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Application to Gel'fond's Problem

Lecture 5
Damien Roy (University of Ottawa)This last lecture is inspired by a survey of Michel Waldschmidt on large transcendencedegrees [7]. Its goal is to show on a concrete example how Philippon's criterion can becombined with a zero estimate to prove results of algebraic independence. To this end,consider the following conjecture known as Gel'fond's problem.Conjecture. Let � 2 C be a non-zero algebraic number and let � 2 C be an irrationalalgebraic number. Denote by d the degree of � over Q and choose a non-zero determinationlog(�) of the logarithm of �. Then, the d� 1 complex numbers��j := exp(�j log(�)); j = 1; : : : ; d� 1;are algebraically independent over Q.Under the hypotheses of this conjecture, the well-known theorem of Gel'fond and Schneiderasserts that �� is transcendental. So, the conjecture is true when d = 2. In 1949, Gel'fondalso proved that the conjecture holds when d = 3 [2]. For any larger value of d, it is stillopen. However, we possess general lower bounds for the transcendence of the �eld generatedby these numbers:trdegQQ���; : : : ; ��d�1� � log2(d=2) Chudnovsky 1976,� (d� 1)=2 Philippon 1987,� d=2 Diaz 1989.We will show here that this transcendence degree is at least (d� 2)=4 when � and � are realwith � > 0 and log(�) 2 R (we restrict to real numbers in order to avoid technicalities inthe application of the zero estimate).

1. Technical hypothesesTo recast the above results in a larger context, we need the following concept.De�nition. Let �0; : : : ; �n be Q-linearly independent complex numbers. We say that �0; : : : ; �nsatisfy the Technical Hypothesis (T.H.) if, for each � > 0, there exist only �nitely manyintegers H for which the conditions0 < maxfjm0j; : : : ; jmnjg � H; jm0�0 + � � �+mn�nj � exp(�H�)admit a solution (m0; : : : ;mn) 2 Zn.
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For example, upon denoting by �Q the algebraic closure of Q in C, we have:
Lemma 1.1. Let 1; �1; : : : ; �n 2 �Q be Q-linearly independent, and let � 2 C�. Then�; ��1; : : : ; ��n satisfy T. H.Proof. Without loss of generality, we may assume that � = 1. Let W denote the smallestQ-subvariety of Pn(C) containing the point with projective coordinates (1; �1; : : : ; �n). Over�Q, its Chow form factors as a product

F = a dY
i=1
�U0 + �(i)1 U1 + � � �+ �(i)n Un� 2 Z[U0; : : : ; Un]

where (�(i)1 ; : : : ; �(i)n ) (i = 1; : : : ; d) are the distinct conjugates of (�1; : : : ; �n) over Q andwhere a 2 Z n f0g. For any non-zero point m = (m0; : : : ;mn) 2 Zm+1, the value F (m) is anon-zero integer with jF (m)j � c kmkd�1jm0 +m1�1 + � � �+mn�njfor some constant c > 0 depending only onW , and so jm0+m1�1+� � �+mn�nj � c�1kmk�d+1.The conclusion follows. �In [1], G. Diaz proved the following result:
Theorem 1.2 (Diaz, 1989). Let x1; : : : ; xd 2 C be Q-linearly independent numbers satisfyingT.H., and let y1; : : : ; y` 2 C be Q-linearly independent numbers satisfying also T.H. Assumethat d` > d+ `. Then we have

trdegQQ(x1; : : : ; xd; ex1y1 ; : : : ; exdy`) > (d� 1)`d+ ` �
The earlier result [3, Thm. 2.12] of P. Philippon had a large inequality instead of the strictinequality. So, the above is an improvement when d + ` divides (d � 1)`. It is conjecturedthat this result still holds without any technical hypotheses (see [7, x2]). In the notationof Gel'fond's problem, Lemma 1.1 shows that the hypotheses of Diaz' theorem are satis�edwith ` = d and xj = �j�1, yj = �j�1 log(�) for j = 1; : : : ; d. This givesd� 12 < trdegQQ(1; �; : : : ; �d�1; �; ��; : : : ; ��2d�2) = trdegQQ(��; : : : ; ��d�1);and, since the above transcendence degree is an integer, it is � d=2, as stated in the presen-tation. In this lecture, we will simply prove:

Proposition 1.3. Let x1; : : : ; xd 2 R be Q-linearly independent numbers satisfying T.H.,and let y1; : : : ; y` 2 R be Q-linearly independent numbers satisfying also T.H. Assume thatd` > d+ `. Then we have trdegQQ(ex1y1 ; : : : ; exdy`) � d`� d� `2(d+ `) �
Arguing as above, this gives trdegQQ(��; : : : ; ��d�1) � (d � 2)=4 in the notation ofGel'fond's problem, assuming that log(�) and � are real.
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2. Proof of Proposition 1.3We proceed in several steps. The �rst one is a special case of a construction of MichelWaldschmidt whose proof in presented in Appendix B.
Step 1. Let �, �, � and � be positive real numbers with(1) � � �; �+ � < � and 2� < d�+ �:For each su�ciently large integer N , there exists a non-zero polynomial PN 2 Z[X1; : : : ; Xn]with deg(PN) � N�; log kPNk � N�;such that the exponential polynomial fN(z) := PN(ex1z; : : : ; exdz) satis�esjfN jN� := maxfjfN(z)j ; jzj � N�g � exp(�N�):
Step 2. Fix a real number � with(2) 0 < � < �:For each su�ciently large integer N and each s = (s1; : : : ; s`) 2 N` with ksk � N�, we havejs1y1 + � � �+ s`y`j � N�;and so jfN(s1y1 + � � �+ s`y`)j � exp(�N�):Upon writing 
j = (ex1yj ; : : : ; exdyj) 2 T := (C�)d for j = 1; : : : ; `,where T is the algebraic group considered in Lectures 1-2 (for the �eld K = C), the precedinginequality becomes jPN(
s11 � � � 
s`` )j � exp(�N�):In particular, if s = 0, this implies that PN(1) = 0, where 1 denotes the neutral element ofT, because PN(1) 2 Z. Furthermore upon writing

PN(X1; : : : ; Xd) = X
j�j�N� pN;�X�1

1 � � �X�dd ;
we �nd that PN(
s11 � � � 
s`` ) = Q(s)N �1; 
1; : : : ; 
`�where Q(s)N is the homogeneous polynomial ofZ[Y0;Y1; : : : ;Y`]; Yj = (Y1;j; : : : ; Yd;j) j = 1; : : : ; `;of degree DN := [`N�+�] given by

Q(s)N �Y0;Y1; : : : ;Y`� = X
j�j�N� pN;�Y DN�j�j jsj

0

dY
i=1
Ỳ
j=1 Y �isji;j
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We also note that kQ(s)N k = kPNk if s 6= 0. Since Q(0)N = PN(1)Y DN
0 = 0, we conclude thatkQ(s)N k � exp(N�) regardless whether s is zero or not.Consider the family FN of all polynomials Q(s)N with s 2 N` of norm ksk � N�. Byconstruction, each Q 2 FN is homogeneous of degree DN = [`N�+�] and satis�es

log kQk � N� and jQ(1; 
1; : : : ; 
`)j � exp(�N�):
Moreover, a common zero of this family in Pd`(C) with non-zero �rst projective coordinateis represented by a point (1; ~
1; : : : ; ~
`) 2 C1+d` with the property that
(3) PN(~
s11 � � � ~
s`` ) = 0 for any s 2 N` with ksk � N�.
This last remark will be useful later.In order to conclude on the basis of Philippon's criterion that

trdegQQ(
1; : : : ; 
`) � k + 1;
for some integer k � 0, we require that
(4) � > maxf�; �+ �g+ k(� + �)
so that the ratio N�=�(N� +DN)DkN� tends to 0 as N goes to in�nity. We also require thatthe family FN has no common zero at distance � exp(�(N �1)�) from the point � of Pd`(C)with projective coordinates (1; 
1; : : : ; 
`).
Step 3. Suppose that the family FN has a common zero ~� at a distance � exp(�(N � 1)�)from �. Since � is independent of N , this implies, if N is large enough, that ~� admits a setof projective coordinates of the form (1; ~
1; : : : ; ~
`) 2 C1+d` with

k~
j � 
jk � c1 exp(�(N � 1)�) for j = 1; : : : ; `,
where c1 is a positive constant depending only on �. In turn this implies that, for eachj = 1; : : : ; `, we can write ~
j = (et1;j ; : : : ; etd;j)for a choice of complex numbers ti;j with(5) jti;j � xiyjj � c2 exp(�(N � 1)�)
for a constant c2 > 0 which does not depend on N . Moreover, the points ~
1; : : : ; ~
` satisfythe condition (3).Now suppose that there exists m = (m1; : : : ;md) 2 Nd with 0 < jmj � N� and s =(s1; : : : ; s`) 2 N` with 0 < ksk � N� such thatdY

i=1
Ỳ
j=1(eti;j)misj = 1:
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Then the real part of Pdi=1Pj̀=1 ti;jmisj is 0 and thus, by (5), we �nd�����
dX

i=1
X̀
j=1(xiyj)misj

����� =
�����

dX
i=1
X̀
j=1 <(ti;j � xiyj)misj

����� � c2`N�+� exp(�(N � 1)�);
where < denotes the function \real part". SincedX

i=1
X̀
j=1(xiyj)misj =  dX

i=1 mixi
! X̀

j=1 sjyj
! ;

and since both x1; : : : ; xd and y1; : : : ; y` satisfy T.H., this is possible only for �nitely manyvalues of N . Therefore, assuming that N is large enough, Proposition 4.1 of Lectures 1-2applies with D = [N�] and S = [N�] : it gives�2[N�]�d � �[N�]=d�`:The existence of the zero ~� is therefore ruled out, for N su�ciently large, if we assume that(6) d� < `�:
Step 4. For any � with 0 < 3� < d`+ d+ `, the conditions (1), (2), (4) and (6) are ful�lledwith � = `; � = d+ �; � = d+ 2�; � = d+ `+ 2�; � = (d`+ d+ `+ �)=2upon taking for k the largest integer with

k + 1 < � � �d+ `+ � �For such a choice of parameters, we have
trdegQQ(
1; : : : ; 
`) � k + 1 � � � �d+ `+ � � 1 = d`� d� `� 3�2(d+ `+ �) �

The conclusion follows by letting � tend to zero.
Appendix A. The Thue-Siegel lemmaThe use of the box principle for the construction of an auxiliary polynomial �rst appearedin the work of Thue in 1904. In 1929, in his study of integral points on algebraic curves,Siegel used it extensively and stated it as a separate lemma. We �rst prove a version of thatlemma.

Lemma A.1 (Thue-Siegel). Let m; n 2 N with 1 � m < n, let ai;j (1 � i � m; 1 � j � n)be real numbers, let A > 0 be an upper bound for their absolute values, and let � > 0 be anypositive real number. Then the system of inequalities8<:
ja1;1x1 + � � �+ a1;nxnj < �...jam;1x1 + � � �+ am;nxnj < �
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admits a non-zero solution x = (x1; : : : ; xn) 2 Zn with
kxk < 1 + �nA�

� mn�m �
The proof below is an adaptation of the argument of Siegel in [5, Lemma 1, x2, Chap. II].

Proof. Put X = 1 + �nA=��m=(n�m) and consider the linear map T : Rn ! Rm given byT (x1; : : : ; xn) = �a1;1x1 + � � �+ a1;nxn ; : : : ; am;1x1 + � � �+ am;nxn�:We need to show the existence of a point x 2 Zn with1 � kxk < X and kT (x)k < �:To this end, denote by H the largest integer with H < X and form the setE = f(x1; : : : ; xn) 2 Zn ; 0 � xj � H for j = 1; : : : ; ng:For each x = (x1; : : : ; xn) 2 E and each i = 1; : : : ;m, we haveB�i H � ai;1x1 + � � �+ ai;nxn � B+i H;where B�i stands for the sum of the negative coe�cients among ai;1; : : : ; ai;n , while B+i standsfor the sum of the positive coe�cients. Since the interval [B�i H; B+i H] is independent of xand has length (B+i � B�i )H � nAH, it is covered by a family Fi of at most 1 + nAH=�open intervals of length �. Then, each x 2 E is mapped by T to an open cube of side length� of the form J1 � � � � � Jm with Ji 2 Fi for i = 1; : : : ;m.Since E has cardinality (H + 1)n and since H + 1 � X, we �nd
jEj � (H + 1)mXn�m > (H + 1)mmax�1; nA�

�m � �1 + nAH�
�m � jF1j � � � jFmj;

and so there exist at least two distinct points x0 and x00 of E whose images under T belongto the same cube J1 � � � � � Jm. Their di�erence x = x0 � x00 is a non-zero point withkxk � H < X and kT (x)k = kT (x0)� T (x00)k < � as announced. �As a corollary, we recover the statement of [5, Lemma 1, x2, Chap. II].
Corollary A.2. Let m; n 2 N with 1 � m < n, let ai;j (1 � i � m; 1 � j � n) be integers,and let A > 0 be an upper bound for their absolute values. Then the system of equations8<:

ja1;1x1 + � � �+ a1;nxnj = 0...jam;1x1 + � � �+ am;nxnj = 0admits a non-zero solution x = (x1; : : : ; xn) 2 Zn with kxk < 1 + (nA)m=(n�m).
Proof. This follows from the above lemma by taking � = 1, upon observing that for any(x1; : : : ; xn) 2 Zn the expressions ai;1x1+ � � �+ ai;nxn (i = 1; : : : ;m) are integers and so theyare zero if their absolute values are < 1. �
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Appendix B. Construction of an auxiliary functionIn real analysis, it is shown that the function f(x) = ex is given by the series ex =P1k=0 xk=k! converging for all x 2 R. This function is extended to the whole complex planeby putting
ez = 1X

k=0
zkk! for all z 2 C.

The ratio test (also called d'Alembert's test) shows indeed that this series is absolutelyconvergent for each z 2 C. On the basis of this de�nition, simple manipulations of seriesshow that ez+w = ez ew for all z; w 2 C:In other words, ez provides a group homomorphism from the additive group of complexnumbers (C;+) to its multiplicative group (C�; � ), where C� = C n f0g (we have ez � e�z =e0 = 1 and so ez is non-zero with inverse e�z). In particular, we have emz = (ez)m for anym 2 Z.The convergence of the exponential series on the whole of C comes from the fact thatk! grows to in�nity faster than any geometric sequence rk with �xed ratio r > 1. Moreprecisely, for any integer K � 1, we have
eK = 1X

k=0
Kkk! � KKK! =) K! � �Ke

�K :
Using this, we can estimate the tail of the exponential series truncated at the order K:�����

1X
k=K

zkk!
����� �

1X
k=K

jzjk(k=e)k � 1X
k=K

�ejzjK
�k :

In particular, if we assume that jzj � e�2K, this gives�����
1X

k=K
zkk!
����� �

1X
k=K e�k � 2e�K :

The next proposition combines the Thue-Siegel lemma together with estimates of the abovetype to produce a so-called auxiliary function: an analytic function (here an exponentialpolynomial) taking small values in a large disk of C (in general of Cn). It is a very specialcase of a general construction of Michel Waldschmidt in [6]. The proof given below avoidsthe use of the Schwarz lemma, and stresses the importance of the factorials appearing in thecoe�cients of the exponential series.
Proposition B.1. Let d 2 N�, let x1; : : : ; xd 2 C, and let �, �, � and � be positive realnumbers with � � �; � + � < � and 2� < d�+ �:
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For each su�ciently large integer N , there exists a non-zero polynomial PN 2 Z[X1; : : : ; Xd]with deg(PN) � N�; log kPNk � N�;such that the exponential polynomial fN(z) := PN(ex1z; : : : ; exdz) satis�esjfN jN� := maxfjfN(z)j ; jzj � N�g � exp(�N�):
Proof. We �rst note that the hypotheses on the parameters imply that � < d�+��� � d�.We will use this below.Fix an integer N � 1 and, for simplicity, put

D = [N�]; r = N�; V = N� and K = [3V ]:A general polynomial P 2 Z[X1; : : : ; Xd] of degree � D takes the form
P = X

j�j�D p�X�
with unknown integral coe�cients p�. The corresponding exponential polynomial is

f(z) = X
j�j�D p� exp((� � x)z) =

1X
k=0
0@X
j�j�D p�

(� � x)kk!
1A zk;

where � � x = �1x1 + � � �+ �dxd. To control its modulus jf jr on the disk of radius r centeredat the origin, we use
(7) jf jr � K�1X

k=0
������
X
j�j�D p�

(� � x)krkk!
������+ kPk 1X

k=K
X
j�j�D

j� � xjkrkk! ;
and �rst require that
(8)

������
X
j�j�D p�

(� � x)krkk!
������ � exp(�2V ) for k = 0; : : : ; K � 1.

As this is a system of linear inequations with complex coe�cients, we cannot apply ourversion of Thue-Siegel's lemma directly to it. So we separate the real and imaginary partsof the linear forms and ask for the stronger inequalities:������
X
j�j�D p�

<((� � x)k)rkk!
������ � 12 exp(�2V ) and

������
X
j�j�D p�

=((� � x)k)rkk!
������ � 12 exp(�2V )

for k = 0; : : : ; K � 1. Now, this represents a system of m := 2K linear inequations with realcoe�cients in the n := �D+dd � unknown coe�cients of P . The coe�cients of this system haveabsolute value at most
max
j�j�D j� � xjkrkk! � (c1Dr)kk! � exp(c1Dr) where c1 = maxfjx1j; : : : ; jxdjg.
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Assuming that N is su�ciently large, we also have n � Nd�=d! � 4m since d� > �. Then,the Thue-Siegel lemma A.1 ensures the existence of integers p� not all zero with
max jp�j � 1 + � n exp(c1Dr)(1=2) exp(�2V )

�m=(n�m) � 1 + �2n exp(c1Dr)exp(�2V )
�4m=(3n) :

Since � + � < �, we also have 2n exp(c1Dr) � exp(V ) if N is large enough, and sokPk = max jp�j � 1 + exp(3V )4m=(3n):Finally, using 2� < d�+ �, we conclude thatkPk � exp(N�)if N is su�ciently large. Combining this upper bound for kPk with (8), the estimate (7)becomes
(9) jf jr � K exp(�2V ) + exp(N�) 1X

k=K
X
j�j�D

j� � xjkrkk!
To estimate the series over k, we use the inequality k! � (k=e)k and the fact that j��xj � c1Dfor each � 2 Nd with j�j � D. This gives

1X
k=K

X
j�j�D

j� � xjkrkk! � n 1X
k=K

�c1eDrk
�k :

Again, since � > �+ �, we have c1eDr � K=e if N is large enough and so
1X

k=K
�c1eDrk

�k � 1X
k=K e�k � 2 exp(�K):

Combining the last two inequalities and substituting the result into (9), we conclude thatjf jr � K exp(�2V ) + 2n exp(N� �K) � exp(�V )if N is large enough. �

References

[1] G. Diaz, Grands degr�es de transcendance pour des familles d'exponentielles, J. Number Theory 31

(1989), 1{23.
[2] A. O. Gel'fond, On the algebraic independence of transcendental numbers of certain classes, Uspehi

Matem. Nauk (N.S.) 4, no. 5 (33), (1949), 14{48 (Russian).
[3] P. Philippon, Crit�eres pour l'ind�ependance alg�ebrique, Pub. Math. IHES, 64 (1986), 5-52.
[4] W. M. Schmidt, Diophantine Approximation, Lecture Notes in Math., vol. 785, Springer-Verlag, 1980.
[5] C. L. Siegel, Transcendental numbers, Princeton U. Press, 1949.
[6] M. Waldschmidt, Transcendance et exponentielles en plusieurs variables, Invent. Math. 63 (1981), 97{

127.
[7] M. Waldschmidt, Algebraic independence in algebraic groups. Part II: Large transcendence degrees,

in: Introduction to Algebraic Independence Theory, Eds: Yu. V. Nesterenko and P. Philippon, Lecture
Notes in Math., vol. 1752, Springer, 2001.


