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1.1. Simultaneous rational approximation

Dirichlet (1842). Let £ = (1,%,...,&,) € R". For each Q > 1, there
exist x1,...,xp, € Z not all zero such that

x| < Q and |xi& —x|,...,|x1& — xp| < QY (=1,




1.1. Simultaneous rational approximation

Dirichlet (1842). Let £ = (1,%,...,&,) € R". For each Q > 1, there
exist xi,...,X, € Z not all zero such that

‘Xl’ <Q and |X1§2 - X2’7 s ‘Xlén - Xn’ < Qil/(nil) .

Proof

@ These inequalities define a (Minkowski) convex body in R”
= a compact convex neigborhood C of 0 in R” with C = —C.

@ It has volume 2".

@ By Minkowski's first convex body theorem (1889), such a convex
body C contains a non-zero integer point.




1.1. Simultaneous rational approximation

Dirichlet (1842). Let £ = (1,&2,...,&n) € R". For each Q > 1, there
exist xi,...,X, € Z not all zero such that

Ix1| < Q and [|x1& — x2|,..., |x1&n — xn| < Q~1/(n-1)

Proof
@ These inequalities define a (Minkowski) convex body in R”
= a compact convex neigborhood C of 0 in R” with C = —C.
@ It has volume 2".

@ By Minkowski's first convex body theorem (1889), such a convex
body C contains a non-zero integer point.

@ Stronger estimates if 1,&5,...,&, are linearly dependent over Q.
@ Can we do better otherwise?



1.2. Two exponents of approximation

For € = (17627 ° 00 7§n) € an define
@ \(&) = supremum of all A > 0 such that
|X1| < Q and |X1£2—X2|,..-,|X1§H—Xn| < Q_)\
has a nonzero solution (xi, ..., x,) € Z" for arbitrarily large Q.

° X(&) = same but for all sufficiently large values of Q.

o Dirichlet: (&) > X&) >1/(n—1)

e Metrical result: equalities A(&) = A(&) = 1/(n — 1) for almost all
& € R" with respect to Lebesgue measure.

@ Schmidt subspace theorem: equalities hold as well if & has Q-linearly
independent algebraic coordinates.



1.2. Two exponents of approximation

For £ € R"\ {0}, define
@ \(&) = supremum of all A > 0 such that
x| <Q and [xAgl <@
has a nonzero solution x € Z" for arbitrarily large Q.

° X(&) = same but for all sufficiently large values of Q.

o Dirichlet: (&) > X&) >1/(n—1)
e Metrical result: equalities A(&) = A(&) = 1/(n — 1) for almost all
& € R" with respect to Lebesgue measure.

@ Schmidt subspace theorem: equalities hold as well if & has Q-linearly
independent algebraic coordinates.

Ix A&l
1€

= distance from x to R for the Euclidean norm.



1.3. Very singular points
Definition

A point £ € R" is very singular if its coordinates are linearly independent
over Q and if A(§) >1/(n—1).

Theorem (Davenport and Schmidt 1969, R. 2003)

M1,6,6%) <1/y~0618 forall £¢€R\Q
where v = (1 + +/5)/2, with equality for an infinite countable set of £,




1.3. Very singular points
Definition

A point £ € R" is very singular if its coordinates are linearly independent
over Q and if A(&) > 1/(n—1).

Theorem (Davenport and Schmidt 1969, R. 2003)

1,662 <1/y=0618 forall £€R\Q
where v = (1 + /5)/2, with equality for an infinite countable set of €.

@ Plenty of very singular points of the form (1,¢,£2): Bugeaud-Laurent,
Fischler, Poéls, ...
e No singular point (1,£) in R2: A(1,¢) =1if £ e R\ Q

@ No known singular points (1,¢,£2,...,£") with n > 3:
problem strongly connected with approximation to real numbers by
algebraic numbers of degree < n, by algebraic integers < n+ 1, etc



1.4. Algebraic curves with very singular points
All known algebraic curves Z C P""1(R) defined over Q with very singular
points are plane conics, i.e. the zero set of a homogenous quadratic
polynomial q(to, t1, t2) € Q[to, t1, t2] in P2(R). For all of them,
MZ) :=sup {\(€); & € Z has Q-L.i. coordinates } = 1/ = 0.618

Examples:

o g=totz —tf: sup{\(1,,?); € €R\Q} =1/

o q=1tf —23: sup{A(L,v2.€); E e R\Q} =1/7.



1.4. Algebraic curves with very singular points

All known algebraic curves Z C P""1(R) defined over Q with very singular
points are plane conics, i.e. the zero set of a homogenous quadratic
polynomial q(to, t1, t2) € Q[to, t1, t2] in P2(R). For all of them,

MZ) :=sup {\(€); & € Z has Q-L.i. coordinates } = 1/ = 0.618
Examples:
o g=totp— t2: sup{ \(L,£,€2); E€R\Q} = 1/y.
o g=1t7 263 sup{A(1,v/2.€); £ €R\Q} =1/

Problem

Find algebraic curves Z defined over Q of degree > 2 containing very
singular points.

Remark: In general, [Poéls—R. 2020] computes X(Z) for any quadratic
hypersurface defined over Q in P"(R).



2.1. Approximation over K

Let K be a number field of degree d. Define
e M(K) = the set of all places of K,
e K, = the completion of K at v € M(K),
e d, = [K, : Q,], the local degree of K at v,
@ |x||, = the maximum norm of x € K.

We assume that K admits a real place w (so d,, = 1) and we fix a
non-zero point

52(517"-7§n)€KVZ:Rn.



2.1. Approximation over K

Let K be a number field of degree d. Define
e M(K) = the set of all places of K,
e K, = the completion of K at v € M(K),
e d, = [K, : Q,], the local degree of K at v,
@ |x||, = the maximum norm of x € K.

We assume that K admits a real place w (so d,, = 1) and we fix a
non-zero point

52(‘517"-7§n)€KVZ:Rn.

For each non-zero point x = (x1,...,x,) € K", we set
Hx) = T Il (absolute Weil height of x),
veM(K)
dw/d d, d
De(x) =[x A gl TT IxlIe/
vE#EW

which depend only on the class of x in P"(K).



2.2. Exponents of approximation over K

For each non-zero &€ = (&1,...,&,) € KL = R", we define
° XK,w(E) = supremum of all A > 0 such that
H(x) < Q and Dg(x)< Q@
has a nonzero solution x € K" for all sufficiently large Q.




2.2. Exponents of approximation over K

For each non-zero &€ = (&1,...,&,) € KL = R", we define
° :\\K’W(S) = supremum of all A > 0 such that
H(x) < Q@ and Dg(x) < Q*
has a nonzero solution x € K" for all sufficiently large Q.

Alternative definition
° XK,W(S) = supremum of all A > 0 such that
Ixlw <Q and [xAgl, < Q™
IIx|[v <1 forall v#w,

has a nonzero solution x € K" for all sufficiently large Q.

® M\ w(&) = same but for arbitrarily large values of Q.
@ Alternative definition is amenable to adelic geometry of numbers.

@ For K =Q C R, we recover the usual exponents.



2.3. A result of P. Bel

It is easy to show that: XK,W(I,S) =1 for each { e R\ K.

A much deeper result is :

Theorem (Bel, 2013)

sup {Rr (L €,62); € ER\ Q) =~ = 0618




2.3. Extension of scalars

Let @ = (a1, ..., aq) be a basis of K over Q. For a given non-zero
&E=(&,...,&) € K, =R", we construct

5@0&2 (alfl,...,adﬁl,...,algn,...,adfn) GRdn.

Theorem A

1 1 1 1
I (H XK,W(g)) B HX(g@a)’ ¢ (H AK,W(ﬁ)) St Mé@a)




2.3. Extension of scalars

Let @ = (a1, ..., aq) be a basis of K over Q. For a given non-zero
&E=(&,...,&) € K, =R", we construct

£®a:(a1£1,...,ad§1,...,alfn,...,adfn)ERC’".

Theorem A

I (” . )) - ”x(g;a)’ (“ AK,vlv(a) 1+ s ar
Corollary

(i) May, £a) = 2d1 for each ¢ € R\ Q.

(i) sup {Aex 6o 200 € € R\ @) = .

In particular, there are very singular points of the form (., £a, £2ar).




3.1. Dual exponents of approximation (over Q)

For each € € R" \ {0}, define

@ W(&) = supremum of all w > 0 such that

Iy <Q and Jy-§<Q*
has a nonzero solution y € Z" for all sufficiently large Q.

@ w(&) = same but for arbitrarily large values of Q.

@ Dirichlet: w(&) >w(&) >n—1
o Y&
€]l

= distance from y to (R¢)™ for the Euclidean norm.



3.2. Transference inequalities over K
For each & = (&, &1, .- .,&,) € R™1 with linearly independent coordinates

over @, we have
e Khintchine (1926/28) :

w(§)
(n—1Dw(&)+n n

e German (2012) :
w(§) -1

m@(&)s

o Jarnik (1938) : if n=2 (i.e. £ € R3), then A(£) =1 —

(@(5) - 1) (X(lg) - 1) ~ 1.

L oe
W)



3.3. Dual exponents over K

For non-zero & = (&1,...,&,) € K, = R", we define

® Wk w(&) = supremum of all w > 0 such that

. 1/d
H(x) < Q and (‘)ﬁxﬁW) H(x) < Q™

has a nonzero solution x € K" for all sufficiently large Q.




3.3. Dual exponents over K

For non-zero € = (&1,...,&n) € K, = R", we define

@ Wk w(§) = supremum of all w > 0 such that

‘ 1/d
H(x) < Q and <‘T|Xﬁ|w> H(x) < Q™

has a nonzero solution x € K" for all sufficiently large Q.

Alternative definition
@ Wk w(§) = supremum of all w > 0 such that
[xlw <Q and |x-&fw < Q7
Ix|ly <1 forall v#w,

has a nonzero solution x € K" for all sufficiently large Q.

® wk w(&) = same but for arbitrarily large values of Q.



3.4. Extension of scalars (bis)

Let @ = (a1, ..., aq) be a basis of K over Q. Theorem A admits the
following dual statement.

Theorem B

For each non-zero & = (&1,...,&n) € KI) = R", we have

d(1+ 0k w(€) =1+0(EQa), d(l+wkw(é))=1+w(¢®a).

Theorem C

o All transference inequalities mentioned earlier remain true over K.

o In particular, if & = (£1,&2,&3) € K3 = R3 has linearly independent
coordinates over K, then

(aK,W(g) . 1) (XK 1(5) _ 1) =1




3.5. Corollaries

Corollary

If€ = (&1,6,83) € K3 = R3 has linearly independent coordinates over K,
then

(a(§®a) —(2d - 1)) (@ —(2d — 1)) = 2.

Corollary

sup {@(ov, €ax, %a); € € R\ Q) = (32 +1) — L.




4.1. Geometry of numbers

Let C be a (Minkowski) convex body in R".

For j =1,...,n, the j-th minimum of C, denoted \;(C) is the smallest
A > 0 such that AC contains at least j linearly independent elements of Z".

A1(C) <--- < A(C)

Main results:
@ Minkowski's second convex body theorem (1889):

%T < 21(C) - An(C)vol(C) < 27

e Mabhler's theory of polar (dual) convex bodies.

@ Mabhler's theory of compound bodies.



4.2. Parametric geometry of numbers
For a given non-zero point £ € R", define

o C(Q)=Ce(Q) = { ER™: x| <1, x-€] < ;} (@>1)
o Li(g) = log \(Ce(e%)) (q>0. 1< i< n)

° LEZ [0,00) — R”
g — (Li(q),---,Ln(q))



4.2. Parametric geometry of numbers
For a given non-zero point £ € R", define

o C(Q)=Ce(Q) = { ER™: x| <1, x-€] < ;} (@>1)
o Li(g) = log \(Ce(e%)) (q>0. 1< i< n)

° LEZ [0, OO) — R”
q — (Ll(q)77Ln(q))
Theorem (Schmidt and Summerer (2009, 2013))

There exists a constant v = ~y(n) > 0 and an “(n,~y)-system”

P:[0,00) — R”
g = (Pi(q),....Pn(q))

such that L¢ — P is bounded. For such P, we have

P L 1
limsup 1(9) = limsup £1(9) = ...etc

g—oo G g—oo G o) +1




4.3. A simplification and a converse

@ The (n,0)-systems, also called n-systems, are piecewise linear
functions characterized by simple combinatorial conditions.

@ The proper n-systems P = (Py,..., P,) are those for which Pj is
unbounded.



4.3. A simplification and a converse

@ The (n,0)-systems, also called n-systems, are piecewise linear
functions characterized by simple combinatorial conditions.

@ The proper n-systems P = (Py,..., P,) are those for which Pj is
unbounded.

Theorem (R. 2015)
@ The set of maps L¢ where & runs through the set of all non-zero
points € of R" coincides with the set of n-systems modulo the
additive group of bounded functions.

@ The set of maps L¢ where & has Q-linearly independent coordinates
coincides with the set of proper n-systems modulo bounded functions.




4.4, Parametric geometry of numbers over K

Let Ky denote the adele ring of K. For given &£ € K, = R", and each
Q > 1, define

0 Ce(Q)={(xv) €KL |xw-& < Q 'and x|, <1ifv#w},
o Li(q) =logAi(Ce(e?)) (g>0,1<i<n)

® Lg: [0,00) — R”
q — (Ll(q)a"'an(q))



4.4, Parametric geometry of numbers over K

Let Ky denote the adele ring of K. For given &£ € K, = R", and each
Q > 1, define

0 Ce(Q)={(xv) €KL |xw-& < Q 'and x|, <1ifv#w},
o Li(q) =logAi(Ce(e?)) (g>0,1<i<n)

® Lg: [0,00) — R”
q — (Ll(q)a"'an(q))

Lemma
, Lei(q) 1
@ limsu : == ’
q—>oop q d(wK,W(g) + 1)

L
@ liminf g’l(q) L

— , ...etc
G=c9 q d(wK,W(E) + 1)




4.5. Main result

Let @ = (a1, ...,aq) be a basis of K over Q. For a given
&€= (&,...,¢n) € K, =R", we obtain two families of adelic convex
bodies

Ce(Q) C K and Cawe(Q) C QY.

Theorem
Foreachi=1,...,n, eachj=1,...,d and each Q > 1, we have

Ad(i—1)47 (Ceaal(@)) = Ai(Ce(Q))

with implied constant that depend only on K, n and €.

v

Proof uses Jeff Thunder's principle to derive the adelic Minkowski theorem
of McFeat and Bombieri—Vaaler over K from the standard one over Q.

Theorem = Theorems A, B and C.




iMuchisimas gracias por su atencién!
Thank you!

Merci!




Description of n-systems as games (Luca Ghidelli)
We can view an n-system as giving the positions of n players Py,..., P,
moving on a line, as a function of the time g, according to the following
rules.
@ At time g = 0, they all stand at
position 0.

@ They always remain in the same
order (P; cannot overpass Py, nor
P can overpass Pj3, etc).

@ At any time, only the player who
has the ball can move and he
moves at constant speed 1.

@ The player who holds the ball can

only pass it to a player that is
behind him or next to him.

(<]
(=Jbe(+)



Combined graph of the 3-system in the animation

— P; 3
— P o }
— P / !

Z | |
0 9 15 33
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