =
{l1,a, —al,la, 1, —al,[a, —a,1] | a € {1, £w}} (writing a in place of (a)) which
has N(¢g)3 = 10 distinct elements. To [1, @, —w] € P, 4, for example, one associates a
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decomposition V. = V| @ V3 & Vs with quadratic forms g1 = (1), g3 = (@) & H and
qs = (—w) @ HP?, respectively. Thus V3 @ Vs is isomorphic to a direct sum of hyperbolic
planes (though individually neither one is), and (g1, V1) = (g, V). On the other hand, how-
ever, now suppose —1 ¢ k2. Thento q = [p, p, p] € P, 4 we associate a decomposition as
above but in this case, no single V; carries a form equivalent to ¢!

As this example illustrates, the difficulty is that although g ~ ¢;; @ --- ® ¢;,, it is not
in general true that one can partition the basis B to reflect this orthogonal decomposition,
and thus choices of embeddings of (g;, V;) into (¢, V) must be made. An optimal choice,
as will be discussed in Section 7, is one for which the span of the roots on whose spaces X
and Y are supported has the smallest dimension. We proceed as follows.

We set some notation. Recall that we have fixed a diagonal representative (ry, ..., r,,)
for g,. Let (A, q) € N'(g, n) or NP (n). Let

Lo={Gjlierx1=<j<m}

be the set of all index pairs, which has cardinality [A| = ), _, m;, the number of parts
in A. Write ¢ = [gj,,...,qj,] and for each odd parti = j, (1 <t < s)of A letgq; =~
{ri,1,7i2, ..., im;) beadiagonal form of g;. This defines a choice of map (7, j) — r; j on

all (i, j) € Z, such that i is odd.

Proposition 5.1. There exists a partition T of L, into subsets of the form:

even: {(i, j), (i, j + 1)} such that i is even;

hyp:  {(i, ), (i, j)} such that i is odd, j # j" and (ri ;) = (—r; j1);

pairs:  {(i, j), (i, j/)} such that i # i’ are odd, and (r; ;) = (—ry_jr);

quad: if —1 ¢ K2 {1, j1), (i2, j2), (i3, j3), (ia, ja)} such that the iy are distinct odd
parts and (ri; i) = (tiy, jp) = iy, j3) = (Fig,js)s

trip: if—1 ¢ k2, {G1, j1), (G2, j2), (i3, j3)} such that the iy are distinct odd parts, and
there exists 1 < £ < no, such that (—r¢) = (riy,j,) = (riy, jo) = (i3, j3 )5

sign:  if —1 ¢ k2 {(, j), (', j))} such that i # i’ are odd and there exist 1 < k < £ < n,
such that (r; ;) = (ry jr) = (=re) = {(=re);

ani:  for some t < no: {(is, js) | 1 < s <t} such that up to permutation of the diagonal
representative of g, we have (r;, ) = (rs) foreach 1 <s < t;

and such that there are in total at most two sets of the form trip, sign or ani in I'.

Proof Even parts occur with even multiplicity, so the index pairs (i, j) with i even can be
partitioned into couples of the form even. Thus it suffices to consider the case that all parts
i of A are odd.

If —1 € k2, then (r) = (—r) so exhaustively matching up elements of Z, using hyp or
pairs leaves at most four index pairs (7, j), such that each r; ; represents a distinct square
classin {1, p, @, pw}. Since q = g, we deduce these must satisfy ani. Therefore the lemma
holds in this case.

If —1 ¢ k2, then exhaustively matching up elements using hyp or pairs leaves at most
two sets of index pairs: S, and Sy, consisting of those (i, j) for which (r; ;) = (a) or
(ri,j) = (wb), for some fixed a, b € {1, p}, respectively. We claim that S, and Sy can
each be partitioned as required, with at most one part of the form trip, sign or ani.

If S, U Sup satisfies ani, we are done. If not, then given the classification of Table 1,
there is at least one r € {a, @b} such that |S,| > 2; we now consider each such r in turn.
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If S, contains two distinct elements (i, j) and (i, j') with the same part i of A, then by
applying the relation (r, r) = (—r, —r), we can replace the diagonal form of the correspond-
ing g; with one in which r; j = r; y = —r instead. Since |§;| > 2, we may then apply hyp
or pairs, removing at least two (and perhaps four) elements from S,. Repeat this process
until either: the resulting S, has two or fewer elements, in which case ani applies and we are
done; or all the parts i of A occuring in elements of the resulting S, are distinct. In the latter
case, we next exhaustively eliminate quadruples from S, using quad, leaving at most three
elements. Recalling that (r,r, r) >~ (—r) and (r,r) = (—r, —r), we conclude that exactly
one of trip, sign or ani must apply to what is left of S, and we are done. O

Choose such a partition I'. For each L € {even, hyp, pairs, quad, trip, sign, ani}, let I"_
denote the set of parts of I" falling under case L. For each € I'rip U I'sign U Iani, if any,
we have that @;, j)ey (r;,j) represents a nontrivial element of the Witt group, and these are
the only such parts in I".

In the following sections we partition the basis B according to I', giving an orthogonal
decomposition V' = @, r V). On each orthogonal subspace V,, we construct an action of
sl (k) such that their direct sum is isomorphic to a decomposition (3.2) associated to (X, q).
In doing so, we define a Lie triple d¢p = {Y, H, X} such that X represents the nilpotent
orbit corresponding to (A, g). Since X is a sum of its restrictions to each V,,, and each V,,
is spanned by a subset of B, we will recoup an expression for X as a linear combination of
root vectors, and thus an explicit representative of the orbit.

For ease of notation, in each case we suppose the subset B, of B starts with {vy, w;}; to
implement this algorithm in practice, one chooses an appropriate partition of B and shifts
the indices on all the vectors and root vectors.

5.3 Teven: Even Parts of A, and I'nyp: Hyperbolic Planes in Odd Parts of A

Suppose ¥y = {(i, j), (i, j")} € Ceven U T'hyp. Then V,, should be a sum of two copies of U;
and the restriction of g to V), should be a split quadratic space of dimension 2i. Therefore
we choose a consecutive subset of the Witt basis with 2i elements, which up to relabeling
we may take to be B, = {vy,...,v;, wy, ..., w;}. Set V), = span(B,, ) and define an action
of d¢ as in Eq. 5.3. Then V), = U; @ U; and the restriction of g to V), is isometric to HO
From the matrix form we deduce that X|y, is a sum of simple root vectors. Specifically,
we have

Xly, = D> Xees1, and Yy, = Y wXepis, (5.5)

1<t<i 1<t<i

where we note that Y|y, is a linear combination of exactly the corresponding negative root
vectors.

By choosing disjoint subsets B, for each y € I'eyen U I'nyp, we thus create an sl; (k)-
submodule Vhyp = ®V), of V.

5.4 T'pairs: Hyperbolic Planes Across Two Distinct Odd Parts
Suppose now that y = {(i, j), (i, j')} € Tpairs. Scaling by a square if necessary, we may

assume that r; ; = r and ry j» = —r for some r. Write i = 2k + 1, i’ = 2k’ 4 1, with
k>k >0andset p= (i +i)=k+k + 1.
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Here, V,, should be isomorphic to U; @ U;s as sl (k)-modules, and the restriction of g to
V, should be ((r) ® ({1) ® HE)) @ ((—r) @ (1) & HE)) = H2P. We use the relation

01 r 0 . r/2 r/2
'K |:1 Oi| K = |:0 —r]’ with K = |: 1 _1], (5.6)

to explicitly identify the two-dimensional O-weight space, which carries the form (r, —r),
with a hyperbolic plane H spanned by a Witt basis.

That is, choose a subset of the Witt basis with 2p elements, which up to relabeling we
take to be By, = {v1, ..., vp, w1, ..., wp}. Identify the 2-dimensional O-weight space with
the span of {v,, w,} by choosing x;,t = Sv, + w, as our O-weight vectors. Note that
q(x[f) = &r. Then sl (k)-bases for the corresponding decomposition of By, into orthogonal
SL; (k)-invariant subspaces are

Bi = {rvi, rva, ..., rve X —wg wits L (= DFwi) ()
and

- K+1
Bir = {rvig1, rogga, - oo PO X)) Wik s —Whepk'—15 -+ -5 (D T wegr ),

respectively, giving the required sl (k)-structure to V), = span(B,,).

We next write down explicit representatives of the restrictions of H and of X to V,, with
respect to B,,, which amounts to performing a change of coordinates from B; U B/, with
respect to which these matrices are given as in Eq. 5.2.

We have H|y, = diag(hy, hy:, 0, —h, —hy, 0). If K’ = 0 then it follows from the bases
above that Xv; = 0, Xv, = v, and Xv; = v;—| for 1 < i < p, whereas if k' > 0 then
instead Xvr41 = 0 and Xv, = vg + Vgqpr. Similarly, if k' = 0 we have Xw, = %vk,
Xwy = —%vp —wp and Xw; = —w;4 forall 1 <i < k, whereas if ¥ > 0 then instead
Xw, = 50k — 5k and Xwyyp = 5v, — w). Using the notation of Eq. 5.1, we may
thus write the restriction of X to V), as the sum of positive root vectors

r r
Xly, = Z Xjj+1 + X p + ixkﬁp + Xetw,p — Exk+k’,fp (5.8)
1<j<k+k'
J#k

where if k' = 0 we omit the two terms in which k + k’ appears as a subscript. Similarly,
Y| v, is a linear combination (with coefficients in R*) of the root vectors
D1, js Xpdoo 77 Xk ps Kp k), X i) |1 j <k + K, j #K),

omitting the terms in parentheses when k' = 0.
Making suitable choices of disjoint bases B, for each y € I'pairs, yields another split
quadratic subspace Vpairs = Dyelpars Vy S V.

5.5 Tquaa: Hyperbolic Planes Across Four Parts, When —1 ¢ k2

Suppose now that

y =A{G1, J1), (G2, J2), (3, J3), (s, Ja)} € Tquad

with i1 > iy > i3 > i4, and after scaling by squares if necessary, let  be the common value
ofry, j forl <t < 4.Leti, = 2k, +1 foreach ¢, and set p = % iy =ki+kytks+ka+2.
Choose a subset of the Witt basis with 2p elements, which we assume up to relabelling
is B, = {vy,---,vp, wy, -+, wp}. This space is to carry the module ®,U;, with form
(r,r,r, r) @ H®P~2. We choose its hyperbolic four dimensional 0-weight space to coincide
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with Wy = span{v,_1, vy, wp_1, wp}. Using the change of basis matrix K from Eq. 5.6
we diagonalize B on this subspace to diag(r, r, —r, —r). Next, since —1 ¢ k2, there exist
c,s € k* such that ¢ + s> = —1. A matrix C satisfying 'C(—rI)C = rI is given by

C= [C _S] (5.9)

s C

Consequently, the following vectors form an orthogonal basis of Wy in which each vector
x; satisfies g (x;) = r:
’

X1 = Evp_l + wp—1, (5.10)

r
X2 = Evp + wp,

cr sr
X3 = Evp_l + ?vp —CWp—1] — SWp,
—sr cr
X4 = Tv,,,l + ?vp +swp—1 — cwp.
We complete each of these to an sl (k)-basis of U;,, respectively, by partitioning the remain-
ing elements of B, as before. Specifically, setting p; = Z;zl ks, so that pg = 0 and

p4 = p — 2, ordered bases of the four sl (k) submodules are
By = {Fp, 1, TUp 1425+ s PUps Xy =W,y - (=DM w41}, (5.11)

where it is understood that if k4 = O then B4 = {x4}, a one-dimensional space.

These bases define the restriction of the Lie triple {Y, H, X} to V},, = span(B, ). For
example, the matrix of HVV is

dlag(ﬁkl ) E]Q’ Ekj, ) ﬁk4a 0’ Oa _Ekl ) _Ekzv _Ek3 9 _ilk47 0, 0)'
To obtain the matrix of the restriction of X to V), with respect to B,,, we first invert (5.10),
and then apply the relations Xx; = rv), to deduce
Xvp_1 = vp = CUp; + 5V,

Xvp = vp, = SUpy — CVp,
r cr sr

Xwp—1 = Sp + 5 py = S Ups
r Sr cr
Xwp = ZUpy + 5 Vp3 + S Up,

where if k4 = 0 we omit the four terms containing the subscript p4. The action of X on the
remaining v; and w; of B, can be read from the bases (5.11) directly, and contribute sums
of simple root vectors as before. With respect to the root vectors (5.1), the restriction of X
to V, is given by

Xly, = Z Xj j+1 + Xppp—1 +Xpy p = Xpy p1 = 5Xp3 p
1<j<p=2,j#p1,p2.p3

r r Ccr Sr
+§X,,],,<,,,1) + Expzfﬂ + ?XPS»*(P*I) + jxpsfp
cr

sr

+5Xpap=1t = Kpip + 5 Xps—p-1) + T Xpi—p» (5.12)
where the four terms containing p4 as a subscript are omitted if k4 = 0. As before, one can
verify that Y|y, is a linear combination of the corresponding negative root vectors, with the
proviso that if a root vector appears with coefficient in /R * in Eq. 5.12 for some a € k
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then the corresponding negative root vector appears with a coefficient in a ~!'R* in Yly,,
that is, with the negative valuation.

Choosing disjoint subsets B, for each y € I'quad, gives an sly(k)-invariant split
quadratic subspace Vouad = @y elguaq Vy Of V.

5.6 T'ip: Anisotropic Part, When —1 ¢ k?anda Triple Identity is Required

Suppose —1 ¢ k% and vy ={(1, j1), (i2, j2), (i3, j3)} € Turip; without loss of generality we
assume i1 > ip > i3 and rj, j, = riy j, = Fi5,j; = —r. Let£ € {l,...,n.} be such that
r = ry; then by the proof of Proposition 5.1 we know that this is the only occurrence of r
(up to scaling by (k*)?%) in the diagonal form of ¢,. Let k; = (i; — 1)/2 for each ¢ and set
p = ki +ka+kz + 1. In this case, V,, should be isomorphic to U;, ® U;, @ U;, and carry the
form (—r, —r, —r) @ HOP~! = (r) @ H®P. Therefore, up to relabeling of the Witt basis,
we choose the subset
By ={vi, -, vp, Wi, , Wy, Zg)
The restriction of g to Wy = span{v,, wp, z¢} can be transformed to the diagonal form
(—r, —r, —r) by first applying the matrix K of Eq. 5.6 to the first two coordinates, then C
of Eq. 5.9 to the first and last coordinates. Thus the orthogonal vectors
r

cr sr
x| = ?vp +cwp +52¢, X2 = Evp —wp, and x3= —?vl, —swp, +czg

each satisfy g(x;) = —r, which implies that the following bases span complementary
quadratic subspaces of V), = span(B,, ), each with anisotropic kernel (—r):

k
By ={—rvi, ..., —rvg, X1, =Wk, ..., (=) wy}
k
BZ = {_rvk1+la cons TV Vkidky s X2, =Wk 4kos + oo » (_1) Zwk1+1}
k
B3 = {—rvi 4hy+1, - - oy =T Vkythotkz > X35 =Wk dkotkss - - - » (=D Wiy 1hy 1)

where it is understood that B3 = {x3} if k3 = 0. We interpret the B; as standard bases
for sl; (k)-modules as usual. With respect to By, the matrix of the restriction of H to V), is
diag(ﬁkl , ﬁkz, fzk3, 0, —ﬁkl, —ﬁkz, —ﬁk3, 0, 0). The action of X can be determined from the
bases B; above, noting that

_ _ _ 1
vy = —cr lxl +r lxz + sr IX3, wy = 5(—cx1 — X2 +Sx3), Z¢ = —SX| —CX3.

It follows that in terms of the root vectors (5.1) we have

Xly, = Z Xj.j+1+ Xey.p — Xiytky.p — SXp—1.p
1<j<p-1
J#k1ki+ka
cr r Sr ¢ Y]
+3Xk1,7p + Exkl+k2’7p — ?XP*L*P — SXk1 — CXP*I (5.13)

where if k3 = 0 we omit the three terms having p — 1 as a subscript. Similarly, we can
readily determine that Y|y, is a linear combination (with coefficients in R*) of the root
vectors

{Xj+1,j, Xp,kl s Xp,k1+k2, (Xp,p—l)» rilx—kl,py rilx—(k1+k2),p» (rilx—(p—l),p),
XL CTIX D < j<p—1,j#ki,j# ki +k)

where the vectors in parentheses are omitted if k3 = 0.

@ Springer



2052 T. Bernstein et al.

5.7 Isign: Anisotropic Part, When —1 ¢ k? and Sign Change is Required

Now suppose —1 ¢ kZ and y = {G, j), (i, j)} € [sign. We assume without loss of
generality that i > i’ and r; j = ri7 y = —r. By the proof of Proposition 5.1, there are
exactly two indices £ < « in {l,...,n.} suchthat r = rp = r.. Letk = (@ — 1)/2,
k' = (i’ —=1)/2 and p = k + k. Then V,, should be isomorphic to U; @ Uy’ as sl (k)-
modules and carry the form (—r, —r) @ HOP  Therefore, up to numbering of the Witt basis,
we choose the subset

B)/ = {Uls tee ﬂvp’w17 ’wpszﬁvzl(}'
The matrix C of Eq. 5.9 transforms (r, r) to (—r, —r), so the vectors

X1 =cz¢ — 8z and xo = sz¢ + €z

each satisfy g (x;) = —r. Thus the following bases span complementary quadratic subspaces
of the span V,, of B,,, each with anisotropic kernel (—r):
By = {—rvi, ..., —rvg, x1, —wi, ..., (=D wy}
By = {—1Vkg1svoy —FUkpk/s X23 =Wkl « - - » (—=DF Wk+1}

where it is understood that By = {x;} if ¥’ = 0. We interpret the B; as standard bases
for sl (k)-modules as usual. With respect to B,, the matrix of the restriction of H to V), is
diag(ﬁk, ﬁk/, —ﬁk, —ﬁk/, 0, 0). The action of X can be read from the bases B; above, noting
that
zp = —cx] —sxp and z, = §X] — CX2.

In terms of the root vectors (5.1) we have

Xlv, = Z X1 = €Xp +sXE = X — X, G.14)

1<j<k+k',j#k

where we omit the two terms with k 4 k' in the subscript if ¥ = 0. On the other hand, Y | v,
is a linear combination (with coefficients in R*) of the root vectors in the set

{Xj+l,js rIXG IR (r_lxz—(k-s—k’)) ; (V_lx'i(k+/</)) |1<j<k+k,j# k]
where the vectors in parentheses are omitted if ' = 0.

5.8 T'ani: Anisotropic Part, Simple Case

Suppose now that y € I'anj and match each element (i, j) of y to a distinct index £ €

{1,...,no} such that r; ; = r¢. Now fix (i, j) € y and the corresponding index £. Let
k = (i — 1)/2; then up to renumbering the elements of the Witt basis, choose the subset
B jy ={vi,..., v, wy, ..., wg, z¢} and denote its span V{; ;). We rescale and reorder this

basis to obtain the sl, (k)-basis
By = {revi, -+, FeVk, Zes =Wk, Wi, -+ 5 (—D¥wy)

that spans an irreducible s, (k)-module isomorphic to U; and carrying the form (r;) ® ((1)
H®K). The restriction of H to Vi, j) is given in matrix form by Eq. 5.4, with x = z¢. In
terms of our chosen scaling of root vectors in Eq. 5.1 we have, if k > 0,

k—1 k—1
-1
Xlv,, = Zx,-,,ﬂ =Xt Yy, = ZM,-XHI,,» + wrT1X,, (5.15)
j=1 j=1
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and both are 0 if k = 0. Let V), = @, j)ey Vi, ), obtained by choosing suitable disjoint
subsets By; ;) of the basis B.

By Proposition 5.1, I" contains at most two parts corresponding to the cases trip, sign, or
ani, and their union corresponds to a subspace of V carrying a form that is Witt-equivalent
t0 g. Let Vani = @y elyipUlsignUlam Vy denote this subspace.

Putting all of the preceding constructions together, we have chosen a partition of the
basis B and a corresponding direct sum decomposition

V = Vhyp @ Vpairs D Vquad @ Vani (5.16)

together with an action of a Lie triple {Y, H, X}, such that X represents the nilpotent orbit
of O(g) attached to (X, q).

5.9 Very Even Orbits

Now suppose that A € AU“(n) is a very even partition. A representative for the cor-
responding nilpotent O(g) orbit on so(g) was constructed in Section 5.3, by pairing up
irreducible sl; (k)-submodules in the obvious way. In this section, we modify one compo-
nent in order to construct a second representative, such that the nilpotent SO(g) orbits of
the two representatives are distinct.

Choose one element of y = {(i, 1), (i, 2)} € I'even = I', and up to relabelling let B, =
{vi, ..., vi, wi, ..., w;} be the corresponding subset of the Witt basis. Set V), = span(B,).
This time, using the strategy of the proof of Theorem 3.2 we first apply the orthogonal
transformation of determinant —1 which permutes v; and w;, to define

By = {vi, v, -+, vi—2, Vi—1, W;}
i—1
By = {v;, —wj—1, wi—2, -+, (=)' wy}

as the sl (k)-bases for the two submodules isomorphic to U;. With respect to B,,, the restric-
tion of H to V), now has the form diag(i — 1, h; —2,i—1, =i +1, —h; 2, —i +1). The action
of X and Y on V), can be read directly from B; and B;; as a sum of root vectors, this yields

i—2 i—2

Xly, = ij,jJrl +Xi—1,-i» Yy, = Zﬂjxj+l,j + X -1y, (5.17)
=1 =1

Putting this component in the place of V), in Eq. 5.16, we obtain a representative of the
second SO(q)-orbit corresponding to A.

6 On Functoriality and the DeBacker Parametrization of Nilpotent
Orbits

Let us return to the more general setting of Section 3.2, and adopt the notation introduced
there.

In [10], DeBacker gives a parametrization of rational nilpotent orbits of G on g in terms
of objects arising from its Bruhat-Tits building B(G) = B(G, k). To describe it, recall that
to each x € B(G) Bruhat-Tits theory associates an R-lattice gy o; this is carefully described
(particularly for non-split groups) in [12], for example, following [6]. In this section, we
often use a more concrete description of the Bruhat-Tits building of our groups in terms of
lattice chains, as in [4] and [5].
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Given a nilpotent element X, form a Lie triple d¢ = {Y, H, X} and define the subset
B(Y, H, X) = B(d¢) = {x € B(G) | d¢ C gx.0}-

This is a union of facets of B(G); let F be such a facet. Then the pair (F, X) (or rather,
(F,v) where v € gy.0/0x.0+ is the image of X in the quotient, though we will not need
this here) is called degenerate. We say a degenerate pair (F, X) is distinguished if F is
of maximal dimension in B(d¢). DeBacker shows that the rational nilpotent orbits are in
bijection with classes of distinguished pairs relative to an equivalence relation called O-
associativity [10]. For ease of notation, write

B(G)m — B(G)¢(SL2(R))_

Then by [10, Corollary 4.5.5], we have B(G)?® = B(d¢).
The following theorem characterizes 3(G)?R in terms of the building of the centralizer
G? of ¢ (SLy(k)) for many groups. Let D denote a central division algebra over k.

Theorem 6.1. Suppose G is GL,(D), SL,, (D) or a classical group, and suppose d¢p =
(Y, H, X} is a Lie triple in g. Then there is a natural G®-equivariant identification

B(G)?R = B(G?).

Proof Firstlet G = GL(V, D) for some central division algebra D over k and free rank n

right D-module V. Let Rp D R be the ring of integers of D D k. We identify B(G) with

the set of lattice functions Lattr , (V) = {Vy | t = Vi ,} on V [4]. Since each R p lattice in

V is naturally also an R-lattice, B(G) is canonically identified as a subset of B(GL(V, k)).

Given dg, recall that we have G? = [[; GL(M’, D) so B(G?) = [[; B(GL(M', D)).
Now each x € B(G)?R corresponds to a lattice function V,. Define a map

Z: B(G)PR —— B(G?)

‘ ‘ 6.1)
Vi ———— (M});  where M, := Homgp,(r) Ui, Vi 1).
Note that /\/l; ; has R p-module structure inherited from that of Vy ;.
On the other hand, we define a map
&: B(G?) = B(G
(G*) = B(G) 62

(M) — Vi where V., := D, Ui dr M;r

Its image lies in B(G)?R by construction.

It is immediate that for all y € B(G?) we have Z(&(y)) = y. On the other hand,
Lemma 3.1 ensures that for all x € B(G)?R we have &(%Z(x)) = x. The theorem now
follows for G = GL,, (D), and for SL,, (D) by restricting the maps & and &.

Now let G be a classical group; that is, for some central division algebra D and sesquilin-
earform F: V® V — D we have that G = U(V, F). As in Section 3.2, given d¢ we have
G? =, UM, y'). We may identify B(G) and B(G?)) with self-dual lattice functions in
B(GL(V, D)) and []; B(GL(M', y')) respectively [5]. It is immediate that Eq. 6.2 restricts
to a well-defined map & from B(G?) to B(G)?R.

To prove that the image of the map % of Eq. 6.1 lies in B(G?), suppose that x €
B(G)? ¢ B(GL(V, D))? and Z(x) = (M%); € B(GL(M', y')). We need to show that
for each i and x, M is a self-dual lattice in M’ under the form y'.
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Since V is self-dual and 8; (U;, U;) = R by assumption, we have that
y (M M) =(p ey ) (U @ M, U ® ML) CF (Ver, Vi) = Po.

Therefore Mﬁm - (Mi,—t 4)*. On the other hand, the pairing F' between different the
isotypic components U; ® M’ being zero, we have

Ftho (M) Vo) =F (e (M. _.) tho M _.)=Pp.

We thus deduce that U ® (M _, )" € (Ve )" = Vuy, thatis, (ML _,,)" ¢ ML,
as required. The desired identification of B(G)?R and B(G?) now follows from Egs. 6.1
and 6.2. O

7 Realization of the DeBacker Parametrization for Orthogonal Groups

We now return to the setting of orthogonal groups. In this section, we attach facets of the
building of G to selected explicit Lie triples of Section 5 and use the results of Section 6 to
prove these are distinguished representatives which realize the DeBacker correspondence.
We return to the more abstract realization of buildings used in [10].

Let T be the maximal split torus of G = SO(g) with Lie algebra t. We have the root
system ® = ®(G, T) with simple system A = {e1 — €2, ..., &m—1 — Em, Em} if no > 0 and
A={e1—€ ..., Em—1—Em>Em—1+&m}ifn, =0.Let A = A(T) be the corresponding
apartment in B(G) = B(SO(q)); this is the affine space under X,(7T) ®z R on which the
roots act by functionals, together with the simplicial structure defined by the affine root
hyperplanes Hy , = {x € A | a(x) = n}, as « ranges over ® and n over Z.

We choose a pinning of G relative to 7', which is a consistent choice of valuation on each
root subgroup (or equivalently, root subalgebra), and identified with a choice of (hyperspe-
cial) vertex xg of A C B(G). For each @ € {#e; £¢; | 1 < i # j < m}, we have
dim(gy) = 1 and we declare that our chosen root vectors X4 +; have valuation 0. If n, > 0
then there are roots a € {£¢; | 1 <i < m} and for each one, dim(g,;) = n,. Following the
process described in [12, §2], one determines that a consistent pinning assigns valuation 0
to each root vector Xii such that val(r¢) = 0 and valuation % to each root vector X/ii such
that val(r,) = 1. Then the corresponding R-subalgebra gy, 0 of g (which is the stabilizer
in g of the lattice chain attached to xp, in the language of Section 6) is generated by the R-
span of our chosen root vectors. Its intersection with t + s is an R-subalgebra containing,
in particular, the R-spanof {H; | 1 <i < m}.

We put coordinates on A so that the vertex xg is the origin. Thus when a vector X € g
is expressed as a linear combination of nonzero vectors in different root spaces Y, . « Xas
then the x € A for which X € g, ¢ are simply described by the condition that for each
o € &x we have val(Xy) + a(x) > 0.

Proposition 7.1. Let (A, q) € N (g, n) and let T be a partition of T, as in Proposition 5.1.
Let d¢r be an associated Lie triple as constructed in Section 5. Let F denote a maximal
facet in B(dpp) N A. If A is very even, then dim(F) = %|A| and this is the same value
obtained for both S O (q)-orbits attached to A. Otherwise, dim(F) = |T"even| + [T hypl.

Proof Suppose that dpr = {Y, H, X} is a Lie triple produced in Section 5 from a choice of
partition I' of Z,. Then H € spang{Hi, ..., H,}, so it lies in gy o for all x € A. Let ®x
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be the set of roots such that for some y € I', X|y, has a nonzero projection onto the root
space g, . Then we have determined an expression of the form X = ) Xo with each
X, denoting an element of g .

Reviewing the construction reveals that for our choice of X and Y, we have &y = —®y,
thatis, Y = Zaeq,x Y, for some nonzero Y, € g_,. We now list, in Table 2, all the pairs
(X«, Yo), up to multiplication by scalars in /R, which appear in the expressions for X and
Y in Egs. 5.5, 5.8, 5.12, 5.13, 5.14, 5.15 and 5.17. In doing so, we make use of the fact that
the coefficients {c, s, 2, —1} lie in /R but that the coefficients r; ; and r, (often abbreviated
as r) variously take values in {R*, @ R*}. Given that val(X; ;) = val(X; —;) = 0 and
Val(Xf) = %val(rg), we compute the valuations of X, and Y, in the last two columns of
Table 2.

Note that X, Y € g, o if and only if val(Xy) > —o(x) and val(Yy) > a(x) for all . We

aedy

observe from Table 2 that our representatives satisfy val(Y,) = —val(X) for all «. Hence
these were optimally chosen: d¢ € g, o if and only if
a(x) = —val(Xy), Va e Oy. 7.1)

We claim this system of equations is consistent, whereby the solution is an affine subspace
Ar which is a union of facets of A. In this case we’ll let F be any maximal facet of Ar;
note that dim(F) = dim(Ar).

To solve (7.1) explicitly, let I" be the partition of the set {1, 2, --- , m} induced by the
partition T'; that is, for each y € I the element 7 € I is the set of indices of the Witt
basis B, attached to V,,. For each y € T', the roots o« € ® Xy, are linear combinations of
{ei | i € y}. The linear system (7.1) can thus be decoupled into |I"| distinct linear systems,
whence any solution may be written x = Y jef Xy as each x;; runs over an affine set A;.
Let e;; be the vector such that &;(e;) = 1 for all i € ¥ and 0 otherwise.

It is then a straightforward exercise to see that solving these uncoupled systems (with
notation of the corresponding paragraphs in Section 5) yields

]Ref if Y € Feven U thp,
A)? = _%Va](r)e;?} ify e 1—‘pairs ) 1—‘quad ) Ftrip»
—1val(ro)e;} if y € Tsign U Cani.
We conclude that dim(Ar) = dim(F) = |TCeven| + |Thypl, proving the final statement of
the proposition.
Now suppose that A is very even, so that there are two SO(g)-orbits. The first is
constructed as in Section 5.3. Since I' = I'eyen consists entirely of pairs, it has size

dim(F) = %|IA| = %|A|, which gives the stated dimension for the first SO(g)-orbit. The
second SO(g)-orbit is obtained by modifying the choice of X| v, onone y € Ieven with an

Table 2 Nonzero pairs (X, Yy), with & € @y, such that the projections of X and Y onto the root spaces gy
and g_, lie in R* X, and R* Yy, respectively

aedt Xo Yy val(Xy) val(Yy)

& — i+l Xii+1 Xit1,i 0 0

& t+¢j Xi.,j X,i’j 0 0

& t+ej @ Xi —j ZD'_IX,,',/' 1 -1

& Xt rr'xe, Lval(re) —Lval(ry)

The final columns record the valuations of X, and Y, respectively
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expression of the form Eq. 5.17. The corresponding linear system consistent, with solution
space Re where e;(é) = 0if j ¢ y,e;(e) =1if 1 < j < i, and &;(¢) = —1. As the solu-
tion to this subsystem is again one-dimensional, the dimension of the facet is the same for
both orbits attached to A. O

Recall that by definition, a pair y = {(j;, m), (j;, m")} in Thyp corresponds to a hyper-
bolic plane in g ;,. Therefore to maximize |I'even| + [T'hyp| over all partitions I" of Z; is to
choose a partition which contain all such hyperbolic planes, and all the even parts, from
7). Then 7, \ (Teven U 'nhyp) has precisely Zle dimgj; elements, corresponding to the
anisotropic kernels of all of the quadratic forms in g. Complete this to a partition 'y of
7, satisfying Proposition 5.1.

Theorem 7.2. Let (A, q) € N (G, n) or N"P(n), and T nax a partition of I, as above. Then
the corresponding pair (Fr .., XT ) I8 distinguished. Its associativity class is the unique
one attached to the rational nilpotent orbit G - Xr,,,. by the DeBacker correspondence, for
G = 0(g) or G = SO(g).

Proof Since for each I', each pair in I'even U I'hyp contributes one linear degree of freedom
to the solution space Ar, we conclude that for our choice of I' = I'y,,« that

1 N
dim(Fr,,) = 5 [ M = ;dimqj,) :
On the other hand, by Theorem 6.1 we have dim(B(d¢)) = dim(B(G?)), which is equal
to the split rank of G?. The split rank of U(M’, y') is exactly the maximal number of
orthogonal hyperbolic planes in y’; for i odd this is therefore %(deg(yi ) — dim 7). We
deduce from Eq. 3.3 that
dim(Fr,,,,) = dim(B(d¢)),

so the facet is indeed distinguished, as required. O

This theorem establishes a constructive map from the classical partition-based
parametrization of nilpotent orbits of orthogonal and special orthogonal groups to the
building-based parametrization proposed by DeBacker.
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