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Philippon's Criterion for Algebraic Independence
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A typical transcendence argument starts with the construction of a sequence of auxiliarypolynomials taking small values at many points of a �nitely generated subgroup � of acommutative algebraic group G. These values belong to some �nitely generated extensionK = Q(�1; : : : ; �m) of Q, assuming that the group G itself is de�ned over K. If these valuesare ordinary integers and if we know that their absolute values are < 1, then they all vanishand we can apply a zero estimate to conclude. More generally, if these values are algebraicnumbers and if we have su�ciently good upper bounds for their degree over Q as well asfor their (naive) height (the largest absolute of the coe�cients of their minimal polynomialover Z), then we can instead apply Liouville's inequality and hopefully conclude that thesevalues are zero as well. This is the situation when the �eld K is algebraic over Q. Whenit has transcendence degree one over Q, a substitute for Liouville's inequality is given byGel'fond's criterion. When the transcendence degree is higher, a substitute is Philippon'scriterion. The purpose of these two lectures is to present a proof of the latter.The main tool for the proof is the use of (Cayley-) Chow forms which are generalizationsof the Sylvester resultant of two polynomials. Basically, we will need to factor these formsand to recursively specialize their arguments while keeping track of several norms attachedto them. In Philippon's paper [11], all norms are multiplicative. This makes factoring easybut complicates the specialization arguments. Here we use the approach of [8]. The normsthat we consider instead are attached to convex bodies in such a way that specializationbecomes simple. These norms being quasi-multiplicative, we do not really lose much neitherwhen factoring the forms. This approach was used in [8] to provide a version of Philippon'scriterion with \multiplicities", using slightly more general convex bodies than those whichwe will consider here.In the next section, we study norms attached to convex bodies in rings of polynomials.In Section 2, we de�ne Chow forms and present some of their properties. Then, in Section3, we use these forms to de�ne heights of projective algebraic sets de�ned over Q relativeto convex bodies. In section 4, we look at speci�c convex bodies adapted to the contextof Philippon's criterion and provide estimates for the corresponding norms. In Sections 51
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and 6, we look at the behavior of these norms under specialization, an operation whichgeometrically corresponds to taking intersection of algebraic sets with hypersurfaces. Weconclude in Section 7 with the statement and proof of Philippon's criterion.

1. Norms of polynomials with respect to convex bodies
In this section, we de�ne the notion of a convex body C of Cn and, for each polynomialF 2 C[U1; : : : ; Un] in n-variables, we de�ne the norm of F with respect to C to be themaximum of the absolute values of F on C. Following the presentation in [8], we showthat this norm is essentially multiplicative up to constant factors depending only on thedegree of the product and the number of variables n. To be more precise we work in factwith multi-homogeneous polynomials and corresponding cartesian products of convex bodies.This is motivated by the applications in Section 3 when we de�ne heights for Q-subvarietiesof Pm(C). The notion of norm with respect to a convex body is reminiscent of the twistedheight of J. L. Thunder [15] and the work of S. Zhang [17].

1.1. A generalization of John's theorem. Fix a positive integer n.
De�nition 1. A convex body of Cn is a compact neighborhood C of the origin in Cn with theproperty that �x+ �y 2 Cfor any choice of points x; y of C and any choice of elements �; � of C with j�j+ j�j � 1.
If, in this de�nition, we replace C by R, we �nd the usual notion of convex body of Rn,in the sense of Minkowski. In the present context, if L1; : : : ; Lk are linear forms from Cnto C with the origin as their only common zero, and if �1; : : : ; �k are positive real numbers,then the set of points x 2 Cn which satisfy the conditions jLi(x)j � �i for i = 1; : : : ; k isa convex body of Cn. This is the type of convex body that we shall encounter later in theapplications.For any bounded subset S of Cn, there is a smallest convex body of Cn containing S. Wecall it the symmetric convex hull of S. It is the topological closure of the set of all linearcombinations �1x1+ � � �+�sxs with x1; : : : ;xs 2 S and �1; : : : ; �s 2 C satisfyingP j�ij � 1.We also endow Cn with the maximum norm k(x1; : : : ; xn)k = maxfjx1j; : : : ; jxnjg anddenote by B = �x 2 Cn ; kxk � 1	the unit ball of Cn relative to this norm. It is again a convex body.John's theorem states that, for any convex body C of Rn there is an ellipsoid E of Rn suchthat E � C � pnE (see [6] or [14, Chap. IV, Thm. 2A]). However an ellipsoid E of Rn is
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simply the image of the unit Euclidean ball of Rn by a linear map ' : Rn ! Rn. Here, weprove an analog result in Cn using the unit ball B of Cn with respect to the maximum norminstead of the unit Euclidean ball. The statement below remains true and the proof is thesame if we replace everywhere C by R.
Proposition 1.1. Let C be a convex body of Cn. Then, there is a linear map ' : Cn ! Cnsuch that(1) '(B) � C � n'(B):
Proof. Denote by E the set of all linear maps ' : Cn ! Cn such that '(B) � C. Since C is acompact neighborhood of zero, the set E is not empty and compact. Therefore, it containsan element ' for which j det(')j is maximal. We will show that such a choice of ' satis�esthe condition (1).Indeed, assume on the contrary that C 6� n'(B) = '(nB). Then there exists � 2 Cn with'(�) 2 C and k�k > n. Since '(B) � C, this implies that '(C 0) � C, where C 0 denotes thesymmetric convex hull of B [ f�g.Now, �x an index i with j�ij = k�k, and denote by fe1; : : : ; eng the canonical basis of Cn.Upon multiplying � by an appropriate element of C of absolute value 1, we may assumewithout loss of generality that �i is real and positive, and thus that �i > n. For any realnumber t with 0 � t � 1, de�ne  t to be the C-linear endomorphism of Cn which satis�es

 t(ei) = tei + (1� t)� and  t(ej) = tej for j 6= i.Then, the map  t satis�es  t(B) � C 0, and so ' �  t belongs to E . Moreover, we �nddet( t) = v(t) where v(t) = �t+ (1� t)�i� tn�1 2 R:Since �i > n, the function v(t) achieves its maximum on the interval [0; 1] at the pointt0 = (1 � 1=n)=(1 � 1=�i) and is strictly monotone decreasing in the interval [t0; 1]. De�ne =  t0 . Since t0 < 1, we �nd that j det( )j = v(t0) > v(1) = 1. Then, the composite ' �  is an element of E with j det(' �  )j > j det(')j, against the choice of '. �

1.2. Norm attached to a convex body. Given a convex body C of Cn and a polynomialF 2 C[U1; : : : ; Un], we de�ne the norm of F relative to C by
kFkC = supfjF (x)j ; x 2 Cg:A more standard norm on C[U1; : : : ; Un] denoted k k is given, for F =P� a�U �11 � � �U �nn , bythe maximum of the absolute values of its coe�cients:

kFk = max� ja� j :The next lemma compares these norms when C is the unit ball B of Cn for the maximumnorm. We leave it as an exercise.
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Lemma 1.2. Let B be the unit ball of Cn for the maximum norm, let F 2 C[U1; : : : ; Un] bea polynomial and let N be the number of non-zero coe�cients of F . Then, we have:kFk � kFkB � NkFk:
Our goal is to show that the norm attached to a convex body is essentially multiplicative.We start by the case of the unit ball of Cn, and proceed by comparison with the Mahler'smeasure. We recall that the Mahler's measure of a non-zero polynomial F 2 C[U1; : : : ; Un]is given by

M(F ) = exp�Z 1
0 � � � Z 1

0 log jF (exp(2�it1); � � � ; exp(2�itn))j dt1 � � � dtn�
(see [9]). For F = 0, we put M(F ) = 0. This function is multiplicative in the sense that, forany polynomials F;G 2 C[U1; : : : ; Un], we haveM(FG) =M(F )M(G):For the applications to Chow forms, it is crucial to have good inequalities of comparisonbetween kFkB and M(F ), especially for the dependence in the number of variables. In [11,Lemma 1.13], P. Philippon proves such precise inequalities of comparison between kFk andM(F ). We will admit the following result whose proof is similar (see [8, Lemma 3.5]).
Lemma 1.3. Let B be the unit ball of Cn for the maximum norm. Let n1; : : : ; nk be positiveintegers with sum n, and let Uj;i, (1 � j � k; 1 � i � nj), be indeterminates. Put Uj =(Uj;1; : : : ; Uj;nj) for j = 1; : : : ; k. If F 2 C[U1; : : : ;Uk] is a multi-homogeneous polynomialof multi-degree (d1; : : : ; dk) in the sets of variables U1; : : : ;Uk, then we have:M(F ) � kFkB � nd11 � � �ndkk M(F ):
In the above statement, the assumption of multi-homogeneity on F simply means thateach monomial in F has degree dj in the set of variables Uj, for j = 1; : : : ; k. We deduce:

Lemma 1.4. Let B, n1; : : : ; nk, U1; : : : ;Uk be as in Lemma 1.3. If F1; : : : ; Fs 2 C[U1; : : : ;Uk]are multi-homogeneous polynomials in the sets of variables U1; : : : ;Uk and if their productF = F1 � � �Fs has multi-degree (d1; : : : ; dk), then we have:
kFkB � sY

i=1 kFikB � nd11 � � �ndkk kFkB:
Proof. For i = 1; : : : ; s, denote by (di;1; : : : ; di;k) the multi-degree of Fi. Using Lemma 1.3and the multiplicativity of the Mahler's measure, we �ndsY

i=1 kFikB �
sY

i=1
�ndi;11 � � �ndi;kk M(Fi)� = nd11 � � �ndkk M(F ) � nd11 � � �ndkk kFkB:

The other inequality is clear. �
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Combining Lemma 1.4 with Proposition 1.1, we �nd:

Proposition 1.5. Let B, n1; : : : ; nk, U1; : : : ;Uk be as in Lemma 1.3, and let C be a convexbody of Cn = Cn1�� � ��Cnk in the form of a Cartesian product C = C1�� � ��Ck where Cj isa convex body of Cnj for j = 1; : : : ; k. If F1; : : : ; Fs 2 C[U1; : : : ;Uk] are multi-homogeneouspolynomials in the sets of variables U1; : : : ;Uk and if their product F = F1 � � �Fs has multi-degree (d1; : : : ; dk), then we have:
kFkC � sY

i=1 kFikC �
�nd11 � � �ndkk �2kFkC:

Proof. The lower bound Qsi=1 kFikC � kFkC is clear and is valid for any convex body C ofCn. To prove the upper bound, denote by Bj the unit ball of Cnj relative to the maximumnorm, for j = 1; : : : ; k. By Proposition 1.1, there is a linear map 'j : Cnj ! Cnj such that
'j(Bj) � Cj � 'j(njBj):For i = 1; : : : ; s, de�ne Gi = Fi � ('1; : : : ; 'k). Put also B = B1�� � ��Bk and G = G1 � � �Gs.Then, B is the unit ball of Cn for the maximum norm and we have G = F � ('1; : : : ; 'k).Using the above inclusions together with Lemma 1.4, we �nd:sY

i=1 kFikC �
sY

i=1 kGik(n1B1)�����(nkBk) = nd11 � � �ndkk sY
i=1 kGikB

� �nd11 � � �ndkk �2kGkB � �nd11 � � �ndkk �2kFkC:
�

2. Chow forms
From now on, we �x a positive integerm and denote by C[X] the ring C[X0; X1; : : : ; Xm] ofpolynomials in the variables X = (X0; X1; : : : ; Xm). We also denote by Pm(C) the projectivem-space over C. Its elements are the equivalence classes of non-zero points of Cm+1 underthe relation � � �0 if �0 = �� for some � 2 C�. We denote by (�0 : �1 : � � � : �m) theequivalence class of a non-zero point � = (�0; �1; : : : ; �m) in Cm+1 and say that � is a set ofhomogeneous coordinates of that point.

2.1. Geometric preliminaries. General references for this section are [4, Chap. 1, x2 andx7] and [18, Chap. VII].If a homogeneous polynomial P of C[X] vanishes at some non-zero point � in Cm+1, thenit vanishes at each point of the equivalence class of �. So it is natural to de�ne the set ofzeros Z(P ) of P in Pm(C) to be the set of equivalence classes of zeros of P in Cm+1 n f0g.More generally, a (closed) algebraic subset of Pm(C) is the set of common zeros Z(F) of afamily of homogeneous polynomials F of C[X]. Here, we consider only algebraic subsets W
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of Pn(C) that are de�ned over Q meaning by this that they can be expressed as the set ofcommon zeros of homogeneous polynomials of Q[X]. When such a set cannot be written asthe union of two proper algebraic subsets de�ned over Q, we say that it is irreducible overQ and we call it a Q-subvariety of Pm(C).Given an algebraic subset W of Pm(C) de�ned over Q, we denote by I(W ) the ideal ofQ[X] generated by all homogeneous polynomials of that ring which vanish at each pointof W . This ideal is radical in the sense that, if it contains some power of a polynomial,then it contains this polynomial as well. It can be shown that the assignment W 7! I(W )establishes a bijection between the set of algebraic subsets of Pm(C) de�ned over Q and theset of homogeneous radical ideals of Q[X]. Under this bijection, Q-subvarieties of Pm(C)correspond to homogeneous prime ideals of Q[X]. It can be shown that any algebraic subsetW of Pm(C) de�ned over Q can be written as a �nite union of Q-subvarieties of Pm(Q)W = W1 [ � � � [Wswith Wi 6� Wj when i 6= j. These Q-subvarieties W1; : : : ;Ws are uniquely determined by W(up to permutation) and are called the Q-irreducible components of W .For each integer D � 0, we denote by C[X]D (resp. Q[X]D) the subspace of C[X] (resp.Q[X]) which consists of all homogeneous polynomials of degree D in that ring (with theconvention that 0 is homogeneous of each degree). If W is a non-empty algebraic subset ofPm(C) de�ned over Q, we de�ne its Hilbert function by

H(W ; D) = dimQQ[X]D=(I(W ) \Q[X]D)for each D 2 N. It can be shown that it coincides with a polynomial in D for each su�cientlylarge value of D. The degree of this polynomial is an integer t with 0 � t � m called thedimension of W and denoted dim(W ). Moreover, the product by t! of the leading coe�cientof that polynomial is a positive integer called the degree of W , and denoted deg(W ). It canbe shown that dim(W ) is the largest dimension of the Q-irreducible components of W andthat deg(W ) is the sum of the degrees of the Q-irreducible components ofW with dimensiondim(W ). We say thatW is equidimensional if all its Q-irreducible components have the samedimension. We will frequently use the fact that, ifW is a Q-subvariety of Pm(C) of dimensiont � 1 and if P 2 Q[X] is an homogeneous polynomial which does not belong to I(W ), thenthe intersection W \ Z(P ) of W with the set of zeros of P is equidimensional of dimensiont� 1.
2.2. Chow forms. We will admit the following fact.
Theorem 2.1. Let W be a Q-subvariety of Pm(C) of dimension t � 0. For any choice ofintegers D0; : : : ; Dt 2 N, there exists, up to multiplication by �1, a unique polynomial

F 2 Z[U(0); : : : ;U(t)] where U(k) = (U (k)
j ; j 2 Nm+1; jjj = Dk) for k = 0; : : : ; t,
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which satis�es the following properties:

1) F is irreducible (in particular, the set of its coe�cients is relatively prime),
2) for any choice of u(k) = (u(k)j ; j 2 Nm+1; jjj = Dk) 2 C(Dk+mm ) (k = 0; : : : ; t), we have
F (u(0); : : : ;u(t)) = 0 () P

j u(0)j Xj; : : : ;Pj u(t)j Xj have a common zero on W ,
3) F is homogeneous of degree D0 � � �cDk � � �Dt deg(W ) in the set of variables U(k) foreach k = 0; : : : ; t.

We say that such a polynomial F is a Cayley-Chow form or simply a Chow form of W indegree (D0; : : : ; Dt).For example, when m = 1 and W = P1(C), the form F is the Sylvester resultant of twohomogeneous polynomials. When W = Pm(C) and D0 = � � � = Dm = 1, then F is simplythe determinant of m+ 1 linear forms.For the proof, Propositions 1.3 (ii), 1.4 and 1.5 (iii) of Philippon's paper [11] show theexistence and uniqueness of a polynomial F satisfying 1) and 2). Lemma 1.8 of [11] togetherwith Remark 1) on page 15 of [11] show that it satis�es 3). For the more general case whereW is a subvariety of a product of projective spaces, see the paper of G. R�emond [13]. For thespecial case where W = Pm(C), a very nice exposition using homological methods is givenby M. Chardin in [2]. For the special case D0 = � � � = Dt = 1, see Yu. Nesterenko's paper[10, x1] or the classical reference [5, Chap. X].In the sequel, we view a Chow form in degree (D0; : : : ; Dt) as a polynomial mapF : C[X]D0 � � � � � C[X]Dt �! Cwhose set of zeros are the (t + 1)-tuples of polynomials (P0; : : : ; Pt) which have a commonzero on W , upon identifying each Pk with its set of coe�cients.Before we continue with the exposition of algebraic properties of the Chow forms, this isprobably the right place to stop and explain why we are interested in these forms. To thisend, �x a Q-subvariety W of dimension t � 0, a point � 2 W with projective coordinates �,positive integers D0; : : : ; Dt, and a Chow form F of W in degree (D0; : : : ; Dt). Suppose thatthere exist homogeneous polynomials P0; : : : ; Pt in Z[X] of respective degreesD0; : : : ; Dt withno common zeros on W , then F (P0; : : : ; Pt) is a non-zero integer and so jF (P0; : : : ; Pt)j � 1.Now suppose that P0; : : : ; Pt all have small absolute values at the point �. Then a smallperturbation in their coe�cients will give rise to homogeneous polynomials ~P0; : : : ; ~Pt of thesame respective degrees (but with complex coe�cients) which all vanish at �. Then we haveF ( ~P0; : : : ; ~Pt) = 0. However, the value F ( ~P0; : : : ; ~Pt) should be close to F (P0; : : : ; Pt). This
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is impossible if jP0(�)j; : : : ; jPt(�)j are smaller than a certain positive number depending onlyon W , D0; : : : ; Dt, kP0k; : : : ; kPtk and k�k. Our �rst goal will be to make this statementexplicit in the case where D0 = � � � = Dt. This will be achieved with Corollary 4.5 at theend of Section 4.
2.3. Properties of Chow forms. The following three lemmas will be useful.
Lemma 2.2. Let W be a Q-subvariety of Pm(C) of dimension t � 0, and let F be a Chowform of W in degree (D0; : : : ; Dt).(i) Let � be a permutation of f0; : : : ; tg and let F� be a Chow form of W in degree(D�(0); : : : ; D�(t)). Then,(2) F�(P�(0); : : : ; P�(t)) = �F (P0; : : : ; Pt)for any choice of polynomials Pj 2 C[X]Dj for j = 0; : : : ; t.

(ii) Let I be a �nite set of indices and let �D(i)�i2I be a sequence of positive integersindexed by I such that Dt =Pi2I D(i). For each i 2 I, let Fi be a Chow form of Win degree (D0; : : : ; Dt�1; D(i)). Then,
(3) F�P0; : : : ; Pt�1;Yi2I Qi� = �Yi2I Fi(P0; : : : ; Pt�1; Qi)

for any choice of polynomials Qi 2 C[X]D(i), i 2 I, and Pj 2 C[X]Dj , j = 0; : : : ; t�1.
Proof. To prove (i), view both sides of (2) as de�ning functions onQtj=0C[X]Dj . Since thesepolynomial maps come from irreducible polynomials over Z and have the same zeros, theydi�er by a factor �1.The proof of (ii) is more delicate. Here, we view both sides of (3) as de�ning functionson the product �Qt�1j=0C[X]Dj

� � �Qi2I C[X]D(i)

�. These polynomial maps come frompolynomials over Z and have the same zeros because
F�P0; : : : ; Pt�1;Yi2I Qi� = 0 () W \ Z(P0; : : : ; Pt�1;Yi2I Qi) 6= ;

() W \ Z(P0; : : : ; Pt�1; Qi) 6= ; for some i 2 I() Fi(P0; : : : ; Pt�1; Qi) = 0 for some i 2 I() Y
i2I Fi(P0; : : : ; Pt�1; Qi) = 0

So, they have the same irreducible factors over Z. Moreover, all factors on the right handside of (3) are distinct and irreducible over Z. So the right hand side divides the left handside. Finally, both sides are homogeneous of the same degree in the coe�cients of Pj for



9
j = 0; : : : ; t� 1 as well as in the coe�cients of Qi for each i 2 I, so we have

F�P0; : : : ; Pt�1;Yi2I Qi� = aYi2I Fi(P0; : : : ; Pt�1; Qi)
for some integer a. Showing that a = �1 requires local analysis at each prime number p.We will omit this. �

Lemma 2.3. Let W be a Q-subvariety of Pm(C) of dimension t � 0, let F be a Chow formof W in degree (D0; : : : ; Dt) and let Q 2 Z[X]Dt. If t = 0, then F (Q) is an integer, and thisinteger is non-zero if and only if Q =2 I(W ). Assume now that t � 1. Then the polynomialmap F 0 from C[X]D0 � � � � � C[X]Dt�1 to C given by
F 0(P0; : : : ; Pt�1) = F (P0; : : : ; Pt�1; Q)is non-zero if and only if Q =2 I(W ). In that case, let W 01; : : : ;W 0s denote the Q-irreduciblecomponents of W \ Z(Q) (all have dimension t � 1) and, for each j = 1; : : : ; s, let F 0j be aChow form of W 0j in degree (D0; : : : ; Dt�1). Then there exist positive integers e1; : : : ; es anda non-zero integer b such that

(4) F 0(P0; : : : ; Pt�1) = � bD0���Dt�1 (F 01)e1 � � � (F 0s)esfor any choice of polynomials Pj 2 C[X]Dj (j = 0; : : : ; t � 1). Moreover, the integers b ande1; : : : ; es are independent of D0; : : : ; Dt�1 and satisfy
(5) sX

k=1 ek deg(W 0k) = Dt deg(W ):
It can be shown that e1; : : : ; es are the intersection multiplicities of W and of the divisorattached to Q in the sense of intersection theory (see the appendix of [8]).

Proof. In the case t = 0, we have
F (Q) 6= 0 () W 6� Z(Q) () Q =2 I(W ):

Assume from now on that t � 1. If Q 2 I(W ), then for any choice of polynomials Pj 2C[X]Dj (j = 0; : : : ; t� 1) we �nd
W \ Z(P0; : : : ; Pt�1; Q) = W \ Z(P0; : : : ; Pt�1) 6= ;;

and so F 0(P0; : : : ; Pt�1) = F (P0; : : : ; Pt�1; Q) = 0, meaning that F 0 is the constant zero.Assume now that Q =2 I(W ). For polynomials P0; : : : ; Pt�1 as above, we haveF 0(P0; : : : ; Pt�1) = 0 () W \ Z(P0; : : : ; Pt�1; Q) 6= ;() W 0j \ Z(P0; : : : ; Pt�1) 6= ; for some j 2 f1; : : : ; sg() F 0j(P0; : : : ; Pt�1) = 0 for some j 2 f1; : : : ; sg.
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Since the polynomials F 01 : : : ; F 0s are irreducible over Z, while F 0 has integer coe�cients, thisimplies that F 0 factors as a product
(6) F 0 = a(F 01)e1 � � � (F 0s)esfor some non-zero integer a and some positive integers e1; : : : ; es. Comparing the degree ofboth sides in their �rst polynomial argument, we �nd the relation (5).To complete the proof, choose linear forms L0; : : : ; Lt�1 2 C[X]1 and evaluate both sidesof (6) at the points LD00 ; : : : ; LDt�1t�1 . This gives

F�LD00 ; : : : ; LDt�1t�1 ; Q� = a sY
k=1F 0k�LD00 ; : : : ; LDt�1t�1 �ek

On the other hand, let E be a Chow form of W in degree (1; : : : ; 1; Dt) and for j = 1; : : : ; s,let E 0j be a Chow form of W 0j in degree (1; : : : ; 1). Lemma 2.2 shows that, upon puttingN = D0 � � �Dt�1, we haveF�LD00 ; : : : ; LDt�1t�1 ; Q� = �E(L0; : : : ; Lt�1; Q)N ;F 0j�LD00 ; : : : ; LDt�1t�1 � = �E 0j(L0; : : : ; Lt�1)N (j = 1; : : : ; s)with signs that are independent of L0; : : : ; Lt�1. Substituting these expressions into theprevious equality, we deduce from the unique factorization property of polynomials that
E(L0; : : : ; Lt�1; Q) = b sY

k=1E 0k(L0; : : : ; Lt�1)ek
where b is an integer with bN = � a. Thus, e1; : : : ; es are independent of D0; : : : ; Dt�1and a has the requested form for some non-zero integer b which is also independent ofD0; : : : ; Dt�1. �

For any integer D � 0, and any point � 2 Cm+1, we denote by L� the linear map fromC[X]D to C which sends a polynomial P 2 C[X]D to its value P (�) at �. With this notation,we are ready to prove:
Lemma 2.4. Let W and F be as in the previous lemmas. Choose Qj 2 Z[X]Dj for j =1; : : : ; t, and put N0 = D1 � � �Dt deg(W ). Then, there exist non-zero points �1; : : : ; �N0 ofCm+1 which are independent of D0 and represent (not necessarily distinct) elements of W ,and there exists � 2 C such that

F (P;Q1; : : : ; Qt) = � N0Y
k=1P (�k);for any P 2 C[X]D0.
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Proof. Denote byG the polynomial map from C[X]D0 to C given byG(P ) = F (P;Q1; : : : ; Qt)for each P 2 C[X]D0 . Lemma 2.3 shows, by induction on t, that G is identically zero unlessW \Z(Q1; : : : ; Qt) has dimension 0, a condition that is independent of D0. Moreover, in thelatter case, if W 01; : : : ;W 0s denote the Q-irreducible components of W \ Z(Q1; : : : ; Qt), thenG factors as a product

G = a sY
k=1Gekk

where a is a non-zero integer, where e1; : : : ; es are positive integers that are independent ofD0, and where Gk is a Chow form of W 0k in degree D0 for each k = 1; : : : ; s. Furthermore,we have Psk=1 ek deg(W 0k) = N0. Since Q has characteristic zero, each set W 0k consistsof deg(W 0k) distinct points which are conjugate over Q. Put nk = deg(W 0k) and chooserepresentatives �k;1; : : : ; �k;nk for these points in Cm+1 n f0g. Since Gk is homogeneous ofdegree nk and since its set of zeros in C[X]D0 is the union of the sets of zeros of the mapsL�k;j : L[X]D0 ! L for j = 1; : : : ; nk, we get Gk = �kQnkj=1 L�k;j for some �k 2 C�. Then,we conclude that G = �Qsk=1Qnkj=1 L�k;j with � = aQsk=1 �k. If, on the contrary, G is zero,we write G = �QN0k=1 L�k with � = 0 and any choice of points �1; : : : ; �N0 2 Cm+1 n f0grepresenting elements of W . �

3. Heights of algebraic sets
For each integer D � 1, we identify C[X]D with C(D+m

m ) by mapping a polynomial to theset of its coe�cients in some order. So, we can talk about a convex body of C[X]D. Givenintegers D0; : : : ; Dt � 0, we de�ne a convex body in degree (D0; : : : ; Dt) to be a convex bodyfor C[X]D0�� � ��C[X]Dt which has the form of a Cartesian product C = C0�� � ��Ct whereCj is a convex body for C[X]Dj , j = 0; : : : ; t.Fix such a convex body C, and let W be a Q-subvariety of Pm(C) of dimension t. Wede�ne the height of W relative to C by the formula
hC(W ) = log kFkC;where F denotes a Chow form of W in degree (D0; : : : ; Dt). We also de�ne the normalizedheight of W with respect to C by~hC(W ) = (D0 � � �Dt deg(W ))�1hC(W );

Applying Lemma 2.2 (i), we �nd:
Lemma 3.1. Let C0; : : : ; Ct be as above, and let W be a Q-subvariety of Pm(C) of dimensiont � 0. For any permutation � of f0; : : : ; tg, we have~hC�(0)�����C�(t)(W ) = ~hC0�����Ct(W ):
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We now de�ne a notion of product of convex bodies and show that height ~hC0�����Ct(W ) isquasi-linear with respect to factorizations of each of the convex bodies C0; : : : ; Ct.

De�nition 2. Let (D(i))i2I be non-negative integers indexed by a �nite set I, and let Ddenote their sum. Moreover, let C(i) be a convex body of C[X]D(i) for each i 2 I. We de�nethe product Qi2I C(i) of these convex bodies as the smallest convex body of C[X]D containingthe products Qi2I Q(i) with Q(i) 2 C(i) for each i 2 I.
Recall that, for any point � 2 Cm+1, we denote by L� : C[X]D ! C the linear map ofevaluation at �. According to the de�nitions from x1.2, we have

kL�kC = supQ2C jL�(Q)j = supQ2C jQ(�)j:We can now state.
Lemma 3.2. Let � 2 Cm+1 be any point. With the notations of the above de�nition, wehave kL�kC =Yi2I kL�kC(i) :
Proof. Any element of C can be approximated arbitrarily well by a linear combination Q =Psj=1 �jQi2I Q(i)j where Q(i)j 2 C(i) for each i 2 I and j = 1; : : : ; s, and where the coe�cients�1; : : : ; �s 2 C satisfy Pi j�ij � 1. Since any such linear combination satis�es jQ(�)j �Qi2I kL�kC(i) , we deduce by continuity that kL�kC �Qi2I kL�kC(i) . To establish the reverseinequality, we choose Q = Qi2I Q(i) with Q(i) 2 C(i), and take the supremum of both sidesof the equality jQ(�)j =Qi2I jQ(i)(�)j over the set of all such products Q. �

The main result of this section is the following.
Proposition 3.3. Let C = C0 � � � � � Ct be a convex body in degree (D0; : : : ; Dt) and let sbe an integer with 0 � s � t. Suppose that Ds is written as a �nite sum of positive integersDs =Pi2I D(i) and that we have a corresponding decomposition of Cs into a product

Cs =Yi2I C(i) ;where, for each i 2 I, C(i) is a convex body of C[X]D(i). For each i 2 I, denote by E (i) theconvex body which, as a Cartesian product, has the same factors as C except that the s-thfactor Cs is replaced by C(i). Then, for any Q-subvariety W of Pm(C) of dimension t, wehave �2t�N � hC(W )�Xi2I hE(i)(W ) � 2�N;
where � = log(m+ 1) and N = D0 � � �Dt deg(W ).
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Proof. Since, by Lemma 3.1 (i), the height of W relative to a Cartesian product of convexbodies does not change under a permutation of its factors, we may assume, without loss ofgenerality, that s = t.Let F be a Chow form of W in degree (D0; : : : ; Dt) and, for i 2 I, let Fi be a Chow formof W in degree (D0; : : : ; Dt�1; D(i)). Lemma 2.2 (iii) shows that
(7) F�P0; : : : ; Pt�1;Yi2I Qi� = �Yi2I Fi(P0; : : : ; Pt�1; Qi)
for any choice of polynomials Qi 2 C[X]D(i) for i 2 I and Pj 2 C[X]Dj for j = 0; : : : ; t � 1.De�ne N0 = N=D0; : : : ; Nt = N=Dt.For the upper bound, �x a choice of polynomials Pj 2 Cj for j = 0; : : : ; t � 1. De�nepolynomial maps G : C[X]Dt ! C and Gi : C[X]D(i) ! C for i 2 I by putting

G(Q) = F (P0; : : : ; Pt�1; Q) and Gi(Qi) = Fi(P0; : : : ; Pt�1; Qi)for any Q 2 C[X]Dt and any Qi 2 C[X]D(i) with i 2 I. Lemma 2.4 shows that there existnon-zero elements �1; : : : ; �Nt of Cm+1 and constants � 2 C and �i 2 C for i 2 I such that
G(Q) = � NtY

k=1Q(�k) and Gi(Qi) = �i NtY
k=1Qi(�k)

for any choice of polynomials Q and Qi with i 2 I, as above. By virtue of (7), we haveG(Q) = �Qi2I Gi(Qi) whenever Q = Qi2I Qi and therefore � = �Qi2I �i. ApplyingProposition 1.5 to the above factorizations of the maps G and Gi into products of linearforms, we �nd
kGkCt � j�j NtY

k=1 kL�kkCt and j�ij NtY
k=1 kL�kkC(i) � �D(i) +mm

�2NtkGikC(i)
� (m+ 1)2NtD(i)kGikC(i) :On the other hand, Lemma 3.2 shows that, for any � 2 Cm+1, we have kL�kCt =Qi2I kL�kC(i) .Combining this with the previous inequalities and using the relation � = �Qi2I �i, we getkGkCt � (m+ 1)2NtDt

Y
i2I kGikC(i) = (m+ 1)2NYi2I kGikC(i) :

Taking the supremum of both sides of this inequality over all choices of P0; : : : ; Pt�1, wededuce that kFkC � (m+ 1)2NYi2I kFikE(i) :Then, taking logarithms, we get
hC(W ) �Xi2I hE(i)(W ) + 2N log(m+ 1):
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For the lower bound, �x a choice of polynomials Qi 2 C(i) for i 2 I. Put Q =Qi2I Qi andde�ne polynomial maps E and Ei for i 2 I on the product space Qt�1j=0C[X]Dj by putting
E(P0; : : : ; Pt�1) = F (P0; : : : ; Pt�1; Q) and Ei(P0; : : : ; Pt�1) = Fi(P0; : : : ; Pt�1; Qi)for any choice of Pj 2 C[X]Dj for j = 0; : : : ; t� 1. By virtue of (7), we have E = �Qi2I Ei.Since E is multi-homogeneous of multi-degree (N0; : : : ; Nt�1), Proposition 1.5 givesY

i2I kEikC0�����Ct�1 �
 t�1Y

j=0
�Dj +mm

�2Nj
! kEkC0�����Ct�1

�  t�1Y
j=0(m+ 1)2NjDj

! kEkC0�����Ct�1

= (m+ 1)2tNkEkC0�����Ct�1 :Taking the supremum of both sides over all choices of polynomials Qi 2 C(i) with i 2 I andusing the fact that Q =Qi2I Qi then belongs to Ct, we getY
i2I kFikE(i) � (m+ 1)2tNkFkC

and, by taking logarithms,X
i2I hE(i)(W ) � hC(W ) + 2tN log(m+ 1):

�

Corollary 3.4. Let C0 � � � � � Ct be a convex body in degree (D0; : : : ; Dt). Suppose that, foreach s = 0; : : : ; t, the integer Ds is written as a �nite sum of positive integers Ds =Pi2Is D(i)sand that we have a corresponding decomposition of Cs into a product
Cs =Yi2Is C(i)s ;

where, for each i 2 Is, C(i)s is a convex body of C[X]D(i)
s
. Then, for any Q-subvariety W ofPm(C) of dimension t, we have

�2t(t+ 1)�N � hC0�����Ct(W )�Xi02I0 � � �
X
it2It hC(i0)0 �����C(it)t

(W ) � 2(t+ 1)�N;
where � = log(m+ 1) and N = D0 � � �Dt deg(W ).

4. An application
Throughout this section, we �x a point � in Pm(C) and a set of projective coordinates� = (�0; : : : ; �m) in Cm+1 for that point. We also �x a positive integer D and a positive real
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number V . We attach to these parameters two convex bodies B and C of C[X]D and twoconvex bodies D and E of C[X]1 by puttingB = �P 2 C[X]D ; kPk � 1	;

C = nP 2 B ; jP (�)j � exp(�V ) k�kD o;
D = �L 2 C[X]1 ; kLk � 1	;
E = nL 2 D ; jL(�)j � exp(�V ) k�ko:Note that C andD depend only on � and not on the particular choice of projective coordinates�, so that we may always assume that k�k = 1. We �rst provide factorizations for B and C(compare with Lemma 5.1 of [8]).

Lemma 4.1. We have the inclusions(m+ 1)�DDD � B � (m+ 1)DDD ;(m+ 1)�DDD�1E � C � (2(m+ 1))DDD�1E :Proof. The inclusions relative to B express standard properties of the maximum norm forpolynomials. So, we concentrate on the inclusions relative to C. Without loss of generality,we may assume that j�0j = k�k = 1.To prove the left inclusion, we note that, for any choice of linear forms M1 2 E andM2; : : : ;MD 2 D, the product P = M1 � � �MD satis�es both kPk � (m + 1)D and jP (�)j �(m+ 1)De�V . Hence, P belongs to (m+ 1)DC. This shows that DD�1E � (m+ 1)DC.For the right inclusion, we �rst observe that, for each � = (�0; : : : ; �m) 2 Nm+1 withj�j = D, we have
(8) �D0 X� � ��XD0 = mX

k=1
 k�1Y

i=0(�0Xi)�i! mY
i=k+1(�iX0)�i!�(�0Xk)�k � (�kX0)�k�

and that, for each k = 1; : : : ;m such that �k � 1, we also have
(9) (�0Xk)�k � (�kX0)�k = (�0Xk � �kX0) �k�1X

`=0 (�0Xk)` (�kX0)�k�`�1 2 �kDD�1E ;
thus �D0 X� � ��XD0 2 DDD�1E . So, if P (X) =Pj�j=D p�X� is any polynomial of C, we �ndthat
(10) P (X) = ��D0 P (�)XD0 + ��D0 X

j�j=D p�(�D0 X� � ��XD0 ) 2 �1 +D�D +mm
��DD�1E ;

upon noting furthermore that ��D0 P (�)X0 2 E and that all coe�cients p� of P have absolutevalue at most 1. This gives proves the second inclusion for C since
1 +D�D +mm

� � (D + 1)�D +mm
� � 2D(m+ 1)D:
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�By combining the above factorizations with Corollary 3.4, we obtain the following upperbounds for the heights of aQ-subvarietyW of Pm(C) relative to B and C in terms of its heightsrelative to D and E , where, for simplicity, we simply write hB(W ) to mean hB�����B(W ) andsimilarly for ~hB(W ), hC(W ), . . . (compare with [11, Prop. 2.8] and [8, Prop. 5.3]).

Proposition 4.2. Let W be a Q-subvariety of Pm(C) of dimension t � 0. We have theupper bounds~hB(W ) � ~hD(W ) + a and ~hC(W ) � ~hD(W ) +D�(t+1)�~hE(W )� ~hD(W )�+ bwith a = 3(t+ 1)� and b = 4(t+ 1)�, where � = log(m+ 1).
Proof. We simply establish the upper bound concerning ~hC(W ) leaving the one for ~hB(W )as an exercise. By Lemma 4.1, we have C � (2(m+1))DC 0 where C 0 = DD�1E . Since a Chowform for W in degree (D; : : : ; D) is multi-homogeneous of degree Dt deg(W ) in each of itst+ 1 polynomial arguments, it follows easily from the de�nition of the height thathC(W ) � hC0(W ) + (t+ 1)Dt deg(W ) log �(2(m+ 1))D�;and so ~hC(W ) � ~hC0(W ) + (t+ 1)(� + log 2) � ~hC0(W ) + 2(t+ 1)�:For each subset J of f0; : : : ; tg, de�ne a convex body E (J) = E (J)0 � � � � � E (J)t in degree(1; : : : ; 1) by putting E (J)j = D if j 2 J and E (J)j = E otherwise. By Corollary 3.4, we have

hC0(W ) � X
J�f0;:::;tg(D � 1)Card(J)hE(J)(W ) + 2(t+ 1)�Dt+1 deg(W ):

For a non-empty subset J � f0; : : : ; tg, we use the upper bound hE(J)(Z) � hD(Z) whichcomes from the inclusion E (J) � D � � � � � D. SinceX
;6=J�f0;:::;tg(D � 1)Card(J) = Dt+1 � 1;

this gives
hC0(W ) � Dt+1hD(W ) + �hE(W )� hD(W )�+ 2(t+ 1)�Dt+1 deg(W ) :

The upper bound for ~hC(W ) follows by dividing both sides of this inequality byDt+1 deg(W ),and by combining the result with the upper bound for ~hC(W ) in terms of ~hC0(W ). �The next proposition provides an estimate for hE(W ) when � 2 W (see also [8, Prop. 5.5]).
Proposition 4.3. Let W be a Q-subvariety of Pm(C) containing the point � and let t =dim(W ). Then we have:hE(W )� hD(W ) � �V + log �e(t+ 1) deg(W )�:
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Proof. Put N = (t+ 1) deg(W ), and let F denote the Chow form of W in degree (1; : : : ; 1).Since hE(W )� hD(W ) = log kFkEkFkD ;we simply need to show(11) jF (L0; : : : ; Lt)j � kFkD e�V+1N;for any choice of linear forms L0; : : : ; Lt 2 E .To this end, choose an index ` with j�`j = k�k and de�ne

Mj(X) = Lj(�)�` X` for 0 � j � t;
so that all linear forms Lj �Mj vanish at the point �. Since � 2 W , we get

F (L0 �M0; : : : ; Lt �Mt) = 0:Let R be any real number > 1. We de�ne rational functions ' and f on C by
'(z) = z � 11�R�2z and f(z) = F�L0 + '(z)M0; : : : ; Lt + '(z)Mt�:Since f(0) = 0, the Schwarz' lemma provides the upper bound

jF (L0; : : : ; Lt)j = jf(1)j � jf jRR ;
where jf jR denotes the maximum of jf(z)j on the disk jzj � R. Note that, with the samenotation, the Blaschke function '(z) satis�es j'jR = R. Moreover, by de�nition of E , wehave kMjk � e�V for each j = 0; : : : ; t. Since the polynomial F is homogeneous of degreeN in the whole set of coe�cients of L0; : : : ; Lt, we obtainjf jR � �1 +Re�V �NkFkD:If eV � N , the inequality (11) is obvious since E � D. Otherwise, we may choose R =eV =N > 1 and then (11) follows from the estimates

jf(1)j � jf jR � Ne�V (1 + 1=N)NkFkD � Ne�V+1kFkD:
�

Combining the last two propositions, we �nally obtain the following statement where theheight h(W ) of a Q-subvariety W of Pm(C) is de�ned as
h(W ) = log kFkwhere F stands for a Chow form of W in degree (1; : : : ; 1).

Corollary 4.4. Let W and t be as in Proposition 4.3. Then, we have:
hC(W ) � �V +Dt+1h(W ) + 5(t+ 2)�Dt+1 deg(W ):
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Proof. By Proposition 4.2, we havehC(W ) � Dt+1hD(W ) + �hE(W )� hD(W )�+ 4(t+ 1)�Dt+1 deg(W )while Proposition 4.3 giveshE(W )� hD(W ) � �V + log �e(t+ 1) deg(W )� � �V + 3� deg(W ):Finally, applying Lemma 1.2 to a Chow form F of W in degree (1; : : : ; 1), we �ndhD(W ) � h(W ) + (t+ 1)� deg(W ):The conclusion follows. �

Corollary 4.5. Let W and t be as in Proposition 4.3 and let T be a positive real number.Suppose that V > Dt+1h(W ) + (t+ 1)DtT deg(W ) + 5(t+ 2)�Dt+1 deg(W ):Then any sequence of homogeneous polynomials P0; : : : ; Pt 2 Z[X]D with kPjk � eT andjPj(�)j � e�V kPjk k�kD for j = 0; : : : ; t have a common zero on W .Proof. The conditions on P0; : : : ; Pt imply that e�TPj 2 C for j = 0; : : : ; t. Let F be a Chowform of W in degree (D; : : : ; D), and write N = Dt deg(W ). Since F is homogeneous ofdegree N in each of its t+ 1 polynomial arguments, we �ndjF (P0; : : : ; Pt)j = exp((t+ 1)NT )jF (e�TP0; : : : ; e�TPt)j � exp((t+ 1)NT ) kFkC:On the other hand, Corollary 4.4 together with the hypothesis on V giveskFkC = exp(hC(W )) < exp(�(t+ 1)NT );and so the preceding inequality leads to jF (P0; : : : ; Pt)j < 1. Since F (P0; : : : ; Pt) is an integer,we conclude that this integer is zero and so P0; : : : ; Pt have a common zero on W . �

5. Height of a section by an hypersurface
As the proof of the above Corollary 4.5 shows, the notion of height with respect to con-vex bodies is particularly well suited for specialization of polynomial arguments. The nextproposition formalizes this idea in a general setting (compare with [11, Lemma 2.2]).

Proposition 5.1. Let W be a Q-subvariety of Pm(C) of dimension t � 0, let C0�� � ��Ct bea convex body in degree (D0; : : : ; Dt) 2 Nt+1, and let P 2 Z[X]Dt. Assume that P does notvanish identically on W , and choose � 2 C such that P 2 � Ct. If t � 1, then there exists aQ-irreducible component W 0 of W \ Z(P ) of dimension t� 1 with~hC0�����Ct�1(W 0) � ~hC0�����Ct(W ) + log j�jDt + 2t�;
where � = log(m+ 1). If t = 0, the same inequality holds provided that the left hand side isreplaced by 0.
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Proof. Let F be a Chow form of W in degree (D0; : : : ; Dt). Write Nt := D0 � � �Dt�1 deg(W )and consider the polynomial map F 0 from C[X]D0 � � � � � C[X]Dt�1 to C given by

F 0(P0; : : : ; Pt�1) := F (P0; : : : ; Pt�1; P )for any choice of Pj 2 C[X]Dj for j = 0; : : : ; t� 1. Since F is homogeneous of degree Nt onthe factor C[X]Dt and since P 2 � Ct, we have the upper boundkF 0kC0�����Ct�1 � j�jNtkFkC;and thus,(12) (D0 � � �Dt deg(W ))�1 log kF 0kC0�����Ct�1 � ~hC0�����Ct(W ) +D�1t log j�j:If t = 0, the map F 0 is a constant non-zero integer and so the left hand side of this inequalityis � 0. Otherwise, Lemma 2.3 shows that F 0 factors as a product a(F 01)e1 � � � (F 0s)es whereF 01; : : : ; F 0s are the Chow forms in degree (D0; : : : ; Dt�1) of the Q-irreducible componentsW 01; : : : ;W 0s of W \ Z(P ), where a is a non-zero integer, and where e1; : : : ; es are positiveintegers with Psk=1 es deg(W 0k) = Dt deg(W ). Applying Proposition 1.5, we then �ndsX
k=1 ek log kF 0kkC0�����Ct�1 � log kF 0kC0�����Ct�1 + 2D0 � � �Dt deg(W ) t�1X

j=1 1Dj log
�Dj +mm

�
� log kF 0kC0�����Ct�1 + 2t�D0 � � �Dt deg(W ):and so sX

k=1 �k~hC0�����Ct�1(W 0k) � (D0 � � �Dt deg(W ))�1 log kF 0kC0�����Ct�1 + 2t�;
where �k = ek deg(W 0k)=(Dt deg(W )) for k = 1; : : : ; s. Since �1; : : : ; �s are positive realnumbers with sum 1, it follows that there exists at least one Q-irreducible component W 0 ofW \ Z(P ) such that~hC0�����Ct�1(W 0) � (D0 � � �Dt deg(W ))�1 log kF 0kC0�����Ct�1 + 2t�:The conclusion follows by combining this inequality with (12). �

6. Philippon's metric B�ezout's theorem
We de�ne the distance between two points � and � of Pm(C) by

dist(�; �) = max0�i;j�m j�i�j � �j�ijk�k k�kwhere � = (�0; : : : ; �m) and � = (�0; : : : ; �m) denote respectively sets of projective coordi-nates for � and � in Cm+1 (the result is independent of such choices). We also de�ne thedistance between a point � and a subset E of Pm(C) as the in�mum of the distance between� and a point of E.
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Throughout this section, we �x a point � 2 Pm(C) and a set of projective coordinates� 2 Cm+1 for that point. We also �x a positive integer D and a positive real number V . Asin Section 4, we de�ne a convex body C of C[X]D by

C = �Q 2 C[X]D ; kQk � 1; jQ(�)j � e�V k�kD g
and, for any Q-subvarietyW of Pm(C) of dimension t � 0, we de�ne hC(W ) to be hC�����C(W )where C � � � � � C stands for the product of t+1 copies of C. We �rst establish the followingspecial case of [8, Lemma 5.2].
Lemma 6.1. Let � 2 Pm(C) and �� = dist(�; �). Then, for any set of projective coordinates� 2 Cm+1 of � with k�k = 1, we have

max�e�V ; ��	 � kL�kC � (2(m+ 1))Dmax�e�V ; ��	where L� : C[X]D ! C stands for the evaluation at the point �.
Proof. We may assume without loss of generality that j�0j = k�k = 1. Select projectivecoordinates � = (�0; : : : ; �m) of the point � with norm k�k = 1. Let i and j be indicesfor which �� = j�j�i � �i�jj and let k be an index with j�kj = 1. Since the convex body Ccontains both e�VXDk and (�jXi � �iXj)XD�1k , we �nd the lower bound

kL�kC = supP2C jP (�)j � max�e�V ; ��	:
For the other inequality, we go back to the proof of Lemma 4.1. For any � 2 Nm+1 withj�j = D, the formulas (8) and (9) imply that���D0 �� � ���D0 �� � D��:So, for any polynomial P (X) =Pj�j=D p�X� in C, the formula (10) leads to

jP (�)j � jP (�)j+ X
j�j=D jp� jD��

� �1 +D�D +mm
��maxfe�V ; ��g � (2(D + 1))Dmaxfe�V ; ��g;

and so the last estimate on the right is an upper bound for kL�kC. �

The next proposition is the key to the proof of Philippon's criterion (see the next section).It is essentially Proposition 2.5 of [11] (see also Lemma 4 of [?]). Its proof exploits thefactorization property of the Chow forms stated in Lemma 2.4.
Proposition 6.2. Let W be a Q-subvariety of Pm(C) of dimension t, and let � denote thedistance between the point � and W . Suppose that there exists a homogeneous polynomial
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P 0 2 Z[X] of degree D0 � D which does not vanish identically on W and choose � � 1 suchthat jP 0(�)jkP 0k k�kD0 � � maxf�; e�V g:
If t � 1, then there exists a Q-subvariety W 0 of Pm(C) contained in W of dimension t � 1such that ~hC(W 0) � ~hC(W ) + log(� kP 0k)D + 2(t+ 2)�;where � = log(m+ 1). If t = 0, the same inequality holds provided that the left hand side isreplaced by 0.
Proof. Without loss of generality, we may assume that k�k = 1. Since W is non-empty,there exists an integer ` such that X` does not vanish identically on W . Then, the productP = XD�D0` P 0 is a homogeneous polynomial of degreeD which does not not vanish identicallyon W (the ideal of W in Q[X] is prime).Let F be a Chow form of W in degree (D; : : : ; D). Write N = Dt deg(W ) and considerthe polynomial map F 0 from �C[X]D�t to C given by

F 0(P0; : : : ; Pt�1) := F (P0; : : : ; Pt�1; P )for any choice of P0; : : : ; Pt�1 2 C[X]D. If t � 1, then arguing as in the end of the proof ofProposition 5.1 shows the existence of a Q-irreducible component W 0 of W \Z(P ) such that~hC(W 0) � (Dt+1 deg(W ))�1 log kF 0kC + 2t�:If t = 0, the map F 0 is a constant non-zero integer and so the same inequality holds whenthe left hand side is replaced by � 0. So, it remains to show that
(13) (Dt+1 deg(W ))�1 log kF 0kC � ~hC(W ) + log(� kP 0k)D + 4�:To this end, choose polynomials Q0; : : : ; Qt�1 2 C such that

kF 0kC = jF 0(Q0; : : : ; Qt�1)j;and consider the polynomial map E : C[X]D ! C given by
E(Q) = F (Q0; : : : ; Qt�1; Q)for any Q 2 C[X]D. By construction, we have(14) kF 0kC = jE(P )j and kEkC � kFkC = exp(hC(W )):Our goal is therefore to compare jE(P )j and kEkC. For this we apply Lemma 2.4. It showsthe existence of � 2 C and elements �1; : : : ; �N of Cm+1 of norm 1 representing points�1; : : : ; �N of W such that

E(Q) = � NY
k=1Q(�k)
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for any Q 2 C[X]D. Applying Proposition 3.7 to this factorization of E gives
(15) j�j NY

k=1 kL�kkC � �D +mm
�2NkEkC � (m+ 1)2DNkEkC;

where L�k : C[X]D ! C denotes as usual the evaluation at �k. Moreover, for each k, Lemma6.1 gives
(16) kL�kkC � maxfdist(�; �k); e�V g � maxf�; e�V g
where the last estimate uses the fact that �k 2 W . Now, choose an index j such thatj�jj = k�k = 1. The polynomial 13� kPk

�P (X)� P (�)�Dj XDj �
belongs to C because it vanishes at the point � and its norm is at mostkPk+ jP (�)j3� kPk � kP 0k+ jP 0(�)j3� kP 0k � 1 + � maxf�; e�V g3� � 1;
using kPk = kP 0k and jP (�)j = j�`jD�D0jP 0(�)j � jP 0(�)j. Therefore, for each k, we havejP (�k)j � jP (�)j+ 3� kPk kL�kkC� jP 0(�)j+ 3� kP 0k kL�kkC� � kP 0kmaxf�; e�V g+ 3� kP 0k kL�kkC� 4� kP 0k kL�kkCwhere the last inequality uses (16). Combining this with (15), we conclude that

jE(P )j = j�j NY
k=1 jP (�k)j � (4� kP 0k)N j�j NY

k=1 kL�kkC � (4� kP 0k)N(m+ 1)2DNkEkC:
By (14) this means that

log kF 0kC � hC(W ) +N log(4� kP 0k) + 2DN�;
and (13) follows upon dividing both sides of this inequality by Dt+1 deg(W ) = DN andnoting that log(4) � 2�. �

Corollary 6.3. Let W and t be as in the statement of Proposition 6.2. Denote by � thedistance between � and W and assume that � > 0. Then, we have
~hC(W ) � t+ 1D log(�)� (t+ 1)(t+ 2)�:
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Proof. Suppose thatWs is a Q-subvariety of Pm(C) of dimension s, with 0 � s � t, containedin W . Select a coordinate index k such that Ws is not contained in the hyperplane Xk = 0.Then the polynomial P 0 = Xk satis�es the hypotheses of Proposition 6.2 with D0 = 1 and� = 1=�. If s � 1, this proposition ensures the existence of a Q-subvariety Ws�1 of Pm(C)of dimension s� 1, contained in Ws with~hC(Ws�1) � ~hC(Ws)� log �D + 2(s+ 2)� :If s = 0, the same inequality holds with the left hand side replaced by 0. Starting withWt = W , this process generates recursively a sequence a sequence of Q-subvarieties Wt �� � � � W1 � W0. The conclusion follows by combining the inequalities that we get at eachstep. �

7. Philippon's criterion for algebraic independence
We now state and prove Philippon's criterion (Theorem 2.11 of [11]). For the notion ofdistance in Pm(C), the reader is referred to the preceding section x6.

Theorem 7.1. Let � = (1; �1; : : : ; �m) 2 Cm+1, let � denote the corresponding point ofPm(C), and let k be an integer with 0 � k � m. Moreover, let (Dn)n�1 be a non-decreasingsequence of positive integers, and let (Tn)n�1 and (Vn)n�1 be non-decreasing sequences ofpositive real numbers such that
lim supn!1

Vn(Dn + Tn)Dkn =1:
Suppose also that for each n � 2 there exists a non-empty family Fn consisting of homoge-neous polynomials in Z[X] which satisfy the following two properties.(i) For every P 2 Fn, we havedeg(P ) = Dn; h(P ) � Tn and jP (�)j � e�Vn kPk k�kDn :(ii) The polynomials of Fn have no common zero � in Pm(C) withdist(�; �) � exp (�Vn�1) :Then, we have k < m and the transcendence degree over Q of the �eld Q(�1; : : : ; �m) is� k + 1.
Notes. For k = 1, the condition (ii) can be strengthened by asking simply that � is not azero of Fn. This type of result goes back to Gel'fond [3] with more recent improvementsby W. D. Brownawell [1] and M. Waldschmidt [16]. It was conjectured for a long time thatthe same would be true for k � 2 but this is false as P. Philippon showed by expanding aconstruction of Khintchine in the Appendix to [11]. To reconcile both results, Philippon'soriginal criterion asks that the polynomials of Fn have at most �nitely many common zeros
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at distance at most exp(�Vn�1) from �. For lack of time, we do not consider this situationhere. Another feature of the original Philippon's criterion is that it allows one to deal withsmaller free regions than the one imposed in (ii). However, the exercise stated after the proofprovides a more e�cient strategy to deal with such constraints, using the above theorem asit stands.
Proof. Let W denote the smallest algebraic subset of Pm(C) de�ned over Q and containingthe point �. Then, W is irreducible over Q of dimension t equal to the transcendence degreeover Q of the �eld Q(�1; : : : ; �m). We proceed by contradiction assuming, contrary to theconclusion of the Theorem, that k � t. This means that we have
(17) limn!1

Vn(Dn + Tn)Dtn =1:
Fix a large positive integer n and de�ne

C = �Q 2 C[X]Dn ; kQk � 1; jQ(�)j � e�Vn k�kDn g:
By Corollary 4.4, we have

hC(W ) � �Vn +Dt+1n h(W ) + 5(t+ 2)�Dt+1n deg(W );
and so, in view of (17), we obtain

~hC(W ) � � Vn2Dt+1n deg(W )if n is su�ciently large.We claim that for each s = 0; : : : ; t, there exists a Q-subvariety Ws of Pm(C) contained inW of dimension s such that
(18) ~hC(Ws) � � Vn2t�s+1Dt+1n deg(W )provided that n is large enough.For s = t, this condition is ful�lled with Wt = W . Now, assume that Ws has beenconstructed for some s with 0 � s � t, and denote by � the distance between � and Ws. Weconsider two cases.
a) Suppose �rst that � < exp(�Vn). Then, since the family Fn has no common zero �with dist(�; �) � exp(�Vn�1) and since Vn � Vn�1, the algebraic set Ws is not contained inZ(Fn) and so it is not contained in Z(P ) for some P 2 Fn. Then, Proposition 6.2 applies(with W , t, P 0, D0, D and � replaced respectively by Ws, s, P , Dn, Dn and 1). If s � 1,it shows the existence of a Q-subvariety Ws�1 of Pm(C) contained in Ws of dimension s� 1such that ~hC(Ws�1) � ~hC(Ws) + TnDn + 2(t+ 2)�;
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since log kPk � Tn. Then, the induction hypothesis (18) together with (17) shows thatWs�1satis�es the required estimate if n is su�ciently large. If s = 0, the above inequality holdswith the left hand side replaced by 0, but this is incompatible with (18) if n is su�cientlylarge. So, if s = 0 and n is su�ciently large, we must have � � exp(�Vn).b) Suppose now that � � exp(�Vn). Corollary 6.3 together with the hypothesis (18)shows that � can be made arbitrarily small by choosing n su�ciently large. Thus, if n islarge enough, there exists an integer ` with 2 � ` � n such thatexp(�V`) � � < exp(�V`�1):Arguing as in the previous case, this means thatWs is not contained in Z(P ) for some P 2 F`.Such a polynomial P is homogeneous of degree D` � Dn. It also satis�es log kPk � T` � Tnand jP (�)jkPk k�kD`

� e�V` � �:So, Proposition 6.2 applies (with W , t, P 0, D0, D and � replaced respectively by Ws, s, P ,D`, Dn and 1). If s � 1, it shows the existence of a Q-subvariety Ws�1 of Pm(C) containedin Ws of dimension s� 1 such that~hC(Ws�1) � ~hC(Ws) + TnDn + 2(t+ 2)�;
and so Ws�1 satis�es the required estimate if n is su�ciently large. If s = 0, the aboveinequality holds with the left hand side replaced by 0, but this is impossible if n is su�cientlylarge.This proves our claim by constructing recursively Wt; : : : ;W0 whenever the initial choiceof n is made su�ciently large. However, it leads to a contradiction when we reach W0. So,we must indeed have t < k. �Exercise. Let (En)n�1 be a non-decreasing sequence of positive integers. Suppose that all thehypotheses of Theorem 7.1 are satis�ed except that, instead of condition (ii), we make theweaker hypothesis that, for each su�ciently large n, the polynomials of Fn have no commonzero � in Pm(C) with dist(�; �) � exp(�En�1Vn�1):Show that the conclusion of Theorem 7.1 still holds provided that

limn!1

Vn(Dn + Tn)DknEkn =1:
Hint. Apply Theorem 7.1 to the sequences (D0n)n�1, (T 0n)n�1 and (V 0n)n�1 de�ned, for eachn � 1, by D0n = 2EnDn; T 0n = 2En(Tn +Dn log(m+ 1)) and V 0n = EnVn;and to the sets of polynomials given by F 0n = �P 2En ; P 2 Fn	 for each n � 2.
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