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Abstract

Let k& be a field of characteristic zero, n any positive integer and let d,, be the derivation
) XiaiYi of the polynomial ring k[ X1, ..., Xn, Y1,...,Yy] in 2n variables over k. A Conjecture
of Nowicki (Conjecture 6.9.10 in (8)) states the following

ker 6, = k[X1,..., X0, X;Y; — X;Yis 1<i < j<n]

in which case we say that §,, is standard.

In this paper, we use the elimination theory of Groebner bases to prove that Nowicki’s con-
jecture holds in the more general case of the derivation D = Y7 | X/ aiYu ti € Z>o.

In (6), H. Kojima and M. Miyanishi argued that D is standard in the case where t; = ¢
(i=1,...n) for some ¢t > 3. Although the result is true, we show in Section 4 of this paper that

the proof presented in (6) is not complete.

Key words: Locally nilpotent derivations, Elimination theory.

1. Introduction

Throughout n is a positive integer, & is an algebraically closed field (unless it is used
as an index as in T}, or T)j; in which case it stands for a positive integer).

From a geometric point of view, a locally nilpotent derivation d on the polynomial
ring k[X] := k[X4,...,X,] determines an algebraic action of the additive group (k,+)
(viewed as an algebraic group called G,) on the affine space A} over k. Moreover, the
ring of invariants of this action is ker d.
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The study of locally nilpotent derivations and their kernels has a profound roots in
other branches of mathematics like Lie theory, invariant theory, and differential equa-
tions. In particular, the question of finite generation of kernels of derivations on k[X] is
closely related to the famous fourteenth problem of Hilbert that can be stated as follows:

(*) If L is a subfield of k(X) (the field of fractions of k[X]) containing k, is L N k[X]
a finitely generated k-algebra?

More precisely, if d is a k-derivation on k[X] such that A = ker d is not a finitely gener-
ated k-algebra, then the field of fractions of A, Frac(A), is a counterexample to (*) since
Frac(A) Nk[X] = A. In fact, most counterexamples of (*) found recently are constructed
this way (see for example (2), (3)). Another example that illustrates the importance of
finding generators of the kernel is in the proof (see (7)) of the fact that the hypersurface
x + 2%y + 22 +t3 = 0 is not isomorphic to C? in C*.

It is well known (see (9)) that if d is a linear k-derivation of k[X] (see the terminology
below), then kerd is finitely generated as a k-algebra. All the known proofs of this fact
are not constructive in the sense that they don’t give a complete description of the kernel.
The derivation we consider in this paper is D = Y7 | Xf aiyi of the polynomial ring in
2n variables k[X,Y] := k[X1,..., X,,Y1,...,Y,]. Note that D is linear if ¢; = 1 for all
i=1,...n. However, if t; > 2 for some i, even the finite generation of ker D is not clear.
The main result of this paper gives a complete description of ker D for arbitrary n in
terms of its generators over k. This solves a more general form of a Conjecture of Nowicki

(Conjecture 6.9.10 in (8)).
1.1.  Terminology

Let R be a UFD containing Q, B be an R-algebra and d : B — B a derivation of B.
The following terminologies will be used throughout this paper.
e If B is a polynomial ring in m variables over R, we write B = RI"J.
If d(R) = 0, then we say that d is an R-derivation of B.
d is called locally nilpotent if for all b € B, there exists n € N such that d"(b) = 0.
If B = RI™, then an R-derivation d : B — B is called R-elementary (or simply
elementary) if there exists a coordinate system (Y7,...,Y,,) of B over R such that
dY; € R for all i. In this case we have:

d = Z a; aiyz (where a; € R).
i=1

Note that if d is elementary, then it is in particular locally nilpotent.
e An R-derivation d of B = R[Y1,...,Y,,] = R is called R-linear (or simply linear) if
d(Y;) is a linear form (over R) in the Y}’s for all 4.
e Given an R-elementary derivation d = >." | a; aiyi of B= R[Y1,...,Yn] = R"™ we
say that d is standard if kerd = R[L;;, 1 <1i < j < m] where L;; = ;—jYJ — ;%Y} with:
ged(a;, a;) if a; #0 or a; #0
gij =
R B if a; = 0= a;

(Note that R[L;j, 1 <i < j <m] C kerd)



e A locally nilpotent derivation d of B is called fized-poinit-free if the ideal of B generated
by the image of d is equal to B.
The following is the main result of this paper:

Theorem 1. Let n € Zsg and t1,...,t, € Z>g. Then the k[X]-elementary derivation

n ’i (9
D:;Xf 7

of k[X,Y] is standard.

The special case where all the t;’s are equal to 1 was considered by Nowicki in (8).
Since, in that case, D is k[X]-linear, it is known (see (9)) that ker D is a finitely generated
k[X]-algebra, but no set of generators is known for arbitrary n. Nowicki conjectured
Theorem 1 in that case (t; = 1 for all 4), basing his conjecture on his consideration of
the cases n = 2,3,4. On the other hand, it was argued in (6) that Theorem 1 holds in
the case where t; = ¢ (i = 1,...,n) for some ¢ > 3. However, we show that the proof
presented in (6) has a gap. Note that in the case where ¢; > 2 for some ¢ (i.e, D is not
linear), it is no longer evident that ker D is finitely generated as a k-algebra. In Section
2, we show that we can restrict ourselves to the linear case.

2. Restriction to the linear case

With the notations of Theorem 1, if ¢; = 0 for some ¢ then D is in particular fixed-
point-free and hence standard by Theorem 6.1 in (5). Thus, we may assume that ¢; > 0
for all i. Next, we show that it is enough to treat the linear case.

Proposition 2. Let R be a ring, R’ a subring of R such that R is a free R'-module. Then
every polynomial ring R[Y1,...,Y;] over R is a free R'[Y1,...,Y;]-module. Moreover, if
B is a basis of R over R, then B is also a basis of R[Y1,...,Y;] over R'[Y1,...,Y3].

Proof. Clearly, it is enough to assume that ¢t = 1. Let f = >_a;Y] € R[Y1] (a; € R).
Since each a; can be written uniquely as ) o;b; with a; € R" and b; € B, then f can be
written uniquely as a finite sum

F=Y" Hb;

where f;(Y1) € R'[Y1] and b; € B for all i. This shows that B is a basis of R[Y7] over
RI[Yl]. O

With assumptions and notations as in Proposition 2, let D = 22:1 a;0/0Y; be an
R-elementary derivation of R[Y7,...,Y;] such that a; € R’ for all ¢ and let D’ be the
restriction of D to R'[Y7,...,Y:]. We have the following.

Lemma 3. If B is a basis of R over R’, then ker D is a free ker D'-module with basis B.
In particular, if G C R'[Y1,...,Y;] generates ker D’ as an R’'-algebra, then G generates
ker D as an R-algebra.



Proof. Let f € R[Y1,...,Y;] and write f = f;b; where f; € R'[Y1,...,Y;] and b; € B.
Since b; € R, we have that D(f) =Y D(f;)b; = >_ D'(f;)b;. Therefore,

fekerD&Vi,D' fi=0% Vi, f; €ker D'
O

In our case, let R = k[Xy,...,X,] and R = k[X}',..., X!*]. Then R is a free R'-
module with basis B = {X7'--- X5 0<s; <t;,i=1...n}, and R = k"], Now let
Z; = Xfi, then the restriction D’ of D to R'[Y7,...,Y,] is the derivation Z?Zl Z;0/0Y;.
If {Z,Y; - YiZ;: 1 <i<j<n} generates ker D’ over R, then Lemma 3 implies that
the same set generates ker D over R.

Thus the proof of Theorem 1 reduces to that of:

Theorem 4. Let n be a positive integer. Then the derivation

~ 0
D=) X,—
of the polynomial ring k[X,Y] is standard.

Theorem 4 can be easily verified if n = 1,2. The case n = 3 was treated in (8). This
case follows also from the main result in (4). Hence we may (and will) assume in what
follows that n is an integer greater than or equal to 4. Let k[X,Y, T denote the following

n(n+5)

polynomial ring in —=— variables over k:

k[Xl,.‘.,Xn,Yl,...,Yn,Tl,...7Tn,Tij 1 <i<y < TL]
If a = (q1,...,a,) € Z%, let |a] denote the total degree of a (|a| = Y 1", o). If P is

n(n+5)
a monomial in k[X,Y,T], we identify P with a vector ap € Z-,*> and we define the

total degree |P| of P as being the total degree of ap.
Let <greviex denote the graded reversed lexicographic ordering on k[X,Y, T| with

Xi>..>X, >V > >V, >T1 > ... >T, > 1T
for all 7,5 with 1 <7< j <n and
i<k
Tij>Tkl<:> or
t=Fkand j <l

Let < denote the 2n-elimination monomial ordering on k[X,Y,T]. This is the monomial
ordering on k[X, Y, T] defined as follows: for any monomials P, P’ in k[X,Y] and M, M’
in k[T] := K[Ty,...,T,,Tj; : 1<i<j<n]:
[Pl < |P|
PM < P'M < or
|P| = |P'| and PM <grepiea P'M’



With respect to this monomial ordering, any monomial involving any of the X;’s or the
Y;’s is greater than any monomial in k[T.

Next, consider the ideal I of k[X,Y,T] generated by the elements

X, T — X3, Tj, — Lj, for1<i<nand1<j<k<n

Proposition 5. With respect to the monomial ordering < on k[X,Y,T] defined above,
a Groebner basis for the ideal I is given by the union of the following seven families of
elements of k[ X,Y,T| (the underlined elements are the leading monomials):

Fir={Xy, i} U{-T; + X;s; 2<i<n}
Fo={TiTh; - TjTi;; 2<i<j<n}
Fs={Tv, + YiT;; 2<i<n}

Fo=A{Ty; +Y,T; -Y;T;; 2<i<j<n}

Fs ={TijT — TiTj + TuTjr; 1 <i<j<k<l<n}
Fo ={YiTjr = Y;Tix + YiTij; 1 <i<j<k<n}

Fr={TiTjr — TjTy, + TiTij; 2<i<j<k<n}

3. Proof of Proposition 5
First we prove that the ideal I can be generated by UZ:l Fi.

Lemma 6. With the above notations, I is generated (as an ideal of k[ X,Y,T]) by G :=
Ul F.

Proof. Let I; be the ideal of k[X,Y,T] generated by G.
IC I: Clearly, T; — X; € I for all i € {1,...,n}.

For 2 < i <n, we have

Ty — Lyu=Tu+1NT) - - X)) -Y:Xy
el.

For 2 <i < j < n, we have



Ti; — Ly =Ti; — XiY; + X;Y;
= (T +YiT; - Y;T5) + Y;(Ti — Xi) = Yi(T); — X;)
€I,

I; C I: This can be shown using the following identities:
1. _Ti+Xi = —(T%—Xi); 2§2§nandT1 = (Tl—X1)+X1

2. 1T =TTy = T (T — X)) =T (T — X)) + X (Th; — L) — X5 (T — L) + X1 Lyj; 2 <
1< g <n.

3.1y + T, = (T — L) + Vi Xa + YA(T; — X;); 2<i<n.
4.T,; +YT; -Y,T, = (T;; — Lij) + Yi(T;, - X;) - Y;(T; — X;); 2<i<j<n.

5. 13T — TixTy + TuTj = Tra(Tij — Lij) — Tj(Tik — Lix) + Tj (T — Liy) + Lij(Thy —
Lkl) — Lik<Tj — le) — Lil(Tj — ij); 1<i<y< k<l <n.

6.Y;Tjr — YiTi + YiTi; = Yi(Tjr — Lj) — Y;(Tik — Lix) + Yi(Tij — Lij);
1<i<j<k<n.

7. 1T — T Ty + T Ty = Tk(Tij — Lij) —Tj(Ti — Lik) -‘rTi(Tjk — ij) +ij(Ti - X;)—
Lik(Tj — X]) —‘y—LU(Tk — Xk), 2<i<j< k<n.

d

Next we show that G is indeed a Groebner basis for I with respect to the monomial
ordering < considered above. We will proceed as follows: given 4,5 € {1,...,7} (i and
J not necessarily distinct), we consider two elements f; € F; and f; € F; and we prove
that their S-polynomial

S(fir f) = LOM(LM(f;), LM(f;)) , LM(f;))
Y LT(f:) LT(f;)

is in standard form relative to G, ie., S(fi, ;) = >_,cq agg With ay € K[X,Y,T] and
agg < S(fi, f;) whenever a, # 0. Here, LT(f), LM(f) denote the leading term and
the leading monomial of f respectively (with respect to the above monomial ordering)
for each f € [X,Y,T], and if f,¢g € k[X,Y,T] are such that LT(f) < LT(g) we sim-
ply write f < g. This process will be denoted by case “(F;, F;)”. To show that G is a
Groebner basis of I, it is enough to verify that S(f;, f;) is in standard form relative to
G for each f;, f; € G satistying ged(LT(f;),LT(f;)) = 1 by Buchberger’s first criterion.
Also note that if S(f;, f;) is in standard form relative to G, then so is S(f;, fi) since

S(fi f) = =S(f5, fi)-

[ LOM(LM(f)

I

As it turns out, case (F5, F5) will play a crucial role in simplifying many of the cases
(Fi, F;). So we start with this case.



3.1. Case (F5,Fs)
In all what follows, T;; should be treated as 0 when i = j.

Lemma 7. Fs is a Groebner basis for the ideal it generates in k[T;;; 1 <1 < j < n] with
respect to the above monomial order. Moreover, if f,g € Fs then S(f,g) has a standard
representation with respect to Fs of the form S(f,g) = > Tijpi; with
(1) pij € Fs and Tijpi; < S(f,9);
(2) S(f,g) and each T;;p;; are homogeneous and have the same total degree in terms
of the Ty ’s.

Proof. Let
f=TwTea — TacToa + TadTve, g ="TijTer — TixTj + TuTjk
1<a<b<cec<d<n, 1<i<j<k<i<n

be two distinct elements of F5. Since LT (f) = TuqTpe and LT (g) = Ty Ty, it is enough (by

Buchberger’s first criterion and the relation S(f,g) = —S(g, f)) to consider the following
cases

W(ad) =600 @ (@d =30k 60 =0 h.
In case (1), S(f,9) = TasTeaTjk — TacTvaTjk — TujTocTra + TarTocTja. Using the relation
S(f,g) = —=S(g, f), one can restrict to the following subcases:
(Il)1<a=i<b<c<j<k<d=1l<n
(12)1<a=i<b<j<c<k<d=1l<n
(13)1<a=i<b<j<k<c<d=l<n.
In all the above subcases, LT(S(f,9)) = —TacTpaljk- On the other hand, we have the

following expressions of S(f,¢) in standard forms relative to F5 in each of the three
subcases:

In case (1.1):
S(f,9) = —Tra(TayTe; — TacTh; + TajTve) + Tja(TasTer — TacTrj + TarThe)
~Toc(Tt;Tiea — TonTja + ToaTji) + Tap(TejTha — TerTja + TeaTjk)-
In case (1.2):
S(f,9) = Tka(TarTje — TajToe + TacTh;) + Tja(TapTer — TacTor + TarThe)
~Toc(Tt;Tiea — TonTja + ToaTji) — Tar(TjeTka — TjrTea + TjaTer)-
In case (1.3):
S(f,9) = Tra(TavTje — TajToe + TacTys) — Tja(TarThe — TakThe + TacTor)
—Tae(TojTha — TorTa + ToaTjr) + Tav(TixTea — TjcTra + TjaTke)-

In case (2), we have the only possibility:

1<i<a=j<b<c<k=d<l<n,



in which case S(f,9) = TuTwTea — TaTacToa — TiaToeTar + TiaTaiTye With TigTaiThe as a
leading term. The following shows a standard form of S(f, g) relative to Fs:

S(fy9) =Tea(TiaTor — TivtTur + TTap) — Toa(TiaTer — TicTar + TiTac)
+T (T Tea — TicToa + TiaTve) — Tia(ToeTar — ToaTer + ToiTeq)-

To check that S(f, g) is in standard form relative to F5 in case (3), we can clearly restrict
ourselves to the following two cases:

Bl)1<a<i<b=j<c=k<l<d<n
32)1<a<i<b=j<c=k<d<l<n.
In both cases, S(f,9) = TusTuTea — TacTiTva — TaaTivTer + TaaTic Ty with LT(S(f, 9)) =
ToaTic Ty In case (3.1),

S(f,9) =To(TeiTea — TacTia + TaaTic) — Tea(TaiTor — TapTir + TaiTin)
—Tit(TacTia — TauTea + TodTer) + Toe(TivTia — TiTva + TiaTh)

In case (3.2),

S(f,9) =To(TeiTea — TacTia + TaaTic) — Tea(TaiTor — TapTi + TaiTin)
Ty (TacTar — TadTer + TaTea) — Tae(Tin Tyt — TiaTor + TiTha)

This shows that S(f, g) is in standard form relative to Fs5 in case (3).

The last conclusion of the Lemma is clear from the above calculations. O

3.2. Cases (Fs,Fs), (Fs, Fr), (Fs,Fs) and (Fr, Fr7)

We exploit the properties of the Groebner basis for the family F5 described in Lemma
7 above to avoid many unnecessary computations of S-polynomials.

Let (J, <) be a finite totally ordered set (with at least four elements), let m = min J
and M = max J. Let k[X,Y, T](J) be the polynomial ring

k[XmaaXMayma>YMaTmaaTM>Ej m§z<]§ M]
= k[{Xi}ties U{Yitics U{Ti}ics U{Tij}i e, i<l

One can clearly extend the monomial ordering defined on k[X, Y, T] above to a monomial
ordering on k[ X, Y, T](.J). Moreover, for each i € {5,6, 7}, one can define a family F;(J) C
kY, T)(J) by replacing, in the definition of F; given in the statement of Proposition 5,
each occurrence of “1” by “m” and each occurrence of “n” by “M”. Then a closer look
at the result of Lemma 7 above shows that F5(.J) is a Groebner basis for the ideal it
generates in k[T;; : m < i< j < M](J).



Now, let J = {1,2,...,n}, J' = {0,1,...,n} and consider the homomorphisms of
k-algebras:

¢1, G2 k(X Y, T](J) = k[X, Y, T](J), b1, 2 : KX, Y, T)(J') — k[X, Y, T](J)

where

e ¢ is the identity on k[X,T](J) and ¢1(Y;) = To;.

e ¢o is the identity on k[X,Y,Ty;; 1 <k <l <n] and ¢o(T;) = To;.

e ¢y sends Xo, Yy, Tp to 0, it restricts to the identity on k[X,Y,T|(J) C k[X,Y,T](J’)
and 77/}1(T01) = Yz for 1 <i<n.

e As for 19, it also sends Xy, Yo, To to 0, restricts to the identity on k[X,Y,T](J) C
k[X7 Y, T}(J/) but wg(Tol) = Tz for 1 S ) S n.
Clearly 1 o ¢ is the identity on k[X,Y,T](J) for t =1,2.

Consider the monomial orderings on k[Y;, T;, Tk ¢ 4, k, 1 € J, k <] and k[T}; : i <
j € J'] induced by the elimination orderings on k[X,Y,T|(J) and k[X,Y,T](J’) defined
above. Then we have the following easy Lemma:

Lemma 8. Let o,3 € k[Y;, T;, Try = i, k, L€ J, k<l], \,p€k[T;;: i <je€J] be four
nonzero polynomials such that o and B are homogeneous and have the same totaldegree in
the Y;’s (respectively in the T;’s), and A, u are homogeneous and have the same totaldegree
in the Ty;’s. Then:

(1) ¢1 (LCM(a, B)) = LCM(¢1(ax), p1(83)) (respectively ¢z (LCM(a, B)) =

LCM(¢2(a), ¢2(8)))
(2) if a < B, then ¢1(a) < ¢1(B) (respectively do(a) < ¢2(5))
(3) if X < . then 1;(N) < ¢i(p) for i =1,2.

As a Corollary, we have

Lemma 9. Let f,g € F5(J) U Fg(J) U F7(J) then fori=1,2:

¢i (5(f,9)) = S (6i(f), ¢i(9)) -

Proof. This is a direct consequence of the definition of S(f, g), of the homogeneousness
of elements of the families F4(J), F7(J) and the above Lemma. O

Using the properties of ¢; and ; and the results of Lemma 7, one no longer needs
to carry out the computations of S(f,g) in the cases (Fs5,Fs), (Fs, Fr), (Fo,Fs) and
(F7,F7). Here is why:

Let f € F5(J)UFs(J), g € Fs(J). We want to show that S(f,g) is in standard form
relative to G. Since ¢1(f), #1(g) € Fs5(J'), then Lemma 7 above shows that

S(o1(f Zsz,% (1)
where 0 < i < j <n, p;; € F5(J') and

Tijpij < S(o1(f), #1(9)) (2)



with T;;p;; and S(¢1(f), $1(g)) are homogeneous and have the same totaldegree in terms
of the Tpi’s. Applying 11 to relation (1), we get (by Lemmas 8 and 9):

S(f.9) = Z%(Tij)%(mj) (3)

with 1 (T;;) € k[Y,T;; - 1 < i< j <n]and ¥1(pi;) € F5(J) U Fs(J). Moreover, Lemma
8 applied to relation (2) gives that

Vi(Tij)¥1(pig) < S(f, 9)- (4)
Now relations (3) and (4) show that S(f,¢) is in standard form relative to G.

The same arguments applied to f € F5(J) U F7(J), g € Frz(J) with ¢1, ¥ replaced
by ¢2, 1 respectively shows that S(f,g) is in standard form relative to G in this case
as well.

3.3. The other cases

In this subsection, we investigate the other cases (F;, F;) necessary to complete the
proof of Proposition 5. As mentioned above, we only need to consider cases where Buch-
berger’s first criterion does not apply.

Case (Fy, F2)

Let
=TTy —TjTy, g=TTw —TyT1a

2<i<g<n, 2<a<b<n

be two distinct elements of F,. By Buchberger’s first criterion, it is enough to consider
the following cases

Dji=b12)i=a.
In case (1), it is enough to consider the case
2<i<a<j=b<n,

for which we get

S(f,9)=-T.;T; + T, 10T,
=-—T1;(T;Tva — TaThs).

In case (2), we may restrict to
2<i=a<j<b<n

and one can verify that

S(f,9)=-T/TT; + T;T;Tw
= Ty(T; Ty — TyTh;).

10



In both cases, S(f,g) is in standard form relative to G.

Case (Fa, F3)

Let
f=TTy; —TTy; € Fa, g=Ti,+Y1T5 € F3
2<i<ji<n, 2<a<n.

The leading monomials of f and g are relatively prime except when a = j. In this case,

S(f.g9)=-YTiTy; — T1iTy,
=-T,;(T: + W T).

Case (Fa, Fy)

Let
f=TTy —TiTy; € Fa, g=Tu+Y 0y - YT € Fy
2<i1<j3<n, 2<a<b<n.

The leading monomials of f and g are relatively prime except when a = j. In this case,

S(f,9)=-WNWLTy; +TjpTy + YT Ty,
= (TiTjp — T Tip + T Ti5) + 11 (Tipy — Yo 1 + YiTy)
+T,(N T + YT — YiTh,) — To(The + YiTy).

Case (Fa, F5)

Let
f=TTy —T;T; € Fay,  g=TawTeqa — TacTva + TadTbe € Fs
2<i<j<n, 1<a<b<e<d<n.

The only case where the leading monomials of f and g are not relatively prime is when
a =1 and ¢ = d. In this case

S(f,9)=—TiT;Tye — T;T1wTea + T;T1Tha
=—Ta(TwTe; — TheTvj + ThiToe) — Tip(TeTq; — TaTej + TTeq)
+ The(TyTy — TyTy; + TjTya) — Taj(TpTre — TeThp).

Case (Fa, Fs)

Let
[ =TTy —TiTy € Fo, g=YaTye = YoToe + YcTap € Fs

2<i<j<mn, 1<a<b<e<n.
Only the case a = 1, i = b needs to be considered. Two subcases arise:
(11) 2<i=b<j<c<n

(12) 2<i=b<ec<j<n.

11



In both cases, S(f,g9) = =Y. T, T1; — YiT;Tpe + V1T
In case (1.1), the leading term of S(f,g) is —Y.TpT1; and

S(f,9) =—Ty(NTjc — Y;Tic + YTh;) + Yi(TyTje — TjTpe + T.T;)
+ Tlc(Tbj + Yij — Y}Tb) - Tbj (Tlc + Ych).

In case (1.2), the leading term of S(f,g) is Y3T;T1.. Moreover

S(f,9)=ToMTe; — YTy + YiTie) = Yi(TyTey — TeTy; + TjThe)
+ Tlc(Tbj + Y1 — Yij) — Ty (The + 1T0).

This shows that S(f,¢) is in standard form relative to G.

Case (Fa, F7)

Let
f=TTy - TTy; € Fay, g =ToTye — TyToc +TTup € Fr
2<i1<j<n, 2<a<b<c<n.

The leading monomials of f and g are relatively prime except when j = ¢ in which case
we have the three possibilities:

(2<i<a<b<c=j<n
(2)2<a<i<b<c=j<n
3)2<a<b<i<c=j<n.

In all the above three cases, S(f,9) = —T;T1cTup — ToT1:Toe + T T1: o with leading term
equals to —T;T71.Top. In case (1),

S(f7 g) = _Ti(TlaTbc — TpToe + TlcTab) + Tbc(TiTla - TaTli)
— Tae(TiTrp — TyT1i).

In case (2),

S(f7 g) = 7117 (Tla,Tbc - leTac + TlcTa,b) - Tbc(TaTli - Crlea)
— Tac(TiT1y — TyThi).

In case (3),

S(f7 g) = 7T2 (TlaTbc - leTac + TlcTab) - Tbc(TaTli - TiTla)
+ Toc(TyT1i — TiThp)-

These are expressions of S(f, g) in standard form relative to G in each of the above three

e Case (F3, F3)
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Let
f=Tu+NT, g=T.+YT,
2 <1< n, 2<a<n.

be two distinct elements of F3. We can clearly assume that 2 < a < 7 < n in which case
S(f,9) = T,Thi — T;T1, € F>. In particular, S(f,¢g) is in standard form relative to G.

Case (F3, Fy)

Let
f=Tu+NT,eFs, g=Tu+Y, T, -1, € Fy

2 <1 <n, 2<a<b<n.

The only case where the leading monomials of f and g are not relatively prime is when
i = a. In this case

S(f7 g) = Ylea + YlTab + Y1YaTb
=Y, (T + Y111y) + (Y1 Tap — YaT1p + Yo T14).

Case (F3, F7)

Let
f=Tu+NTi e Fs, g=TThe —TyToe +TeTo € Fr

2<i<n, 1<a<b<cec<n.

When ¢ = ¢, one has

S(f7 g) =TTy — Y1ToTye + Y1Tp T
- Tac(le + YlTb) + (TlaTbc - leTac + TlcTab)
- Tbc(TIa + YlTa)~

Case (Fy, Fy)

Let
f:Tz'j +YiTj 7}/jTia g="Tw +YTp — VBT,

2<1 <y <n, 2<a<b<n

be two distinct elements of Fy. The leading monomials of f and g are relatively prime
except in either one of the following two cases:

()i=a (2)j=0.

In case (1), we may assume 1 < i =a < j < b < n. In this case S(f,g9) = -Y, Y, T, +
Y YTy 4+ Y;Ta, — Y3 T,; and one can easily verify that

S(f,9) =—YaTjp — Y;Tap + Vi Tus) + Yo (Tjy + YTy — Yo T5).
In case (2), we may assume 1 < i < a < j = b < n, in which case S(f,g) = Y T, T, —

YT, Ty + T;To, — Ty Ty Also, one can verify that
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S(f7 g) = (TiTab - TaTib + TbTiia) - Tb(/—Tia + YYiTa - Ya/—Ti)~

Case (Fy, Fs)

Let
=T +YT, =Y, T, € Fay, g=YTye = YTy + Y. D0y € Fo
2<i<j<n, 1<a<b<c<n.

The leading monomials of f and g are relatively prime except in the case where j = c.
Three subcases are possible:

(1)
(2)
3)1

In all these cases S(f,g9) = —TicTup — YiTeTop — YoTiTpe + Yo T; Ty with leading term
equals to —Y;T. Ty In case (1),

i<a<b<c=j<n

2<
1<a<i<b<c=j<n
<

a<b<i<c=j<n.

S(f7 g) = *(jjiaTbc - EbTac + ,-TicTab) - }/i(TaTbc - TbTac + TcTab)
- Tac(Tib + }/sz - YE)TZ) + Tbc(T%a + }/iTa - YaT%)'

In case (2),

S(f7 g) = (Tainc - Tab:ric + Tac,-rib) - Yri(TaTbc - TbTac + TcTab)
- Tac(Tib + )/in - Ysz) - Tbc(Tai + YaTi - }/iTa)'

In case (3),

S(f7 g) = (Tainc - Tab:ric + Tac/Tib) - Y—i(TaTbc - TbTac + TcTab)
+ Tac(Tbi + YT — Yz’Tb) - Tbc(Tai + Y. T; — YiTa)-

This proves that S(f, g) is in standard form relative to G in this case.

Case (Fy, F7)

Let
f:Tij+Y;Tj_YjTi€f47 g:TaTbc_TbTac+TCTab€f7
2<i<j<n, 1<a<b<e<n.

The leading monomials of f and g are relatively prime except in the case where i = c.
This leaves us with one possibility:

1<a<b<c=i<j<n.

In this case, S(f,9) = —TupTe; — YeT;Tap — Y;ToTve + Y TpToe with =Y T; T,y as leading
term. Moreover, the following is a representation of S(f,g) in standard form relative to

G.

14



S(f.9) = =Tue(To; + YW T; = Y;Tp) — (TusTej — TacTv;j + TajToe)
+ Tbc(Taj + Yan - ijTa) - Tj (YaTbc - }/bTac + YcTab)-

Case (Fg, F7)

Let
=Y Tye = YoToe + YT € Fo, g=TiTjr — TjTi + TiTi; € Fr

1<a<b<c<n, 1<i<j<k<n
Since LT(f) = Y.Ta and LT(g) = T}, T;;, it is enough to consider the following case
1<a=i<b=j<c<k<n.

In this case, S(f,9) = YoTuToe — Yo TiToe — YeTo Tk + YeTpTar, has =Y, T3 Ty as a leading
term. On the other hand, the following shows that S(f, ¢g) is in standard form relative to
G:

S(f7 g) = *Yb(TaTck - TcTak + TkTac) - Tak (Tbc - Y27Tc + Ych)

+ Toe(Tok + YT — ViTo) + T (YoTer — YTk + YiThe)-

This finishes the proof of Proposition 5.

3.4.  The proof of Theorem 4

In (4), the following tool for finite generation of the kernel of a locally nilpotent
derivation was given. We include the proof for the reader’s benefit.

Proposition 10. (Lemma 2.2, (4)) Let E C Ag C A C C be integral domains, where
E is a UFD. Suppose that some element d of E\{0} satisfies:

[ ) (AO)d = Ad
e pC' N Ay = pAyg for each prime divisor p of d, (in E)
then Ag = A.

Proof. The assumption pC N Ag = pAg implies (by an easy induction argument) that if
q is a finite product of prime factors of d, then ¢qCN Ay = qAyp. In particular, d"C'NAg =
d" Ay for all n > 0. Now if y € A, then d"y € Ag for some n > 0, so d"y € d"C' N Ag =
d"Ag and Yy < Ag. O

With the notations of Proposition 10, E plays the role of k[X], A plays the role of
ker D, Ay is a subalgebra of ker D (which is a candidate for ker D) and C plays the role
of k[ X,Y].

Let Ay = k[X1,...,Xn,Lij : 1 < i < j < n]. Then Ay C kerD and (Ao)x, =
(ker D)x, for i = 1,...,n. By Proposition 10, it is enough to show that X;k[X,Y] N
Ao C X1 Ap (the other inclusion being obvious). So let z € X 1k[X,Y] N Ay and choose
z € k[X,)Y], ® € k[T] such that = ®(X4,..., X, Lij : 1 <i < j <n)= Xz This
means that ® is in the kernel of the homomorphism

0 : k[T] 5 Ay — k[X,Y] 5 k[X,Y]/(X1)
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where 7 is the canonical epimorphism and € sends T; to X;, ¢ = 1,...,n and T} to Lji,
1 < j <k <n. Also, consider the homomorphism

K k[X,Y,T) S kX, Y] 5 E[X,Y]/(X))
where o is the homomorphism sending X;,T; to X;, Y; to Y; (¢ = 1,...,n) and Tj; to
L;;. It is clear that 6 is the restriction of k to k[T] and hence
ker @ = ker k N E[T. (5)

We claim that kerx is the ideal I (considered above) of k[X,Y,T] generated by the
elements
X1, T — X, T — Ljg, for1<i<nand1<j<k<n

Indeed, let N = w, and let T' = (71,...,vn) be the N-tuple
(Xla s 7X’I’L7Y17' <. 7Y’I’L7T1 - X17' <. 7T’n - X’I’L7T12 - L127' . ')T’I’L,nfl - Ln,n71)7

then T is clearly a coordinate system of k[X,Y,T] (that is k[X,Y,T] = k[y1,...,7n])-
Let A: k[y1,...,vn] — E[v2, ..., Y2n] be the homomorphism of k-algebras defined by the
following commutative diagram

KXY, T] = kX, Y]/(X1) 2 k[, .o 920]/(71)

| = | =
A
K[L] = k[y2, .- v2n)-

So

v if 2 <1< 2n

)\(%) =

0 ifi=1ori>2n

This means that ker A = ker & = {1, Yon+1,Y2n+2,---,Yn) = I, and the claim is proved.

Since G = U!_,F; is a Groebner basis for the ideal I, the elimination theory together
with (5) implies in particular that the set

H = {Tl}U}_g U Fs U Fy

generates ker § as an ideal of k[T] and hence

¢ = Z (&ihi(T)) + T1p(T) (6)

for &,p € k[T] and h; € Fo U Fs U Fr. On the other hand, one can easily verify the
following identities:

XiLlj — XjLM = XlLij € Xle, 2<i<g3<n
LiijlfLikLﬂ*FLilek:O, 1<i<j<k<li<n

Xiij 7XjL,;k +Xijk =0,1<i<j<k<n.
This means that x = ®(X, L) € X; Ay, and the theorem is proved.
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4. On the proof of (6)

We start with a sufficient condition for the G,-invariant subring to be finitely generated
over k given by H. Kojima and M. Miyanishi in (6). First some notation. Let C be
a noetherian domain, A = > .  A™ a finitely generated graded C-algebra which is
an integral domain. Let § : A — A be a locally nilpotent C-derivation of A which is
homogeneous of degree —1; that is §(A"*!) C A" for each n > 0. Let Ag and A; be
the subrings 6=1(0) and (62)71(0) of A, respectively. Let R = A[T] be a polynomial
in one variable over A, ¢ € C\{0} and let Ry = A~!(0) where A denote the locally
nilpotent C-derivation Ca% + 6 of R. Write 6(A1)NC =31, 6(u;)C with u; € A; and
let c;v; = 6(u;)T — cu; for some ¢; € C and v; € R, where ¢; is a factor of d(u;) and c.
Let R’ = Aplv1,...,v;], then R’ is a graded subalgebra of R, which one can regard as a
graded ring by setting R" =2, ,_, AT with degT = 1.

Theorem 11. (Theorem 1.1, (6)) With the above notations and assumptions, we as-
sume further that:

e (1) Ag is finitely generated over C;

® (2) depth,R > 2 and depth,R' > 2 for every p € SpecC with p 2 (A1) N C.

Then R’ = Ry. Hence Ryg is finitely generated over C.

This tool for finite generation of Ry is then used to prove the following

Theorem 12. (Theorem 1.2, (6)) Let m > 2, let A = k[X1,...,Xm,Y1,..., Y] be
a polynomial ring in 2m variables and let A = Y 1", Xf“(?/aYi be a locally nilpotent
k-derivation of A, where t > 2. Then the invariant subring Ao := A~1(0) is given as

Ao =k[X1,. ., X, XY = X3 01 << j < m

E[X1, oo, X, Uiy 1 1< i< j <k <m)
(XU — XU + XU 1 <i<j<k<m)

Here, in the second presentation of the ring Ao, we adjoin variables U;; to the polynomial
ring k[X1, ..., Xum] for all possible pairs (i, ) with 1 < i < j < m and consider the residue
ring modulo the ideal generated by the elements

XU = X5 Ui + XU
for all possible triplets (i,7,k) with 1 <i<j <k <m.
In what follows we show that the proof of the above theorem, as it is given in (6), fails

at one stage. We begin by describing roughly the proof of the theorem propsed in (6). In
our argument we use m = 4 for simplicity.

Let D = k[X;, X2, X3, X4, Y1,Y>,Y3]. Then with the notation of Theorem 12, A =
D[Yy], and A = § + Xi“% where § = Zle Xt 9 In (6), the authors used an
induction hypothesis to assume that the kernel Dy of § has the form described in the

theorem. Since we are using a specific value for m, we can use a result from (4) to assume
that Do = k[X1, X2, X3, X4, X T'Y; — XI*1Y; 1 1 < i < j < 3] and the isomorphism
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Do = k[X1, X2, X3, X4, Uz, Ura, Uss] /(X1 Uns — X5 U3 + XEF1UL) (7)

follows easily. Write
Do = klxy, w2, T3, ur2, u13, u23) [ X4]
where x;, ug; are the images in Dy of X; and Uy;: 1 <1i < 3,1 <k <[ < 3 respectively.

For the passage from m = 3 to m = 4, the authors used Theorem 11 to show that Ay
is isomorphic to
A= Do[XITY, — Xy, s 1 <0 < 3).

To achieve this, the authors needed to know that the following quotient ring:
B := Do[Uy,Us, Us] /(X[T'U; = XIHU; + XU 1 1< i< j <3)

is isomorphic to A’ via the natural Dy-homomorphism ¢ : B — A’ sending U; to X Z-t+1Y4—
Xﬁ'HYi (1 <4 <3). Clearly ¢ is onto, and to show that it is injective, the authors argued
first that B is an integral domain and then use the relation

height (ker ¢) + dim(B/ ker ¢) = dim B

together with the fact that dim A’ = dim B to deduce that ker ¢ = 0. So, the only detail
that remains to be checked is the fact that B is indeed a domain. To do this, the authors
argued that the image x4 of X4 in B is a nonzero divisor of B and that the quotient ring
B/x4B is a domain. In the following subsection, we prove that B is not a domain.

4.1.  Proof of the fact that B is not a domain
Let k[X][Y][U1, Uz, Us] be the polynomial ring in eleven variables over k, where X =
{X1, X2, X35, X4}, Y = {Y1,Y5,Y3,Y,} are the sets of variables. For each i, € {1,2, 3,4},
we set
Lij = XY, — XY, My = XY, — XY + XL
Then B = S/P where
S = k[X][L1,2, L1,3, L2s][U1, Us, Us]

and P is the ideal of S generated by M; 2, M 3 and Ms 3. Consider the homomorphism
of k[X,Y]-algebras

¢ k[ X,Y]|Uy,Us,Us] — k[X,Y][L1 4, L2 4, L3 4]
defined by ¢'(U;) = L; 4 for i = 1,2,3. In view of the relations:

Los= X" NXS T Ly 3 — X5 L), Ly = XN XLy, — XEPNL )
for i = 2,3, we know that the transcendence degree of

¢'(S) = k[X][L1 2, L1,3, Lo 3] [L1,4, L2, L3 4
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over k is seven. Here, the transcendence degree of a k-domain R is defined to be the
transcendence degree of the field of fractions of R over k. Clearly, ¢'(S) is isomorphic to
S/(S Nker¢’). It follows that

¢'(M; 5) = X" Ljy— XiT Lig+ XL ;=0

for 1 <1< j <3, so P is contained in the prime ideal S Nker ¢’. Hence, X is not in P
since ¢'(X1) # 0. Thus, the image x; of X; in B is not zero.

Now suppose to the contrary that B is a domain, then in particular P is a prime ideal
of S. Moreover

B C Blzy') = S[X; /P 2 k[X]|[X{ ', L2, L1 3, Lo s, U1]
= k[XHXl_laLl,QaLl,?n U],

where P’ is the ideal of S[X '] generated by
X7 My = U — (X X)) 0 4+ (X X)Ly

for i = 2,3. From this, we know that the transcendence degree of B is seven. Conse-
quently, we must have P = S Nker ¢/, since the transcendence degree of S/(S Nker ¢') is
also seven. A direct computation shows that

f=Y1iMy3 — YoM 3+ YsMy o= —LosUs + L1 3Us — L1 2Us.

Hence, f € S Nker¢’. We show that f does not belong to P by contradiction. Note
that the monomial Y1X§+1U3 appears in f with a nonzero coefficient. Suppose that
f = fiMa3z + foMi 3+ fsM; o for some fi, fa, f3 € S. Then Y1X§+1U3 must appear
in f1X§+1U3 or f/ = —f1X§+1U2 + f1Xi+1L273 + f2M173 + f3M172. It is easy to check
that each monomial appearing in f’ is divisible by one of Xf+l,X§+1, XZ‘H, Uy and Us
in k[X][Y][U1, Us, Us], while Y1X§+1U3 is not. Hence }/1X§+1U3 appears in f1X§+1U3.
This implies that the monomial Y7 appears in f;. However, it follows from the definition
of S that the monomial Y; does not appear in any element of S, a contradiction. Thus,
f does not belong to P, and so we get that P # S Nker ¢’. This is a contradiction.

This proves that B is not a domain.

Acknowledgment. The simple proof of the fact that B is not a domain appearing
in the last section is due to the referee of this paper. In the original version of the paper,
the author proved that B/x4B was not a domain, but was not sure about the fact that B
itself is a domain. The author would also like to thank the referee for his many valuable
comments and suggestions.
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