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Please read the following instructions carefully. ON K1N 6N5

e You have 75 minutes to complete this exam.

e This is a closed book exam. No notes, calculators, cell phones or related
devices of any kind are permitted. All such devices, including cell phones,
must be stored in your bag under your desk for the duration of the exam.

e Read each question carefully — you will save yourself time and grief later
on.

e Questions 1 and 2 are multiple choice, worth 1 point each. Record your
answers to the multiple choice questions in the boxes provided.

e (Questions 3-5 are long answer, with point values as indicated. The correct
answers here require justification written legibly and logically: you
must convince the marker that you know why your solution is
correct.

e Question 6 is a bonus question, worth 3 points. The bonus question is
more difficult; do not attempt it until you are satisfied that you
have completed the rest of the test to the best of your ability.

Marker’s use only:

Question Marks
e Where it is possible to check your work, do so.

e Good luck!

1&2(/2)
3(/6)
4 (/6)
5 (/6)
6 (/3)

(bonus)
Total (/20)
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1. (1 point) Which of the following are correct statements about sets of vectors in a vector
space V7
(1) The set {u,v,w} is linearly dependent if and only if setting a1 = ay = a3 = 0 gives /
i+ ai+ai =0 CQIAL— d oM sdhy ai=o FArs G, R RS~
(2) The set {u v w} is linearly dependent if and only if there is a solution to the equation
a1U + agU + azw = 0 different from ap =ay =as = 0. 7’RUE

(3) If {u, ¥, w} is linearly independent then dim(V) > 3. TJRUE : d& [_). sd £ dvw %
(4) If U = span{u, v, W} and dim(U) = 3 then {u, U, @} is linearly deper\lfélent FALSE : ;'{I)UY(IV\ g

n Hhe s,
A, All are true. @ Only (2) and (3) are true. E. Only (2) and (4) are true.
B. Only (1) and (3) are true. D. Only (2), (3) and (4) are F. Only (3) and (4) are true.

true.

Your answer: <

2. (1 point) Suppose X is a subspace of R® such that X # {0} and X # R®. Which of the

following are always true? A XL5 Lot you Can 0«% N\OYf v SHUTI 5PN
1) X has a spanning set consisting of 6 Vectors.TRUE - dm A

FPISE - Hhar wWedd waudn dimn );;d(;ﬂ )

2) X contains a linearly independent set of 6 vectors.
O ran
3) X contains fewer than 6 vectors. FALSE (ev@g nonzx VederipAl ha j

)
)

4) There is a basis of X which spans RS. FALSE (s oda X_']KL')
)

(
(
(
(
(5) 1 < dim(X) < 5. TRUE. (v o dor)

A. Only (1) and (4) are true. C. Only (3) and (5) are true. E. Only (2) and (5) are true.

B. Only (1), (3) and (5) are D. Only (2) and (4) are true. @ Only (1) and (5) are true.
true

Your answer: F
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3. (6 points) Consider the subspace W = {(z,y, 2,t) € R* | t+y+2z+t = 0} of R?. Consider
the following four vectors:

1 0 2 1
. 1 5 0 5 =1 . 1
U1 = -1 , U2 = 1 , U3 = -1 , Vg = 1
—1 —1 0 -3

(a) Each of these vectors are elements of W. Explain why {¥;, i, U3, /4 } is linearly dependent.

(b) Find at least one non-trivial linear combination of {¥;, ¥, U3, ¥4} that results in the zero

vector, by setting up and solving an appropriate linear system of equations using row
reduction. Verify that your answer is correct.

(c) Express one of the vectors in {07, i, U3, 74} as a linear combination of the rest.

o
(d) Assuming the remaining vectors are linearly independent, give a basisAW and explain why
your answer is correct.

4
‘ R? and no egual £ K
(a c R w0 a eugerd f ' _ )
) \!5\<1J+o(m\/\/—45, A Hherthn W ciam/)ﬁ/«r'fh
Ja stae o arny LT sk W j Zimw. e
Thore dre A veclou vn #he o \ dL‘m'Dn ,
50 %tj cannot be UL, Haw o e ,

(b) We solve
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(Continue your answer on the next page if necessary.) b v
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(Continue your answer to Q3 on this page if needed.) . [ |
o A Solv 2

Onrox d:\ - Hhen az= -

b‘—-

Cc =0
f‘\‘-\ PO,‘ ,g:‘ rl_\ FO
1] -3 0] yololeal =]
- ‘ - | 6}

] C'k o -3) Le)
W A& Nonmviod MNM/V\(" |
(@) T (o) we shaned

@) 1§ (%, 7, %) ae LT m W m
doun W 23 \og%wmm R . .
Snce WER? and W#RY (sincg for _3
exarvple, (,0,0,00¢ W) we have Aim W= 3.

2 19V, 0 e an LT 5 - M%JWW
VeoRW 4O @ o oo o

b O~ bML;)(WW.
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4. (6 points) Consider the following elements of Py:

flx)=2—-4, g(x)=2>-3z and h(z)=2*-12.

(a) Let U = span{f, g}. Show that h € U.

(b) Show that {f, g} is linearly independent. (You may use the fact that {1, z, 2%} is linearly
independent.)

In parts (¢) and (d) you may use your results from (a) and (b).

(c) Let W = span{f,g,h}. Show that {f, g} is a basis for .
(d) Find the coordinate vector of h with respect to the basis {f, g}

(a) We nedtofind abeR 5o tha h;aﬁ%ﬂ
e 12 = alx-4) #b(x53x)
= b K%+ (a3b)A - Ha
bzl avd a=3; chede:
Ao = DIX-1) 4 (x=-3%x) Vv
e spni %4, X2- 3% )

(b) Suppo abe R sudn thad O\f+‘o3=0.

Than O(%_qﬂb(xt—]y) = 0
5 bx* + (@-3b)x -Ha=0

= -0 & Ha:=0 LI:LUACY/
= O~>\o>0 w Hnhe m/\]:j So\ul\av\
= {fg)w LT.
Qa #’\lfvf/vv)
'\ by (@), he 5pan{f,3}} éﬁ
(c) Efﬂ?\/c\ed&ym/ W= SPQ”H;j,”‘}= f/oan[ﬁj}.
B‘j (b), {Rj(} o LT
0 2 {1(1153 o an LT Sfai’)ﬂiy ,wf:[ v

(Continue your answer on the next page if necessary.)

”\55 w A bhowu I W.
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(Continue your answer to Q4 on this page if needed.)

(&) Forn (@) we ovow) Hradk h(x):féﬁcxnj(x)
M /cmdwv\oia vedey 4 N w\‘y’\n'
anock do the baoc Bl 90 4 W o

U\]E-— (2,1)-
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5. (6 = 4 x 1.5 points) State whether each of the following statements is (always) true, or
is (possibly) false, in the box after the statement. Then justify your answer:

e If you say the statement may be false, you must give an explicit counterexample (with
numbers or functions!).

e If you say the statement is always true, then you CANNOT use an example to justify
your response — you must give a clear general explanation using the theory from the
course. If you use a theorem from class, you must state the theorem.

(a) Suppose 4, 7,w € R>. If 2t + 30 + 0w = 0 then {u, W} is linearly independent.

True or false: Fﬂ LSE

Justification: . 3 ﬁ’l i"/—/ fjgl , \7\’,‘/ 6
For eMample, Fou= Ll 3 S . LD
on QT+ 303 0=0 bur {G,Wl-
becosme. F condaine e Bro vedev .

Morad : Knowng on< depun dum L AdaFaown e Ao

M&&?W\&LMWV\)W ALL dapevolantc
roJroo |

a b

(b)LetU:{[c d]EMQQ a+2b+3c=0 and d:()}. Then dim(U) = 2.

True or false: TRUE

Justification:

- Qo a=-2b-3c
AT R s

“{ b2 e[} Sl been

= Span ? [olo'} / [’? 3]}.’4\/0% J 2o o

lovi Qe NOT MY
/)\SQXL—_{:_—Z_ ‘\/QCO W hao an L b?Oa/mliy/f"’

o o 99

W Q vedew = olim U=
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(c) Suppose @, € R3. Then it is always possible to find a vector @ € R? such that the set
{u,0,w} is a basis for R.

True or false: FALBE

Justification: .
SUPPOR 0=0 Sa
Aot ¢ ReR”, e st
be LD bocause & C‘”‘lr“\‘““’
. 4 awn never be a boow .

o {6, w) wd
Yre O.

(d) If {u, ¥, w} is linearly independent then {#, @} must also be linearly independent.

True or false: TRU E

Justification:

E%@( . W\Ne 5\/\0
ony sUo

NMO\%WL}\AO\M%@
st d on LT sot e also LT .

N sUpPO* au+bw=0.
-J 9 - _ O'
Hhen al+ OV+ bw -
SN [G/’\},\‘,’V) w LT, all Hase aﬂ,q/oum ave

45 be O. Jhow
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6. (Bonus, max 3 points) Let V' be a vector space. Suppose {u;, Uy, U3} is a basis for a

subspace U of V', and suppose {w, s, ws} is basis for a subspace W of V. Suppose further
that ¢’ is a nonzero vector lying in both U and W. Carefully prove that if

— - = = - o

then dim(X) < 5. ) o U}
Firsk Noke that velU means VE Spanfu,/uu 7
&

) \oj a Hreortr-m K:avvv clor WCCa_\?n/\.LoKM
I 3Pqnn\y Y X Ey (jozml\oj'w ) 5

X" 5PGY\{Q)U a),/ u_?/ W:/Wz/ V\IJ )

Y e

Nondt since Vel and \/C—\'\f/ we @n W
= aal-"bﬁ;—"" CUJ
- I+ e+ £,
TRy 2= dw NREEAN A

Swe U +0, ab leastone of the CJCWWM'S
abrcCc L *+0. Let's renumloexr Hhe V€

so Hnak iy Fhe fnt 0 a#0.
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