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Abstract. For a group G, we denote by mfaithful(G), the smallest dimension of a faithful complex repre-
sentation of G. Let F be a non-Archimedean local field with the ring of integers O and the maximal ideal
p. In this paper, we compute the precise value of mfaithful(G) when G is the Heisenberg group over O/pn.
We then use the Weil representation to compute the minimal dimension of faithful representations of the
group of unitriangular matrices over O/pn and many of its subgroups. By a theorem of Karpenko and
Merkurjev [7, Theorem 4.1], our result yields the precise value of the essential dimension of the latter finite
groups.

1. Introduction

For a given finite group G and a field K, let mfaithful,K(G) denote the least integer n such that G embeds
into GLn(K). Formally, if dρ denotes the degree of a G-representation (ρ, V ) over K, then we define:

(1) mfaithful,K(G) := min
ker ρ={1}

dρ.

Apart from its intrinsic interest, the question of computing or obtaining reasonable bounds formfaithful,K(G)
has found several applications. For example when G = G(Fq), where G is a Chevalley group, such bounds
have proven to be useful in various combinatorial problems that have to do with the group expansion
problem [1].

In contrast, in this paper, we are mostly concerned with situations in which G is a p-group. For such
groups, mfaithful,K(G) is related to the theory of essential dimension of algebraic groups. The notion of
essential dimension edK(G) of a finite group G over a field K was introduced by Buhler and Reichstein [2].
The integer edK(G) is equal to the smallest number of algebraically independent parameters required to
define a Galois G-algebra over any field extension of K. Recently, Karpenko and Merkurjev [7] proved
that the essential dimension of a p-group G over a field K containing a primitive pth root of unity is equal
to mfaithful,K(G). For brevity of the exposition, we will always assume that K = C (and hence drop the
subscript K), though some of our results extend in a straightforward way to arbitrary fields that contain
enough roots of unity.

In order to state the results, let us set some notation. Throughout this paper F will denote a non-
Archimedean local field with discrete valuation ν. We will denote the associated ring of integers by O,
the unique maximal ideal of O by p, and the associated residue field by Fq where q = pf , and we call f
the absolute inertia degree of F . Moreover the number e = ν(p) is called the absolute ramification index
of F . We remark that for the local field Fq((T )), we have e = ν(p) = ∞. Our first theorem gives an
explicit formula for the dimension of the smallest faithful representation of the Heisenberg group over a
large class of rings.

Theorem 1.1. Let Heis2k+1(O/pn) denote the Heisenberg group defined over O/pn. Then

(2) mfaithful (Heis2k+1(O/pn)) =

ξ−1∑
i=0

fqk(n−i) , ξ = min {e, n} ,

where f is the absolute inertia degree, e is the absolute ramification index, and q is the size of the residue
field of F .
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For n = 1 and O = Zp, this theorem was previously known [4, Section 2]. However, the general-
ization to arbitrary n and O requires a few new ideas. One reason is that unlike the case n = 1 and
O = Zp, in general the center of Heis2k+1(O/pn) is not a cyclic subgroup, and hence the faithful rep-
resentation of minimal dimension is not necessarily irreducible. Therefore, one cannot easily infer the
minimal dimension of faithful representations of this group from the character table. In order to compute
mfaithful(Heis2k+1(O/pn)), we have to carefully analyze the characters of arbitrary representations of this
group.

To wit, we will first have to classify all irreducible representations of Heisenberg groups. This can be
done by applying the celebrated Stone-von Neumann Theorem. As it turns out, this method works nicely
for finite quotient rings of unramified extensions of p-adic fields. Indeed in this case one can concretely
compute the polarizing subgroups of the generic characters. This does not seem to be easy for finite
quotient rings of ramified extensions and the Stone-von Neumann Theorem is no longer applicable. In-
stead, we will directly apply the “Mackey machine” to classify all irreducible representations of Heisenberg
groups.

By invoking the Weil representation along with Theorem 1.1, we will also compute mfaithful(Uk(O/pn))
where Uk(O/pn) ⊆ GLk(O/pn) is the group of unitriangular matrices with entries in O/pn.

Theorem 1.2. Let Heis2k+1(O/pn) ⊆ G ⊆ Uk+2(O/pn) be a group and assume that char(O/p) 6= 2.
Then

(3) mfaithful(G) = mfaithful(Heis2k+1(O/pn)).

For some other classes of two-step nilpotent groups, one can also use the Stone–von Neumann Theorem
to give a different (and short) proof the following result, which was obtained previously by Meyer and
Reichstein [8, Theorem 1.4].

Theorem 1.3. Let H be a finite two-step nilpotent p-group with a cyclic commutator subgroup. Then

(4) mfaithful(H) =
√

[H : Z(H)] +mfaithful(Z(H))− 1,

where Z(H) is the center of H.

For some semidirect products, the minimal dimension of faithful representations can be computed by
the following proposition whose proof is fairly simple (see Section 6).

Proposition 1.4. Let H be a finite group acting (by group automorphisms) on a cyclic group C = 〈a〉
of order pn, where p is a prime number and n ≥ 1. Let Ha denote the H-orbit of the generator a ∈ C.
Then

(5) mfaithful(C oH) ≥ |Ha|.
Moreover, equality occurs in (5) if C is a faithful H-module.

It is worth noting that if C is not cyclic, mfaithful(C o H) could be much smaller than the size of a
typical H-orbit. For instance, let C be the direct product of n copies of the group Z/2Z and let H = Sn
be the symmetric group on n letters acting on C by permuting the factors. It is easy to see that signed
permutation matrices provide a faithful n-dimensional representation of the group CoH, whereas typical
H-orbits have size around

(
n
n/2

)
, which is clearly much larger than n. However, for some spacial semi-

direct products involving the (non-cyclic) additive group of O/pn, we can still give some explicit bounds.
For a commutative ring R, we will write Aff(R) for the affine group R o R×, where R×, the group of
units of R, acts by multiplication on the additive group (R,+).

Theorem 1.5. With the above notation we have

(6) mfaithful(Aff(O/pn)) = qn − qn−1.

Remark 1.6. For a finite field Fq, char(Fq) 6= 2, let ι be a faithful one-dimensional representation of the
cyclic group F×

q2 and let ρ = ρι be the corresponding cuspidal representation of GL2(Fq) of dimension q−1.

Using an explicit computation of the character of ρ (see [10], §22) one can see that χρ(g) = q − 1 if and
only if g is the identity matrix. This shows that ρ is a faithful representation of GL2(Fq) (see Lemma 6.2)
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and so mfaithful(GL2(Fq)) ≤ q − 1. But from Theorem 1.5 we also know that mfaithful(GL2(Fq)) ≥ q − 1.
Hence mfaithful(GL2(Fq)) = q− 1. Moreover from Theorem 1.5 we have mfaithful(GL2(O/pn)) ≥ qn− qn−1.
It is of interest to know how sharp this bound is.

This paper is organized as follows. In Section 2, we will set some notation and gather some information
about the representation theory of additive groups. In Section 3, we analyze faithful representations of
p-groups and state a verion of the Stone–von Neumann Theorem that will be used later. Section 4 and
Section 5 are devoted to the proof of Theorem 1.1 and Theorem 1.2. Finally we will present the proofs of
Theorem 1.5 in Section 6.

2. Preliminary

In this section we set some notation which will be used throughout this paper. We also recall some
basic facts about local fields that can be found in [9, 12].

2.1. Notation. Let G be a group with the identity element 1. If x, y ∈ G then the commutator of x
and y is denoted by [x, y] := xyx−1y−1. The center and the commutator subgroup of G will be denoted,
respectively, by Z(G) and [G,G]. For a p-group G, we write Ω1(G) := {g ∈ G : gp = 1}. The Pontryagin

dual of an abelian group A, i.e., Hom(A,C∗), will be denoted by Â. Evidently, when A is an elementary

abelian p-group, Â is canonically a Z/pZ-vector space. We will use the shorthand e(x) := exp(2πix). We
will denote vectors by boldface letters. Finally let H ≤ G be a subgroup and assume that ρ : H → GL(V )
is a representation. An extension of ρ to G is a representation ρ̃ : G→ GL(V ) such that ρ̃|H = ρ.

2.2. Additive characters of quotient rings of local fields. A non-Archimedean local field is a com-
plete field with respect to a discrete valuation that has a finite residue field. By the well-known classi-
fication of local fields, any non-Archimedean local field is isomorphic to a finite extension of Qp (p is a

prime number) or is isomorphic to the field of formal Laurent series Fq((T )) over a finite field with q = pf

elements [12, Chapter II, §4, §5]. For a non-Archimedean local field F with discrete valuation ν, we will
denote its ring of integers, its unique prime ideal and its residue field by O, p and Fq respectively. We
will also fix a uniformizer, denoted by $. For any integer m ∈ Z, write pm := {x ∈ F : ν(x) ≥ m}. We
have thus the following filtration of F :

F ⊇ · · · ⊇ p−2 ⊇ p−1 ⊇ p0 = O ⊇ p ⊇ p2 ⊇ · · · ⊇ {0}.

For all m ∈ Z, there exists a natural isomorphism of additive groups pm/pm+1 ∼= O/p.
Set R := O/pn. An additive character ψ : R → C∗ is called primitive if kerψ does not contain a

non-zero ideal of R. Note that a primitive character exists, or else all characters of R would come from
R/a, for some ideal a, and a counting argument shows this is not possible.

Fix a primitive character ψ : R→ C∗. For b ∈ R we define

ψb : R→ C∗ , x 7→ ψ(bx).

It is straightforward to show that Φ1 : R → R̂ that maps b 7→ ψb, is a group isomorphism. Now let a be

an ideal in R with the annihilator Ann(a) := {r ∈ R : ra = 0}. Since the restriction map R̂ → â is a
surjective group homomorphism, we deduce that the map

Φ2 : R/Ann(a)→ â , b+ Ann(a) 7→ ψb|a ,

is a group isomorphism. Notice that Ann(pm/pn) = p(n−m)/pn, and so we obtain the following lemma.

Lemma 2.1. For integers 0 ≤ m ≤ n, every additive character of the abelian group pm/pn is of the form

ψb : pm/pn → C∗ , x 7→ ψ(bx),

for a unique b+ p(n−m)/pn ∈ (O/pn)/(p(n−m)/pn) ∼= O/pn−m. In particular p̂m/pn ∼= O/p(n−m).
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3. Faithful representations of some p-groups

In this section after reviewing some basic facts on central characters of faithful representations of p-
group and recalling the Stone–von Neumann Theorem, we compute the minimal dimension of faithful
representations of two-step nilpotent p-groups with a cyclic commutator subgroup.

3.1. Central characters of faithful representations of p-groups. Let A be a finite abelian group.
We denote the minimal number of generators of A by d(A). For an exact sequence of abelian groups
0→ A1 → A→ A2 → 0, we have the following inequalities

(7) max{d(Ai) : i = 1, 2} ≤ d(A) ≤ d(A1) + d(A2).

The number of invariant factors of A will be denoted by d′(A). A direct consequence of the elementary
divisor theory is the equality d′(A) = d(A). Evidently we have mfaithful(A) ≤ d′(A). Now for a given faith-
ful representation ρ : A→ GLm(C), by decomposing ρ into irreducible representations and applying (7),
we get d(A) = d′(A) ≤ mfaithful(A). Hence for a finite abelian group A we have mfaithful(A) = d(A) = d′(A).
We will summarize these in the following lemma:

Lemma 3.1. For a finite abelian p-group A we have

(8) d(A) = d′(A) = mfaithful(A) = dimZ/pZ(A⊗Z Z/pZ) = dimZ/pZ(Ω1(A)).

Now let E be a finite elementary abelian p-group with the canonical Z/pZ-vector space structure. One
can verify that every one-dimensional representation χ : E → C∗ factors uniquely as χ = ε ◦ χ◦, where
χ◦ ∈ Hom(E,Z/pZ) and the embedding ε : Z/pZ → C∗ is defined by ε(x + pZ) = e(x/p). Hence the
Z/pZ-linear map

(9) Ê → Hom(E,Z/pZ) , χ 7→ χ◦,

provides an isomorphism of Z/pZ-vector spaces between Ê and Hom(E,Z/pZ). Now, let H be a finite
p-group. Applying (9), we obtain the Z/pZ-isomorphism

(10) Hom(Ω1(Z(H)),C∗)→ Hom(Ω1(Z(H)),Z/pZ).

Hereafter the Z/pZ-vector space Hom(Ω1(Z(H)),C∗) will be denoted by Ω̂1(Z(H)).

Remark 3.2. Recall the standard fact that for a finite p-group H, any non-trivial normal subgroup of
H intersects Z(H) and hence Ω1(Z(H)) non-trivially. Therefore a representation of H is faithful if and
only if its restriction to Ω1(Z(H)) is faithful.

We recall the following simple lemma.

Lemma 3.3. Let g, f1, . . . , fn be linear functionals on a vector space V with respective null spaces
N,N1, . . . , Nn. Then g is a linear combination of f1, . . . , fn if and only if N contains the intersection
N1 ∩ · · · ∩Nn.

The following observation, due to Meyer and Reichstein [8], will play a crucial role in computing the
dimension of minimal faithful representations of p-groups.

Lemma 3.4. Let H be a finite p-group and let (ρi, Vi)1≤i≤n be a family of irreducible representations of

H with central characters χi. Suppose that {χi|Ω1(Z(H))
: 1 ≤ i ≤ n} spans Ω̂1(Z(H)). Then ⊕1≤i≤nρi is

a faithful representation of H.

Proof. Since {χi|Ω1(Z(H))
: 1 ≤ i ≤ n} spans Ω̂1(Z(H)), from Lemma 3.3 and the Z/pZ-isomorphism (10)

we see that
⋂n
i=1 kerχi|Ω1(Z(H))

= {1}. Hence ⊕1≤i≤nρi is a faithful representation of Ω1(Z(H)) and so

from Remark 3.2, ⊕1≤i≤nρi is a faithful representation of H. �

Lemma 3.5. Let H be a finite p-group and let ρ be a faithful representation of H with the minimal
dimension. Then ρ decomposes as a direct sum of exactly r = d(Z(H)) irreducible representations

(11) ρ = ρ1 ⊕ · · · ⊕ ρr.

Therefore the set of central characters {χi|Ω1(Z(H))
: 1 ≤ i ≤ r} is a basis for Ω̂1(Z(H)).
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Proof. Let ρ = ⊕1≤i≤nρi be the decomposition of ρ with central characters χi, 1 ≤ i ≤ n. Since ρ is
a faithful representation and r = d′(Z(H)), we have n ≥ r. Furthermore

⋂n
i=1 kerχi = {1}, since ρ

is faithful. Hence from Lemma 3.3, Lemma 3.4 and minimality of dim(ρ) we conclude that n = r and

{χi|Ω1(Z(H))
: 1 ≤ i ≤ r} is a basis for Ω̂1(Z(H)). �

As an immediate application of Lemma 3.5, we obtain the following result which provides an upper
bound for the minimal dimension of a faithful representation of any p-group. This upper bound is sharp
for Heis2k+1(Z/pnZ) according to Theorem 1.1 in the special case O = Zp.

Corollary 3.6. Let H be a finite p-group with center Z(H). Let A be a maximal abelian subgroup of H.
Then mfaithful(H) ≤ mfaithful(Z(H))[H : A].

Proof. Let ρ be a faithful representation with minimal dimension. Then we have the irreducible decom-
position ρ = ρ1 ⊕ · · · ⊕ ρr, where r = d′(Z(H)) = mfaithful(Z(H)). The inequality will now follow from
the fact that the dimension of any irreducible representation of H is at most [H : A] (see [11], §3.1,
Corollary). �

The following technical lemma will be used in the proof of Theorem 1.3.

Lemma 3.7. Let C be an abelian p-group with a cyclic subgroup B. Then C has r = d(C) one-dimensional
representations χ1, . . . , χr such that ker(χ1) ∩ B = {1}, B ⊆

⋂r
i=2 ker(χi) and χ1 ⊕ χ2 ⊕ · · · ⊕ χr is a

faithful representation of C.

Proof. Assume r ≥ 2 and B 6= {1}, as otherwise the lemma is obvious. Since B is a cyclic subgroup

and the restriction map Ĉ → B̂ is surjective, C admits a one-dimensional representation χ1 such that
ker(χ1) ∩B = {1}. Set K = ker(χ1). We show that d′(K) = r − 1. In fact, since C/K is a cyclic group,
d′(K) is either r or r − 1. In the case d′(K) = r, the natural Z/pZ-linear map i : Ω1(K) ↪→ Ω1(C) must
be an isomorphism, which is impossible since K ∩ B = {1} and B has a non-trivial element of order
p. Therefore d′(KB/B) = r − 1. Pick r − 1 one-dimensional representations χ′2, . . . , χ

′
r of KB/B such

that χ′2 ⊕ · · · ⊕ χ′r is a faithful representation of KB/B and extend them to C/B. Let χ2, . . . , χr be the
corresponding one-dimensional representations of C. The representations χ1, . . . , χr satisfy our desired
conditions. �

Using this lemma we prove the following result.

Corollary 3.8. Let H be a finite two-step nilpotent p-group with a cyclic commutator subgroup. Let A
be a maximal abelian subgroup of H. Then mfaithful(H) ≤ [H : A] +mfaithful(Z(H))− 1.

Proof. Let r = d′(Z(H)) = mfaithful(Z(H)). Since [H,H] is a cyclic subgroup of Z(H), by Lemma 3.7,
we can find r one-dimensional representations χ1, . . . , χr of Z(H) such that ker(χ1) ∩ [H,H] = {1} and
χ2, . . . , χr vanish on [H,H]. Hence each χi, 2 ≤ i ≤ r, defines a representation of Z(H)/[H,H] which can
then be extended to a representation of H/[H,H] and consequently to a one-dimensional representation
χi, 2 ≤ i ≤ r of H. Let χ1 be also an extension of χ1 to a character of A. We now claim that

ρ = IndHA (χ1)⊕ χ2 ⊕ · · · ⊕ χr,

is a faithful representation of H of dimension [H : A] + r − 1. The faithfulness follows from the fact that
the restriction of ρ to Z(H) is faithful. �

3.2. Stone–von Neumann Theorem. Let us first recall a version of the Stone–von Neumann Theorem
that will be used in this paper. It is worth mentioning that the Stone-von Neumann Theorem holds in a
much broader setting [6], but this more general theorem will not be needed here.

Let H be a finite two-step nilpotent group. If A is any subgroup of H containing Z(H), we will denote
Ā := A/Z(H). For x ∈ H, we will similarly denote its image in H/Z(H) by x̄. Notice that any subgroup
of H containing Z(H) is a normal subgroup. Let χ be a one-dimensional representation of Z(H). This
defines a skew-symmetric bilinear form on H̄ given by

(12) 〈x̄, ȳ〉 := χ ([x, y]) .



6 M. BARDESTANI, K. MALLAHI-KARAI, AND H. SALMASIAN

χ is called generic if the above pairing is non-degenerate, that is, if every character of H̄ has the form
x̄ 7→ 〈x̄, ȳ〉, for a unique ȳ ∈ H̄. Assuming χ is generic, we say that a subgroup A ≤ H is isotropic if
Ā ⊆ Ā⊥ where Ā⊥ = {x̄ ∈ H̄ : 〈x̄, ā〉 = 0, ∀ā ∈ Ā}. We say that A is polarizing if Ā = Ā⊥. For the proof
of the following theorem we refer the reader to [3, §4.1].

Theorem 3.9 (Stone–von Neumann Theorem). Let H be a finite two-step nilpotent group, and let χ
be a generic character of its center Z(H). Then there exists a unique isomorphism class of irreducible
representations of H with central character χ. Such a representation may be constructed as follows:
choose any polarizing subgroup A of H, and let χ̃ be any extension of χ to A. Then IndHA (χ̃) will be such
a representation.

Now let χ be a one-dimensional representation of Z(H) such that ker(χ) ∩ [H,H] = {1}. Then it is
easy to see that χ is generic and any maximal abelian subgroup of H is a polarizing subgroup. Therefore
we have the following corollary of the Stone–von Neumann Theorem.

Corollary 3.10. Let H be a finite two-step nilpotent group with center Z(H), and let χ be a one-
dimensional representation of Z(H) such that ker(χ) ∩ [H,H] = {1}. Let χ̃ be any extension of χ to a
maximal abelian subgroup A. Then, up to isomorphism IndHA (χ̃) is the unique irreducible representation
of H with central character χ.

We also need the following lemma:

Lemma 3.11. Let H be a finite two-step nilpotent group such that [H,H] is cyclic. Let A be a maximal
abelian subgroup of H. Then √

[H : Z(H)] = [H : A].

Proof. Since the commutator subgroup is cyclic then (12) gives a symplectic structure on H/Z(H). Then
the lemma is a direct consequence of Proposition, Section 2.2 of [13]. �

3.3. Proof of Theorem 1.3. Let (ρ, V ) be a faithful representation of H with minimal dimension.
Then ρ decomposes completely into irreducible representations Vi, 1 ≤ i ≤ r where r = d′(Z(H)) =
mfaithful(Z(H)). By Schur’s lemma, for any z ∈ Z(H) and any v ∈ Vi we have ρ|Z(H)

(z)(v) = χi(z)v,

where χi is a one-dimensional representation of Z(H). Let h be a generator of [H,H] of order pn.
We claim that there exists an i such that χi(h) is a primitive pnth root of unity in C. Assume the

contrary. Then for all i, we have χi(h
pn−1

) = 1, which implies that hp
n−1 ∈ ker ρ. This contradicts

the fact that ρ is a faithful representation. Hence there exists an i such that kerχi ∩ [H,H] = {1}.
By Corollary 3.10, we should have Vi = IndHA (χ̃i), where χ̃i is any extension of χi to A. Therefore
dim(Vi) = [H : A] and so mfaithful(H) ≥ [H : A] + mfaithful(Z(H)) − 1. By Corollary 3.8 we also have
mfaithful(H) ≤ [H : A] +mfaithful(Z(H))− 1. These facts together with Lemma 3.11 proves Theorem 1.3.

4. Representations of Heisenberg groups

For a (commutative and unital) ring R, the Heisenberg group with entries in R is defined by

H := Heis2k+1(R) :=

(x,y, z) :=

1 x z
0 Ik yT

0 0 1

 : x,y ∈ Rk, z ∈ R

 .

We record two basic identities:

(x1,y1, z1)(x,y, z)(x1,y1, z1)−1 = (x,y,x1y
T − xyT1 + z),

[(x1,y1, z1), (x2,y2, z2)] = (0, 0,x1y
T
2 − x2y

T
1 ).

(13)

We will also make use of the following subgroups of H:

(14) A :=
{

(x, 0, z) : x ∈ Rk, z ∈ R
}
, L :=

{
(0,y, 0) : y ∈ Rk

}
, Z = {(0, 0, z) : z ∈ R} .

It is easy to see that A is a maximal abelian subgroup of H, H = A o L and Z is the center of H. We
identify the center of Heis2k+1(R) with R in the obvious way.
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4.1. Proof of Theorem 1.1. We will need the following simple inequality later.

Lemma 4.1. Let a0, . . . , am−1 be non-negative real numbers with
∑m−1

i=0 ai = m, and assume that for any
0 ≤ i ≤ m− 1 we have ai + · · ·+ am−1 ≤ m− i. Then for any decreasing sequence x0 ≥ · · · ≥ xm−1, we
have

m−1∑
i=0

aixi ≥
m−1∑
i=0

xi.

Now we recall briefly the little group method. For a more detailed discussion, we refer the reader to [11],
§8.2. Let H = Heis2k+1(O/pn). Then H = A o L where A and L are as in (14). Consider the action of

H on Â given by (h · ψ)(a) := ψ(h−1ah). Let (ψs)s∈F be a system of representatives for the L-orbits in

Â, and for each s ∈ F set Ls = StabL(ψs) so that h · ψs = ψs for all h ∈ Ls. Set Hs := ALs. Thus, one
can show that the extension of ψs, defined by ψs(ah) := ψs(a), a ∈ A and h ∈ Ls, is a one-dimensional
representation of Hs. Let λ be an irreducible representation of Ls. We obtain an irreducible representation
λ̃ of Hs by setting λ̃(ah) := λ(h), a ∈ A and h ∈ Ls. Now, ψs ⊗ λ̃ gives an irreducible representation of

Hs. Finally define θs,λ := IndHHs(ψs ⊗ λ̃).
Theorem 4.2 (Wigner-Mackey theory). Under the above assumptions, we have

(i) θs,λ is irreducible.
(ii) If θs,λ and θs′,λ′ are isomorphic, then s = s′ and λ is isomorphic to λ′.

(iii) Every irreducible representation of H is isomorphic to one of the θs,λ.

Recall that ψ : O/pn → C∗ is our fixed primitive character. Then from Lemma 2.1, any element in the

character group Â is of the form

(15) ψb,b(x, 0, z) := ψb(x)ψb(z) = ψ(b1x1 + · · ·+ bkxk + bz),

where b = (b1, . . . , bk) ∈ (O/pn)k, b ∈ O/pn and ψb(x) = ψb1(x1) · · ·ψbk(xk).

Proposition 4.3. Let ψb,b ∈ Â with b ∈ pi/pn and b 6∈ pi+1/pn for 0 ≤ i ≤ n. Then StabL(ψb,b) has qik

elements.

Proof. Let (0,y, 0) ∈ StabL(ψb,b). By (13), for any (x, 0, z) we have

(16) (0,y, 0)(x, 0, z)(0,y, 0)−1 = (x, 0,−xyT + z).

Since (0,y, 0) ∈ StabL(ψb,b), we obtain

(17) ψb,b(x, 0, z) = ψb,b(x, 0,−xyT + z) for every (x, 0, z) ∈ A.

This means that for all x ∈ (O/pn)k we have ψ(bxyT ) = 1. Since b ∈ (pi/pn) \ (pi+1/pn) and ψ is

primitive, we must have (0,y, 0) ∈ (p(n−i)/pn)k. Therefore

StabL(ψb,b) ∼= (p(n−i)/pn)k,

which has qik elements. �

Definition 4.4. For an arbitrary ` ≥ 1 and b = b̃+ p` ∈ O/p`, the level of b is defined to be min{ν(b̃), `}.
Similarly the level of the additive character ψb : O/p` → C∗ is defined by the level of b.

Let (ψbs,bs)s∈F be a system of representatives for the orbits of L in Â. Then the representations θs,λ,
obtained from Theorem 4.2, list all irreducible representations of H.

Remark 4.5. The central character of the irreducible representation θs,λ, obtained from ψbs,bs , is ψbs .

Since any irreducible representation of L is one-dimensional, Proposition 4.3 allows one to compute the
dimension of θs,λ. The following corollary shows that the dimension of any irreducible representation of
the Heisenberg group H is determined by the level of its central character.

Corollary 4.6. The dimension of θs,λ is q(n−ms)k, where ms is the level of the central character of θs,λ.
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Let F be a p-adic field with absolute ramification index e (see Section 1). Then pO = pe and hence
for n ≥ e we have O/pn ⊗Z Z/pZ = O/pe. When n < e we have O/pn ⊗Z Z/pZ = O/pn. In both
cases, O/pn ⊗Z Z/pZ = O/pξ where ξ = min{n, e}. For the local field Fq((T )) we obviously have
O/pn ⊗Z Z/pZ = O/pn.

Lemma 4.7. Let F be a non-Archimedean local field with the absolute ramification index e and the
absolute inertia degree f . For each n ≥ 1, we have Ω1(O/pn) = pn−ξ/pn and d(O/pn) = fξ, where
ξ = min {n, e}.

Using this we now construct a faithful representation of Heis2k+1(O/pn).

Lemma 4.8. The group Heis2k+1(O/pn) has a faithful representation of dimension
∑ξ−1

i=0 fq
k(n−i), where

f is the absolute inertia degree, e is the absolute ramification index, and ξ = min{n, e}.

Proof. Let ω1, . . . , ωf be units in O such that {ω1 +p, . . . , ωf +p} forms a basis for O/p over Z/pZ. Define

(18) bij = ωi$
j , 1 ≤ i ≤ f, 0 ≤ j ≤ ξ − 1,

where ξ = min{n, e}. Set b′ij := bij + pn. Thus the set {ψb′ij} contains exactly f elements of the level j

for each 0 ≤ j ≤ ξ − 1. Using Theorem 4.2, we can construct an irreducible representation θij of H with

the central character ψb′ij . Notice that Ω1(O/pn) = pn−ξ/pn and so by Lemma 2.1,

(19) Ψ : O/pξ → Ω̂1(O/pn) , b+ pξ 7→ ψ(b+pn)|Ω1(O/pn)
,

is a group isomorphism and hence is a Z/pZ-vector space isomorphism. It is easy to verify that the set

(20)
{
bij + pξ : 1 ≤ i ≤ f, 0 ≤ j ≤ ξ − 1

}
,

is a basis for the Z/pZ-vector space O/pξ, and therefore from the Z/pZ-isomorphism (19) we can conclude

that the restrictions of {ψb′ij : 1 ≤ i ≤ f, 0 ≤ j ≤ ξ − 1} to Ω1(O/pn), is a basis for Ω̂1(O/pn). Thus by

Lemma 3.4,

ρ :=
⊕
i,j

θij , 1 ≤ i ≤ f, 0 ≤ j ≤ ξ − 1,

is a faithful representation of H. Now by Corollary 4.6, we have dim ρ =
∑ξ−1

i=0 fq
k(n−i). �

Next we prove the main theorem of this section.

Proof of the Theorem 1.1. Let r := d′(O/pn) = fξ (see Lemma 4.7). Let ρ be a faithful representation
of H of minimal dimension and let

(21) ρ = θs1,λ1 ⊕ · · · ⊕ θsr,λr ,

be the decomposition of ρ into irreducible factors. Let (ψb′i)1≤i≤r, where b′i = bi + pn ∈ O/pn, be the

central character of θsi,λi . From Lemma 3.5, we know that {ψb′i : 1 ≤ i ≤ r}, viewed as elements of

Ω̂1(O/pn), is a basis for Ω̂1(O/pn). From the Z/pZ-isomorphism (19), the set

(22)
{
b1 + pξ, . . . , br + pξ

}
,

is a basis for the Z/pZ-vector space O/pξ. For each 0 ≤ i ≤ ξ − 1, the dimension of pi/pξ over Z/pZ
is (ξ − i)f . Therefore the number of elements in the basis (22) with level at least i is at most (ξ − i)f .
For 0 ≤ i ≤ ξ − 1, let αi denote the number of elements in the set (22) which are of level i. Then
αi + · · ·+αξ−1 ≤ (ξ− i)f , for all 0 ≤ i ≤ ξ− 1 and α0 + · · ·+αξ−1 = ξf . From Corollary 4.6 we conclude

that the dimension of ρ is
∑ξ−1

i=0 αiq
k(n−i). Now by applying Lemma 4.1 (for ai = αi/f and m = ξ − 1),

we find that the dimension of the representation ρ is at least
∑ξ−1

i=0 fq
k(n−i). Lemma 4.8 completes the

proof. �
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5. Weil representation and proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. Set R = O/pn and assume that char(O/p) 6= 2.
Let Uk(R) ⊆ GLk(R) denote the group of unitriangular matrices. It is easy to see that Heis2k+1(R) is a
normal subgroup of Uk+2(R) and Uk+2(R) = Heis2k+1(R)oUk(R). We also remark that Z(Uk+2(R)) =
Z(Heis2k+1(R)). The Heisenberg group Heis2k+1(R) may be realized as follows. Let V = Rk × Rk be a
finite and free R-module. Define the symplectic form

(23) 〈(x1,y1), (x2,y2)〉 = x1y
T
2 − y1x

T
2 .

The Heisenberg group is defined as H(V ) = {(r, v) : r ∈ R, v ∈ V } with multiplication

(r1, v1)(r2, v2) = (r1 + r2 + 〈v1, v2〉, v1 + v2).

The symplectic group

Sp(V ) = {g ∈ GL(V ) : 〈gv1, gv2〉 = 〈v1, v2〉, ∀v1, v2 ∈ V },
acts on the Heisenberg group H(V ) by g(r, v) = (r, gv) for g ∈ Sp(V ) and (r, v) ∈ H(V ). It is easy to
see that the group H(V ) is indeed isomorphic to Heis2k+1(R). Moreover we can identify Uk+2(R) with a
subgroup of H(V ) o Sp(V ). Given an ideal aER, we set

V (a) = {v ∈ V : 〈v, V 〉 ⊆ a},
and denote the quotient module V/V (a) by Va. Obviously V (a1) ⊆ V (a2) when a1 ⊆ a2. For b ∈ R, let
ψb be an additive character of R. The set of ideals of R contained in kerψb has a unique maximal (with
respect to inclusion) element aψb , which is called the conductor of ψb.

Lemma 5.1. Let b ∈ O/pn with the level i where 0 ≤ i ≤ n. Then aψb = pn−i/pn.

Proof. Clearly we have pn−i/pn ⊆ aψb . Now let x ∈ aψb . Then for any s ∈ O/pn we have ψ(bxs) = 1.
Since the level of b is i and ψ is primitive, we have x ∈ pn−i/pn. �

We are ready to state the existence of the Schrödinger representation.

Proposition 5.2. Let ψb be an additive character of R = O/pn and assume char(O/p) 6= 2. Then there
exists a unique irreducible representation σψb (called the Schrödinger representation) of H(V ) with central

character ψb which is Sp(V )-invariant. Its dimension is equal to
√
|Vaψb |.

Proof. See [5, Proposition 2.2]. �

Remark 5.3. It is important to notice that the uniqueness in the above proposition may fail if we do
not impose the Sp(V )-invariance condition.

For the symplectic form (23) we can compute the dimension of the Schrödinger representation precisely.

Lemma 5.4. Let b ∈ O/pn be an element of level i. Then the dimension of the Schrödinger representation

σψb associated to ψb is qk(n−i).

Proof. From Lemma 5.1 we now that aψb = pn−i/pn. Then (23) shows that

V (aψb) =
(
pn−i/pn

)k × (pn−i/pn)k .
But |pn−i/pn| = qi and so Proposition 5.2 completes the proof. �

Definition 5.5. Let ψb be an additive character of R with the Schrödinger representation σψb : H(V )→
GL(X). A Weil representation of type ψb, is a linear representation σ̃ψb : Sp(V )→ GL(X) such that for
all h ∈ H(V ) and g ∈ Sp(V )

(24) σ̃ψb(g)σψb(h) = σψb(g · h)σ̃ψb(g).

Since the Weil representation is linear, from (24) we can deduce that the Schrödinger representation
σψb can be extended to H(V ) o Sp(V ) by mapping (h, g) to σψb(h)σ̃ψb(g). We will spend the rest of this
section proving Theorem 1.2.
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Proposition 5.6. For each additive character ψb of R there exists a Weil representation σ̃ψb of type ψb.

Proof. See [5, Theorem 3.2]. �

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2. We will prove mfaithful(Heis2k+1(O/pn)) = mfaithful(Uk+2(O/pn)). Define

bij = ωi$
j , 1 ≤ i ≤ f, 0 ≤ j ≤ ξ − 1.

Set b′ij := bij + pn. Let σψb′
ij

be the Schrödinger representations associated to the additive characters

ψb′ij . Notice that the center of H(V ) is {(r, 0) : r ∈ R} which we identify with R = O/pn. The proof of

Lemma 4.8 shows that {ψb′ij} is a basis for Ω̂1(O/pn). Thus by Lemma 3.4,

ρ :=
⊕
i,j

σψb′
ij

, 1 ≤ i ≤ f, 0 ≤ j ≤ ξ − 1,

is a faithful representation of H(V ). Moreover, Lemma 5.4 shows that dim(ρ) = mfaithful(Heis2k+1(O/pn)).
For each Schrödinger representation σψb′

ij

we have an associated Weil representation. Therefore σψb′
ij

can

be extended to a representation of H(V ) o Sp(V ). Thus ρ can be also extended to a representation ρ̃ of
H(V ) o Sp(V ). We claim that ρ̃|Uk+2(R) is a faithful representation. Notice that Uk+2(R) is a p-group
and Z(Uk+2(R)) = Z(Heis2k+1(R)). Hence ρ̃|Uk+2(R) is faithful on the center of Uk+2(R) and so by
Remark 3.2, ρ̃|Uk+2(R) is a faithful representation. Therefore mfaithful(Uk+2(R)) ≤ mfaithful(Heis2k+1(R)).
Evidently we also have mfaithful(Heis2k+1(O/pn)) ≤ mfaithful(Uk+2(O/pn)) which completes the proof. �

6. Representations of affine groups

In this section we record some elementary results on faithful representations of affine groups. We first
recall the character formula of the induced representation.

Lemma 6.1. Let G be a finite group with a subgroup H. Suppose (V, ρ) is induced by (W, θ) and let χρ
and χθ be the corresponding characters of G and of H. Let R be a system of representatives of G/H. For
each g ∈ G, we have

χρ(g) =
∑
r∈R

r−1gr∈H

χθ(r
−1gr).

Proof. See [11, §3.3, Theorem 12]. �

We also recall that for n complex numbers z1, . . . , zn ∈ C with |zj | ≤ 1, 1 ≤ j ≤ n, the equality
z1 + · · ·+ zn = n forces all zj to be equal to 1. From this fact it is easy to prove the following lemma.

Lemma 6.2. Let G be a finite group and let ρ : G→ GL(V ) be a representation with character χ. Then
ker(ρ) = {g ∈ G : χ(g) = χ(1)}.

Using these lemmas we have:

Lemma 6.3. Let A be a finite abelian group, and suppose that the finite group H acts on A. Let χ be a
one-dimensional representation of A with the property that for any 0 6= a ∈ A, there exists h′ ∈ H such
that χ(h′a) 6= 1. Then ρ := IndAoHA (χ) is a faithful representation of A o H. In particular, if A is a
cyclic group then mfaithful(AoH) ≤ |H|.

Proof. Set G = A oH and identify A and H with their isomorphic copies inside G. Lemma 6.1 asserts
that for any g = (a, h) ∈ G

(25) χρ(g) =


∑
h′∈H

χ(h′a) if h = 1;

0 otherwise.

For g = (a, h) ∈ ker(ρ) we have χρ(g) = |H|, which implies that h = 1. Assume a 6= 0, then by our
assumption there exists h′ ∈ H such that χ(h′a) 6= 1 and so χρ(g) 6= |H|. This establishes that ρ is a
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faithful representation. When A is cyclic, we can choose χ to be a one-dimensional faithful representation
of A which clearly satisfies the assumption of the lemma. �

Lemma 6.4. Let C = 〈a〉 be a cyclic group with pn elements, where p is a prime and n ≥ 1. Let H be a
finite group acting on C by automorphisms and ρ : C oH → GLd(C), be a faithful representation and

ρ|C =
⊕
χ∈∆

χ , ∆ ⊆ Ĉ,

be the decomposition of ρ|C to one-dimensional representations of C. Then, there exists χ ∈ ∆ such that
χ(a) is a primitive pnth root of unity.

Proof. Note that {1} = ker ρ|C =
⋂
χ∈∆ kerχ. Since the lattice of subgroups of the cyclic group of order

pn is totally ordered, there exists χ ∈ ∆ with kerχ = {1}. This implies that χ(a) is a primitive pnth root
of unity. �

Proof of Proposition 1.4. Let ρ : C oH → GLd(C) be a faithful representation and let

ρ|C =
⊕
χ∈∆

χ , ∆ ⊆ Ĉ,

be the decomposition of ρ|C into one-dimensional representations of C. Let hia = ami , 1 ≤ i ≤ l, be the
H-orbit of the generator a. By Lemma 6.4, there exists χ ∈ ∆ such that ζ = χ(a) is a primitive pnth
root of unity. Since H acts on C, the set ∆ is also H-invariant. Hence for each 1 ≤ i ≤ l, we obtain a
one-dimensional representation χhi ∈ ∆ such that

χhi(a) = χ(hia) = χ(ami) = ζmi .

These representations are clearly all distinct and hence dim(ρ) ≥ |∆| ≥ |Ha|. This establishes the first
part of the proposition. If C is a faithful H-module, then |Ha| = |H|, and so by Lemma 6.3 we have the
second part of the proposition. �

Let us remark that the proof of Proposition 1.4 relies on the fact that Z/pnZ is a cyclic group, which
no longer holds for general O/pn. We will get around this issue by analyzing the characters of O/pn.

Proof of Theorem 1.5. Let ρ : Aff(O/pn)→ GLd(C) be a faithful representation and consider the follow-
ing decomposition

ρ|(O/pn)
=
⊕
ψi∈∆

ψi , ∆ ⊆ Ô/pn.

We claim that there exists i, such that ψi ∈ ∆ is primitive. This is true since the lattice of ideals of O/pn
is totally ordered and ρ is a faithful representation. This establishes the claim. Denote this primitive
character by ψ. Notice that ∆ is (O/pn)×-invariant. Indeed for each b ∈ (O/pn)× we obtain a new
primitive character ψb ∈ ∆, defined by ψb(x) = ψ(bx). Therefore |∆| ≥ |(O/pn)×| = qn − qn−1 which
implies that

mfaithful(Aff(O/pn)) ≥ qn − qn−1.

We now construct a faithful representation of dimension qn−qn−1. The idea of the construction resembles
the one used in Lemma 6.3. Let ψ be a primitive character of O/pn and let 0 6= x ∈ O/pn be an arbitrary
element. We claim that there is a unit t ∈ O/pn such that ψ(tx) 6= 1. Since ψ is primitive, there exists
s ∈ O/pn such that ψ(sx) 6= 1. Suppose that s is not unit. If ψ(x) = 1, then t = 1 + s is the desired unit

and if ψ(x) 6= 1 then we can take t = 1. Therefore by Lemma 6.3 we observe that Ind
Aff(O/pn)
O/pn (ψ) is a

faithful representation of dimension qn − qn−1. �
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