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ABSTRACT. In these six hours of lectures we will discuss three themes that have been central
to multiplicative number theory in the last few years: The uncertainty principle, bounds for
character sums, and mean values of multiplicative functions. I will discuss many recent devel-
opments, in historical context, involving some proofs. The notes here are “pieced together”
from several old articles of mine (mostly with Soundararajan, some alone, and some with
Friedlander), so apologies to the reader for any disjointedness.
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2 ANDREW GRANVILLE

1. THE UNCERTAINTY PRINCIPLE, IN THE TWENTIETH CENTURY!

1.1. The distribution of Primes. As a boy of 15 or 16, GAUSS determined, by studying
tables of primes, that the primes occur with density @ at around x. This translates into
the guess that

Todt x

Li = — ~ .
i) 9 logt logzx

m(x) = #{primes < z} ~ Li(x) where

The existing data lend support to GAUSS’s guesstimate:

x m(x) = #{primes < x} Overcount: [Li(x) — 7(z)]
108 5761455 753
10° 50847534 1700
1010 455052511 3103
10! 4118054813 11587
1012 37607912018 38262
10%3 346065536839 108970
101 3204941750802 314889
10%° 29844570422669 1052618
1016 279238341033925 3214631
107 2623557157654233 7956588
1018 24739954287740860 21949554
10%° 234057667276344607 99877774
1020 2220819602560918840 222744643
102t 21127269486018731928 597394253
1022 | 201467286689315906290 1932355207
102 | 1925320391606803968923 7250186214

Notice how the entries in the final column are always positive and always about half the
width of the entries in the middle column: So it seems that GAUSS’s guess is always
an overcount by about \/z. We believe that this observation is both right and wrong:
Although the last column looks to be positive and growing we believe that it eventually
turns negative, and changes sign infinitely often (see, e.g. [GM]). On the other hand
we believe that the error in GAUSS’s guess is never much more than /x — correctly
formulated this statement is equivalent to the Riemann Hypothesis: In 1859, RIEMANN,
in a now famous memoir, illustrated how the question of estimating 7 (z) could be turned
into a question in analysis: Define ((s) := > -, n~° for Re(s) > 1, and then analytically
continue ((s) to the rest of the complex plane. We have, for sufficiently large z,

(1.1) 2"7¢ < max |7(y) — Li(y)| < 2°T¢ where b:= sup f.
yse C(B+iv)=0

The (as yet unproven) Riemann Hypothesis (RH) asserts that b = 1/2 (in fact that 5 = 1/2
whenever (5 + i) = 0 with 0 < 8 < 1) leading to the sharp estimate

(1.2a) m(z) = Li(z)+ O(z'?logx) .

! This section is an edited version of [Grl].
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It was not until 1896 that HADAMARD and DE LA VALLEE POUSSIN independently proved
that § < 1 whenever ((8 + i) = 0, which implies The Prime Number Theorem: that is,

GAUSS’s prediction that

m(z) ~ Li(z) ~ —

logz’

The best version known has an error term in which we do not even save a power of x:

) = Lita) + 0 (1 / exp (%)) .

In 1914, LITTLEWOOD showed, unconditionally, that

log log']
(1.2h) () — Li(x) = Oy (/ %) |

the first proven ‘irregularities’ in the distribution of primes?.

Since GAUSS’s vague ‘density assertion’ was so prescient, CRAMER [Cra| decided, in
1936, to interpret GAUSS’s statement more formally in terms of probability theory, to try
to make further predictions about the distribution of prime numbers: Let Z5, Z3,... be a
sequence of independent random variables with

1
Prob(Z, =1) = and Prob(Z, =0) = 1— .
logn logn
Let S be the space of sequences T' = 25, z3,... and, for each x > 2 define
mr(z) = Z Zn -
2<n<zx
The sequence P = 7o, 73, ..., where 7,, = 1 if and only if n is prime, belongs to S. CRAMER

wrote: “In many cases it is possible to prove that, with probability 1, a certain relation
R holds for sequences in S ... Of course we cannot in general conclude that R holds for
the particular sequence P, but results suggested in this way may sometimes afterwards
be rigorously proved by other methods.” For example CRAMER was able to show, with

probability 1, that
) / log log x
I?yflggI?TT(y) —Li(y))| ~ /2 W,

which corresponds well with the estimates in (1.2); and if true for T = P implies RH, by
(1.1).

G AUSS’s assertion was really about primes in short intervals, and so is best applied to
m(x+y)—7(x), where y is “small” compared to . The binomial random variables Z,, are
more-or-less the same for all integers n in such an interval. If we take y = Alogx so that

2f(x) = Q4 (g(x)) means that there exists a constant ¢ > 0 such that f(x4) > cg(z+) and f(z_) <
—cg(z_) for certain arbitrarily large values of z+.
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the ‘expected’ number of primes, A, in the interval is fixed then we would expect that the
number of primes in such intervals should follow a Poisson distribution. Indeed, we can
prove that for any fixed A > 0 and integer k > 0, we have

(1.3) #{integers ¢ < X : wp(x+ Alogz) —mp(x) =k} ~e " —

as X — oo, with probability 1 for " € S. In 1976, GALLAGHER [Ga2] showed that this
holds for the sequence of primes (that is, for P) under the assumption of a reasonable
“uniform” version of HARDY AND LITTLEWOOD’s Prime k-tuplets conjecture . This con-
jecture is the case where we take each f;(x) to be a linear polynomial in SCHINZEL AND
STERPINSKI'S

Hypothesis H. Let F = {f1(x), fo(z),..., fr(x)} be a set of irreducible polynomials
with integer coefficients. Then the number of integers n < x for which each |f;(n)| is
prime 1is

x

mr(z) = {CF + 0(1)}log |f1(2)|log [ f2(z)] . . . log | fi ()]

where Cr= [] (1—”F;p)>/(1—%>k,

p prime

and wp(p) counts the number of integers n, in the range 1 < n < p, for which fi(n)fa(n)... fr(n) =
0 (mod p)3 +4.

Estimates analogous to (1.2a) should hold for the number of primes in intervals of
various lengths, if we believe that what almost always occurs in S, should also hold for P.
Specifically, if 10log® # < y < x then
(1.4) mr(z+y) —nr(z) = Li(z +y) - Li(z) + O(y'/?)

with probability 1 for 7' € S. In 1943 SELBERG [Sl1] showed that primes do, on the whole,
behave like this by proving, under the assumption of RH, that

1.5 mr +y)—m(x) ~
(15) (@ +9) — (o) ~ o
for ‘almost all” integers x, provided y/ log? z — 00 as z — 0.

CRAMER’s model does seem to accurately predict what we already believe to be true
about primes for more substantial reasons®. To be sure, one can find small discrepancies®

3Elementary results on prime ideals guarantee that the product defining Cr converges if the primes
are taken in ascending order.

4The asymptotic formula proposed here for 7z (x) has a ‘local part’ Cr, which has a factor corre-
sponding to each rational prime p, and an ‘analytic part’ x/[], log|f;(x)|. This reminds one of formulae
which arise when counting points on varieties.

5Though HARDY AND LITTLEWOOD remarked thus on probabilistic models: “Probability is not a
notion of pure mathematics, but of philosophy or physics”

6As has been independently pointed out to me by SELBERG, MONTGOMERY and PINTZ: for example,
PINTZ noted that the mean square of |¢(y) — y| for y < z, is > x20=¢ (with b as in (1.1)), in fact < =
assuming RH, whereas the probabilistic model predicts < x log x.
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but the probabilistic model usually gives one a strong indication of the truth. CRAMER
made one conjecture, based on his model, which does not seem to be attackable by other
methods: If p;1 =2 <py =3 <p3 =5 < ... is the sequence of prime numbers then

max (Ppy1 — Pn) ~ log? z.
Pn<T

This statement (or the weaker O(log® z)) is known as ‘Cramér’s Conjecture’; there is some
computational evidence to support it:

Dn Pn4+1 — Pn (pn+1 _pn)/10g2 DPn
31397 72 6715
370261 112 .6812
2010733 148 .7025
20831323 210 7394
25056082087 456 7953
2614941710599 652 7975
19581334192423 766 8177
218209405436543 906 8311
1693182318746371 1132 .9206

Record-breaking gaps between primes, up to 5 x 106

In 1985 MAIER [Mai] surprisingly proved that, despite SELBERG showing (1.5) holds
‘almost all’ the time when y = log” z (assuming RH) for fixed B > 2, it cannot hold
all of the time for such y. This not only radically contradicts what is predicted by the
probabilistic model, but also what most researchers in the field had believed to be true,
whether or not they had faith in the probabilistic model. Specifically, MAIER showed the
existence of a constant 5 > 0 such that for occasional, but arbitrarily large, values of
and z_,
m(xy +logPay) —m(xy) > (1+08)log? ta, ,

and m(z_+logPr_)—m(z_) < (1—dp)logPta_.

(1.6)
Outline of the Proof. There are ~ e~ 7x/log z integers < x, all of whose prime factors are
> z, provided z is not too large. Among these we have all but 7(z) of the primes < x, and
so the probability that a randomly chosen such integer is prime is ~ €7 log z/logx. Thus
in a specific interval (z, x + y] we should ‘expect’ ~ e¢7® log z/ log x primes, where ® is the
number of integers in the interval that are free of prime factors < z. Now if we can select
our interval so that ® ¢ e 7Vy/logz then our new prediction is not the same as that in
(1.5).

If x is divisible by P =[] ., p then

p<z

Y
log z

O=0(y,z):=#{1<n<y: pn=p>z}~wu)

for y = 2% with u fixed, where w(u), the Buchstab function, equals 0 if 0 < v < 1 and
satisfies the differential-delay equation uww(u) = 1 + fluflw(t)dt if w > 1. Obviously
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lim, oo w(u) = ¢~7. IWANIEC showed that w(u) —e™7 oscillates, crossing zero either once
or twice in every interval of length 1. Thus if we fix u > B, chosen so that w(u) > e~ or
< e (as befits the case of (1.6)), select y = log” x and z = y'/*, and ‘adjust’ z so that
it is divisible by P, then we expect (1.5) to be false.

1.2. Maier matrices. To convert this heuristic into a proof, MAIER considered a pro-
gression of intervals of the form (rP,rP + y|, with R < r < 2R for a suitable value of R.
Visualizing this as a ‘matrix’, with each such interval represented by a different row, we
see that the primes in the matrix are all contained in those columns j for which (j, P) = 1.

RP +1 RP +2 RP+3 - RP 4y
(R+1)P+1 (R+1)P+2 (R+1)P+3 - (R+1)P+y

(R+2)P+1 (R+2)P+2 :

(i,7)th entry :

P+1 . .
(R+3)P + (R+9)P+j

(2R—1)P+1 (2R—1)P+2 . v 2R-1)P+y

The ‘Maier Matrix’ for n(z + y) — 7(z)
Now, for any integer ¢ > 1, the primes are roughly equi-distributed amongst those arith-
metic progressions a (mod ¢) with (a,q) = 1: in fact up to = we expect that the number
of such primes

m(z)

1.7 m(x;q,a) ~ —=.
(1.7) ( ) 50
If so, then the number of primes in the jth column, when (j, P) =1, is
1 X
2X;P,j)—7m(X;P,j) ~ —— here X = RP.
7T( Y 7]) ﬂ—( Y 7]) ¢(P) ].OgX where R

To get the total number of primes in the matrix we sum over all such j, and then we can
deduce that, on average, a row contains

O(y,z) 1 RP ~ w(u) y P 1 ~ eTw(u) Y
R ¢(P)log RP log z ¢(P) log RP log RP

primes. MAIER’s result follows provided we can prove a suitable estimate in (1.7)

In general, it is desirable to have an estimate like (1.7) when z is not too large compared
to ¢. It has been proved that (1.7) holds uniformly for”

i) All ¢ <log” x and all (a,q) = 1, for any fixed B > 0 (SIEGEL-WALFISz).8

"We believe, but cannot prove, that (1.7) holds uniformly for all ¢ < 2'~¢ based on what computa-
tions appear to reveal.

81t is impossible to give all the constants explicitly in the resulting version of (1.7) because the proof
works in two parts: first, if GRH is true, and second, by using a putative counterexample to GRH, if one
exists. Hence if GRH is true but remains unproved one cannot, by the very nature of this proof, determine
the constants involved. An alternate argument does provide all the constants involved in the more limited
range B < 2.
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i) All ¢ < v/z/log*" 2 and all (a,q) = 1, assuming GRH?. In fact (1.7) then holds
with error term O (y/z log?(qz)).

iii) Almost all ¢ < \/z/log>"“z and all (a,q) = 1 (BOMBIERI-VINOGRADOV)'?,

iv) Almost all ¢ < 2'/2+°() with (¢,a) = 1, for fixed a # 0 (BOMBIERI-FRIEDLANDER-
IWANIEC, FOUVRY)

v) Almost all ¢ < z/log*t“z and almost all (a,q) = 1 (BARBAN-DAVENPORT-
HALBERSTAM, MONTGOMERY, HOOLEY).

Thus, when GRH is true, we get a good enough estimate in (1.7) with R = P2 to complete
MAIER’s proof. However MAIER, in the spirit of the BOMBIERI-VINOGRADOV Theorem,
showed how to pick a ‘good’ value for P, so that (1.7) is off by, at worst, an insignificant
factor when R is a large, but fixed, power of P (thus proving his result unconditionally).

In [GS7], we extended the range for y in the proof above, establishing that there
are intervals (x,z + y| in every interval [X,2X] for which (1.4) fails to hold for some
y > exp (c(log z/loglog a:)l/Q).

It is plausible that (1.5) holds uniformly if logy/loglogx — oo as x — oo; and that
(1.4) holds uniformly for T' = P if y > exp ((log z)'/?T¢) (at least, we can’t disprove these
statements as yet). We conjecture, presumably safely, that (1.4) and (1.5) hold uniformly
when y > x€.

One can show that there are more than z/exp ((logz)°?) integers x4 < z satisfying
the unexpected inequalities in (1.6).

MAIER’s work suggests that CRAMER’s model should be adjusted to take into account
divisibility of n by ‘small’ primes'!. It is plausible to define ‘small’ to mean those primes
up to a fixed power of logn. Then we are led to conjecture that there are infinitely
many primes p, with p,11 —p, > 277 log? p.,, contradicting CRAMER’s conjecture, as
277 > 1.12

If we analyze the distribution of primes in arithmetic progressions using a suitable
analogue of CRAMER’s model, then we would expect (1.7), and even

: o)~ @) AR

to hold uniformly when (a,q) =1 in the range
(1.8) ¢<Q=ux/log"x,

for any fixed B > 2. However the method of MAIER is easily adapted to show that
neither (1.7) nor (1.7") cannot hold in at least part of the range (1.8): For any fixed

9The Generalized Riemann Hypothesis (GRH) states that if 347 is a zero of any Dirichlet L-function
then 8 < 1/2

10T his result is often referred to as ‘GRH on average’. See section 6.4 for another result of this type.

1 One has to be careful about the meaning of ‘small’ here, since if we were to take into account the
divisibility of n by all primes up to y/n, then we would conclude that there are ~ e~7z/logx primes up
to x.

121t is unclear what the ‘correct conjecture’ here should be since, to get at it with this approach, we
would need more precise information on ‘sifting limits’ than is currently available.
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B > 0 there exists a constant g > 0 such that for any modulus ¢, with ‘not too many
small prime factors’, there exist arithmetic progressions ay (mod ¢) and values x4 €

[(q) log® q, 2¢(q) log? q] such that

m(74) m(z-)
1.9 m(xyi;q,ar) > (1+6gp)——= and =w(x_;¢a_) < (1—=96
(1.9) (z4+3q,a4) > (1+65) () ( ) < (1-6B) o)
The proof is much as before, though now using a modified ‘Maier matrix’:
RP RP +q RP + 2q RP + yq
(R+1)P (R+1)P+q (R+1)P+2q -+ (R+1)P+yq
(R+2)P (R+2)P+q ;
,, 7 )th entry :
p (i, 7)th entry
(R+3) (R+1)P+ jq
2R—-—1)P (2R—-1)P+gq -+ (2R-1)P+yq

The Maier Matrix for 7(yq;q,a)

The BOMBIERI-VINOGRADOV Theorem is usually stated in a stronger form than
above: For any given A > 0, there exists a value B = B(A) > 0 such that

(1.10) max max
<@

logA x

where Q = /z/log® z. It is possible [FG1] to take the same values of R and P in the Maier
matrix above for many different values of ¢, and thus deduce that there exist arbitrarily
large values of a and x for which

(1.11) > {W(x;q,a)—ﬂ} >

Q<q<2Q ¢(q)
(g,a)=1

thus refuting the conjecture that for any given A > 0, (1.10) should hold in the range (1.8)
for some B = B(A) > 0. In [FG2] we showed that (1.10) even fails with

Q = z/exp ((A—€)(loglogz)?/(logloglog z)) .

In [GS7] we showed that, for any ¢ > z/exp ((logz)'/?7¢), the bound (1.7") cannot hold
for every integer a prime to q.

It seems plausible that (1.7) holds uniformly if log(z/q)/loglogq — oo as ¢ — oc;
and that (1.10) holds uniformly for @ < z/exp ((logz)/?%¢). At least we can’t disprove
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these statements as yet, though we might play it safe and conjecture only that they hold
uniformly for ¢, Q < x!~¢.

Notice that in the proof described above, the values of a increase with z, leaving open
the possibility that (1.7) might hold uniformly for all (a,q) = 1 in the range (1.8) if we
fix a.!3 However, in [FG3] we observed that when a is fixed one can suitably modify the
Maier matrix, by forcing the elements of the second column to all be divisible by P:

1 1+ (RP—-1) 1+2(RP-1) 1+y(RP—1)
1 1+4(R+1)P-1) 142(R+1)P-1) - 1+y(R+1)P-1)

1 1+ ((R+2)P—1)

(,7)th entry :
14 j((R+1i)P —1)

il+«@RQUP—1) . . 1+m&RQUP—1)

The Maier Matrix for 7(yq;q, 1)

Notice that the jth column here is now part of an arithmetic progression with a vary-
ing modulus, namely 1 — j (mod jP). With this type of Maier matrix we can deduce
that, for almost all 0 < |a| < z/log®z (including all fixed a # 0), there exist ¢ €
(z/log? z, 22/ log® z], coprime to a, for which (1.7) does not hold. However (1.7) cannot
be false too often (like in (1.11)), since this would contradict the BARBAN-DAVENPORT-
HALBERSTAM Theorem. So for which a is (1.7) frequently false? It turns out that the
answer depends on the number of prime factors of a: In [FG5], extending the results of
[BFI], we show that for any given A > 1 there exists a value B = B(A) > 0 such that,
for any Q < x/log” z and any integer a which satisfies 0 < |a| < z and has < loglog
distinct prime factors', we have

0 a) — M} v
(1.12) QS;%? {77(:1:, q,a) 50 < g’z
(g,a)=1

On the other hand, assuming GRH, for every given A, B > 0, there exists Q < x/ log?
and an integer a for which (1.12) does not hold, where 0 < |a| < z and a has < (loglog z)!**
distinct prime factors.

Finding primes in (z,x + y| is equivalent to finding integers n < y for which f(n) is prime,
where f(t) is the polynomial ¢t 4+ z. Similarly, finding primes < z which belong to the
arithmetic progression a (mod ¢), is equivalent to finding integers n < y := x/q for which
f(n) is prime, where f(t) is the polynomial gt + a. Define the height, h(f), of a given

13Which would be consistent with the BARBAN-DAVENPORT-HALBERSTAM Theorem.
I4which includes almost all integers a once the inexplicit constant here is > 1 (by a famous result of
HARDY AND RAMANUJAN).
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polynomial f(t) =", ¢;t" to be h(f) :== /Y, ¢7. In the cases above, in which the degree
is always 1, we proved that we do not always get the asymptotically expected number of
prime values f(n) with n < y = log® h(f), for any fixed B > 0. In [FG4] we showed
that this is true for polynomials of arbitrary degree d, which is somewhat ironic since it is
not known that any polynomial of degree > 2 takes on infinitely many prime values, nor
that the prime values are ever ‘well-distributed’. NAIR AND PERELLI [NP] showed that
some of the polynomials Fr(n) = n + RP attain more than, and others attain less than,
the number of prime values expected in such a range, by considering the following Maier
matrix:

Fr(1) Fr(2) Fr(3) -+ Fr(y)
Fri1(1)  Fryi(2) Fry1(3) - Frii(y)
Fria(1)  Fpi2(2) :
N
F2R;1(1) F2R;1(2) ' . FZR;l(Z/)

The Maier Matrix for 7p(y)
Notice that the jth column here is part of the arithmetic progression j¢ (mod P).

Using Maier matrices it is possible to prove ‘bad equi-distribution’ results for primes
in other interesting sequences, such as the values of binary quadratic forms, and of prime
pairs. For example, if we fix B > 0 then, once x is sufficiently large, there exists a positive
integer k < log x such that there are at least 1 + dp times as many prime pairs p, p + 2k,
with x < p < x—i—logB x, as we would expect from assuming that the estimate in Hypothesis
H holds uniformly for n < log® h((t 4+ z)(t + (z + 2k))) .

We have now seen that the asymptotic formula in Hypothesis H fails when x is an
arbitrary fixed power of log h(F')(:= >, log h(f;)), for many different non-trivial examples
F. Presumably the asymptotic formula does hold uniformly as logx/loglog h(F) — 0.
However, to be safe, we only make the following prediction:

Conjecture. Fiz e > 0 and positive integer k. The asymptotic formula in Hypothesis H
holds uniformly for x > h(F')¢ as h(F) — oo.

Our work here shows that the ‘random-like’ behaviour exhibited by primes in many situa-
tions does not carry over to all situations. It remains to discover a model that will always
accurately predict how primes are distributed, since it seems that minor modifications of
CRAMER’s model will not do. We thus agree that:

“It is evident that the primes are randomly distributed but, unfortunately,
we don’t know what ‘random’ means.” — R.C. VAUGHAN (February 1990).

1.3. And beyond. Armed with MAIER’s ideas it seems possible to construct incorrect
conclusions from, more-or-less, any variant of CRAMER’s model. This flawed model may
still be used to make conjectures about the distribution of primes, but one should be very
cautious of such predictions!
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There are no more than O(z2/log®”? z) arithmetic progressions a (mod ¢), with 1 <
a < q < x/log?x and (a,q) = 1, for which (1.7) fails, by the BARBAN-DAVENPORT-
HALBERSTAM Theorem. However our methods here may be used to show that (1.7) does
fail for more than 22/ exp ((log z)¢) such arithmetic progressions.

Maier’s matrix has been used in other problems too: KONYAGIN used it to find un-
usually large gaps between consecutive primes. MAIER used it to find long sequences of
consecutive primes, in which there are longer than average gaps between each pair. SHIU
has used it to show that every arithmetic progression a (mod ¢) with (a,q) = 1 contains
arbitrarily long strings of consecutive primes. Recently THORNE!® generalized these ideas
to function fields, and to Gaussian primes.

Despite the efforts of several mathematicians we have still not got a particularly good
model to replace the now discredited model of CRAMER. Certainly not a well-motivated
one, so there are still many questions about the distribution of primes in which we cannot
even guess at the right answer with much confidence. This is not a new complaint:

“Mathematicians have tried in vain to discover some order in the sequence
of prime numbers but we have every reason to believe that there are some
mysteries which the human mind will never penetrate.”

— L. EULER (1770).

2. THE UNCERTAINTY PRINCIPLE, IN THE TWENTY-FIRST CENTURY

2.1. A general phenomenon. I ended my 1994 ICM talk with EULER’s quote — it
seemed fitting since these counterintuitive extensions of MAIER’s results seemed to be
something to do with Euler’s observation that primes refuse, in almost every way, to be
easily understood. There was a hiatus in developments in this subject, until a paper of
BALoG AND WOOLEY [BW] appeared in 2000. There they applied the same circle of ideas
to the integers that are the sum of two squares, and proved an analogous result to that of
MAIER. My first reaction when I heard about their work was that it was nice they had
generalized things beyond primes, but was this really so interesting? Especially as it was
probably technically easier than MAIER’s work on primes? They sent me a reprint of their
paper and it sat unread on my desk for an embarrassingly long time. After two years I
picked it up and almost immediately realized that what they had done was a big surprise
and their work surely pointed the way to an important phenomenon ... The point is that I
had thought that irregularities in the distribution of primes came about because primes are
always “strange”, but here BALOG AND WOOLEY had taken a relatively civilized sequence,
one with very predictable multiplicative structure even, and found similar irregularities in
the distribution. This meant that MAIER’s proof was surely nothing to do with primes
and must be the harbinger of a much more general phenomenon. Indeed this intuition was
correct and SOUND AND I were able to prove a very general “uncertainty principle” which
establishes that most arithmetic sequences of interest are either not-so-well distributed in
longish arithmetic progressions, or are not-so-well distributed in both short intervals and
short arithmetic progressions.

151n his 2008 Ph.D. at Madison.
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With probability 1, there are no “MAIER-type” irregularities in the distribution of
randomly chosen subsets of the integers. Indeed such irregularities seem to depend on
our sequence coming from arithmetic. Sieve theory already provides a framework for
considering analytic properties of “arithmetic sequences”, so this is our starting point:

A could be a set of integers but, more generally, let A denote a sequence a(n) of
non-negative real numbers, and A(x) = > ., a(n). If the a(n) are well-distributed in
short intervals then we expect -

(2.1) Aw + ) — A(z) ~ y 2.

T

for suitable y.
Suppose that the proportion of A which is divisible by d is approximately h(d)/d
where h(.) is a non-negative multiplicative function; in other words,

(2.2) Aa(x) =) a(n)~ @A(gp),
i

for each d.'® The reason for taking h(d) to be a multiplicative function is that for most
sequences that appear in arithmetic one expects that the criterion of being divisible by
an integer d; should be “independent” of the criterion of being divisible by any integer ds
which is coprime with d;.

If the asymptotic behavior of A in the arithmetic progression a (mod ¢), depends only
on (a,q) when (¢q,8) = 1 then, by (2.2), we arrive at the prediction that, for (¢,S) =1,
(2.3 Azga)= Y alm)~ 11D 4w,

qYq

n<x
n=a (mod q)

where v, = [, ,((p = 1)/(p — h(p))) and fq(a) is a certain non-negative multiplicative
function of a for which f,(a) = f,((a,q)) (thus f,(a) is periodic (mod g)).*"

Example 1. We take a(n) = 1 for all n, so that h(n) = 1 for all n. Then f,(a) =1 for
all ¢ and all a, and v, = 1. Clearly both (2.3) and (2.1) are good approximations with an
error of at most 1.

Example 2. We take a(n) = 1 if n is prime and a(n) = 0 otherwise, so that h(n) = 1 if
n =1 and h(n) =0 if n > 1. Further f,(a) =1if (a,q) =1 and f,(a) = 0 otherwise, and
v = ¢(q)/q. The approximation (2.3) is then the prime number theorem for arithmetic
progressions for small ¢ < (logz)?. FRIEDLANDER AND GRANVILLE’s result (1.1) sets
limitations to (2.3), and MAIER’s result sets limitations to (2.1).

Example 3. Take a(n) =1 if n is the sum of two squares and a(n) = 0 otherwise. Here
we take S = {2}, and for odd prime powers p* we have h(p¥) = 1 if p* =1 (mod 4) and
h(p*) = 1/p otherwise. BALOG AND WOOLEY’s result places restrictions on the validity
of (2.1).

A weak form of our main results are given in the next two Theorems:

160r perhaps when (d,S) = 1, where S is a finite set of ‘bad’ primes.
17We prove this in section 2.2 below, giving an explicit description of f, in terms of h.
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Theorem 2.1. Let A, S, h, f, and v, be as above. For given o > 0 there exist constants
¢ >0, ¢> 1 such that, for sufficiently large x, if either

logp > aloglog x,

(24) Z maX{O? ;_ h(p)}

p<logz

or there exists n < x with h(n) > (logz)¢, and if 1 < u < (logx)¢ then there exists
y € (z/4,x) and an arithmetic progression a (mod £) with £ < z/(logx)" and (¢,S) =1

such that fo(a) Ax) Alx)
. _ ﬂ _:L‘ —cu_x
A(y7£7 CL) fw Yy - > u ¢(€) .

The condition (2.4) ensures that h(p) is not always close to 1; this is essential in order
to eliminate the very well behaved Example 1.

One can show that “;}Ef)) > ﬁy@. It is good to not have fy(a) in the lower bound
since it may well be 0.

Theorem 2.1 applies to the sequences of primes (with a =1+ o(1)) and sums of two
squares (with o = 1/2 + o(1)), two results already known. Surprisingly it also applies to
any subset of the primes:

Example 4. Let A be any subset of the primes. Fix w > 1. For any x there exists
y € (x/4,x) such that either

(2.52) [A(y) /[y — Alx) /2| >u Alx)/x

(meaning that the subset is poorly distributed in short intervals), or there exists some
arithmetic progression a (mod ¢) with (a,¢) =1 and ¢ < x/(log x)*, for which

(2.5b) A(y; £, a) — “;g)) > “2%).

In other words, we find “MAIER type” irregularities in the distribution of any subset of
the primes.'® A similar result holds for any subset of the numbers that are sums of two
squares.

Let Sc be the set of integers n having no prime factors in the interval [(log n)! ¢, log n],
so that Sc(N) ~ (1 —¢)N. Notice that the primes are a subset of S.. Theorem 2.1 with
a > €+ o(1) implies that any subset A of S, is poorly distributed in that for any = there
exists y € (z/4, z) such that either (2.5a) holds, or there exists some arithmetic progression
a (mod ¢) and ¢ < x/(logx)" with (a,?¢) = 1, for which a suitably modified (2.5b) holds
(that is with ¢(¢) replaced by ][, (10g2)1-c<p<ioge(l — 1/P))-

Our next result gives an “uncertainty principle” implying that we either have poor
distribution in long arithmetic progressions, or in short intervals, generalizing MAIER’s
original result:.

I81f we had chosen A to be the primes = 5 (mod 7) then this is of no interest when we take a =
1,/ = 7. To avoid this minor technicality we can add “For a given finite set of “bad primes” S, we can
choose such an ¢ for which (¢,S) = 1”7, where (¢,S) = 1 means that (¢,p) =1 forallp € S.
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Theorem 2.2. Let A, S, h, f, and v, be as above. For given o > 0 there exist constants
>0, ¢ > 1 such that, for sufficiently large x, if either (2.4) holds or there exists n < x
with h(n) > (logz), and if 1 < u < (logz)® then at least one of the following two
assertions holds:

(i) There exists an interval (v,v +y) C (x/4,x) with y > (logz)" such that

‘A(v +y) — A(v) — y@’ > u_cuy@.

(ii) There ezists y € (z/4,x) and an arithmetic progression a (mod q) with (¢,S) =1
and q < exp(2(logz)*~") such that

’A(y;q, a) — My@’ > uen AT,
qYq x é(q)

This is aptly named an “uncertainty principle” for we can construct sequences which
are well distributed in short intervals (and then must have fluctuations in arithmetic pro-
gressions), and primes are known to be well-distributed in these long arithmetic progres-
sions (and so exhibit fluctuations in short intervals).

Our proofs develop MAIER’S “matrix method”: In the earlier work on primes and
sums of two squares, the problem then reduced to showing oscillations in certain sifting
functions arising from the theory of the half dimensional (for sums of two squares) and
linear (for primes) sieves. In our case the problem boils down to proving oscillations in the
mean-value of the more general class of multiplicative functions satisfying 0 < f(n) < 1
for all n (as we will discuss in section 2.3). In section 3.4 we will prove an analogy of such
oscillation results for a wide class of related integral equations, which has the flavor of a
classical “uncertainty principle” from Fourier analysis (and hence the nomenclature).

2.2. The new framework. We may assume that h(p¥) < p¥ for all prime powers p*
without any significant loss of generality.

We hypothesize that, for (¢, S) = 1, the asymptotics of A(x; ¢, a) depends only on the
greatest common divisor of a and ¢q. Writing (¢, a) = m, since |{b (mod q) : (b,q) = m}| =
©(g/m), we then guess that

A(z;q,a) ~ L Z a(n) = % Z

la/m) ~ plg/m ngma(n)%ﬂ(d):

m
(g;n)=m m|n d| &
m

1
¢(q/m)

S () Agun ().

d| L

Using now (2.2) we would guess that

(2.6) Az;q,a) ~ A(x)cp(q/m)
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and f,(a), a multiplicative function with f,(a) = f;((a,q)) so that it has period ¢, is
defined as follows: f,(p*) = 1if ptq. If p divides ¢, indeed if p® is the highest power of p
dividing ¢ then

hp) — MY (12 @) T g
(nt) = 252) (1= 42)
h(pe)(1 - %) (1 . @)_1 if k> e

Note that if ¢ is squarefree and h(p) < 1 then f,(p*) <1 for all prime powers p*.
We may assume that 0 < h(n) < 1 for all n, since such results are easy if h(p) > 1
often:'?
Proposition 2.3. Suppose that ¢ < x is an integer for which h(q) > 6. Then either?°
f4(0) 1/4(0) 4
A(z;q,0) — —=A(zx)| > T
‘( ) qvq() 2qvq()

or, for every prime £ in the range x > £ > 3(x + q)/h(q) which does not divide q, there is
an arithmetic progression b (mod ¢) such that

fe(D)
Gl

1 fo(b)
A(ﬂ?)‘ Z 5 g’)/g

]A(a;; 0,b) — Az).

Proof. 1f the first option fails then

Z A(x; ,ng) > Z a(ng) = A(z;q,0) > 1f—(O)A(:L‘) = MA(QL‘)

n<z/q n<z/q 2 1 24

On the other hand, if prime ¢ 1 ¢ then f;(ng) = 1 if £ { n, and fe(ng) = h(€)7y, if ¢|n.
Therefore for any N,

Zf

n<N

h(f)
Z E’Y@ Z i

n<N
lJ(n In

1 h(f) N—|—1
_g_—l([N]—[N/K])—E( )(E{N/ﬁ} {N}) <

E’Ye

Combining this (taking N = x/q) with the display above yields

> Atwiting) 2 50w 2 2D a2 5 30 1000 )

9Proposition 2.3 implies Theorems 2.1 and 2.2 when there exists n < z with h(n) > (log x)cl.
20Note that this criterion is equivalent to |Aq(z) — (h(q)/q)A(z)| > %(h(q)/q)/l(m), since f4(0)/qvq =
fa(@)/avg = h(a)/a-
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which implies the Proposition with b = nq for some n < z/q.

From now on assume 0 < h(n) < 1 for all n. Suppose that (¢,S) = 1 and define
Ay = Ay(z) by

fq(a) Y / A(z)
2.8 Ay (x) := max max |A(y;q,a) — ——==A(x ‘ —Z,
(2.8) q(z) e max (v ¢, a) o (z) 50
We can now formulate our main principle.
Proposition 2.4. Let x be large and let A, S h, f, and A, be as above. Let ¢ < \/x <
¢ < x/4 be positive coprime integers with (¢,S) = (¢,S) = 1. Then

q 4 ‘ 1 fq(s)

mAq(x) + MAg(m) +x78 > /20 "

-1
s<z/(2¢)

Proof. Let R := [x/(4q)] > vz/5 and S := [x/(20)] < \/x/2. We sum the values of a(n)
as n varies over the integers in the following R x S “MAIER matrix.”

(R+1)g+¢ (R+1)g+2¢ (R+1)g+ St
(R+2)g+¢ (R+2)qg+2¢ (R+2)g+ S¢
(R+3)g+¢ :
h entry :
D ¢ (r,s)t y
(R+4)g+ (R+1)q+ st
2Rq + ¢ 2Rq + 5S¢

We sum the values of a(n) in two ways: first row by row, and second column by column.
Note that the n appearing in our “matrix” all lie between z/4 and x.
The r-th row contributes A((R+7)q+£S;¢, (R+71)q) — A(R+7)q; ¢, (R+7r)q). Using

(2.8), and noting that f,((R+1r)q) = fe(R+ 1) as (¢,q) = 1, this is

fe(R+71) LS Ay

——A(x —|—O<—A x >

e 2T

Summing this over all the rows we see that the sum of a,, with n ranging over the MAIER
matrix above equals

(s o fulr) A
(2.92) = Ax) T:ZRH o +o( r Z)A(x)R).

The contribution of column s is A(2Rq + ¢s;q,¢s) — A(Rq + Us; q,¢s). By (2.8), and
since f,(¢s) = fy(s) as (¢,q) = 1, we see that this is

fq(s) Rq Aq
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Summing this over all the columns we see that the MAIER matrix sum is

fa(s) Aq
(2.9D) ; =~ +O<¢(q)A(x)S>.
Comparing (2.9a) and (2.9b) we deduce that
1 & g, 0A,
(210) S_vq;fq(s)w(as(q)) R :Z f(r) + 0 (375

Write fe(r) = 3.4, 9¢e(d) for a multiplicative function g,. Note that ge(p¥) = 0 if
p 1 £. We also check easily that |ge(p*)| < (p+ 1)/(p — 1) for primes p|¢, and note that
Yo =Y ey g¢(d)/d. Thus

Zfe =—Zgz ( 1)>=1+O( Z‘gé R > lge(d )

r=R+1 d<2R d>2R d<2R

We see easily that the error terms above are bounded by

< i 2 < ST 0()) <

R3~, d— p|¢ ps

since ¢ < z, and R > /x. We conclude that

Z fo(r) =1+ O(R™).

r=R+1
Combining this with (2.10) we obtain the Proposition.

In Proposition 2.4 we compared the distribution of A in two arithmetic progressions.
We may also compare the distribution of A in an arithmetic progression versus the distri-
bution in short intervals. Define A(y) = A(y, z) by

A A(z) / A(z)
2.11 Ay, x) = max ‘Av+ — A(v) — —‘ —.
(2.11) (y,z) = jmax O JACEY) = A) —y— v
Proposition 2.5. Let x be large and let A, S, h, f,;, A, and A be as above. Let g < NG
with (¢,S) =1 and let y < x/4 be positive integers. Then

%A () + Az, y) >>(—qu )—1].

s<y

Proof. The argument is similar to the proof of Proposition 2.4, starting with an R x y
“MAIER matrix” (again R = [x/(4q)]) whose (7, s)-th entry is (R + r)g + s. We omit the
details.
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2.3. Oscillations in mean-values of multiplicative functions. Assume that ¢ is
an integer all of whose prime factors are less than or equal to large z. Let f,(n) be a
multiplicative function with f,(p*) =1 for all pt ¢, and 0 < f,(n) <1 for all n. Note that
fq(n) = f4((n,q)) is periodic (mod g). Define

F,(s) = f: fq(:b) = ((5)Gq4(s), where G,(s) = H (1—i> (1+%+fqp(£2)+. . )

n p3
plg

To start with, Fy, is defined in Re(s) > 1, but the above furnishes a meromorphic continu-
ation to Re(s) > 0. Now 7, = G4(1), and define

which is what we need to consider in Propositions 2.2 and 2.3 above. For complex number
&, let H(§) := Ho(§) where

_ L= fq(p) rlog(z/p)\ : _ 1
H;(&) := Zpl—g/logz< Tog. 2 ) for each j >0, and J(§) := sz

plq plg

One can easily show that for 7 < ¢ < %logz one has
|E(u)| < exp(H(§) — fu+5J(E)).

The new development is to show that if

7= /(5Ha(€) +19J(§) +5)/H () < 1/2

then there exist points u4 in the interval [H(£)(1 — 27), H(§)(1 + 27)] such that

1
+E(uy) > S0EH(E) exp{H (§) — u+ — 5Hy (&) — 5J(§)}.

This gives us, in some generality, a best possible oscillation result up to a small factor. We
will not prove this result here, but we will later (in section 3.4) indicate how we proved it,
though first (in section 3) we will need to discuss the theory of mean values of multiplicative
functions in some detail.

By a judicious choice of &, one can deduce Theorems 2.1 and 2.2 from Propositions
2.4 and 2.5 respectively.

2.4. More Examples.

e Sieves. Let B be a given set of x integers and P be a given set of primes. Define
S(B,P,z) to be the number of integers in B which do not have a prime factor p € P
with p < 2. Sieve theory is concerned with estimating S(B, P, z) under certain natural
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hypothesis for B,P and u := logx/logz. The fundamental lemma of sieve theory (see
[HR1]) implies (for example, when B is the set of integers in an interval) that

SB.P.z) -z ][] (1—%) <<(1u+10—0g(i))ux 11 (1_%)

pEP,p<z PEP,p=2

for u < 2z1/2+°(M) Tt is known that this result is essentially “best-possible” in that one can
construct examples for which the bound is obtained (both as an upper and lower bound).
However these bounds are obtained in quite special examples, and one might suspect that
in many cases which one encounters, those bounds might be significantly sharpened. It
turns out that these bounds cannot be improved for intervals B, when P contains at least
a positive proportion of the primes: We proved in [GS7| that if P is a given set of primes
for which #{p € P: p <y} > =n(y) for all y € (y/z, 2], then there exists a constant ¢ > 0
such that for any u < /z there exist intervals I+ of length > 2" for which

R

pEP,p<z

and S(I,P,z)g{1—(u1§gu>u}|f| I1 (1—%).

peP,p<z

Moreover if u < (1 — o(1))loglog 2/ loglog log z then our intervals I have length < 242,

The reduced residues (mod ¢) are expected to be distributed much like random
numbers chosen with probability ¢(q)/q. Indeed when ¢(q)/q — 0 this follows from
work of HOOLEY, and of MONTGOMERY AND VAUGHAN [MV2] who showed that #{n €
[m,m + h) : (n,q) = 1} has Gaussian distribution with mean and variance equal to
ho(q)/q, as m varies over the integers, provided h is suitably large. This suggests that
#{n € [m,m+h): (n,q) =1} should be {1+ o(1)}(hé(q)/q) provided h > log? q. How-
ever, by a modification of our argument, we can show that this is not true for h = logA q
for any given A > 0, provided that 3, (logp)/p > loglog ¢ (a condition satisfied by many
highly composite ¢). In fact MONTGOMERY AND VAUGHAN showed that

¢ 2r 2)1 ¢ r
(2 et )
m<k mh—i—l(%:r;)ﬁz(ql—i—l)h

for integers » > 1. Our work places restrictions on the uniformity with which this estimate
can hold: Given h and ¢ with h¢(q)/q large, define n by q/é(q) = (hé(q)/q)". If the above
holds then r < (log(h¢(q)/q))>4n+eM),

¢ Wirsing Sequences. Let P be a set of primes of logarithmic density « for a fixed
number a € (0,1); that is

S8 (o of1)) log,

p<z p

peEP
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as © — 00. Let A be the set of integers not divisible by any prime in P and let a(n) = 1
if n € A and a(n) = 0 otherwise. WIRSING proved that (see page 417 of [Ten))

(2.12) Alz) ~ F(f;_aa)x I1 (1 - %)

p<z
peP

We can show oscillatory results for any such A: Fix u > max(e?/ @, ') and suppose z is
sufficiently large. Then there exists y € (z/4,x) and an arithmetic progression a (mod )
with ¢ < z(3/log x)* such that

A(y; ¢,a) — %?A(y) > exp(—u(logu + O(loglog u) ))%'

Moreover suppose M N = u with M, N > 1. Then at least one of the following is true:
Either there exists y € (z/4,x) and an arithmetic progression a (mod ¢) with
q < exp((log x)ﬁ) such that

. fq(a) Aly)
‘A(y, q,a) — WA(Z/)‘ > exp(—u(log u + O(log log u)))w

Or there exists y > (3 logz)" and an interval (v,v +y) C (z/4, z) such that

A(v) ‘

‘.A(U +y) — Av) — y@‘ > exp(—u(logu + O(loglog u)))y

Examples of Wirsing sequences include sums of two squares, in fact norms of integral ideals
belonging to a given ideal class (in a given number field).

3. HALASZ’S THEOREM

3.1. The Halasz-Montgomery theorem. Given a multiplicative function f with
|f(n)| <1 for all n, define

o(f,x) ::Ig(lJr%jt%lf)jt...)(l—%).

We are concerned with understanding the mean value of f up to z, that is > . f(n).
For real-valued f it turns out that

(3.1a) i Z f(n) — O(f,00) as z — oc.

n<x

In 1944 WINTNER proved this when ©(f, 00) # 0, which is equivalent to the hypothesis
that > (1— f(p))/p converges. In 1967, WIRSING [Wrs| settled the harder remaining case
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when O(f,00) = 0, thereby establishing an old conjecture of ERDOS AND WINTNER that
every multiplicative function f with —1 < f(n) < 1 has a mean-value.

On the other hand not all complex valued multiplicative functions have a mean
value tending to a limit; for example, the function f(n) = n'®, with a € R\ {0}, since
1 D on<a W'Y ~ ' /(1+ia). In the early seventies, GABOR HALAsz [Hall, Hal2] brilliantly
realized that the correct question to ask is whether > (1 —Re(f (p)p~*?))/p converges for
all real numbers a. His fundamental result states:

(I) If 3=, (1 — Re(f(p)/p**))/p diverges for all o then %anx f(n) — 0 as z — oo.
(II) If there exists a for which »_ (1 — Re(f(p)/p**))/p converges then

L

ml
1+ iaG(fo” 7)

(3.1b) -3 f) ~

n<x

where fo(n) := f(n)/n'*. Now |O(fa,z)| — |O(fa,0)| as x — oo so we can rewrite the
above as

1 xhe .
- ~ o(f, ir(z)
L D0~ Ul
where r(z) = arg O(fa,z) (which varies very slowly, for example r(2?) = r(z) + o(1)).
Also note that if 3 |1 — f(p)/p*®|/p converges then (II) holds and O(f,,z) — O(fa,o0)
as r — o0.

Moreover one should note the Corollary that if (II) holds then for any real number

one has
piletp)

1 i
;Zf(")”ﬂw 1+z‘(a+ﬁ)@(f“’x)'

n<x

In case (I), HALASZ also quantified how rapidly the limit is attained. His method was
modified and refined by MONTGOMERY [Mon], TENENBAUM [Ten, p.343], and SOUND AND
I [GS4]: Throughout define

(3.2) M(z,T) = min S 2 Re(/ (")
Iy\S2Tpr p

Theorem (HALASZ-MONTGOMERY). Let f be a multiplicative function with |f(n)| < 1
for allm. Let x > 3 and T > 1 be real numbers, and let M = M (xz,T). If f is completely
multiplicative then

| S at] < (ar+ ) w07+ SEEE).

U ] <TL1+ ) e o )
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This is essentially “best possible” (up to a factor 10) in that for any given suffi-
ciently large mg, we can construct f and x such that M = M(x,00) = mg + O(1) and
| > en ()] > (M 4+ 12/7)e7 "Mz /10.

If the minimum in (3.2) occurs for y = yo then one might expect that f(n) looks
roughly like n*°, so that the mean-value of f(n) should be around size |z /(1 + iyg)| <
1/(1+ |yo|). In fact we proved that if the minimum in (3.2) with 7" = log z is attained at
Yy = 1o then

1 1 log log z)1+2(1=3%)
—‘Zf(n)‘<< . (ogloga)
zle~ 1+ yol

(logz) 1%

Taking f(n) = n'° we see that this is best possible in terms of o though, in this case
M = 0. Next we proved a hybrid bound between the last two results, obtaining, for
M = M (x,log x),

e~ M

i‘Zf(n)‘«(Mle) log log @

+ .
n<x \% 1 +y(2) (10g.§8)2_\/§

The right hand side of (3.1b) has size < e /(1 + |yo]), implying that there is little room
to reduce the bound in Theorem 2b. In fact for any given a and my we can determine f,
such that M = mg + O(1), yo = « and the bound here is too big by at most a constant
factor.

The minimum in (3.2) can be unwieldy to determine, so it is desirable to get similar
decay estimates in terms of > _ (1 —Re(f(p)))/p (or equivalently |F(1)[). However, in
light of case (II) above, this is only possible if we have some additional information on f,
since the Zp(l —Re(f(p)))/p may diverge while the absolute value of the mean value may
converge. One can avoid case (II) altogether by insisting that all f(p) lie in some closed
convex subset D of the unit disc U (this is a natural restriction for many applications,
such as when f is a Dirichlet character of a given order), as in HALASz [Hall, Hal2], HALL
AND TENENBAUM [HT]|, and HALL [HI2]. The result of HALL is the most general, perhaps
qualitatively definitive. To describe it we require some information on the geometry of D:

Throughout we let D be a closed, convex subset of U with 1 € D, and define v =
v(D) = maxsep (1 — Re(d)). For a € [0, 1] define

1 27

(3.3) h(c) max Re((1 —6)(a — e~ %)) db,

21 ), beD

which is a continuous, increasing, convex function of a. Note that 7(0) = A(D)/2m, where
A(D) is the length of the boundary of D. Define k = k(D) to be the largest value of
a € [0,1] such that h(a) < 1, which exists since h(0) < 1. When 0 € D, HALL showed
that k(D) = 0 only when D = U, and x(D) = 1 only when D = [0, 1]. He also proved that

k(D) > min (1, hé%%) > min (1, ﬁ(l - )\éf)>)

Moreover k(D)v(D) <1 for all D, with equality holding if and only if D = [0, 1].
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Theorem (HALL). Let D be a closed, convez subset of U with 1 € D, and define k(D) as
above. Let f be a multiplicative function with |f(n)| < 1 and f(p) € D for all primes p.
Then

(3.4) l‘ Z f(n)‘ <p exp (—/{(D)gg %W)

HALL proved that the constant (D) here is optimal for every D, in that it cannot be
replaced by any larger value.

One would also like to bound how averages of multiplicative functions vary, for example
that

9 -2 Y o< ()

n<x n<z/w

for all 1 < w < x, with as large an exponent 3 as possible; the only problem is that this
is not true as the ubiquitous example f(n) = n’® reveals. On the other hand ELLIOTT
proved that the absolute value of the mean of a given multiplicative function does vary
slowly, and using the method here one can improve his result to:

log 2w == log x log log x
1
Z fn) < ( log x ) o8 (logQw) * (log )2~ V3

n<x
for 1 < w < z/10 and any multiplicative function f with |f(n)| < 1 for all n. If the
minimum in (3.2) occurs when y = 0 then we can remove the absolute value signs here,
and have a result like the one proposed, (3.5). In the special case that f(n) is non-negative
we improved the 1 —2/7 to 1 — 1/7, see [GS6].

An application of such an estimate, as HILDEBRAND [Hi3| observed, is to extend
slightly the range of validity of BURGESS’ famous character sum estimate. For characters
X with cubefree conductor g, one can show that Y. _n x(n) = o(N) for N > ¢*/4=°)
rather than N > ¢!/4+e(1).

Our proofs are based on the following key Proposition, which we establish by a vari-
ation of HALASZ’ method.

(36

Proposition 3.1. Forx > 3,7 > 1, and

_F(s) flp) | f®*)
F(s)_Fm()._H(H et © +)

p<z

for any complex number s with Re(s) > 0, we have

—2«

1 2 Li1—» , 1 loglogx
U5 s« g [ () (st o i o+ 5ke)
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Sketch of deduction of the HALASZ-MONTGOMERY theorem. Whenever 0 < o < 1 we have
e =1 [T 927 de + O(%). We easily deduce that

S

max |F(1+a+iy)| < L—I—O(%) where L :=

F(1 4
log L1 max [F(1 +iy)|

log x ( ly|<2T >’

a bound we use in the range o < 1/Llogx. For larger o we have |F(1 + a + iy)| <
C((1+a) < 1/a+ O(1). Substituting these estimates into Proposition 3.1, it is now a
manipulation of some integrals to show that

12

S ] pros T+ ) o7+ )
n<w

T log x

If f is completely multiplicative then, by Mertens’ theorem,

(-3)

P+ iy)| = (T log + () [ [1 - L2

p<z p
_ kY, —ik
= (e7logxz + O(1)) exp ( — Z ! Re(ﬁi )p y)),
p<w
k>1

so that L < e7™M 4 O(1/logz), and the result follows. If f is multiplicative then the
result follows similarly after noting that

f) | f(»)

pl—Hy p2+2zy

f(p)
i 1+

1+ <14+ ——,
p(p—1)

+...H1—

since | f(p*)| < 1 for all k.

3.2. Integral delay equations — a model for mean values. Proofs of Proposition
3.1 (as in [GS4]) can be rather complicated and seem unmotivated. It is our intention to
give the proof of an analogous result about integral delay equations which can be modified
to give a proof of Proposition 3.1. We now discuss what the connection is with integral
delay equations, before getting more precise later.

WIRSING [Wrs| observed that questions on mean-values of multiplicative functions
can be reformulated in terms of solutions to a related integral equation. We formalized
this connection precisely in our paper [GS1] and we now recapitulate the salient details.
Throughout we suppose that f is a multiplicative function with |f(n)| < 1 for all n. Two
classes of multiplicative functions with non-zero mean values are easily dealt with in the
literature, those with f(p) = 1 for all of the “small” primes p, and those with f(p) =1 for
all of the “large” primes p:

e An example with f(p) = 1 for all of the “small” primes p. It is known that there
are ~ p(u)y" integers up to y* which only have prime factors < y (the “y-smooth” or



OTTAWA NOTES 25

“y-friable” integers). Here p(u) = 1 for u < 1, obviously, and p(u) = (1/u) fo u—t)d
for w > 1. In general suppose that f(p) =1 for all primes p < y. Deﬁne

x(u) = xy(u p)logp

p<y

so that x(¢) is a measurable function with |x(¢)| <1 for all t and x(¢) = 1 for ¢ < 1. Let
o(u) be defined as o(u) =1 for 0 <u < 1, and

(3.7) o(u) = — /O (Do(u— e

for u > 1. Then

u 1
Ji X T =0 +0( s L)
= gy Yy
In the y-smooth numbers example we had f(p) =1 if p <y and f(p) =0 if p > y so that
x(t) =1for t <1 and 0 for ¢t > 1, so that (3.7) gives us p(u) = (1/u) fo u — t)dt.

In fact whenever x : (0,00) — C is measurable function Wlth x(t) =1 for 0 <t<1
and |x(t)] <1 for all t > 1, there is a unique solution o(u) to (3.7) which is continuous,
with |o(u)| <1 for all u.

e An example with f(p) =1 for all of the “large” primes p. Let P be a set of primes
< y where y = z°M). It is known from sieve theory that the number of integers up to

z with no prime factors from the set P is ~ [[ p(1 —1/p) - z. In general suppose that
f(p) =1 for all primes p € (y,x]. We saw in (3.1b) that

—T;f ) = O(f,z) = @(f,y)=g<1—%><1+@+%@+,_,);

In our example, f is totally multiplicative with f(p) = 0if p € P, and f(p) = 1 otherwise.

What about f without such helpful structure? By HALASZ’s theorem we see that the
mean value — 0 unless there exists o such that f,(p) := f(p)/p'® is mostly close to 1. In
that case, by partial summation and (3.1b) (and the discussion after), we deduce that

S S0~ T Y fal)

n<zx n<z

1—-Re(fa(p)) ;

and we will study this latter mean value. We know that > __ is bounded and,

1-Re(fa(p))
2 <p<ze % < €. Now

let g(p) = 1 for all p < z¢ and g(p) = fa(p) otherwise, and h(p) = fu(p) for all p < z,
and h(p) = 1 otherwise. By an inclusion-exclusion argument it is easy to show that

LN Rl = 23 gl -3 hln) + O

n<zx n<z n<x

in particular, there exists extremely small € > 0 such that > .-
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so now we can proceed to determine the mean value of f, using what we have discussed
above about multiplicative functions like g(.) that are 1 on all the small primes, and those
like h(.) that are 1 on all the large primes .

What we have proved is that if the mean value of f is not too small in absolute value,

then it can be written as a product, of 1‘1—; for some || < log z, times an Euler product,
times the solution to an integral delay equation like (3.7). This is a strong version of the
Structure Theorem of [GS1]. Although this is, we believe, the first such formal statement in
the literature, such ideas have been used implicitly for a long time — certainly it had been
recognized that in many problems, the extreme cases are easily modeled by an integral
delay equation. Note that for any particular o, an admissible value for the Euler product,
and an admissible y, it is not difficult to construct examples f(.) that come close to these

values. Hence from our model we can construct arithmetic examples.

Typically the ﬁ% and the FEuler product are easy to determine, but the solution to the
integral delay equation is difficult to determine. The advantage of the structure theorem
is that it allows the researcher to move away from the rather difficult arithmetic issues and
focus instead on a cleaned up pure analysis question about integral delay equations. I prefer
to try to explain most of the proofs here in these terms (however, as one referee wrote, it
is usual to do these kind of calculations in rough and then “translate” the argument to the
arithmetic setting, which is often quite challenging). To start with let me justify HALASZ’s
theorem in this way. Formally I am going in circles since we used HALASZ’s theorem to
prove the Structure Theorem, but in fact the proof that we now sketch can be re-written
with multiplicative functions (see [GS4]) though with several additional complications.

3.3. An integral delay equation version of Proposition 3.1. By a typical sieve
iteration argument one can easily show that

(3.8a) o(u) =1+ Z ( j!) I (u;x),
j=1
where
1—x(t 1— x(t;
(3.8b) L) = [0 () L=x) gy gy
t1+...4t;<u t1 t;

In fact if x(¢) € R for all ¢ then we have the inclusion-exclusion relations, ogx41(u) <
o(u) < oo (u) where?!

k J
op(u) =1+ Z (_jl!) L (u; x)-

The Laplace transform of a function f : [0,00) — C is defined by

L(f,s)= /000 f(t)e *tdt.

21Looking back at our papers (particularly Proposition 3.6 of [GS1]) we did not, but should have,
proved that ogg41(u) is non-decreasing in k, and that ogx(u) is non-increasing in k.
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If f grows at most sub-exponentially then the Laplace transform is well-defined for complex
numbers s in the half-plane Re(s) > 0. From equation (3.7) we obtain that for Re(s) > 0

(3.9) L(uo(u),s) = L(x,s)L(c,s).

Moreover from (3.8) we see that when Re(s) > 0

(3.10) sL(o,s) :exp<—L<1_TX<U),s>>.

Finally, observe that if [ |1—x(t)|/t dt < co then from (3.8b) it follows that lim,_, o'(u)
exists and equals

1 — x(t 1-—
Oxo := €~ " where 77::/ —X() dt :,C(ﬂ,O).
1 t v

We now give our integral equations version of Proposition 3.1.

Proposition 3.2. Fiz v > 1, and define fort > 0

0o —tu L —ivy
M, (t) = / ¢ dv+min / Re(x(v)e™™") e " dv.
u 0

v yeR ()

Then

o(u)] < 1 /0°° (1 - e_Qt“) exp(—MJr(t))dt'

U t t
Since M (t) > max(0, —log(tu) + O(1)) we see that the integral in this Proposition con-
verges.

Proof. Define x(v) = x(v) if v < u, and x(v) = 0if v > u. Let & denote the corresponding
solution to (3.7). Note that 6(v) = o(v) for v < u. Thus

1 u 1 u oo
lo(u)| = |o(u)| < —/ |6(v)|dv = —/ 2@\6(1})\/ e 2 dtdv
u Jo 0 0

u

(3.11) - %/OOO (/0 2v|a—(v)\62wdv)dt.

By Cauchy’s inequality

(/Ou 2v|&(v)|62t”dv)2 < (4 /Ou e2t”dv) (/OOO |v6(v)|262t”dv)
2 — .

(3.12) =
By Plancherel’s formula (Fourier transform is an isometry on L?)

oo 1 oo
/ lvé (v)[Pe*dv =
0

2 ) o

[L(v5(v),t +iy)|*dy
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and, using (3.9), this is

1 o0

:% .

1 (e ]
|L(6,t+iy)[*|L(X, t+iy)|*dy < (mgglﬁ(@tﬂy)ﬁ) —/ |L(X, t+iy)|*dy.
Yy

2m J_

Applying Plancherel’s formula again, we get

[ B N2 22t Y ot 1— e
o | LGt +ay)idy = [ [x(0)Fem dv < | emTdu =
21 J_ o 0 0 2t
Hence
oo 5 o 1 — e—2tu 5
(3.13) / lv6(v)[Pe*dv < ———— max|L(6,t + iy)|*.
0 2t yEeR

By (3.10), we have

L(6,t+1iy) =

O —tvy _ ,—tvy
L exp(%(%,t) +£<L,t>).
t+y v v

Now, we have the identity

1— ety ,
Re (L’(T,t)> = log |1 + iy /t|

which is easily proved by differentiating both sides with respect to y. Using this we obtain

tL(G,t +iy)| = exp (—Re (ﬁ(ﬂ t))) ’

from which it follows that

~ Ly exp(—Mi (1))
max |£(6, 1 + iy)| = ; :

Inserting this in (3.13), and that into (3.12), and then (3.11), we obtain the Proposition.

Now imagine doing all this with x and o replaced by the appropriate mean values and
you can see that it is likely to get quite a bit more complicated!

3.4. An uncertainty principle for integral equations. We need to give an idea of the
proofs that Propositions 2.4 and 2.5 lead to Theorems 2.1 and 2.2, which use the results
described in section 2.3. The proofs of these results are too detailed to give here but, again,
they are modeled on an uncertainty principle for integral delay equations, which we now
describe.
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Theorem 3.3. Suppose o0 # 0 is such that |o(u) — 0oo| < exp(—(u/A)logu) for some
positive A and all sufficiently large u. Then either x(t) = 1 almost everywhere for t > A,
or [;° wec’fdt diverges for some C > 0.

We view this as an “uncertainty principle” since (by choosing A = 1) we have shown
that |x(t)—1| and |o(u) — 0| cannot both be very small except in the case x(t) = o(u) = 1.

Proof. Since |o(u) — 00o| < exp(—(u/A)logu) for all large u (say, for all u > U) it follows
that £(0 — 0, s) is absolutely convergent for all complex s. Therefore the identity

sL(o,8) =8L(0 — 000, S) + O,

which a priori holds for Re(s) > 0, furnishes an analytic continuation of s£(o,s) for
all complex s. Suppose now that fooo We&dt converges for all positive C. Then

£(1*+(”), s) is absolutely convergent for all s € C, and so defines a holomorphic function
on C. Hence the identity (3.10) now holds for all s € C.
If Re(s) = —¢& then

|sL(o,s)] <1+ |S|/ lo(u) — 0o |e™du
0

<1+ ]s|</U 2e5du + /UOO exp <u<§ — loiu))du)
0

<1+]s| (2(eU€ —1)/€ + exp (A(§ +1)+ eAé—l/A) + 1),

A(g+1)
where we bounded the second integral by the sum of the two integrals foe + feo,f(gﬂ)

with the same integrand. In the range of the first integral one uses u(§ — (logu)/A) <
e¢~1 /A, and in the range of the second integral one uses u(¢ —(logu)/A) < —u. Therefore,
by (3.10), if Re(s) > —¢ and Im(s) < e° with ¢ large, then

Re (—L(l_TX(U),sD < et

We now apply the BOREL-CARATHEODORY lemma?®? to —£(2=X) 5) taking the cir-

cles with center 1 and radii r =€ + 1 and R = £ 4+ 2. Since :

N R

22This says that for any holomorphic function f we have

max [f € 2 max Re(f(2)+ 1o [(z0)]

|z—zg|=r — 7T |z—z9|=R R—r

where 0 < r < R.
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we deduce from the last two displayed estimates that

(12 g)| o110 e

On the other hand, for any § > 0 we have
‘E(l - X(U)’_5>‘ . /OO 1 —Re x(v) ¢, S (A0 /OO 1—Re X(U)d%
v 0 v ALS v

so that
/°° 1 —Re x(v)

A+5 v

dv < Ee7%.

Taking 6 = 2log&/¢ and letting £ — oo, we deduce that fjo MCZU = 0; that is,
x(v) = 1 almost everywhere for v > A. This proves the Theorem.

3.5. Spectra. It is interesting, and applicable, to understand what are the possible mean
values of multiplicative functions that take their values of the kth roots of unity. From our
structure theorem we know that we can break this down into a study of Euler products,
and integral delay equations. Here we need x to be measurable, and its values to belong
to the convex hull of the kth roots of unity. In fact for any subset S of the unit disk we
can ask to determine the spectrum I'(S) of possible mean values:?®> We can again apply
the structure theorem where y is now allowed to be anywhere in the convex hull of S. We
may assume that S is closed with no loss of generality. This implies that if 1 ¢ S then
['(S) = {0}, so we may assume that 1 € S henceforth, and hence 1 € I'(S).

It is easy to show that I'([0, 1]) = [0, 1]. It was the main point of our paper [GS1] to
show that I'([—1,1]) = [d1, 1] where

dt = —0.656999... .

Ve logt
g
1 og(1+ Ve) /1 t+1

One amusing consequence of this result is that, once x is sufficiently large, at least 17.15%
of the integers up to z are quadratic residues mod p, for each prime p, and that this
percentage is attained.?*

If S is the unit disc U := {|z| < 1} then I'(U) = U as may be deduced by taking
f(p) = p'® for smaller and smaller. A similar proof holds if there is an infinite sequence
of points of S approaching 1, whose angle with 1 becomes increasingly vertical. In other
words if

Ang(S) :=sup |arg(l — v)|

veES
v#1

equals 7. So henceforth we may assume that 0 < Ang(S) < 7.

23Really we are asking for the set of limit points so I'(S) is always closed, and T'(S) = I'(S).
24Notice that = does not depend on p. Also that .1715 is an approximation for (1 + §1)/2.
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There are two obvious subsets of I'(S), the Euler products
Po(S) = lim {O(/.2) : € F(S)} = {O(f,00) : [ € F(5)}

(this last equality since Ang(S) < 7) which is a closed subset of I'(S), and the solutions
to integral delay equations

A(S) :={o(u) from (3.7) : u >0, x(t) € ConvexHull(S) for all ¢ > 0}.

Our structure theorem implies that I'(S) = I'e(S) x A(S). It is not hard to get a good
understanding of I'g (S) but A(S) remains largely elusive.

By constructing f with f(p) = a € S for lots of large primes p we see that the spiral
{e~t(1=2) . ¢ >0} connecting 0 to 1, belongs to I'e(S); and similarly one can show that
E(S) = {e =) : ¢+ >0, a € ConvexHull(S)} C T'e(S).

e In most cases of interest S contains a real point other than 1 which we will assume
from now on. If so then I'g(S) = £(5) = £(5) %0, 1] and a more precise description is given
by taking the union of the interiors of the two curves {e7*(17*+) . 0 < ¢ < 27/|Im(24)|}
where zy is chosen so that £Im(z1) > 0 with Ang(z1) maximal.

Note that I'(S) inherits some of these properties through the structure theorem. In
particular T'(S) = T'(S) x £(S) so that the spectrum of S is connected, and one can show
that I'(S) = A(S). In fact I'(S) is contained inside a ball of radius 1 — A centered at
A = (28/411) cos?(Ang(S)). We deduce that it only touches the unit circle at 1, so that
one can generalize HALL’s theorem to all such sets S (i.e. that a mean value, if it is real,
is > —(1—2A4)).

In [GS1] we proved and conjectured several things about the geometry of the spectra:

We conjecture that Ang(I'(S)) = Ang(S) (and also equals Ang(A(S)), Ang(T'e(5))
and Ang(£(S))): We can prove only that Ang(I'(S)) < Ang(S) < Ang(T'(9)) < (7 —
sin(§ — Ang(5))). ‘ '

The projection of a complex number z in the direction e’ is Re(e™"“z). We define the
maximal projection of the spectrum I'(S) of a set S C T as maxi4ccs max.cr(s) Re(¢12),
and conjecture that this equals 1 — (1 + 1) cos?(Ang(S)). It is easy to establish that the
maximal projection is > 1 — (1 4 &) cos?(Ang(S)) (by taking f(p) = 1 for p < z¥/(+ve),
and f(p) = ¢ otherwise), and that it is < 1 — (56/411) cos?(Ang(S)). Moreover we know
that the conjecture is true for S = {1, -1} and for S = {1,—-1,, —i}.

3.6. Sieving extrema. Fix u > 1. Suppose that we have a set of primes P up to z for
which [[ (1 —1/p) ~ 1/u. Typically we would expect the number of integers up to z,
free of prime factors from the set P, to be ~ 2 [[ p(1 —1/p) ~ z/u. However some sets
P may behave rather differently, so we ask what are the maximum and minimum possible
values for the proportion of the integers up to x that are free of prime factors from a set
P of primes with [[ (1 —1/p) ~ 1/u?

For the minimum a good candidate is to take P to be the set of primes > x
since then we are counting the number of z'/“-smooth numbers up to z, and we saw in
section 3.2 that this is ~ p(u)z, where p(u) = 1/u%T°®) is remarkably tiny. That p(u) is
the minimum proportion was first proved by HILDEBRAND in [Hi4]. To reprove this, we

1/u
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[GS6] used the structure theorem (taking f(p) = 0 if p € P and f(p) = 1 otherwise), to
decompose f, observed that the small primes only have the predictable effect (since their
contribution belongs to the Euler product) so one could focus on P with only large prime
factors and thus solve an associated optimization problem for a certain class of integral
delay equations.

HALL [Hal] rather elegantly got the upper bound < €7 /u+0,_,(1) on the proportion;
we again used the structure theorem so we could study an associated class of integral delay
equations to prove that the maximum proportion equals e /u — 1/u?T°(),

One might ask the same questions for arbitrary intervals of a given width, that is:
Fix v > 1. For z sufficiently large, what are the maximum and minimum possible values
for the proportion of the integers in an interval of length x that are free of prime factors
from a set P of primes with [[ (1 —1/p) ~ 1/u? Our methods do not seem to apply
to this question. I would guess that the lower bound of p(u) will be hard to beat, but the
upper bound may be attackable (and that there are examples with a larger proportion of
unsieved integers).

4. CHARACTER SUMS
A central problem in analytic number theory is to gain an understanding of character
sums
> x(n),
n<x
where y is a non-principal Dirichlet character x (mod q).

4.1. The Pélya-Vinogradov Theorem. It is easy to show that such characters sums
are always < ¢ in absolute value, while POLYA and I.M. VINOGRADOV [Pol, Vin| improved
this to < ,/qlog g around 1919. To prove this we begin with the fact that if (n,q) = 1 then

> @ () =xt X wtame (D) =xturw),

a (mod q) a (mod q)

where 7(X) = 27} (mod ) X(b)e <§> is the Gauss sum, which is well-known to be /g in
absolute value. Hence

Srn -5 X @Y%),

n<x T(X a (mod q) n<z q

ax

Now, if z is an integer then anx e <%> =e (%) . ee((g))_;' Writing e (%) -1= %;m(l +
]

O(E)) we get, after some manipulation, POLYA’S Fourier expansion

) = x(W) . glogg
(4.1) n;x(n)_ o ;HT(1—6<—%))+0<1+ = )
- h#0



OTTAWA NOTES 33

Taking H = ¢ and bounding every term by its absolute value we get the bound
[ S X(M)] < Y2 Y0 hy<q T +Ol0g q) > 2,/g(log g+0(1)) < \/qlog g for q sufficiently
large,?® as desired.

MONTGOMERY AND VAUGHAN [MV1] improved this bound to < /g log log q assuming
the Generalized Riemann Hypothesis (GRH), in 1977. We now reprove their result by
somewhat different means: It is well-known (see, e.g. page 120 of [Dav]) that for any
non-principal character ¥ (mod m), we have

(4.2) Z Y(n ) < vz log zlog(mx).

n<x

assuming GRH. Then by partial summation we obtain

> b(p) < Valog(ma).

p<z

For any 6 € [0, 1) there exists integers b < r < 22/3 such that |rf — b| < 1/2/3. First we
estimate } _  x(p)e(pb/r) by expanding e(pb/r) in terms of characters mod r and using
(4.2), and then we proceed by partial summation to deduce that if x (mod ¢) is a primitive
character mod ¢ and = < ¢3/2 then

(4.3) Z x(p)e(ph) < x°/%logq.

p<lz

Now if we write each integer n as pm where p is the largest prime factor of n, we can use
(4.3) to show that those n with p > y contribute only to the error term in

(4.4) > x(me(na) = Y x(n)e(na)+ O(zy~/Clogq).

n<lx n<lx
pln = p<y

By partial summation we deduce that

SR g T it

n
n<q n<q

pln = p<y
Substitute this with y = (log¢)'? and 6 = 0, +% into (4.1) (with H = ¢), to obtain

(45) Soxm ="y

n<x 0<|h|<q
p|lh = p<(log q

(h)

=|

(1—e(="5)) + O(log q).

:‘ ‘

)12

25 A bound is easily determined from this proof.
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Taking the absolute value of each term this is

2./4 1\~
< — H 1— ’ + O(logq) < (24€” + o(1))+/qloglogq.
)12

p<(logq

«w2e” »

With some work [GS8] the constant “24e7” here can be improved to “=%

, and we conjec-
ture that “%” is the maximum possible.?® Certainly there are constants this large since an
argument of PALEY [Pal], from 1932, can be used to show that there exist characters sums

(with real, quadratic characters), that are > w -y/qloglogq: Let x = ¢q/2 in (4.5),

which means we will need x(—1) = —1 to avoid having the hth and —hth term cancelling,
to obtain 2 () )
TX X
= e 1
> x(n) == > 7+ O(logq),
n<q/2 h<gq

plh = 2<p<(log q)'?

and the main term here can be shown to be

)

2<p<(logq)'?

Now let m = 4]],_,., p and select a prime ¢ = —1 (mod m) and x(.) = (./q), so that
x(—1) = —1. Note that we can find such a ¢ by Dirichlet’s theorem, and that (p/q) =
(—q/p) = 1 for all odd primes p < y. We expect that we can take y = (log ¢)**°(). When
we average over such g we find that the contribution of the primes p > y to the Euler
product here is negligible, so we expect the size above to be

2./q (1_1>‘1Nev\/a

~N — = —
™

™ p

log log q
2<p<loggq

as desired.

VINOGRADOV conjectured that the least quadratic non-residue mod ¢ is < ¢¢ for
each prime ¢. This conjecture is not resolved, though it is widely believed to be true (see
[Gr6] for a lengthy discussion). The best result known has € = 1/4y/e ~ .15163. Now,
suppose that VINOGRADOV’s conjecture is false, that there are an infinite sequence of ¢ = 3
(mod 4) for which the least quadratic non-residue mod ¢ is > ¢¢ for some ¢ > 0. By the
discussion at the end of the last paragraph we might then expect the values of the character
sum up to q/2 to be < ¢,/qlog q. Hence if we cannot prove VINOGRADOV’s conjecture then
we cannot expect to significantly improve the POLYA-VINOGRADOV Theorem.

In [GS8] we also showed that for any given angle § € (—m, 7| there are at least ¢'=¢

characters x (mod ¢) for which > __x(n) ~ €% eWT\/a loglog g for some z. Hence there
are many character sums of this size.

26This factor of 2 difference between upper and lower bounds is entirely analogous with LITTLE-
wooD’s famous work on the size of L(1,x).
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4.2. Burgess’s Theorem. In many applications one is interested in when

> x(n)

n<x

(4.6)

= o(z).

In 1957, BURGESS [Bul| used ingenious combinatorial methods together with the “Rie-
mann Hypothesis for hyperelliptic curves” to establish (4.6) whenever x > qi“(l), for any
quadratic character mod ¢, with ¢ prime.?” Recently FRIEDLANDER AND IWANIEC [FI]
have supplied a different proof of BURGESS’s result, and HILDEBRAND [Hi3| observed that
one can “extrapolate” BURGESS’s bound to the range =z > qi_o(l). However, BURGESS’s
range has not been substantially improved over the last forty years although it is widely
believed that such an estimate should hold for x >, ¢°.

Assuming GRH we have by (4.4) with o = 0 and y = (logq)” that |>. . x(n)| is
bounded by the number of y-smooth integers up to x plus o(z), that is < (p(u/7)+o0(1))x.2®
Hence we get (4.6) if logz/loglogq — oo. On the other hand, if we construct x as in
PALEY’s example in the previous subsection, we can show that the contribution of integers
n containing larger prime factors to the sum in (4.4) is negligible on average, so that
> <w X(n) ~ xp(u). In particular (4.6) does not hold if z = (log¢)", for some fixed u.?

In fact p(u) = 1/u**t°®) In [GS2] we went on to show that for any fixed A > 0, for
any given angle 6, there are non-principal characters x modulo any prime ¢ for which the
character sum up to log” ¢ equals {e? +0(1)}p(A) log” ¢, putting this on the same footing
as the POLYA-VINOGRADOV problem (see the last remark in the previous subsection).

In [GS2] we improved on (4.4) when e = 0, at the cost of more work, obtaining roughly
z(log ¢)(log ) /y'/? in the error term. In fact we showed that the character sum up to z is
bounded by a constant multiple of the number of (log ¢)?(loglog q)?°-smooth numbers up
to x. In particular this implies that

> x(n)

n<x

(4.7) VE q(5+o(1))%.

We conjectured that the character sum up to x is bounded by a constant multiple of the
number of (log? x 4 log q)(log log ¢)©-smooth numbers up to z for some C' > 0. This would
lead to the “5” in (4.7) being replaced by “C/4”. One can prove that one cannot replace
this by (ﬁ log? z+clog qlog log q)-smooths, for small ¢ > 0; it seems to be a rather delicate
issue to guess the correct bound in (4.7). In [GS2] we showed that for every ¢ there exists

a non-principal character x, and z, such that |>" _ x(n)|/vx > exp <c 102’%)2(}), and

this may well be about as large as it gets.

Recently it has been realized that the proof of BURGESS’s theorem can be somewhat
generalized in the framework of additive combinatorics.3® For finite sets A and B, we
define A+ B={a+b: a€ Ajbe B} and rarp(n) = #{a € A,be B: a+b=n}.
Moreover we let Ey (A, B) = #{a,d’ € A,b,b' € B: ab=d't'}.

27 And subsequently generalized this to any non-principal character x (mod ¢) when ¢ is cubefree;

with the smaller range x > q%+0(1) otherwise.
28See section 3.2 for the definition of p, from which it can be deduced that p(v) = 0y—oo(1).
290ur proof here uses GRH, but this can be proved unconditionally — see [GS2].
30Much of the argument here is implicit in much earlier work of FRIEDLANDER AND IWANIEC [FI].
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Proposition 4.1. For any sets B,U,V C F, we have
1

B me)‘ (<|‘2/| +2\/‘) %)2&

1
(4.8) +2<1——#{ueU,v€V,b,b’EB:b—b’:uv}).
|B||U||V]

Remark. To get a non-trivial result, we must have 2r\/qE«(B,U)/|B|*|U|*> < 1. Now
E.(B,U) <|B||U| and |U| < |B| with r > 1, so we must have |B| > ¢*/*.

Proof. Since

Yo x(n) =Y x(n+t)

neB neB

< 2B\ (B+1)| =2(|B| — rz_g(t)),

we deduce that

> x(n) ’T’ZZ x(n +t)

nebB telT neB

<|B| tez;rg B( )

If T'= UV counting multiplicities then

1
t u! = — .
‘ E E (n+ |UHV| E E +v) V] E rg/u(m) E x(m +v)
teT neEB neB veV m veV
By Holder’s inequality this is
1
2r 2r

> x(m+v)

veV

< v (ZTB/U“”)> (ZTB/UW) >

m m

Now .. rg/u(m) = |B||U| and }°, rp/u(m)* = Ex(B,U). Expanding the 2rth power
in the last term of the line above we obtain

Z DX ( nT—lkJ;:Lll) (?ntvzjz)r)) .

1yeee U2 EV nGIF

By Weil’s theorem we know that if y has order & > 1 and f(x) is not a kth power then

Z x(f(n)) < (#{distinct roots of f} —1),/q.

nelF,
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Evidently if our rational function is a kth power then the numerator is of the form
g(n)*f(n) and the denominator is of the form G(n)*f(n) for some polynomials f,g,G.
Hence the number of possible rational functions of this type that are kth powers is (count-
ing over polynomials g of degree d), where each v; € V,

(/K] N2
< Y VP (5] <
d=0 '

and each contributes < ¢. The other < |V|*" terms each contribute < (2r —1),/g by Weil’s
theorem, so in total our sum is

<V + [V (2r - 1)Va.

Combining all this info yields (4.8).
We now show how to recover BURGESS’s theorem.

Corollary 4.2. Fiz integer r > 1. If N > q% then, for any integer M, we have

r+1\ TT
1 q4'r 1
~ | 2 xn S( N ) (1+ (log q)27)

M<n<M+N

Proof. Let B be the set of integers in the interval (M, M + N] of length N, V the set
of integers < r2¢'/?" and U be the set of primes in the interval ¢ € (Q,2Q] where Q =
(2/3r2) - (N27”*1/q1/2)ﬁ. We first need to determine E(B,U), that is the number
of solutions to bg = b'q’. If ¢ = ¢’ then b = b’ and so there are N|U| such diagonal
solutions. If ¢ # ¢’ then b = n¢’ and V' = nq for some integer n in an interval of length
N/max{q,q'} < N/Q, so that there are < |[U|?N/Q = o(N|U|) such solutions. Hence
E.(B,U) ~ NQ/log@. If t > 0 then |B| — rp_p(t) <t (with equality for ¢ < |B]), so
(4.8) becomes

1
1 T 3 2 1/2r
N MenhrN NQ/logQ 2N

which yields the result.

Recently HENRI COHEN posted a question about bounds for character sums over
squarefree integers on the number theory listserve. One can apply Proposition 4.1, by
restricting elements of V' to be divisible by (Hp <y p)?2, to obtain a non-trivial upper bound

for all intervals of length > ¢/4+°(1),



38 ANDREW GRANVILLE

4.3. Improving Burgess’s Theorem? Integral delay equations. Suppose that the
least quadratic non-residue of the quadratic character (mod q) is of size gt/ (ve)to) for
an infinite sequence of primes ¢, which is large as it can be. If so that (n/q) = 1 for all
n < ¢/4vVe+el) In particular if x(t) = x( /q)(t) where y = ¢*/(4V®) then x(t) = o(t) = 1
for t < 1, and o(u) = 0 for all u > /e by BURGESS’s Theorem. By (3.8) we have, for
1 <u<2that o(u) =1— [/ 1_TX(t)alt >1— ["2dt =1 —2logu, so x(t) = —1 for all
1<t < /easo(y/e)=0. Therefore

1 for u < 1;
(4.9) o(u) =< 1—=2logu for 1 <u < /e
0 for u > y/e.

A simple calculation reveals that,

(s +1logy)L(o,s) ~ L(1+ s/logy,(./q)),

so that we can hunt for zeros of the Dirichlet L-function just inside the critical strip by
looking for zeros of L(o, s) with Re(s) < 0. Now by (4.9) and then integrating by parts,

Ve Ve 1 2 Ve e Uz
L(o,z) = / e " du —/ 2(log u)e “du = ~ — —/ du.
0 1 z oz ) u

Multiplying through by z and integrating by parts twice more gives

Ve ,—uz —z/e R Ry/e
1—2/ ¢ du:1—2€——|—0<|€—|+6 )
1 z

u z\/e |22
where Re(z) = —R. Substituting in zx(¢)v/e = —log(rk) & 2im(k — 1/4) — log(1 — §e?)
for a large integer k we obtain

2L(0,2) = 6 + O ( - ke"/f”) +o(k) =0e” + 0 ( ! ) ,

kl-1/Ve kl-1/Ve

since 0 < k < (1/€)7"/6. Taking, say, 6 = 1/k'/3 we see by the argument principle that
L(0,2) has exactly one zero zj, satisfying \/ezx = — log(nk) & 2in(k — 1/4) + O(1/k/3),
and thus we have proved that

2r + Ok(l)

log(q;”")

where zj, = log(mk) £ 2mi(k —1/4). It is possible to prove an analogous result (see [GS12])
whenever | >~ _ xi(n)] > x for an infinite sequence of primitive characters x; (mod g¢;)

L(s,(./qi)) =0 for s=1-—

of order r, with = ¢/, using HALASZ’s theorem: In this case we have only been able to
prove that we have an infinite sequence of such complex numbers zx, although we believe
that they also satisfy a similar growth condition.

This same circle of ideas has led us to prove in [GS12] that if x is a real, primitive
character (mod ¢), and one hundred percent of the zeros of L(s, x) up to height 1 lie on
the critical line, then (4.6) holds uniformly for all z > ¢¢ (and a similar but weaker result
for complex characters).
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5. PRETENTIOUSNESS

In the last few years we have introduced the word pretentiousness into this literature.
A multiplicative function f is called ¥-pretentious if it is very similar to ; i.e. if f(p) ~
Y¥(p) for “most” primes p up to some given point z. The prototype for pretentiousness is
HALASZ’s theorem which, in this language, states that if a multiplicative function f, with
each |f(n)| < 1, has large mean value up to z then f(n) must be n'-pretentious for some
“small” t. Let us begin by defining a distance function: If f and g are two multiplicative
functions with values inside or on the unit circle define

D(f,g;2)? =Y L — Re(f(P)3(P))

p<z p

This has the desirable property that D(f, g; z) = 0 if and only if f(p) = g(p) and |f(p)| =1
for all primes p < z. It also satisfies the triangle inequality

D(f,g;x) + D(F,G;x) > D(fF, gG; ).

Then HALASZ’s theorem states that if the mean value up to x of a multiplicative func-
tion f, with each |f(n)| < 1, is > 1, then there exists ¢ € R with |{| < 1 such that
D(f(n),n";x) < 1. Actually one find “pretentious proofs” in many places in the analytic
number theory literature, perhaps most strikingly the original

5.1. Proof of the prime number theorem. By 1896 researchers only needed to show
that ((14it) # 0 for all non-zero real ¢, in order to complete the proof of the Prime Number
Theorem. Both HADAMARD and DE LA VALLEE POUSSIN established that if {(1+it) =0
then ((1 4 2it) = oo contradicting the fact that ((s) is analytic except at s = 1. In his
book [Da]. DAVENPORT explains this by noting that if (1 + it) = 0 then the p would
“predominantly” point towards —1, so that the p?** would “predominantly” point towards
1 and hence (1 + 2it) = co. In other words, if A(n) is n'-pretentious then 1 is n?-
pretentious, which is clearly false.?! Justifying this argument was rather complicated, and
every textbook repeats the rather elegant, subsequent argument of MERTENS which avoids
many technicalities rather cleverly.3?

The usual proof that ((1 + it) # 0 for all non-zero real t: Suppose ((1 + it) = 0 for some
real t # 0. Since ( is analytic there, one may suppose the zero is of order r > 1 so that,
using the Taylor series, we have ((1 + A +it) ~ cA" for |A| sufficiently small. We also
know that ((s) has a pole of order 1 at s = 1, so that ((1+ A) ~ 1/A. Now the clever
observation of Mertens (1898) was to use the inequality

(o) (o + it)*¢ (o + 2it)°| > 1,

which holds for all real 0 > 1 and ¢ # 0. (We’ll re-establish this in the next subsection.)
Substituting in o = 1 + A with A > 0 small, we have

AT I+ A + 2it)? > 1.

31Here A\(n) is Liouville’s function, totally multiplicative with A(p) = —1 for every prime p.
32For more on the history of the prime number theorem, read NARKIEWICZ’s superb book [Nar].
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As A — 0 the left side will go to zero unless ((s) has a pole of order > 4T—?:1 > 1 at
s = 1+ 2it. This contradicts the fact that {(s) is analytic at s = 1 + 2it.

Our pretentious proof that ((14it) # 0 for all non-zero real t: We obtain ((1+A+it) ~ cA”
for |A| sufficiently small as above, now taking A = @ for sufficiently large . One can
show that this is equivalent to

11 (1- R N
p1—|—it - (logm)T’

p<z

i.e. the extra @ in the exponent means the contribution of the primes > x to the product
is uniformly bounded, and the contribution of p'/1°8% to the term for each prime p < x is

too small to significant change the value of the product. Our product can be rewritten as

—itlogp 1
H (1+ ¢ ) =
p

s (logz)™"

Now

1 e~ itlogp 1 1
1+ — | > 1—=
(logz)” ~ H( T ) _H( p)>>10gx

p<z

by Mertens’ theorem so that » = 1, and hence

I1 <1+ —1+6:“0gp) =11 (1 - ]19)_1 T (1+ —6_izogp) <1,

p<w p<z p<zw
Taking logarithms of each side we see that p~® = e~%1°8P pretends to be —1; more
precisely that D(p~%, —1; 2) is bounded. Now the triangle inequality yields D(p~2%, 1;2) <
2D(p~*, —1;x) so is also bounded, and hence, repeating the steps above gives

, 1\ 1\ !

p<z p<z p

This implies that ((s) has a pole of order 1 at s = 1 4 2it, contradicting the fact that it is
analytic at this point.

5.2. Interlude: Distance and beyond. Consider the space UY of vectors z = (21, 2, .. .)
where each z; lies on the unit disc U = {|z| < 1}. The space is equipped with a product
obtained by multiplying componentwise: that is, z x w = (zyw1, zws,...). Suppose we
have a sequence of functions 7; : U — Rx¢ for which n;(zw) < n;(2) + n;(w) for any z,
w € U. Then we may define a ‘norm’ on UN by setting

ol = (S we?)
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assuming that the sum converges. The key point is that such a norm satisfies the triangle
inequality
|z x wi| < |zl + [[wl,
since
o0

1z x wl* = Z% zjw;)? < 2)% 4 i (w;)? + 2 (25)n;(w;))

J=1

77]
%
< lll” + wl? +2( 3 ns(=)°) (Zm w;)?)” = (el + wl)?,
j=1

[N

using the Cauchy-Schwarz inequality.

A nice class of examples is provided by taking 7,(2)? = a;(1 — Re z) where the a; are
non-negative constants with Z;il a; < oo. This last condition ensures the convergence of
the sum in the definition of the norm. To verify that n;(zw) < n;(z) + n;(w), note that
1 — Re (e2™) = 2sin?(7f) and |sin(7(0 + ¢))| < |sin(76) cos(m¢)| + | sin(7¢) cos(n)| <
| sin(7@)| + | sin(w¢)|. This settles the case where |z| = |w| = 1, and one can extend this
to all pairs z,w € U.

Now we show how to use such norms to study multiplicative functions. Let f be
a completely multiplicative function. Let ¢; < ¢2 < ... denote the sequence of prime
powers, and we identify f with the element in UN given by (f(q1), f(g2),...). Take a; =
A(qj)/(q5 logg;) for o > 1, and 7;(2)* = a;(1 — Re 2). Then our norm is

HM2§:fé%O—%f@Dﬂ%éww

where F'(s) => 7" f(n)n~*
Let f and g be completely multiplicative functions with |f(n)| < 1 and |g(n)| < 1,
and F ® G(s) = >~ f(n)g(n)n=*. Then by the triangle inequality we have

(o) [0 L [ o
(5-12) w%WM+ngM_%gWW%W

for o > 1, and, taking (—1)%™ f(n) and (—1)?™g(n) in place of f and g we obtain

(5.1b) Vi9og [¢(o)F(o)] + /log [((0)G(0)] > \/k’g Fed é(?;)(a)y

Taking f(n) = n~% and g(n) = n~"2 we are led to the following curious inequalities for
the zeta-function which we have not seen before:

(o) @ T
w%mw+mn+wgmw+m»2¢@Kw+m+mw
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and

¢(o)
’C(O‘ + itl + itz)’ '

Viog¢(o)¢(o +it1)] + v/log[C(0)¢ (0 + it2)] > \/10g

If we take t; = t5 in this last inequality, square out and simplify, we obtain the classical
inequality (c0)3|¢(o + it)|*|C(o + 2it)] > 1 of Mertens used in the last section. It is
conceivable that the more flexible inequalities here could lead to numerically better zero-
free regions for ((s), but our initial approaches in this direction were unsuccessful.

Taking f(n) = x(n)n=% and g(n) = ¥ (n)n"% in (5.1) leads to similar inequalities
for Dirichlet L-functions: for example,

(o) (o) (o)
\/ o8 [Tt + it x0)] = \/ 8L+ it 0] \/ 8 Lo+ it2, )]

Thus the classical inequalities leading to zero-free regions for Dirichlet L-functions can
be put in this framework of triangle inequalities. We wonder if similar useful inequalities
could be found for other L-functions.

It is no more difficult to conclude from (5.1) that

Fr(o)\  ¢(o) (CG'l)y ¢l J(E®G)(0)y (o)
\/iRe< (o) ) o) T \/iR ( G(o) ) (o) = \/R ( (FoG)o) ) (o)
Again taking F' = GG and squaring we obtain:

; Cgl((g)) e (1;((5))) e (%) =0

There is probably a lot waiting to be done with these new identities!

5.3. A new (and easy) application of pretentiousness. Suppose that we cannot
improve BURGESS’s theorem, in that there exist arbitrarily large ¢ and x = ¢¢ such that
| >, <. X(n)] > x. By HALAsSz’s theorem we know that y(n) must be n'-pretentious

for some small ¢ and so x2(n) must be n?-pretentious. Hence we might expect that
|2 <y x2(n)| is large for some values of y close to z:

Define ¢ = M +1log(1+ [t|) + O(1) where ¢ is the value of y in (3.2) and M = M (z, ).
We will prove (as in [GS12]) that there exists y in the range 21/(#¢*) <y < 1 such that

(5.2) Z f(n)| > e %y.

n<y

Proof of (5.2). Let n = 1/(¢e?) and § = ¢/logz. Let g(.) be that totally multiplicative
function for which g(p) = f(p) for all primes p < z, and g(p) = 0 for all primes p > z.

Now .
(n) flo) '\
nlg—F?—Ht - H <1 - p1+§)+it)

n>1 p<lz
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which, in absolute value, is

- 1 —Re it log x
58 =T (1- ) e (- LR e o

p<z p<z
by the prime number theorem. On the other hand

gn) ,
pltorit (1+6+it) / 2—|—5—|—zt Z g(n

n>1 1 n<y

Assuming that | >, . f(n)| < e~ %y for all 27 < y < x, and using the the trivial bound
| > n<y 9(n)| <y otherwise, we find that the absolute value of the integral here is

z" T 00
d d d
<</ 1-?{5 +€_¢/ 135 +/ 1Jyra
1 Yy xn Y x Yy

1
= Oix (L—e ) +e % —e?) +e ?) <3e”

o logx

which yields a contradicts (5.3) if the “O(1)” in the choice of ¢ is chosen sufficiently large.

Using the triangle inequality it is now easy to prove the result claimed in the first
paragraph of this subsection, and much more: For example if we have large character
sums for two different characters, then we do for their product.

In section 4.3 we saw that a large character sum for quadratic character y, contradict-
ing an improvement to BURGESS, tells us about many zeros of L(s, x) close to the 1-line (in
fact these notions are more-or-less equivalent). If we have two (distinct) such characters
then, by what we have just done, we know that there is a large character sum for their
product, which is also a character of order 2. Hence zeros of two L-functions tell us about
zeros of another, third, L-function, at least in the unlikely situation that BURGESS cannot
be significantly improved. This is the first time such a phenomenon has been observed.

5.4. Pélya-Vinogradov revisited. A real number «a € [0,1) lies on a major arc if it is
within a “small” distance of a rational number with small denominator; otherwise « lies
on a minor arc. The arcs are so named because in many integrals on the circle that arise
in number theory, it is the part of the integral on the major arcs (that is, at angles close to
2ma/b for small b) which contribute the main term to the overall integral, and the minor
arcs just contribute to the error. This was confirmed by MONTGOMERY AND VAUGHAN
[MV1] who showed that one can always get non-trivial upper bounds on ) 5 f(n)e(an)
assuming « lies on a minor arc. This is enough to deduce that if x/q is on a minor arc
then the contribution of the terms involving e( qx) in (4.1) is small; hence the character
sum is large if and only if >, X(h)/h = (1 — x(—1))L(1,%) is large. It is straightforward
to show?? that this is large if and only if y(—1) = —1 and  is 1-pretentious.

33 And should be done as an exercise
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If z/q is near to a rational a/b with small denominator then the character sum up to z
is determined by the right side of (4.1), which will be determined by the value of the right
side of (4.1) with z/q replaced by a/b. But e(;) can be re-written as sum over characters ¢

(mod b), with fixed coefficients which have denominators around size v/b.>* Therefore we
can re-write the value of (4.1) as a linear combination of sums of the form », x(h)y(h)/h.
Such a sum can be large if and only if x is ¥-pretentious, and x(—1)¥(—1) = —1. Moreover
b must be bounded for the right side of (4.1) to be large, because of the denominator v/b.
(Notice that the special case at the end of the last paragraph is simply an example, ) = 1,
of what we have here.)

So can x a character mod ¢, be 1-pretentious for a character ¢ of bounded conductor?
Certainly this would contradict the Riemann Hypothesis for L(s, x1/). One can easily show
that y cannot be pretentious for more than one such character;?® and so we can deduce
a significant improvement to the POLYA-VINOGRADOV theorem simply by assuming the
Riemann Hypothesis for L(s, x1)).3¢

We can again multiply characters together for which there is a large character sum:
We have seen that there is a large character sum for x; if and only if x; is v;-pretentious,
and x;(—1)¥;(—1) = —1 for some character v; of small conductor. But then x := x1x2x3
is 1) := 1991p3-pretentious, and y(—1)1(—1) = —1, so we have a large character sum for
X1X2X3- (This can all be quantified quite precisely; see [GS8] for details.) In particular if
we have a large character sum for y then we do for x* for any fixed odd integer k. For
example, if y, a primitive character of order 6 mod ¢, has a large character sum, then so
does (./q). As in the last section this idea that strange behaviour by one character implies
the same for another character appears to be a quite new phenomenon.

Now let’s prove that one cannot have a large character sum for any primitive character
x of order 3: Note that x(—1) = x3(—1)/(x(—=1))? = 1/(£1)? = 1, and so if we do have

a large character sum then x is i-pretentious, where 1)(—1) = —1 for some character
of small conductor b. But then for most small primes p = —1 (mod b) we have that x(p),
which equals 1,e(3) or e(2) must be close to ¢(p) = ¢(—1) = —1, which is blatantly false,

contradiction. A similar proof works for characters of any fixed odd order.

As we noted at the end of section 4.1 there is little hope of significantly improving the
POLYA-VINOGRADOV theorem, either unconditionally or assuming GRH, for characters
of order 2. However from the argument of the last paragraph we obtained the following
improvement [GS8] for primitive characters x (mod ¢) of odd order g > 1:

Z x(n)| <4

n<x

{ V/q(log q)l_%g’Lo(l) unconditionally, and
\/a(loglogq)l_%g“(l) assuming GRH,

where §; = 1 — Zsin 3.37 The argument of two paragraphs above implies that we can

34 Another exercise!

35Fun exercise: Prove this, ie that “pretentiousness is repulsive.”

360ur original objective was to try to reprove MONTGOMERY AND VAUGHAN’s result using just the
Riemann Hypothesis for L(s, x), not the whole of GRH like they did. We now understand that we had
the wrong objective — it is surprising that a character sum over y-values should depend on the Riemann
Hypothesis for a quite different character, x1.

37Tt should be possible to significantly improve the exponents given here — I do not think our tech-
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significantly improve the POLYA-VINOGRADOV theorem for primitive characters of even
order 2F¢, where ¢ is odd, if we can do so for primitive characters of order 2.

LEO GOLDMAKHER [Gol] recently observed that one can apply these ideas to sig-
nificantly improve the POLYA-VINOGRADOV theorem for characters belonging to certain
special classes of conductors: His key observation is to note that if x is 1-pretentious for

the primes up to y, then L (1 + @,)0 > logy, and then to get upper bounds on the

L-function value using known bounds for character sums. In particular, using bounds of
POSTNIKOV-GALLAGHER-IWANIEC [Iw] on characters whose conductor ¢ has small radical
rad(g) := >_,, logp one can show that

> x(m)| < va ((1og )/ (10grad(q))* + (log ¢)"/* loglog 0)*/* )

n<x

which is o(,/qlog q) provided rad(q) = ¢°Y. GOLDMAKHER also proved that

3/4 1/4 log g
5 x(m)| < v (log )" log Pladla))/* + LY

n<x

where P(q) is the largest prime divisor of ¢, and d(q) is the number of divisors, which is
o(y/qlog q) provided P(q) = ¢°).

6. RECENT WORK

6.1. Pretentiousness is indeed repulsive. In [GS11] we prove that there is an absolute
constant ¢ > 0 such that if f is a multiplicative function, and x and 1 are any two distinct
primitive characters with conductor below @), then for z > () we have

g n)n'; x 1 0 clogx ;
DS, x(n)n; 2) + DS, d(m)n'™ >2\/81g(210g<Q<1+|t_u|>>>’

hence one of the two distances must be large. In fact we can put the distances from any
given character to the set of characters of small conductor in order and get some good
lower bounds: Given a primitive character x (mod ¢) organize the primitive characters 1;
(mod m;) with m; <logy, so the distances D(x,;;y) are in ascending order. Then

1
D(x; ¥j;9)* > (1 i + 0(1)> loglog y,

for 1 <j<1.

niques were optimized — a good research problem.
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6.2. Multiplicative functions in arithmetic progressions. HALASZ’S theorem states
that if | >, <y f(n)| is large then f(n) is n-pretentious for some “small” real t. What
about if

1
N Z f(n)

n<N
n=a (mod q)
is large? There are several obvious examples for which this sum is large, for examples
f(n) = n', and f(n) = x(n) where y is a Dirichlet character mod ¢ (since then f(n) =
x(n) = x(a) for each n in the sum). One also has the two multiplied together, that is
f(n) = x(n)n', and no more: In [BGS], BALOG, SOUND AND I showed that if the mean
value of f is “large” in an arithmetic progression mod ¢ then f(n) is x(n)n‘-pretentious
for some Dirichlet character y mod ¢ and some “small” real . From what we just stated
about pretentiousness being repulsive, there can only be one such y and t.
It would be interesting to know what could be said about when

Wév) > flp—1)

p<N

is large? Certainly if f(n) = n®® then this is ~ N% /(1 +it). Also if f(p) = x(p) whenever
p 1 q then the mean-value is ~ —x(—1)/¢(q). Perhaps if the mean-value is large then f(n)

must be y(n)n“-pretentious for some Dirichlet character x (mod q), where ¢ and t are
both small?

6.3. Exponential sums. If |} __ f(n)e?™*|islarge then MONTGOMERY AND VAUGHAN

[MV1] showed that « is on a major arc; i.e. « is close to some rational a/b with b “small”.
In [GS13] we show, in addition, that f(n) is ¥(n)n'-pretentious where 1 is a character of
conductor b and ¢ is “small”.

This result has tremendous impact on questions that can be attacked by the circle
method. For example, the number of solutions to

a+b=c
in integers a,b, ¢ < x with f(a) = f(b) = f(¢) =1 where f: N — {—1,1}, is

1
> 5% of #{a,b,c € N: a,b,c <z and a + b = c}.

Here 1% is really (1 + 61)%, where this is the d; we encountered in section 3.5. One
corollary states that for sufficiently large x, for each prime p at least %% of the solutions
to a+b=c < x give rise to Pythagorean triangles mod p (that is a + b = ¢ where a, b and
¢ are squares mod p).

More generally, if f, g, h are three totally multiplicative functions whose values all lie
in U, such that

2
> f@bhe)| > -
el
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then f(n),g(n), h(n) pretend to be 1y (n)n™, o (n)n*2, 1h3(n)n's, respectively, where the
t; are bounded, the 1); are characters to small moduli, and 11913 principal

6.4. The prime number theorem in terms of multiplicative functions. Since
C(s)™' = >, o, p(n)/n®, one can show that the prime number theorem is of the same
depth as proving that > __u(n) = o(z) or, equivalently, that > _ A(n) = o(z).%®
Hence we may write the prime number theorem as: For any € > 0 there exists x. such that
if £ > x. then

Z A(n)| < ex.

n<x

Moreover if z > z. , then

n<x
n=a (mod q)
whenever (a,q) = 1. As we noted way back on page 6, we only know this, unconditionally
with z. , exponential in a power of ¢, which is not useful in many applications. It was
a great breakthrough when BOMBIERI AND VINOGRADOV showed how to get z., just a
touch bigger than ¢2, for “most” ¢. A beautiful and more explicit version of this theorem,
though with a slightly smaller range, was given by a result of GALLAGHER [Gal]: Given
€ > 0 there exists A > 1 such that

Z Aln)| < 65

n<x
n=a (mod q)

for all (a,q) =1 and all ¢ < /4 except those ¢ that are multiples of some exceptional
modulus 7. In this case there exists a character ¥ (mod r) such that

SAm) —v@) D> AW Seg

n<x n<x
n=a (mod q) n=1 (mod q)

whenever (a,q) = 1 and r divides ¢, with ¢ < z'/4. If this occurs then A(n) is ¢ (n)n®—
pretentious for some small real ¢.

If this last case occurs, it would contradict the Generalized Riemann Hypothesis. In
fact since A(n) is real-valued one can deduce that ¢ = 0, that ¢ must be a real-valued
character, and that there is a zero of L(v, s) lying very close to s = 1. We already know

38This equivalence can be obtained by entirely elementary means by summing over the identity
D neap H(a)logb =logn if n is a prime power, 0 otherwise.
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that there cannot be two such characters 1) because pretentiousness is repulsive. That
there cannot be two such characters has typically been proved in the past by noting that if
there were then they would both have zeros close to 1, and hence to each other, but zeros
of Dirichlet L-functions “repel” according to the DEURING-HEILBRONN phenomenon.?’
The (unique) exceptional zero is known as a “Siegel zero” or “Landau-Siegel zero”, and is
typically believed to lie deep in the theory of Dirichlet L-functions.

In [BGS] we have generalized GALLAGHER’s theorem, from A to all multiplicative
functions f with all |f(n)| < 1: Given € > 0 there exists A > 1 such that

> fm)|<e

n<x
n=a (mod q)

for all (a,q) =1 and all ¢ < z1/4 | except those ¢ that are multiples of some exceptional
modulus 7. In this case there exists a character ¥ (mod r) such that

Yooty =@ Y f) geg

n<x n<x
n=a (mod q) n=1 (mod q)

whenever (a,q) = 1 and = divides g, with ¢ < z'/4. If this occurs then f(n) is ¢(n)n*—
pretentious for some small real ¢.40

If we let f(n) = ¢(n)n® then the second case of the theorem does occur quite naturally.
I am not sure what this implies about Siegel zeros, except to say that we are unlikely to
rule out the possibility of their existence from an approach involving only the arithmetic
theory of multiplicative functions.*! Moreover GALLAGHER’s theorem no longer appears to
lie deep in the theory of Dirichlet L-functions but instead is a rather general phenomenon.
In fact, given the generality of this new result, one might expect a proof that is entirely
combinatorial and has little to do with the analytic number theory of zeta functions. In
our proof we require, for some fixed B, and C sufficiently large and for each (a,q) = 1,
“lots” of primes = a (mod ¢) in an interval [¢Z,2¢®], or “lots” of P2s = a (mod ¢) in an
interval [¢©,2¢%].

Our original proof used the theory of L-functions non-trivially: We noted that by
GALLAGHER’s theorem we have enough such primes except when there is a Siegel zero for
some character ¢/ (mod ¢) and ¢(a) = 1. In that case almost all primes of this size satisfy
¥(p) = —1, so that most of the P2s n made up of these primes satisfy ¢ (n) = 1.

39Hence our terminology, “repulsion”.

40We have quite consciously written out a version of Gallagher’s theorem which is, word-for-word,
the example f = A of this theorem.

41 Analytic number theorists tend to think of mean value theorems for the coefficients of Dirichlet
series (like L(f,s) := >, <, f(n)/n®) as coming from so-called Tauberian theorems. Yet here we see a
quite developed theory of mean values of L(fY, s), with little chance of proving these results by Tauberian
methods, since the L(fx, s) are not so likely to be provably analytic on the line Re(s) = 1 nor a little to
the left of it.
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Subsequently we observed that our result follows if something like

2z logx
logz > logp+ > log p1 log p2 ~ Tg)
p<xz p1p2 <z 1
p=a (mod q) pip2=a (mod q)

holds for each (a,q) = 1 for a suitable value of z. Selberg [S12] showed this for x > e? in
his elementary proof of the prime number theorem for arithmetic progressions, a value of
x which is far too large for our purposes. However in 1981 Friedlander [Frl] conveniently
showed this for all z > ¢3Z, which is what allows us to prove our result avoiding deep facts
about L-functions.

One can write down a more precise version: For z¢ > 214 > 3 one can take

1
Viog A

For small ¢, that is ¢ < (logx), onee can take

€ =

1 q _
(log x)1/3+0(1) + (log z)1+o()

€ =

and we can show that 1/3 + o(1) cannot be replaced by 1.

6.5. Periodic functions pretending to be characters. One step of the proof is rather
entertaining: If g : (Z/qZ)* — C is a function with ¢g(1) = 1, and |g(ab) — g(a)g(b)| <
e(< %) for all @ and b coprime to ¢, then there exists a character y (mod ¢) such that
Ix(a) —g(a)| < €/(1—2¢), for all (a,q) = 1. Such problems are explored in much greater
generality in [BFL].
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