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ABSTRACT. Let R be a UFD containing a field of characteristic 0, and
B,, = R[Y1,...,Yy] be a polynomial ring over R. It was conjectured in [5]
that if D is an R-elementary monomial derivation of B3 such that ker D is
a finitely generated R-algebra then the generators of ker D can be chosen to
be linear in the Y;’s. In this paper, we prove that this does not hold for By.
We also investigate R-elementary derivations D of B, satisfying one or the
other of the following conditions:

(i) D is standard.
(ii) ker D is generated over R by linear constants.
(iii) D is fix-point-free.

)
)
(iv) ker D is finitely generated as an R-algebra.
(v) D is surjective.

)

(vi) The rank of D is strictely less than m.
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1. Introduction. In this paper, unless otherwise noted, k is a field
of characteristic 0, R is a UFD containing k£ and B is an R-algebra which is a
polynomial ring in a finite number of variables over R. If m is a positive integer,
then R means the polynomial ring in m variables over R. If B 2 RI™ then
a coordinate system of B over R is an element (Y7,...,Y,,) € B™ satisfying
B = R[Y1,...,Y,]. Recall that a derivation D : B — B is an additive map
satisying D(zy) = D(z)y + zD(y) for all z,y € B. If D(R) = {0}, then we say
that D is an R-derivation of B. D is called locally nilpotent if for every x € B,
there exists n > 0 such that D"(x) = 0.

Definition 1.1. If B = R then an R-derivation D : B — B is called
R-elementary if there exists a coordinate system (Y1,...,Yy) of B over R such
that DY; € R for all i.

In this case we have:

= 0
DzzlalayZ

(where a; € R).

Definition 1.2. Let C = kN, A derivation D : C — C' is elementary
if, for some integers m,n > 0 such that m +n = N, there exists a coordinate
system (X1,...,Xpn, Y1,...,Ym) of C satisfying:

E[X1,...,X,] CkerD and Vi, DY; € k[Xy,...,X,].

In this case, D is k[Xq,..., X,]-elementary:

m

0
D = Z @ 5y (where a; € k[X1,...,X,]).

i=1 v

An immediate consequence of the above definition is that all elementary
derivations are locally nilpotent.

Definition 1.3. A derivation D : B — B is called irreducible if the only
principal ideal of B containing D(B) is B itself. A locally nilpotent derivation D
is called fix-point-free if the ideal of B generated by the image of D is equal to
B. A slice of D is an element s € B such that D(s) = 1.

It is clear that any surjective locally nilpotent derivation of B admits a
slice. The converse is also true: if s is a slice of a locally nilpotent derivation D
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of B and y € B, let

P R
2 kY

then = € B since D is locally nilpotent and it is easy to verify that D(z) = y.

Knowing that a locally nilpotent derivation of a polynomial algebra ad-
mits a slice helps to understand the kernel of the derivation. More precisely, the
following is a well known fact (see [8]).

Proposition 1.1. If D : C' — C is a locally nilpotent R-derivation of an
R-algebra C with a slice s, then

1. C = A[s] = AN where A =ker D.

2. The map
(: ¢ — C
z o Y (—s)Di(z)
iZOZ'

is a homomorphism of R-algebras with image equal to ker D. In particular,

if C = R[Y1,...,Yn] then
ker D = R[C(Y1),. .., (V).

R-derivations of B can be classified according to their rank:

Definition 1.4. The rank of an R-derivation D of B is defined to the
least integer s (0 < s < n) for which there exists a coordinate system (Xi,...,X,)
of B over R satisfying R[X1,...,X,—s] C ker D. In other words, rank D is the
least number of partial derivatives of B needed to express D.

Clearly, the rank of D is zero if and only if D is the zero derivation.

Definition 1.5. Let B = R[Y1,...,Y,] and consider an R-elementary
derivation

D = Z a; 82 . B— B
i=1
where a; € R and 0; = 0/9Y; for all i.
1. Any element of ker D of the form
mYi 4+ Yy (where r; € R)

1s said to be a linear constant of D.
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a;

2. Giveni,j € {1,...,m}, define L;j = —Y; — &Y; where:
ij 9ij
ged(ai,aj) if a; #0 ora; #0
AR I if a;=0=aj.

It is clear that L;j € ker D, Lj; = 0 and Lj; = —Lgj; (for all i,5). We call
the elements L;; the standard linear constants of D.

3. If ker D is generated as an R-algebra by the standard linear constants, we
say that D is a standard derivation.

This paper investigates R-elementary derivations D : RI™ — R[™ gatis-
fying one or the other of the following conditions:

(i) D is standard.
(ii) ker D is generated over R by linear constants.

(7i1) D is fiz-point-free.

)
)
(iv) ker D is finitely generated as an R-algebra.
(v) D is surjective.

)

(vi) Rank D < m.

Studying the finite generation of the kernel of derivations of polynomial
rings is closely related to the famous fourteenth’s problem of Hilbert, that can be
stated as follows

If L is a subfield of k(Xi,..., X,,) (the quotient field of k™), is L N
k[X1,...,X,] a finitely generated k-algebra?

Deveney and Finston ([3]) used a couterexample to Hilbert’s fourteenth prob-
lem found by Roberts in 1990 ([6]) to prove that the kernel of the elementary
derivation

0 0 0 0
v Xt+1_ Xt+1_ X, XX t ¥
o, TR gy T gy T ) G

of k[ X1, X2, X3,Y1,Y>, Y3, Yy] is not finitely generated as a k-algebra for any ¢ > 2.

D= X{t!

To prove that the invariant subalgebras of some derivations in this paper
are finitely generated we will use the following tool we proved in [5].

Proposition 1.2 ([5, Lemma 2.2]). Let E C Ay C A C C be integral
domains, where E is a UFD. Suppose that some element d of E\{0} satisfies:
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[ ] (AO)d = Ad
e pC' N Ay = pAy for each prime divisor p of d, (in E)

then Ag = A.

Using our notations, F plays the role of R, A plays the role of ker D, Ag
is a subalgebra of ker D (which is a candidate for ker D) and C plays the role
of B.

2. Unimodular rows and variables. Recall that an element F €

B =~ RIM ig called a wvariable of B over R if there exists a coordinate system
(F, Fs,...,F,) of B over R.

Given an element F' of B, it is desirable to know if F' is a variable over R.
That question seems to be hard in general. In this section, we give a necessary
and sufficient condition for a linear form to be a variable.

Definition 2.1. Let A be a ring and n a positive integer. An element
(a1y...,ayn) of A™ is called a unimodular row of length n over A if a1y + ... +
anby, =1 for some by,..., b, € A. A unimodular row over A is called extendible
if it is the first row of an invertible matriz over A. The ring A is called Hermite
if every unimodular row over A is extendible.

It is well known that Hermite rings include:
1. polynomial rings over a field
2. Formal power series over a field
3. Laurent polynomials over a field
4. Any PID
5. Any complex Banach Algebra with a contractible maximal ideal space.

A well-known example of a non Hermite ring is the following.

Example 2.1. (M. Hochster, [4]) Let R = R[X,Y, Z]/(X?2 + Y2 + 72 —
1) = R[z,y, 2] (x,y, z are the images of X,Y, Z in R respectively), then (z,y, z)
is a unimodular row over R which is not extendible. So R is not Hermite.

Clearly any extendible unimodular row is unimodular. The converse holds
in case of length 2 by the following (obvious) proposition.
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Proposition 2.1. f A is an arbitrary ring (commutative with identity),
then any unimodular row of length < 2 over A is extendible.

We relate now the notion of a “linear variable” with that of “extendible

unimodular row”. First, a lemma.

Lemma 2.1. Let E be a domain, and V = E[X,..., X,] be a polynomial
ring in n variables over E. If v = (Fy,..., F,) is a coordinate system of V over
E, then the determinant of the matrix

OF;
2= (ox,)
an 1<i,j<n

Proposition 2.2. Let A be a domain, (ay,...,a,) € A" and B =
AlY1,...,Y,] = AlM. Then the following conditions are equivalent:

is a unit of F.

1. The linear form a1Yy + --- + anYy is a variable of B over A

2. (ay,...,an) is an extendible unimodular row of B over A.

Proof. Assume first that ' = a1Y7 + --- + a,, Y}, is a variable of B over
A, then B = A[F, Fy, ..., F,] for some elements Fy, ..., F, of B. By Lemma 77,

(1) det(M) € R*

OF;
#= (o)
9Y; 1<i,5<n

(with F' = F}). Sending all the variables to 0 in M gives a matrix with entries
in R and first row equal to (ay,...,a,). Relation (1) shows that the determinant
of this matrix is a unit in A and hence (aq,...,ay) is an extendible unimodular
row of B over A.

where

For the converse, suppose that M is an invertible matrix with entries in
A and first row equal to (ag,...,ay). Let (Fy, ..., F,) € B"! be such that

F Y:
ML By B Yy

F, Y,
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This implies that A[F, Fs,...,F,] 2 A[Y1,...,Y,]. Since the other inclusion is
clear, B = A[F, Fy,...,F,] and F is then a variable of B over A O

3. Homogeneous derivations.

Definition 3.1. Let C = @, C; be a Z-graded or an N-graded ring. A
derivation D : C' — C' is called homogeneous of degree n if there exists an integer
n such that D(C;) C Ciyyy for all i.

Consider the natural N-grading on B = RI[Y1,...,Y,,] where the degree
of each element of R is zero and the degree of each of the variables in one. Every
R-elementary derivation on B is then homogeneous of degree —1.

The following proposition will be used later in this paper.

Proposition 3.1. Let B = R[Y1,...,Yy] equipped with the natural N-
grading. If D is a homogeneous derivation of B that annihilates a variable of B
over R, then D annihilates a variable of B over R which is a linear form in the
Y:’s (over R).

Proof. Suppose that F' € ker D is a variable of B over R. Without loss
of generality, one can assume that the homogeneous part of degree 0 of F' is zero.
Write

F=Fq+Fg+...+ Fy
where d is the degree of F' and F{; is the homogeneous part of F' of degree i.
Choose Fy, ..., F,, € B such that B = R[F, F5, ..., F,] and let

oF;
= (o)
9Y; 1<i,5<n

(with F' = F}). Then M is invertible by Lemma 2.1. Setting all the Y;’s equal to
zero in M gives an element of GL,,(R) whose first row is (aq, aa, ..., q;,) where

Foy=a1Y1 + aoYo + - + apn Y.

Proposition 2.2 shows that F{;) is a variable of B over R. On the other hand, the
fact that D is homogeneous implies that each of the homogeneous components of
F are in ker D. In particular F{;) € ker D. [

4. Standard derivations. We consider first the simple case of R-
elementary derivations in dimension 2 (R is a UFD containing a field k).

Proposition 4.1. Every R-elementary derivation of R is standard.
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Proof. Let B = R[Y},Ys] = RZ and D = ala—Yl —i—agaiYQ an R-

elementary derivation of B. We may clearly assume that D is irreducible; i.e.,
a1 and ag are relatively prime in R. Using Proposition 1.2, we will show that
ker D = R[a1Y1 — asYs).

Let F' = a1Ys — a2Y) and Ry = R[F]. Then, Ry C ker D and (Rp)q, =
(ker D), -
Let p be a prime divisor of a;, and let z € pB N Ry; we show that x € pRy,
the inclusion pRy C pB N Ry being clear. For this, write x = ®(F') for some
® € R[T] = R then the image ® € R[T] of ® (where R = R/pR) is in the
kernel of the epimorphism

a: R[T] — R[F|

sending T to F'. Since F is transcendental over R, « is an isomorphism. Conse-

quentely, ® =0 and x € pRy. O

The implications (i) = (i7) and (i) = (iv) above (see the introduc-
tion) are true by the definition of standard derivations. By proposition 4.1, the
k[X1, Xo]-elementary derivation

0 0

(2) Xla—Yl + X28—Y2

of k[X7, Xo,Y1,Ys] is standard. Clearly, this derivation is not fix-point-free and
consequently not surjective. This shows that (i) = (¢i?) and (i) = (v) are
false in general. For the implication (i) = (vi), note that the derivation (2)
above does not annihilate a variable of k[X7, X5, Y7, Ys] over k[X7, X3]. Indeed,
if F' e k[Xq1,Xs,Y7,Y5] is a variable of k[X1, Xs,Y7,Y3] over k[X;, Xo] such that
D(F) = 0, then we may assume that F' = a1Y] + a5 for some unimodular row
(a1, a2) over k[X1, Xa] (Proposition 3.1). But the fact that D(F) = 0 implies
that

Xia1 + Xoag =0

and hence the ideal generated by a; and ag in k[X7, X5] is included in the ideal
generated by X7 and X,. This contradicts the fact that (aq, @) is a unimodular
row. We conclude that the rank of D is 2 and that the implication (i) = (vi)
is false.

5. The case where ker D is generated by linear constants.
The following theorem gives a counterexample “of rank m” to the implication
(73) = (i) above.
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Theorem 5.1. The kernel of the elementary derivation

0 0 0
D = (X7 — XoX3)5— + (X3 — X1 X3) = + (X5 — X1 Xo)—
(X1 = XoXp)50m + (X3 = Xa X)) 7om + (X5 = X Xo) o
of B = k[Xy, X2, X3,Y1,Y,Y3] is generated by two linear constants (in fact it
is a polynomial ring in two variables over k[ X1, Xo, X3]) but D is not standard.
Moreover the rank of D over k[X1, X, X3] is 3.

Proof. Let a1 = X7 — XuX3, ag = X2 — X1 X3, a3 = X7 — X1Xo, and
let R = k[X1, X2, X3]. Then ay,as,as are pairwise relatively prime elements of
R. Consider the two elements of B

f=X3Y1 + XiYo + XoY3, g=XoY + X3Ys + X1V3

and the usual standard linear constants

Li = a3Ys—aYs = X3Yo— X1XoYo — X3Y3+ X1X3Y3
Ly = —azVi4+a1Vs = —X3V1+ X1 XoV) + X7V — XoX3V3
Ly = a1 —a1Ys = X321 — X1X3Y] — X2Ys + Xo X3Ys.

It is immediate that D(f) = D(g) = 0 and that the following relations are true
Ly =—-Xof + X359, Ly=—-Xof +X19, L3=—-X1f+ Xag.

Let Ro := R[f, g], then R[Ly, Lo, L3] C Ryo. It is easy to see that (R[L1, La, L3)),, =
(ker D)., so (Ro),, = (ker D), . We will show that ker D = R[f,g]; so, it is
enough (Proposition 1.2) to show that a3B N Ry C a3Ry. Let R = R/azR and
consider the ring homomorphism

¢: R, T}) — R[f,7]

sending T} to f and Th to g. We claim that ¢ is an isomorphism. Indeed, since
the elements f and g are not algebraic over R, the transcendence degree of R[f, 9]
over R is either one or two. If it is one, then f,g are linearly dependent over
K := qt(R) and so there exists an @ € qt(R)* such that z3 = @xs, 1 = a3,
x9 = ary (where z; is the image of X; in R); in particular, x% = 123 in R and
SO

X3 =X X3+ (X3 - X1 X2)Y

for some T € R. This is absurd. Thus, trdegzR|[f,g] = 2, and so the height of
ker ¢ is zero. This shows that ¢ is injective, and hence an isomorphism. To finish
the proof, consider an element x = ®(f,g) = asb of asBN Ry (® € R[T1,T»] and
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b € B). Then the image ® of ® in R[T},T5] is in the kernel of ¢, and consequently
it is zero, so ® = agh for some h € R[T},T5], and hence = = ®(f,g) € azRy as
desired. We conclude that ker D = R|[f, g].

Next we prove that D is not standard. To see this, it is enough to notice
that f is homogeneous of degree 2 in the X;’s and the Y;’s while each standard lin-
ear constant is homogeneous of degree 3. In other words, f € ker D\R[Ly, Lo, L3]
where L1, Lo, L3 are the standard linear constants of D.

We finish by proving that the rank of D over k[X7, X9, X3] is 3. Sup-
pose on the contrary that rank D < 3, then D annihilates a variable F' of
k[ X1, Xo, X3,Y1,Ys,Y3] over k[ X7, Xo, X3]. By Propostion 3.1, we may assume
that F' = a1 Y14+a9Yo+a3Y3 for some unimodular row (o, ag, a3) of k[ X7, Xo, X3].
Since D(F') = 0, we have

(3) (X12 — X2X3)Oé1 + (X22 — X1X3)Oé2 + (Xg — X1X2)043 = 0.

Sending the variables X5, X3 to 0 in (3) simultaneously shows that a;(X1,0,0) =
0,soa; € (Xl, Xo, X3)k3[X1, Xo, Xg]; similarly, Q9,03 € (Xl, Xo, Xg)ki[Xl, Xo, Xg]
and this contradicts the fact that 1 € (a1, ag, a3)k[X1, X2, X3]. O

Remark 5.1.  The main result in [5] treats the case of elementary
3 0

derivations D = GGy of R[Y1,Ys,Ys] where for some i € {1,2,3}, R/pR is a
i=1 i

UFD for every prime divisor p of a;. With the notation of Theorem 5.1, each a;
is prime and R/a;R is not a UFD.

Remark 5.2. The above theorem shows that the condition “fix-point-
free” of Theorem 6.1 below is not superfluous. The Theorem also gives an example
of a derivation satisfying condition (i) above but neither of the conditions (ii7),
(v) and (vi) (clearly, D is not fix-point-free and hence not surjective).

The above theorem can be used to construct counterexamples to the im-
plication (ii) = (i) of derivations D satisfying “rank D < n”. First some nota-

tions. Let m and n be two positive integers such that m < n, B, = R[Y1,...,Y,],
m 0

B,, = R[Y1,...,Yn]. Let D= > q; 37, be an R-elementary derivation of B,,.
i=1 i

Proposition 5.1. D is standard as an R-elementary derivation of B,
if and only if it is standard as an R-elementary derivation of B,,.

Proof. Consider D as a derivation of B,,. The following two facts finish
the proof:

e The standard linear constants of D are the L;;’s (as defined above) with
1<i<j<mand Yyi1,...,Yn.
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e ker D = C[Yy1,...,Y,] where C is the kernel of D as a derivation of
B,,. 0O

We prove next that the implication (i) == (iv) is true in the case of a
noetherian ring. Namely, we have the following proposition.

Proposition 5.2. Let R be a noetherian domain of characteristic zero,

mo 0
B=R[Y1,....Yn] and D = )] Uiger an R-elementary derivation of B. If ker D

is generated over R by linear forms, then it is a finitely generated R-algebra.
Proof. Let M be the set of all linear constants of D, then clearly M is an

m 0
R-module. If D =" a; v where a; € R, then it is clear that M is isomorphic
=1 7

as an R-module to the submodule

N =< (a1,...,a;,) € R™; (a1 am) : =0

Qo

of R™. Since R is noetherian, R" is noetherian and N is finitely generated
R-module. O

6. Fix-point-free R-elementary derivations. Let C be an integral
domain containing Q, and let D : C' — C be a locally nilpotent derivation. It
is well-known that there is an associated Gg-action, « : G, X Spec C' — SpecC,
and it turns out that the set of fixed points of « is the closed subset V(I) of
Spec C, where I denotes the ideal (DC') of C generated by DC (the image of
D). In particular, « is fix-point-free if and only if (DC') = C'. This motivates the
definition of fix-point-free derivation given in Definition 1.3.

Obviously, if a derivation of B admits a slice then it is fix-point-free. It
is well-known that the converse is not true in general. The following proposition
proves, among other things, that the converse holds for elementary derivations.

Proposition 6.1. Let R be a domain containing Q. If B = R[Y1,..., Y] =
R and D : B — B an R-elementary derivation, then:

1. If D is fiz-point-free, then it admits a slice. Moreover, ker D can be gener-
ated by m linear constants.

2. If D is fix-point-free and R is Hermite, then there exists a coordinate system
(Z1,...,Zm) of B over R related to (Y1,...,Y,,) by a linear change of
variables, such that D = 0/0Z,,.
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Proof. Write D = Y a;0; where a; € R and 9; = 9/0Y;. If D is fix-

=1
m
point-free then 1 € (DY, ...,DY,,) so Y a;r; = 1 for some (r1,...,ry) € R™.
=1
m
Consequently, s = 3 r;Y; is a slice of D and by Proposition 1.1, B = A[s] = Alll

i=1
where A = ker D. Also, Proposition 1.1 shows that ker D = R[((Y1),...,{(Ym)]
where ( is the homomorphism of R-algebras:

(: B — B
T Yo a(=s)'Di(x) -
In particular, each ((Y;) is a linear constant.

If R is a Hermite ring, then (ry ... ry,) is extendible, i.e., it is the first
row of a matrix U € Gl,,(R) and it follows that s is a variable of B over R
by Proposition 2.2. A closer look at the proof of Proposition 2.2 shows that we
can write B = R[s1,...,Sm—1,s] for some linear forms si,...,s,-1 of B. For
1 <i<m-—1, take Z; = ((s;) then Z; is a linear form in the Y;’s and by
Propostion 1.1 (using ((s) = 0) we get that A = R[Z1,...,Zmn—1]. Let Z,,, = s,
then by Proposition 2.2 again B = A[Z,,] = R[Z1,...,Zn), and D = 0/0Z,,.
Note that (Z1, ..., Zy,) is a coordinate system of B over R related to (Y1,...,Yn)
by a linear change of variables. O

Remark 6.1. Proposition 6.1 shows in particular that if D : B — B
is fix-point-free elementary derivation of B, then D is surjective (since it has a
slice) and ker D is finitely generated over R by m linear constants.

Remark 6.2. In the above proposition, R needs not to be a UFD. It
suffices that R is any domain containing the rationals.

We prove next that “fix-point-free” implies “standard” in the easy case
where the image under D of one of the Y;’s is a unit. Namely:

Proposition 6.2. Let R D Q be a UFD, B = R[Y1,...,Y,,] = R"™ and
D : B — B an R-elementary derivation. If DY; € R* for some i, then ker D is
generated by m — 1 standard linear constants.

Proof. We may assume that DY; € R*. Define s = (DY;)™ 'Yy,

then s is a slice of D and consequently the map B ( B defined by {(z) =
1 o

> f'(—s)J D’(x) is a homomorphism of R-algebras with image equal to ker D.

Jj=0 J*

Thus ker D = R[((Y1),...,((Y},)] and we are done since ((Y;) =Y; — (DYj)s =

Ly ; for each j. O
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We prove now the main result of this section.

Theorem 6.1. Let R O Q be a UFD, B = R[Y},...,Y,] = R™ and
D : B — B an R-elementary derivation. If D is fiz-point-free, then it is standard.

Proof. By Proposition 6.1,
ker D = R[{(Y1),...,&(Yin)],
where each £(Y;) = Y; — a;s is a linear constant. We obtain:
4) ker D is generated as an RR-algebra by m linear constants.

So it suffices to show that each linear constant is a linear combination (over R) of
the standard linear constants. In other words, we have to show that the R-module
T(D) is trivial, where:

Lc(D) = set of linear constants of D (an R-submodule of ker D),
sLc(D) = R-submodule of LC(D) generated by the standard linear constants,
T(D) = vLrc(D)/sLe(D).

Let m be a maximal ideal of R and consider the derivation Dy, : By, — Bm

obtained by localization at the set R\m. Now Ry, isa UFD, By, = Ru[Y1,..., Y] =
m

Rl[;n ] and Dy, = Y a;0; is an Ry-elementary derivation. Since D is fix-point-free,
i=1

we have (ai,...,an)R € m so, for some i, a; is a unit of Ry. By Proposition

6.2, Dy, is standard, so T'(Dy,) = 0. It is immediate that LC(Dy) = LC(D)m and

SLC(Dyy) = SLC(D ), 80 T(Dy) = T'(D)m and we have shown:

T(D)m =0 for all mazimal ideals m of R.

We conclude that 7(D) = 0 and the result follows. O

So far we have shown that the implications (iii) = (¢), (ii7) = (i7),
(791) = (#v) and (i17) = (v) are all true. By Proposition 6.1, we also know that
(7i1) = (vi) is true in the case of Hermite rings. In this case, we can actually
say a lot more: the rank of the derivation is one and hence it is “conjugate to a
partial derivative”.

If R is not Hermite, we don’t know if (¢ii) = (vi) is true or not. However,
the following gives an example of a fix-point-free elementary derivation which is
not “conjugate to a partial derivative” of B.
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Proposition 6.3. Let R = Rz, y, z] be as in Example 2.1 above, and let

0 0 0
B = R[Y1,Y,Y3] = RPl. Let D = o — + y— + z2—. Then D is fiz-point-free
Y1 Y Y3

R-elementary derivation of B satisfying rank D > 2.

Proof. Let s = 2Y; +yYa+ 2Y3 € B, then D(s) = 22 +y?+ 22 = 1in R,
and s is then a slice of D. In particular D is fix-point-free, and B = A[s| = Alll
where A = ker D. We prove next that rank D > 2. Clearly rank D # 0, so it
suffices to show that rank D # 1. Assume that rankD = 1, then one can find

a coordinate system (F,G,H) of B over R such that D = ®(F,G, H)a% for

some ® € RBl. Clearly, A = R[F,G] and so B = A[s| = R[F, G, s]. Thus, s is a
variable of B over R. By Prosition 2.2, (z,v, ) is an extendible unimodular row.
This is a contradiction (see Example 2.1) O

7. The case where ker D is finitely generated as an R-algebra.
It was conjectured in [5] that if D is an R-elementary monomial derivation of
R[Y1, Y5, Y3] such that ker D is a finitely generated R-algebra then the generators
of ker D can be chosen to be linear in the Y;’s. In this section we prove that this
is not always the case. Theorem 7.1 gives a counterexample to the implications
Theorem 7.1. The kernel of the derivation
5 0 5 0 5 0 0

9 ix2 9 x2 9 iy x, 9
Lgy, T2y, Ty, T gy,

of k[X1, Xo, X3,Y1,Ys, Y3, Yy] = k7 is a finitely generated k[ X1, X2, X3]-algebra
which cannot be generated over k[ X1, Xo, X3] by linear forms in the Y;’s.

D=X +X

To that end we will use Proposition 1.2 and the elimination theory of
Groebner bases. Regarding Groebner bases, S-polynomials and Buchberger’s
criteria, the reader may refer to ([1]).

Consider the following elements of ker D
Li» = X2Ys — X2V, L3 = X2Y; — X2V3
Ly = X{Yy — X2 X3V} Loy = XoY, — X3Ys
L3y = X3Y, — XoV3
f=X{VE - X3YaYs + XZV1Ys + X3V1Y3 — 2X5 X3Y1 Y.
We will prove that ker D = k[X1, Xo, X3, f, L12, L13, L14, Log, L34]. For this, let
k[X,Y,T] denote the polynomial ring

k[XlaXQ,X?)a Yi,YQ, Y:?n YzlyTlaTQ,T3aT4,T12)T13)T14,T245T34]
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in 16 variables and let I be the ideal of k[X,Y, T| generated by the elements
Ty — X1, 15 — X0, Ts — X3, Ty — f,Ti2 — L1z, Thz — Las,
T4 — L4, Tog — Log, Tsq — Laa, Xi.

The next lemma gives a Groebner basis for the ideal I. The elements of
this basis will be used in computing the generators of ker D. The proof of the
lemma is left to the reader.

Lemma 7.1. A Groebner basis for I with respect to the lexicographic
order on k[X,Y,T] with

X1>X2>X3>Y1>...>Y4>T1>...>T4>T12>T13>T14>T24>T34

1s given by the elements

g1 =T+ Xo
g2 = —T35+ X3
g3 =X

g1 = Y115 + T2

95 = Y113 + Ti3

g6 = Y1115 + Ty

gr =T

g8 = =Y, Tp +Toy +T3Y>

g9 = Y315 — Y T35+ T3y

g0 = YoT13 + Y3110 — 2YyT14 + Ty

g11 = —13T19 + T14T5

g12 = ToT13 — 15T

913 = Ty + Y1T3T54 + Y3T12 — Y4T14

914 = —YoT14 + Y115y + YaTio

915 = Y115T34 — Y3119 + Y Ty

g16 = — Y3114 + Y1T3T34 + Y4113

g17 = T3Y3T19 — T3Y4T14 + T14T34

g18 = Y3T19T34 + Y3T14Toy — YyT13T04 — YyT14T34 + TyT34
gi9 = T2 + T12Ths

920 = —T14T34 + 13Ty — T13T54

g21 = ToTy — T14Toy — T12T34

g22 = —T13Y4 T3 + T13T34 + Y3T3T14

923 = Y113 — YoY3T1o — YoTy + YTio
goa = Y1TouTss + YaYoT1y + YaTy — Y7 T4
925 = T3 Ys — 2YyT14Tio + TuTho + Y313,
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gos = Y112 + Y2Tio — 2Y3YyTig + Y T3
927 = 134YoT14 — T34 Y T19 — T4 Y3T19 + T4 Y4 T4
gos = T13Y3T14Toy + YaT34TE — YaTETog — Ti3YaT1aTsq + TisTyTsy.
We prove next that ker D = k[Xy, Xo, X3, f, L12, L13, L14, Log, L34).

Let k[T] and Ek[X,Y] denote respectively the polynomial rings
k[Tl, T27 Tg, T4, Tlg, T13, T14, T24, T34] and k[Xl, XQ, Xg, Yl, YQ, Yg, Y4] Let AQ =
k‘[Xl, XQ, X3, f, L12, L13, L14, L24, L34], then AO g ker D and (AO)XZ' = (ker D)Xz
for i = 1,2,3. By Proposition 1.2, it is enough to show that X1k[X,Y]N Ay C
X1Ap (the other inclusion being obvious). So let x € X1k[X,Y]N Ay and choose
z € k[X,Y], d e /{?[T] such that x = @(Xl,X27X3,f, L127L13,L147L24,L34) =
X1z. This means that ® is in the kernel of the homomorphism

0 k[T] % A — k[X,Y] 5 K[X,Y]/(X1)

where 7 is the canonical epimorphism and v sends T; to X;, i = 1,2,3, Ty to f
and Tjj, to L. Also, consider the homomorphism

k: kXY, T] N kE[X,Y] N EX,Y]/(X1)
where ¢ is the homomorphism sending X; to X;, Y; to Y; (i = 1,2,3,4), T; to X;
(t=1,2,3), Ty to f, and Tjj to L;j. It is clear that € is the restriction of & to
k[T] and hence
(5) ker 6 = ker k N k[T7).

We claim that ker x is the ideal I (considered above) of k[X,Y,T] generated by
the elements

X1, T — X1, T — Xo, T3 — X3,Ty — f,Th2 — L12,T13 — L13,
Tv4 — L14,To4 — Loa, T34 — Laa.

Indeed, let T' = (71,...,76) be the 16-tuple

(X17X27X37Y17Y27}/37Y47T1 - X17T2 - X27T3 - X37T4 - f7
Ty — Li2,Th3 — L13,T14 — L14,Tog — Log, T34 — L3a).

Clearly, I" is a coordinate system of k[X,Y,T], that is

k[X,Y,T] = k‘hl, cee 5716]-
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The domain and codomain of x are respectively k[I'] and k[yi,...,v7]/(71) and
k is defined by
K(%):{ 0, ifi=1lore>7
it (), f2<is<T
So we have
ker k = (v1,78,79,---,716) = 1,

and the claim is proved.

Using the elimination theory, we know that the set ¥ = {g7, 911, 912, 919, 920, 921 }
generates the ideal I N k[T of k[T]. Hence,

(6) O = &hi(T)

where & € k[T] and h; € {97,911, 912, 919, 920, g21 }- On the other hand, one can
easily verify the following identities:

Yigr) = Xi

Y(gn) = —XzLio+ XoLyy = XLy
Y(g12) = —XzLis+ XaLy3 = —X{Ly
Y(g19) = —L3,+ LiaLs = Xif
Y(g20) = —Lialga+ X3f —Lizloy = 0

Y(g21) = Xof —LiaLoy — LioLzy = 0.

This means that z = (I)(Xl, Xo, X3, Li2, L13, L14, Loy, L34, f) € X Ay,
and consequentely

ker D = k[X1, X9, X3, f, L12, L13, L14, Loa, L3a).

The next two lemmas show that ker D cannot be generated over k[X7, X3, X3] by
linear forms in the Y;’s.

Lemma 7.2. With the above notation, if L is an element of ker D of the
form
L=a1Yi1+ - +aY)

for some aq,...,04 € k[ X1, X9, X3|, then

L € k[X1,X2, X3, Li2, L13, L14, Laa, L3a].
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Proof. If L is a linear form in the Y;’s over k[X1, X2, X3] in ker D, then
L has the form
L =o1Y1 + Yo + a3Y3 + asYy

where «; € k[X1, X2, X3] 7 € {1,2,3,4}. Since L € ker D, we have
(7) 041X12 + a2X22 + 043X§ + ay X9 X3 =0.

Let ¢ = a1 X? + aa X2 + a3 X2, then equation (7) shows that both X and Xj
are divisors of ¢. Taking equation (7) modulo X5 gives that

(8) X120112—|—X§O£32 =0

where a1g = a1 |x,—0 and ass = a3 |x,—0. Since X; and X3 are relatively prime,
equation (8) implies that a; = — X232 + X231 and a3 = X732 + Xo/33 for some
b1, B3 € k[ X1, X9, X3] and 39 in k[ X1, X3]. After simplification we find

9) ¢ = X7 XoP1 + X2 X305 + ax X3.
Since X3 is a divisor of ¢, equation (9) implies that
X?XoP1 |x5—0 + X502 | x5=0= 0.

Consequently, as = X?u + X3v and ) = —Xou + X3w for some u € k[X1, Xo]
and v, w € k[X7, X9, X3]. Replacing these values of ay and (3 in the expression
(9) of ¢, we get

¢ = X2 X3(X{w + X303 + Xov)

and consequently ay = —¢/(X2X3) = —(X3w + X303 + Xov). Hence,

a1 = —X3u — X285 + Xo Xzw
as = X?u + X3v

a3 = X7PB30 + Xof3

oy = —(Xiw + X303 + Xov)

and so

L = oY1+ aoYs +a3Ys+asYy
= u(X7Ya — X3Y1) + Ba(X{Y3 — X311)
+ 0(X3Yz — XaY3) — w(X{Ys — XoX3Y1)
+  B3(Xa2Y3 — X3Ys)
€ k[X1, X2, X3, L1, L13, L14, Log, L34). O
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Lemma 7.3. With the above notation,

f ¢ k:[XI,X2,X3a L12,L13a L14,L24a L34]-

Proof. If f € k[ X1, X2, X3, L12, L13, L14, Log, L34], we can choose a poly-
nomial ® in

E = k[Xla X25 X3, Ul) U2) U3a U4a U5]
such that

(10) f=®(X1, X9, X3, Li2, L13, L14, Loa, L3a).

Consider the N?-grading on k[X,Y] defined by declaring k C k[X,Y]() and
deg (X;) = (1,0), deg (Y;) = (0,1) for ¢ € {1,2,3} and j € {1,2,3,4}. Also define
a similar N*-grading on E by k C E( ¢y and deg (X;) = (1,0), deg (U;) = (2,1)
for j € {1,2,3}, and deg (Us) = deg (Us) = (1,1). Write

O =By, + g, + -+ By

T

where @4, is the homogeneous component of ® of degree d; € N2. Since the ele-
ments L9, L13, L14, Log, L34 are all homogeneous with respect to the NQ—grading
on k[X,Y] defined above, it is easy to check that

D4, (X1, X9, X3, L2, L13, L14, Loa, L34)

is either zero or homogeneous of degree d;, for all i € {1,...,r}. Also, since f is
a homogeneous element of degree (2,2) of k[X, Y], equation (10) implies that

f = ®@,2)(X1, X2, X3, L12, L13, L14, Loa, L34)
and this can only happen if
(11) f=aL3, +bL3, + cLayLsy

for some a, b, c € k. Indeed, a homogeneous element of degree (2,2) of F can only
be a linear combination of UZ, Ug and UuUs because of the degrees of the X;’s
and the U;’s defined above.

Now equation (11) implies that f € k[Xo, X3,Ys,Ys,Yy], which is ab-
surd. O

Theorem 7.1 is now a direct consequence of the above two lemmas.
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8. The property of being elementary. Let B = R[™ where R is
a UFD containing the rationals; given an irreducible locally nilpotent derivation
D of B, can we determine whether D is R-elementary? (That is, can we decide
whether there exists a coordinate system (Y7,...,Y,,) of B over R satisfying
DY; € R for all i?)

An answer in general seems to be hard. The present section answers the
question in the case where R is a PID and m = 2.

We start with two well known facts:

Proposition 8.1 ([2]). Let R be a UFD containing Q and let D # 0 be a
locally nilpotent R-derivation of B = R[Y1,Ys] = RIZ. Then there exists P € B

and o € ker D such that ker D = R[P] and D = « <PY28iY1 - PylaiYg> .

Proposition 8.2 ([7]). Let R be a Q-algebra, let P € B = R[Y1,Ys] =
RE and define Ap = PYQaiY : B — B. Then the following are
1

equivalent.

_ pyla_y2

1. P is a variable of B over R

2. D is locally nilpotent, has a slice and ker D = R[P].

Lemma 8.1. Let R be PID containing Q, B = R"™ gnd D: B — B an
irreducible R-derivation. The following are equivalent:

1. D is R-elementary

2. D =0/0Z; for some coordinate system (Z1,...,Zm) of B over R.

Proof. If D is R-elementary, then there exists a coordinate system
(Y1,...,Y,,) of B over R satisfying DY; € R for all i. Let a; = DY; for each
i. Since R is a PID, (a1, ...,ay)B is a principal ideal of B and it follows that
(a1,...,am)B = B by the irreducibility of D; so D is fix-point-free. As R is Her-
mite (every PID is Hermite), Proposition 6.1 implies that condition (2) holds.
The converse is clear. O

Proposition 8.3. Let R be PID containing Q, B = R and D: B — B
an irreducible R-derivation. The following are equivalent:

1. D is R-elementary

2. D is locally nilpotent and fiz-point-free.
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Proof. By Lemma 8.1, it is clear that (1) implies (2). If (2) holds,
let (Y7,Y2) be any coordinate system of B over R; then Propositions 8.1 and
8.2 imply that, for some variable P of B over R, we have ker D = R[P] and

D= Py2i - Pyli. Choose @ such that B = R[P,Q)], then D(Q) € R* and
oY1 0Yo
D(P)=0¢€ R, so D is R-elementary. O
Example 8.1. Choose f(X) € k[X] and ¢g(X,Y) € k[X,Y] such that

ged(f(X),9(X,Y)) =1
and let D be the k-derivation of k[X,Y, Z] defined by
D(X) =0, D(Y)=[f(X), D(Z2)=g(X,Y).

Then D is an irreducible locally nilpotent k[X]-derivation of k[X,Y, Z]. By Prop-
sition 8.3, D is k[X]-elementary if and only if

(f(X), g(X, Y )K[X, Y] = k[X, Y].

We conclude with the following:

Proposition 8.4. If R is a PID containing Q, then any nonzero R-
elementary derivation of B = R[Y1,...,Y,] is standard.

i=1 i
Write D = oD’ where o € B and D' : B — B is an irreducible derivation. Note
that «D’(Y;) € R for all ; it follows that o € R and that D’ is R-elementary. By

Lemma 8.1, D' is standard and hence D is also standard. O

Proof. Let D = ) aia% be such a derivation of B (a; € R for all 7).
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