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A typical transcendence argument starts with the construction of a sequence of auxiliary
polynomials taking small values at many points of a finitely generated subgroup I' of a
commutative algebraic group GG. These values belong to some finitely generated extension
K =Q(by,...,0,) of Q, assuming that the group G itself is defined over K. If these values
are ordinary integers and if we know that their absolute values are < 1, then they all vanish
and we can apply a zero estimate to conclude. More generally, if these values are algebraic
numbers and if we have sufficiently good upper bounds for their degree over Q as well as
for their (naive) height (the largest absolute of the coefficients of their minimal polynomial
over Z), then we can instead apply Liouville’s inequality and hopefully conclude that these
values are zero as well. This is the situation when the field K is algebraic over Q. When
it has transcendence degree one over QQ, a substitute for Liouville’s inequality is given by
Gel’fond’s criterion. When the transcendence degree is higher, a substitute is Philippon’s
criterion. The purpose of these two lectures is to present a proof of the latter.

The main tool for the proof is the use of (Cayley-) Chow forms which are generalizations
of the Sylvester resultant of two polynomials. Basically, we will need to factor these forms
and to recursively specialize their arguments while keeping track of several norms attached
to them. In Philippon’s paper [11], all norms are multiplicative. This makes factoring easy
but complicates the specialization arguments. Here we use the approach of [8]. The norms
that we consider instead are attached to convex bodies in such a way that specialization
becomes simple. These norms being quasi-multiplicative, we do not really lose much neither
when factoring the forms. This approach was used in [8] to provide a version of Philippon’s
criterion with “multiplicities”, using slightly more general convex bodies than those which
we will consider here.

In the next section, we study norms attached to convex bodies in rings of polynomials.
In Section 2, we define Chow forms and present some of their properties. Then, in Section
3, we use these forms to define heights of projective algebraic sets defined over Q relative
to convex bodies. In section 4, we look at specific convex bodies adapted to the context

of Philippon’s criterion and provide estimates for the corresponding norms. In Sections 5
1
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and 6, we look at the behavior of these norms under specialization, an operation which
geometrically corresponds to taking intersection of algebraic sets with hypersurfaces. We
conclude in Section 7 with the statement and proof of Philippon’s criterion.

1. NORMS OF POLYNOMIALS WITH RESPECT TO CONVEX BODIES

In this section, we define the notion of a convex body C of C" and, for each polynomial
F € C[Uy,...,U,] in n-variables, we define the norm of F with respect to C to be the
maximum of the absolute values of F' on C. Following the presentation in [8], we show
that this norm is essentially multiplicative up to constant factors depending only on the
degree of the product and the number of variables n. To be more precise we work in fact
with multi-homogeneous polynomials and corresponding cartesian products of convex bodies.
This is motivated by the applications in Section 3 when we define heights for Q-subvarieties
of P,,(C). The notion of norm with respect to a convex body is reminiscent of the twisted
height of J. L. Thunder [15] and the work of S. Zhang [17].

1.1. A generalization of John’s theorem. Fix a positive integer n.

Definition 1. A convex body of C" is a compact neighborhood C of the origin in C” with the
property that
Ax+puy €C

for any choice of points x, y of C and any choice of elements A, i of C with |A| + || < 1.

If, in this definition, we replace C by R, we find the usual notion of convex body of R",
in the sense of Minkowski. In the present context, if L,..., Ly are linear forms from C"
to C with the origin as their only common zero, and if €y, ..., € are positive real numbers,
then the set of points x € C" which satisfy the conditions |L;(x)| < ¢ for i = 1,...,k is
a convex body of C". This is the type of convex body that we shall encounter later in the

applications.

For any bounded subset S of C", there is a smallest convex body of C" containing S. We
call it the symmetric conver hull of S. Tt is the topological closure of the set of all linear
combinations A\;xj +- -+ A\gXs with x3,...,x, € S and Ay, ..., A € Csatisfying > |\;| < 1.

We also endow C" with the maximum norm |[|(zy,...,2,)|| = max{|z],...,|z,|} and
denote by
B={xeC";|x|| <1}

the unit ball of C" relative to this norm. It is again a convex body.

John’s theorem states that, for any convex body C of R” there is an ellipsoid £ of R™ such
that £ C C C y/nE (see [6] or [14, Chap. IV, Thm. 2A]). However an ellipsoid E of R" is
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simply the image of the unit Euclidean ball of R” by a linear map ¢: R® — R™. Here, we
prove an analog result in C" using the unit ball B of C" with respect to the maximum norm
instead of the unit Euclidean ball. The statement below remains true and the proof is the
same if we replace everywhere C by R.

Proposition 1.1. Let C be a convex body of C". Then, there is a linear map ¢: C* — C"
such that

(1) p(B) € C S nyp(B).

Proof. Denote by £ the set of all linear maps ¢: C* — C" such that ¢(B) C C. Since C is a
compact neighborhood of zero, the set £ is not empty and compact. Therefore, it contains
an element ¢ for which |det(p)| is maximal. We will show that such a choice of ¢ satisfies
the condition (1).

Indeed, assume on the contrary that C Z np(B) = ¢(nB). Then there exists £ € C" with
¢(&) € C and [[{]| > n. Since p(B) C C, this implies that ¢(C') C C, where ' denotes the
symmetric convex hull of BU {£}.

Now, fix an index 7 with |§;| = [|]|, and denote by {ei,...,e,} the canonical basis of C".
Upon multiplying £ by an appropriate element of C of absolute value 1, we may assume
without loss of generality that &; is real and positive, and thus that & > n. For any real
number ¢ with 0 < ¢ < 1, define v; to be the C-linear endomorphism of C" which satisfies

Yi(e;) = te; + (1 —1)§ and  y(e;) =te; for j # .
Then, the map v, satisfies ¢,(B) C C’, and so ¢ o 1, belongs to £. Moreover, we find
det (¢;) = v(t) where v(t) = (t+ (1 —)&) " ' € R,

Since & > n, the function v(t) achieves its maximum on the interval [0,1] at the point
to = (1—1/n)/(1 —1/§) and is strictly monotone decreasing in the interval [¢y, 1]. Define
1 = 1y,. Since ty < 1, we find that |det(¢)| = v(ty) > v(1) = 1. Then, the composite ¢ o ¢
is an element of & with |det(y o ¢)| > | det(p)|, against the choice of . O

1.2. Norm attached to a convex body. Given a convex body C of C" and a polynomial
F € C[Uy,...,U,], we define the norm of F' relative to C by

[Flle = sup{|F(x)[; x € C}.

A more standard norm on C[Uy, ..., U,] denoted || || is given, for F' =" _a,U{*---U", by
the maximum of the absolute values of its coefficients:

|F)l = max|a,] .
T

The next lemma compares these norms when C is the unit ball B of C" for the maximum

norm. We leave it as an exercise.
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Lemma 1.2. Let B be the unit ball of C" for the mazimum norm, let F' € C[Uy,...,U,] be

a polynomial and let N be the number of non-zero coefficients of F'. Then, we have:

IEN < [[F]ls < N £l

Our goal is to show that the norm attached to a convex body is essentially multiplicative.
We start by the case of the unit ball of C", and proceed by comparison with the Mahler’s
measure. We recall that the Mahler’s measure of a non-zero polynomial F' € C[Uy, ..., U,]
is given by

= exp {/ / log | F(exp(27ity), - - - , exp(2mit,,))| dty - - -dtn}

(see [9]). For F' =0, we put M(F) = 0. This function is multiplicative in the sense that, for
any polynomials F,G € C[Uy, ..., Un], we have

M(FG) = M(F)M(G).

For the applications to Chow forms, it is crucial to have good inequalities of comparison
between ||F||z and M (F'), especially for the dependence in the number of variables. In [11,
Lemma 1.13], P. Philippon proves such precise inequalities of comparison between || F|| and
M (F). We will admit the following result whose proof is similar (see [8, Lemma 3.5]).

Lemma 1.3. Let B be the unit ball of C™* for the maximum norm. Let ny,...,ng be positive
integers with sum n, and let Uj;, (1 < j < k,1 < i < n;), be indeterminates. Put U; =
Uy Ujy) for j =1,... k. If ' € C[Uy,...,Uy] is a multi-homogeneous polynomial
of multi-degree (dy, ..., dy) in the sets of variables Uy, ..., Uy, then we have:

M(F) < ||F||s < n---nfkM(F).

In the above statement, the assumption of multi-homogeneity on F' simply means that
each monomial in F' has degree d; in the set of variables Uy, for j = 1,..., k. We deduce:

Lemma 1.4. Let B, ny,...,ng, Uy, ..., Uy be as in Lemma 1.3. If Fy,..., Fy € C[Uy,..., U]
are multi-homogeneous polynomials in the sets of variables Uy, ..., U and if their product
F = Fy--- Fy has multi-degree (dy, ..., dy), then we have:

S
1F]s < [T I1Els < nft - n |1 F]]s.
i=1
Proof. For i = 1,...,s, denote by (d;1,...,d;,) the multi-degree of F;. Using Lemma 1.3
and the multiplicativity of the Mahler’s measure, we find

H | Fil|s < H (nfi’1 . nZ’“M(FZ)) =nd 0@ M(F) < n || F s,

The other inequality is clear. O



Combining Lemma 1.4 with Proposition 1.1, we find:

Proposition 1.5. Let B, ny,...,ng, Uy, ..., Ug be as in Lemma 1.3, and let C be a convex
body of C* = C™ x - -- x C™ in the form of a Cartesian product C = Cy x - - - x Cy, where C; is
a convex body of C" for j=1,... k. If Fy,..., Fy € C[Uy,..., U] are multi-homogeneous
polynomials in the sets of variables Uy, ..., Uy and if their product F = F} - -- Fy has multi-
degree (dy, ..., dy), then we have:

2
[l < HIIFIIc nit e )l e

Proof. The lower bound [[;_, ||Fille > ||F|lc is clear and is valid for any convex body C of
C". To prove the upper bound, denote by B; the unit ball of C" relative to the maximum
norm, for j =1,...,k. By Proposition 1.1, there is a linear map ¢;: C" — C™ such that

©;(Bj) CC; C p;j(n;B)).

Fori=1,...,s, define G; = Fyo(¢1,...,p). Putalso B=B; x---xByand G =Gy - Gh.
Then, B is the unit ball of C" for the maximum norm and we have G = F o (¢1,...,¢k).
Using the above inclusions together with Lemma 1.4, we find:

H 1Eille < H Gl sy i) = 14" H 1Gills

< (nd-nf ) 1G5 < (0§ 0’| Fle.

2. CHOW FORMS

From now on, we fix a positive integer m and denote by C[X] the ring C[X,, X, ..., X,,,] of
polynomials in the variables X = (X, X1, ..., X,;,). We also denote by P,,(C) the projective
m-space over C. Its elements are the equivalence classes of non-zero points of C™*! under
the relation o ~ o' if o/ = Ao for some A € C*. We denote by (ag : a1 : ++- : ap,) the
equivalence class of a non-zero point a = (ag, @y, - . ., ay,) in C™ and say that o is a set of

homogeneous coordinates of that point.

2.1. Geometric preliminaries. General references for this section are [4, Chap. 1, §2 and
§7] and [18, Chap. VII].

If a homogeneous polynomial P of C[X] vanishes at some non-zero point o in C™*! then
it vanishes at each point of the equivalence class of a. So it is natural to define the set of
zeros Z(P) of P in P,,(C) to be the set of equivalence classes of zeros of P in C™*1\ {0}.

More generally, a (closed) algebraic subset of P, (C) is the set of common zeros Z(F) of a
family of homogeneous polynomials F of C[X]. Here, we consider only algebraic subsets W
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of P, (C) that are defined over Q meaning by this that they can be expressed as the set of
common zeros of homogeneous polynomials of Q[X]. When such a set cannot be written as
the union of two proper algebraic subsets defined over QQ, we say that it is wrreducible over
Q and we call it a Q-subvariety of P, (C).

Given an algebraic subset W of P, (C) defined over Q, we denote by I(W) the ideal of
Q[X] generated by all homogeneous polynomials of that ring which vanish at each point
of W. This ideal is radical in the sense that, if it contains some power of a polynomial,
then it contains this polynomial as well. It can be shown that the assignment W +— I(1V)
establishes a bijection between the set of algebraic subsets of P,,,(C) defined over Q and the
set of homogeneous radical ideals of Q[X]. Under this bijection, Q-subvarieties of P,,(C)
correspond to homogeneous prime ideals of Q[X]. It can be shown that any algebraic subset
W of P,,(C) defined over Q can be written as a finite union of Q-subvarieties of P,,,(Q)

W=W,u---uUW;

with W; € W, when i # j. These Q-subvarieties Wy, ..., W, are uniquely determined by W
(up to permutation) and are called the Q-irreducible components of W.

For each integer D > 0, we denote by C[X]p (resp. Q[X]p) the subspace of C[X] (resp.
Q[X]) which consists of all homogeneous polynomials of degree D in that ring (with the
convention that 0 is homogeneous of each degree). If W is a non-empty algebraic subset of
P,,(C) defined over Q, we define its Hilbert function by

H(W; D) = dimo Q[X]p/(I(W) N Q[X]p)

for each D € N. It can be shown that it coincides with a polynomial in D for each sufficiently
large value of D. The degree of this polynomial is an integer ¢ with 0 < ¢ < m called the
dimension of W and denoted dim(W). Moreover, the product by ¢! of the leading coefficient
of that polynomial is a positive integer called the degree of W, and denoted deg(W). It can
be shown that dim(W) is the largest dimension of the Q-irreducible components of W and
that deg (W) is the sum of the degrees of the Q-irreducible components of W with dimension
dim(W). We say that W is equidimensional if all its Q-irreducible components have the same
dimension. We will frequently use the fact that, if W is a Q-subvariety of P,,(C) of dimension
t > 1 and if P € Q[X] is an homogeneous polynomial which does not belong to (W), then
the intersection W N Z(P) of W with the set of zeros of P is equidimensional of dimension
t—1.

2.2. Chow forms. We will admit the following fact.

Theorem 2.1. Let W be a Q-subvariety of P, (C) of dimension t > 0. For any choice of

integers Dy, ..., Dy € N, there exists, up to multiplication by £1, a unique polynomial

Fezu®, . UY where U(k):(Uj(k);jEI\V'HI7 ljl = Di) fork=0,...,1,



which satisfies the following properties:

1) F is irreducible (in particular, the set of its coefficients is relatively prime),

Dk+m

2) for any choice of u® = (uj(k) ;jeENTTL || = Dy) € c(”m) (k=0,...,t), we have

F(u(o), e ,u(t)) =0 < Zj u§0)Xj, e ZJ. uJ@Xj have a common zero on W,

3) F is homogeneous of degree Dy - - - l/?\k .-~ Dydeg (W) in the set of variables U®) for
each k=0,...,t.

We say that such a polynomial F'is a Cayley-Chow form or simply a Chow form of W in
degree (Dy, ..., Dy).

For example, when m = 1 and W = P;(C), the form F is the Sylvester resultant of two
homogeneous polynomials. When W = P,,(C) and Dy = --- = D,, = 1, then F' is simply
the determinant of m + 1 linear forms.

For the proof, Propositions 1.3 (ii), 1.4 and 1.5 (iii) of Philippon’s paper [11] show the
existence and uniqueness of a polynomial F' satisfying 1) and 2). Lemma 1.8 of [11] together
with Remark 1) on page 15 of [11] show that it satisfies 3). For the more general case where
W is a subvariety of a product of projective spaces, see the paper of G. Rémond [13]. For the
special case where W = P,,,(C), a very nice exposition using homological methods is given
by M. Chardin in [2]. For the special case Dy = --- = D; = 1, see Yu. Nesterenko’s paper
[10, §1] or the classical reference [5, Chap. X].

In the sequel, we view a Chow form in degree (Dy, ..., D;) as a polynomial map
F: C[X]p, x---xC[X]p, — C

whose set of zeros are the (¢ + 1)-tuples of polynomials (P, ..., P;) which have a common
zero on W, upon identifying each P, with its set of coefficients.

Before we continue with the exposition of algebraic properties of the Chow forms, this is
probably the right place to stop and explain why we are interested in these forms. To this
end, fix a Q-subvariety W of dimension ¢ > 0, a point # € W with projective coordinates 6,
positive integers Dy, ..., D;, and a Chow form F of W in degree (Dy, ..., D;). Suppose that

there exist homogeneous polynomials Py, . .., P; in Z[X] of respective degrees Dy, . .., D; with
no common zeros on W, then F(F,..., P;) is a non-zero integer and so |F(Fy,..., P;)| > 1.
Now suppose that P, ..., P, all have small absolute values at the point . Then a small
perturbation in their coefficients will give rise to homogeneous polynomials Py, ..., P, of the

same respective degrees (but with complex coefficients) which all vanish at §. Then we have
F(Py,...,P,) = 0. However, the value F (P, ..., P,) should be close to F(Py,...,P,). This
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is impossible if |Py(8)], . . ., |P:(f)] are smaller than a certain positive number depending only
on W, Dy,...,Dy, ||B]|,...,|| P and [|@]]. Our first goal will be to make this statement
explicit in the case where Dy = --- = D,;. This will be achieved with Corollary 4.5 at the

end of Section 4.

2.3. Properties of Chow forms. The following three lemmas will be useful.

Lemma 2.2. Let W be a Q-subvariety of P,,,(C) of dimension t > 0, and let F' be a Chow
form of W in degree (Do, ..., Dy).

(i) Let o be a permutation of {0,...,t} and let F, be a Chow form of W in degree
(Dg(o), ey Dg(t)). Th,en,

2) Fy(Pyoys .- Poyy) = £ F(Py, ..., P)

for any choice of polynomials P; € C[X]p, for j =0,...,t.

(ii) Let I be a finite set of indices and let (D(i))iel be a sequence of positive integers
indexed by I such that Dy =3, ; DY, For each i € I, let F; be a Chow form of W
in degree (Dy, ..., Di_1, D). Then,

(3) F(Py.... Py []@) =+ [[ B Po1, Q)

el icl

for any choice of polynomials Q; € C[X]pw, 1 € I, and P; € C[X]p,, j =0,...,t—1.

Proof. To prove (i), view both sides of (2) as defining functions on H;ZO C[X]p,. Since these
polynomial maps come from irreducible polynomials over Z and have the same zeros, they
differ by a factor +1.

The proof of (ii) is more delicate. Here, we view both sides of (3) as defining functions
on the product (H;;}) (C[X]Dj) X (Hiel (C[X]D@). These polynomial maps come from
polynomials over Z and have the same zeros because

F(Po,... . Py [[@) =0 = W z(P,..., P J] Q) #0
icl iel
— WnNZ(P,....,P,_1,Q;) #0 forsomeiec [
<~ Fi(Py,...,P,—1,Q;) =0 forsomeie€l
— HF;;(POJ"‘7P15717QZ-) =0
iel
So, they have the same irreducible factors over Z. Moreover, all factors on the right hand

side of (3) are distinct and irreducible over Z. So the right hand side divides the left hand
side. Finally, both sides are homogeneous of the same degree in the coefficients of P; for



7 =0,...,t—1 as well as in the coefficients of (); for each ¢ € I, so we have
F(POw--;Ptfl;HQi) = CLHE(Poy---;PtA,Qi)
icl icl

for some integer a. Showing that @ = +1 requires local analysis at each prime number p.
We will omit this. 0

Lemma 2.3. Let W be a Q-subvariety of P,,,(C) of dimension t > 0, let F' be a Chow form
of W in degree (Dy, ..., D;) and let Q € Z[X]|p,. If t =0, then F(Q) is an integer, and this
integer is non-zero if and only if Q ¢ I(W). Assume now that t > 1. Then the polynomial
map F' from C[X]p, x --- x C[X]p,_, to C given by

F,(P07"'7Pt—1) :F(P07"'7Pt—17Q)

is non-zero if and only if Q ¢ I(W). In that case, let W{,... ,W! denote the Q-irreducible
components of W N Z(Q) (all have dimension t — 1) and, for each j =1,...,s, let F} be a
Chow form of W]’ in degree (Do, ..., Dy_1). Then there exist positive integers ey, ..., es and
a non-zero integer b such that

4 F/(P,o, Proy) = 40P Pt ()t (R

8

for any choice of polynomials P; € C[X]p, (j =0,...,t—1). Moreover, the integers b and
€1,...,e are independent of Dy, ..., D, 1 and satisfy

(5) > " exdeg(W)) = Dy deg(W).

It can be shown that eq, ..., e, are the intersection multiplicities of W and of the divisor
attached to @ in the sense of intersection theory (see the appendix of [8]).

Proof. In the case t = 0, we have

FQ)#0 «= W g Z(Q) < Q¢ I(W).
Assume from now on that ¢ > 1. If Q € I(WW), then for any choice of polynomials P; €
CX]p,; (j=0,...,t—1) we find
WﬂZ(Po,...,Ptfl,Q) :WﬂZ(Po,...,Ptfl) #@,

and so F'(Py,..., P, 1) = F(Py,...,P,1,Q) = 0, meaning that F' is the constant zero.
Assume now that @ ¢ I(W). For polynomials Py, ..., P,_; as above, we have

F'(Py,...,Pr) =0 < WNZP,...,P1,Q) #0
= W;NZ(Py,...,P1)#0 forsomeje{l,..., s}
< Fj(P,...,P1) =0 forsome je{l,...,s}.
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Since the polynomials FY ..., F} are irreducible over Z, while F” has integer coefficients, this
implies that F’ factors as a product

(6) F' = a(F)* - (F)*

S

for some non-zero integer a and some positive integers ey, ..., e,. Comparing the degree of
both sides in their first polynomial argument, we find the relation (5).

To complete the proof, choose linear forms Ly, ..., L; ;1 € C[X]; and evaluate both sides
of (6) at the points L2, ... L. This gives

F(Lg,... . L)T,Q) =a ][ Fi(LE".....LYT)™
k=1
On the other hand, let E be a Chow form of W in degree (1,...,1,D;) and for j =1,...,s,
let E% be a Chow form of W} in degree (1,...,1). Lemma 2.2 shows that, upon putting
N =Dy---D,; 1, we have
F(LY, ... L2, Q) =+ E(Lg, ..., L 1,Q)Y,
FiLY,..., L0 = £ Ei(Lo,..., L)Y (G=1,...,s)

with signs that are independent of Lg,...,L;_;. Substituting these expressions into the
previous equality, we deduce from the unique factorization property of polynomials that

E(Lo, ..., Li-1.Q) = b [ [ Ei(Lo, ... Licy)™
k=1

where b is an integer with b = 4a. Thus, ej,...,e, are independent of Dy,...,D;_;
and a has the requested form for some non-zero integer b which is also independent of
Dy, ...,D;_4. O

For any integer D > 0, and any point a € C™*!, we denote by L, the linear map from
C[X]p to C which sends a polynomial P € C[X]p to its value P(«) at o. With this notation,
we are ready to prove:

Lemma 2.4. Let W and F be as in the previous lemmas. Choose Q; € Z[X|p, for j =
L,....t, and put Ny = Dy --- Dydeg(W). Then, there exist non-zero points o, ...,ay, of
C™ 1 which are independent of Dy and represent (not necessarily distinct) elements of W,
and there exists £ € C such that

No
F(P7Q17"'7Qt) = fHP(gk)’
k=1

for any P € C[X]p,.
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Proof. Denote by G the polynomial map from C[X]|p, to C given by G(P) = F(P,Q1, ..., Q)
for each P € C[X]p,. Lemma 2.3 shows, by induction on ¢, that G is identically zero unless
WNZ(Q,...,Q:) has dimension 0, a condition that is independent of Dy. Moreover, in the
latter case, if W{,..., W! denote the Q-irreducible components of W N Z(Qy,...,Q:), then
G factors as a product

s
G=a]]Gy
k=1
where a is a non-zero integer, where ey, ..., e, are positive integers that are independent of
Dy, and where Gy is a Chow form of W} in degree D, for each £ = 1,...,s. Furthermore,
we have Y7 epdeg(W})) = N,. Since Q has characteristic zero, each set W} consists
of deg (W) distinct points which are conjugate over Q. Put ny = deg(W)) and choose
representatives oy, |, ...,y for these points in C”*"\ {0}. Since G} is homogeneous of
degree ny and since its set of zeros in C[X]p, is the union of the sets of zeros of the maps
Lo, LIX]p, = L for j = 1,...,ny, we get Gy, = & [[}%, Lq, , for some & € C*. Then,
we conclude that G = [, [T}, Ly, with § = all;_, &- If, on the contrary, G is zero,
we write G = §Hg:°1 Lo, with & = 0 and any choice of points ay,...,ay, € C™1\ {0}
representing elements of W. U

3. HEIGHTS OF ALGEBRAIC SETS

For each integer D > 1, we identify C[X]p with () by mapping a polynomial to the
set of its coefficients in some order. So, we can talk about a convex body of C[X]p. Given
integers Dy, ..., D; > 0, we define a convex body in degree (Dy, ..., D;) to be a convex body
for C[X]p, X -+ x C[X]p, which has the form of a Cartesian product C = Cy x - - - X C; where
C; is a convex body for C[X]p,, j =0,...,t.

Fix such a convex body C, and let W be a Q-subvariety of P,,(C) of dimension . We
define the height of W relative to C by the formula

he(W) = log || F'lle,

where F' denotes a Chow form of W in degree (Dy,..., D;). We also define the normalized
height of W with respect to C by

he(W) = (Dy - - - Dy deg (W) he(W),
Applying Lemma 2.2 (i), we find:

Lemma 3.1. Let Cy,...,C; be as above, and let W be a Q-subvariety of P, (C) of dimension
t > 0. For any permutation o of {0,...,t}, we have

ﬁcg(o)x...xcg(t)(W) = hegxne, (W),
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We now define a notion of product of convex bodies and show that height hg, x...xc, (W) is
quasi-linear with respect to factorizations of each of the convex bodies Cy, ..., C;.

Definition 2. Let (D™W);c; be non-negative integers indexed by a finite set I, and let D
denote their sum. Moreover, let CY be a convex body of C[X], for each i € I. We define
the product T],.; C® of these convex bodies as the smallest convex body of C[X]p containing
the products [[;.,; Q¥ with Q® € C® for each i € I.

Recall that, for any point o € C™"! we denote by L,: C[X]p — C the linear map of
evaluation at a. According to the definitions from §1.2, we have

[Lallc = sup [La(Q)] = sup |Q(a)|.
Qec Qcc
We can now state.

Lemma 3.2. Let o € C™"! be any point. With the notations of the above definition, we
have

cG)-

H'ﬁgHC = H Hﬁg‘
i€l

Proof. Any element of C can be approximated arbitrarily well by a linear combination ) =
ijl A [ Lier ng’) where Qy) € C% foreach i € [ and j = 1,...,s, and where the coefficients
A,..., Ay € Csatisfy > . |[A] < 1. Since any such linear combination satisfies |Q ()| <
[Lcs l1£allew, we deduce by continuity that [[Lallc < [],c; [|Lallc@. To establish the reverse
inequality, we choose @ = [],.; Q¥ with Q® € €, and take the supremum of both sides
of the equality |Q(a)| = [T;c; |Q? ()| over the set of all such products Q. O

The main result of this section is the following.

Proposition 3.3. Let C = Cy X - -+ x C; be a convex body in degree (Do, ..., D) and let s
be an integer with 0 < s <t. Suppose that Dy is written as a finite sum of positive integers
D=3 c; DY and that we have a corresponding decomposition of Cy into a product
¢, =]Jc®,
iel
where, for each i € I, C is a conver body of C[X]pw. For each i € I, denote by E® the
convex body which, as a Cartesian product, has the same factors as C except that the s-th
factor Cy is replaced by C®. Then, for any Q-subvariety W of P,,(C) of dimension t, we
have
—2tpN < he(W) =) heo (W) < 2N,
iel

where n = log(m + 1) and N = Dy - - - Dy deg(W).
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Proof. Since, by Lemma 3.1 (i), the height of W relative to a Cartesian product of convex
bodies does not change under a permutation of its factors, we may assume, without loss of
generality, that s = ¢.

Let F' be a Chow form of W in degree (Dy, ..., D;) and, for i € I, let F; be a Chow form
of W in degree (D, ..., D;_1, D). Lemma 2.2 (iii) shows that
(7) F(PO,...,Pt_l,HQi) = +[[F(Po..... Pty Qi)

i€l iel

for any choice of polynomials Q; € C[X]pq) for i € I and P; € C[X]p, for j =0,...,t — 1.
Define Ny = N/Dy,...,N; = N/Dj.

For the upper bound, fix a choice of polynomials P; € C; for j = 0,...,t — 1. Define
polynomial maps G: C[X]p, — C and G;: C[X]pu — C for ¢ € T by putting

G(Q)=F(F,....,P1,Q) and G;i(Q;) = (P, ..., P, Q)

for any () € C[X]p, and any @); € C[X]pw with i € I. Lemma 2.4 shows that there exist
non-zero elements a;, ..., ay, of C™*! and constants £ € C and & € C for i € I such that

6@ = [[ Qo) md Q) =& @lan)

for any choice of polynomials @ and @); with i € I, as above. By virtue of (7), we have
G(Q) = £]lic; Gi(Qi) whenever @ = [[,.; Qi and therefore & = +][,.;&. Applying
Proposition 1.5 to the above factorizations of the maps G and G; into products of linear

forms, we find

1)(” +m 2Ny
c(i)é( m ) |Gl

@
< (m+ 18P0 Gillew.-
On the other hand, Lemma 3.2 shows that, for any & € C™*!, we have ||Lallc, = [1;c7 |£al

Combining this with the previous inequalities and using the relation §{ = £ ], ., &, we get

IGlle, < (m+1)*P [T lIGillew = (m+1)*¥ [T lIGil

i€l el

Nt Nt
1Glle. < (1T ] 1€aclle. and J&I ] 11£a, |
k=1 k=1

ci)-

c(i)-

Taking the supremum of both sides of this inequality over all choices of Py,..., P,_q, we
deduce that

IFlle < (m+ 12N TT I Fillec-
il
Then, taking logarithms, we get

he(W) <> hewy (W) + 2N log(m + 1).
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For the lower bound, fix a choice of polynomials Q; € C' for i € I. Put Q = [L;c; Qi and
define polynomial maps FE and E; for ¢ € I on the product space H;.;B C[X]p, by putting
E(POJ"'7-F)t—1):F(P07"'7Pt—17Q) and Ei(POJ"'7Pt—1):E(POJ"'7Pt—17Q7;)

for any choice of P; € C[X]p, for j =0,...,¢t — 1. By virtue of (7), we have E' = +[[..; Ei.
Since E is multi-homogeneous of multi-degree (Ng, ..., N;—1), Proposition 1.5 gives

t—1 2N;
Di+m\™"
H "Ei"COX~~~XCt—1 S (H < Jm ) ) ||E||C0><...><Ct_1

icl §=0

-1
< (H(m+ 1)2Nij> [ Ellcox-xc, s

5=0
= (m+ 1M Ellox-xcis-

Taking the supremum of both sides over all choices of polynomials Q; € C” with i € I and
using the fact that Q) =[], ; @; then belongs to C;, we get

[T

el

e < (m+1)* N F||¢

and, by taking logarithms,
> hew (W) < he(W) + 26N log(m + 1).
iel

O

Corollary 3.4. Let Cy X - -+ X Cy be a convex body in degree (Dy, ..., Dy). Suppose that, for

each s = 0,...,t, the integer Dy is written as a finite sum of positive integers Dy = Ziels DS)

and that we have a corresponding decomposition of Cs into a product
c.=]]ci,
icly
where, for each i € I, ¢\ is a convex body of C[X]D(i). Then, for any Q-subvariety W of

P,.(C) of dimension t, we have

—Qt(t + l)T]N < hcox...xct(W) — Z <o Z hc(()io)xmxct(it)(W) < 2(t + 1)7]]\7,

10€1 1 €1y

where n =log(m + 1) and N = Dy - - - Dy deg(W).

4. AN APPLICATION

Throughout this section, we fix a point # in P™(C) and a set of projective coordinates
0= (0y,...,0,)in C™! for that point. We also fix a positive integer D and a positive real
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number V. We attach to these parameters two convex bodies B and C of C[X]p and two
convex bodies D and £ of C[X]; by putting

B={PeCX]p; [IP| <1},
c={PeB: PO <exp(-V)iE]” ),
D= {L e CX]i; |IL]] £ 1}7
e={LeD|L®)] < exp(~V) 6]}

Note that C and D depend only on # and not on the particular choice of projective coordinates
0, so that we may always assume that [|]] = 1. We first provide factorizations for B and C
(compare with Lemma 5.1 of [§]).

Lemma 4.1. We have the inclusions
(m+1)""D” CB
(m+ 1)_D pP-tg Cc¢

(m+1)PDP

C
C 2(m+1)"DE.

Proof. The inclusions relative to B express standard properties of the maximum norm for
polynomials. So, we concentrate on the inclusions relative to C. Without loss of generality,
we may assume that || = ||0]] = 1.

To prove the left inclusion, we note that, for any choice of linear forms M; € £ and
M,, ..., Mp € D, the product P = M, --- Mp satisfies both ||P|| < (m + 1)? and |P(9)| <
(m +1)Pe V. Hence, P belongs to (m + 1)PC. This shows that DP~1€ C (m + 1)PC.

For the right inclusion, we first observe that, for each v = (1vp,...,v,) € N™ with
lv| = D, we have

8) X —eXP =) (f[woxz-)”i) ( I1 <eiXo>”i) ((800)" = (61X0)")

k=1 \i=0 i=k+1
and that, for each £k = 1,...,m such that v, > 1, we also have
vip—1
(9) (60X%)" — (B Xp)"™ = (B0 X% — 66 X0) > _ (B0 Xk)" (0:X0)" ! € D 'E,
=0

thus 07XY — 9* X € DDP~'E. So, if P(X) = > wj=p PyX? is any polynomial of C, we find
that
-D D -D D~ev vy D D+m D-1
(10)  P(X)=0,"POXE +6;° Y p(60XY —0"XP) € <1+D< - ))D £,
lv|=D
upon noting furthermore that 6;° P(0) X, € € and that all coefficients p, of P have absolute
value at most 1. This gives proves the second inclusion for C since

1+D<D+m> §(D+1)(D+m> <2P(m+1)".

m m
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By combining the above factorizations with Corollary 3.4, we obtain the following upper
bounds for the heights of a Q-subvariety W of P,,,(C) relative to B and C in terms of its heights
relative to D and &, where, for simplicity, we simply write hg(W) to mean hgy..x5(W) and
similarly for hg(W), he(W), ... (compare with [11, Prop. 2.8] and [8, Prop. 5.3]).

Proposition 4.2. Let W be a Q-subvariety of P,,(C) of dimension t > 0. We have the

upper bounds

hs(W) < hp(W)+a and he(W) < hp(W) + D™ (he (W) — hp(W)) + b
with a = 3(t + 1)n and b = 4(t + 1)n, where n = log(m + 1).

Proof. We simply establish the upper bound concerning he (W) leaving the one for hg(WW)
as an exercise. By Lemma 4.1, we have C C (2(m+1))”C’ where C' = DP~'£. Since a Chow
form for W in degree (D, ..., D) is multi-homogeneous of degree D'deg(W) in each of its
t + 1 polynomial arguments, it follows easily from the definition of the height that

he(W) < he/(W) + (t + 1) D" deg (W) log ((2(m + 1))7),
and so
he(W) < her(W) + (t+1)(n+1og2) < her(W) +2(t + 1)n.
For each subset J of {0,...,t}, define a convex body &) = Sé’]) x o x EP) in degree
(1,...,1) by putting 5](‘]) =Dif j € .J and 8](‘]) = & otherwise. By Corollary 3.4, we have
he(W) < > (D= 1) Dhe (W) +2( + 1)pD"" deg (W),
TC{0,..st}
For a non-empty subset J C {0,...,t}, we use the upper bound hgew)(Z) < hp(Z) which
comes from the inclusion ) C D x --- x D. Since
Z (D . 1)Card(]) — D+l _ 1
0#IC{0,...1)
this gives

he!(W) < D hp (W) + (hg(W) — hD(W)) +2(t + )p D" deg (W) .

The upper bound for he (W) follows by dividing both sides of this inequality by D" deg (W),
and by combining the result with the upper bound for he(W) in terms of he (W). O

The next proposition provides an estimate for hg (W) when 8 € W (see also [8, Prop. 5.5]).

Proposition 4.3. Let W be a Q-subvariety of P,,(C) containing the point 6 and let t =
dim(W). Then we have:

he(W) — hp(W) < =V +log (e(t + 1) deg(W)).
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Proof. Put N = (t+ 1) deg(W), and let F' denote the Chow form of W in degree (1,...,1).

Since
£ le

hg(W) — hD(W) = log HFHD,

we simply need to show
(11) |F(Lg,...,L)| < ||F|lpe VN,
for any choice of linear forms Lg,...,L; € €.

To this end, choose an index ¢ with |#,| = ||6|| and define
L;(0)
0,
so that all linear forms L; — M; vanish at the point 6. Since § € W, we get

M;(X) = X, for 0<j<t,

F(LO—M(),...,Lt—Mt):O.

Let R be any real number > 1. We define rational functions ¢ and f on C by

z—1
QD(Z) = m and f(Z) = F(L0+@(Z)M0,7Lt+@(Z)Mt)
Since f(0) = 0, the Schwarz’ lemma provides the upper bound
f
F(Lo,. L] = ()] < Im

where |f|r denotes the maximum of |f(z)| on the disk |z| < R. Note that, with the same
notation, the Blaschke function ¢(2) satisfies |¢|gr = R. Moreover, by definition of £, we
have [|[M;]| < eV for each j = 0,...,t. Since the polynomial F' is homogeneous of degree
N in the whole set of coefficients of Ly, ..., L;, we obtain

e < (1+ Re )N |F|lp.

If eV < N, the inequality (11) is obvious since £ C D. Otherwise, we may choose R =
e /N > 1 and then (11) follows from the estimates

S < [flr < NeT"(1+1/N)Y||Fllp < NV Fllp.
O

Combining the last two propositions, we finally obtain the following statement where the
height h(W) of a Q-subvariety W of P,,(C) is defined as

h(W) = log || F|
where I stands for a Chow form of W in degree (1,...,1).
Corollary 4.4. Let W and t be as in Proposition 4.3. Then, we have:
he(W) < =V + D' h(W) + 5(t + 2)n D" deg (W),
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Proof. By Proposition 4.2, we have
he(W) < D" hp(W) + (he(W) — hp(W)) + 4(t + 1)nD*"" deg (W)
while Proposition 4.3 gives
he(W) — hp(W) < =V + log (e(t + 1) deg(W)) < —V + 3ndeg(W).
Finally, applying Lemma 1.2 to a Chow form F' of W in degree (1,...,1), we find
hp(W) < h(W) + (t+ 1)ndeg(W).
The conclusion follows. U

Corollary 4.5. Let W and t be as in Proposition 4.3 and let T be a positive real number.
Suppose that

V > D*U(W) + (t + 1)D'T deg (W) + 5(t + 2)n D" deg (W).

Then any sequence of homogeneous polynomials Py, ..., P, € Z[X]|p with ||P;]] < €T and
|P;j(0)] < e V||P||118]|° for 5 =0,...,t have a common zero on W.

Proof. The conditions on P, ..., P, imply that e="P; € C for j = 0,...,t. Let F be a Chow
form of W in degree (D,..., D), and write N = D'deg(W). Since F is homogeneous of
degree N in each of its £ + 1 polynomial arguments, we find

‘F(P07 cee Pt)| = eXp((t + 1)NT)’F(67TP07 ceey eiTPt)‘ S eXp((t + 1)NT) ”FHC
On the other hand, Corollary 4.4 together with the hypothesis on V' gives
[Flle = exp(he(W)) < exp(=(t+1)NT),

and so the preceding inequality leads to |F(P, ..., P;)| < 1. Since F(F,..., P;) is an integer,
we conclude that this integer is zero and so F, ..., P, have a common zero on W. 0]

5. HEIGHT OF A SECTION BY AN HYPERSURFACE

As the proof of the above Corollary 4.5 shows, the notion of height with respect to con-
vex bodies is particularly well suited for specialization of polynomial arguments. The next
proposition formalizes this idea in a general setting (compare with [11, Lemma 2.2]).

Proposition 5.1. Let W be a Q-subvariety of P,,,(C) of dimensiont > 0, let Co X - -+ X C; be
a convez body in degree (Dy,...,Dy) € N1 and let P € Z[X]|p,. Assume that P does not
vanish identically on W, and choose A € C such that P € \Cy. If t > 1, then there exists a
Q-irreducible component W' of W N Z(P) of dimension t — 1 with

- - log |A

hCOX"'Xthl(WI) S hCOX"'XCt (W) —|— % + 2t/}7,

t

where n = log(m + 1). If t = 0, the same inequality holds provided that the left hand side is
replaced by 0.
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Proof. Let F be a Chow form of W in degree (Do, ..., D). Write Ny := Dy --- Dy deg(W)
and consider the polynomial map F” from C[X]p, X - -+ x C[X]p, , to C given by
FI(P07...,Pt_1) = F(P(),...7Pt_17p)

for any choice of P; € C[X]p, for j =0,...,t— 1. Since F' is homogeneous of degree N, on
the factor C[X]p, and since P € AC;, we have the upper bound

1F [ xcry < AN Fle,
and thus,
(12) (Dg - - Dydeg (W)™ og || F'||co ey s < hegxexe,(W) + Dyt log |l

If t =0, the map F" is a constant non-zero integer and so the left hand side of this inequality
is > 0. Otherwise, Lemma 2.3 shows that F” factors as a product a(F7)® --- (F!)® where
F|,...,F! are the Chow forms in degree (Dy,...,D; 1) of the Q-irreducible components
Wi,...,W! of Wn Z(P), where a is a non-zero integer, and where e;, ..., e, are positive
integers with Y, | e, deg(W}) = D;deg(W). Applying Proposition 1.5, we then find

s t—1
1 D, +m
D ex10g [ Fllepxeis <108 1|Flegrncims +2D0- - Dideg (W) Y- - log ( m )
k=1 j=1 1
<log ||F'||coxc-xe,_; + 2tnDqg « - - Dy deg (W).
and so
Z )\kiLCOX"'XCt—I(Wé) S (DO A Dt deg (W))_l ].Og ||F,||CO><"'><ct—l + 2t7]7

k=1
where A, = exdeg(W))/(D;deg(W)) for &k = 1,...,s. Since Ay,...,As are positive real
numbers with sum 1, it follows that there exists at least one Q-irreducible component W’ of
W N Z(P) such that

hegxxc,, (W'Y < (Dg - - - Dy deg (W)™ log || F' ||eyx.xc,_, + 2t7.

The conclusion follows by combining this inequality with (12). O

6. PHILIPPON’S METRIC BEZOUT’S THEOREM

We define the distance between two points § and « of P™(C) by

0.0 — O:cu:
dist(6, @) = max 17205 — il
0<ij<m [|6]} ]|
where 6 = (0y,...,0,) and o = («, ..., a,) denote respectively sets of projective coordi-

nates for § and o in C™*! (the result is independent of such choices). We also define the
distance between a point 6 and a subset E of P™(C) as the infimum of the distance between

f and a point of £.
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Throughout this section, we fix a point § € P,,(C) and a set of projective coordinates
# € C™*! for that point. We also fix a positive integer D and a positive real number V. As
in Section 4, we define a convex body C of C[X]|p by

C={QeCX]p; QI <1, QO <e"[le]”}

and, for any Q-subvariety W of P,,,(C) of dimension ¢ > 0, we define hc (1) to be hey...xc(W)
where C x - - - x C stands for the product of t + 1 copies of C. We first establish the following
special case of [8, Lemma 5.2].

Lemma 6.1. Let o« € P™(C) and p, = dist(f, ). Then, for any set of projective coordinates
a € C™ of a with ||a|| = 1, we have

max {e ", pa} < ||Lalle < 2(m+1))" max{e™", po}
where L : C[X]|p — C stands for the evaluation at the point .

Proof. We may assume without loss of generality that |6y = [|¢]| = 1. Select projective
coordinates @ = (ay,...,qy) of the point « with norm ||| = 1. Let ¢ and j be indices
for which p, = |§;0; — 6;c;| and let k be an index with |ay| = 1. Since the convex body C
contains both eV XP and (0,X; — 0,X,;)X,”~", we find the lower bound

I£alle = sup [P(e)| > max {e™", pa}.
Pec

For the other inequality, we go back to the proof of Lemma 4.1. For any v € N™*! with
lv| = D, the formulas (8) and (9) imply that

‘0(?_51 - QyO[OD‘ S Dpa-

So, for any polynomial P(X) = ZM:D pyXY¥ in C, the formula (10) leads to

[P(@)| < [P@)|+ Y [p.|Dpa

lv|=D
D
< (1 + D( N m)) max{e™", po} < (2(D + 1))’ max{e™", pa},
m
and so the last estimate on the right is an upper bound for ||L,||c- O

The next proposition is the key to the proof of Philippon’s criterion (see the next section).
It is essentially Proposition 2.5 of [11] (see also Lemma 4 of [?]). Its proof exploits the
factorization property of the Chow forms stated in Lemma 2.4.

Proposition 6.2. Let W be a Q-subvariety of P,,(C) of dimension t, and let p denote the

distance between the point 6 and W. Suppose that there exists a homogeneous polynomial
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P € ZIX] of degree D' < D which does not vanish identically on W and choose A > 1 such

that )
|P'(9)]

1P|l 118]]”
Ift > 1, then there exists a Q-subvariety W' of P,,(C) contained in W of dimension t — 1
such that

< A max{p, e”}.

he(W') < he(W) + M +2(t + 2)n,

where n =log(m + 1). Ift = 0, the same inequality holds provided that the left hand side is
replaced by 0.

Proof. Without loss of generality, we may assume that ||#|]] = 1. Since W is non-empty,
there exists an integer ¢ such that X, does not vanish identically on W. Then, the product
P=X f “D'plisa homogeneous polynomial of degree D which does not not vanish identically
on W (the ideal of W in Q[X] is prime).

Let F be a Chow form of W in degree (D, ..., D). Write N = D*deg (W) and consider
the polynomial map F’ from (C[X] D)lt to C given by

FI(Po,...,Ptfl) Z:F(PQ,...,Ptfl,P)

for any choice of Py, ..., P, 1 € C[X]|p. If £ > 1, then arguing as in the end of the proof of
Proposition 5.1 shows the existence of a Q-irreducible component W' of W N Z(P) such that

he(W') < (Dt deg (W) log || F'[|e + 2tn.

If t = 0, the map F' is a constant non-zero integer and so the same inequality holds when
the left hand side is replaced by > 0. So, it remains to show that

(13) (D" deg (1) log | P < he(w) + BCIZI 4y,
To this end, choose polynomials Qq, ..., Q;_1 € C such that
1F'le = [F'(Qo; - -, Qe-1)l;
and consider the polynomial map F: C[X]|p — C given by
E(Q) =F(Qo,.-,Qi-1,Q)
for any ) € C[X]p. By construction, we have
(14) [F'lle = [E(P)| and [[Elc < [|Fllc = exp(hc(W)).

Our goal is therefore to compare |E(P)| and ||E||¢. For this we apply Lemma 2.4. It shows
the existence of £ € C and elements ay,...,ay of C™"! of norm 1 representing points
ai,...,ay of W such that
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for any @ € C[X]p. Applying Proposition 3.7 to this factorization of E gives

al D +m\*"
(15 ATT12ode < (P5) 18l < 0+ 122¥) Bl
k=1
where £, : C[X]p — C denotes as usual the evaluation at a;. Moreover, for each k, Lemma
6.1 gives
(16) | La, lle > max{dist(0, o), eV} > max{p, e~}

where the last estimate uses the fact that ap, € W. Now, choose an index j such that
16;| = 1|6]] = 1. The polynomial

| PO,
AP (P(X) oD Xﬂ)

J

belongs to C because it vanishes at the point # and its norm is at most
121 +1P@)] _ [P+ PO 1+ maxfp, e ) _
AP T 3P - 3\ -
using ||P|| = || P'|| and |P(8)| = |8,/°~""|P'(8)| < |P'(#)|. Therefore, for each k, we have
|Pap)| < [PO)]+3MPI|][ Loy lle
< [PO) 4 3A P[] Loy lle
< AIP'|| max{p, ="} + 3P| La, lle
< AM P £ay lle

where the last inequality uses (16). Combining this with (15), we conclude that
N N
[EP) = 1e [T 1Pl < GMIPTDYE T T 1La,lle < AMIPIHY (m + 1)*PN] Ele.
k=1 k=1

By (14) this means that
log [ F'l|c < he(W) + Nlog(4A[|P']]) + 2D N,

and (13) follows upon dividing both sides of this inequality by D'"!'deg(W) = DN and
noting that log(4) < 2n. O

Corollary 6.3. Let W and t be as in the statement of Proposition 6.2. Denote by p the
distance between 0 and W and assume that p > 0. Then, we have

~ t+1
he(W) > D

log(p) — (t+ 1)(t + 2)n.
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Proof. Suppose that W is a Q-subvariety of P,,,(C) of dimension s, with 0 < s < ¢, contained
in W. Select a coordinate index k such that W is not contained in the hyperplane X, = 0.
Then the polynomial P’ = X, satisfies the hypotheses of Proposition 6.2 with D’ = 1 and
A =1/p. If s > 1, this proposition ensures the existence of a Q-subvariety W,_; of P,,(C)
of dimension s — 1, contained in W with

- ~ lo
he(W, 1) < he(W,) — % (s + 2)7.

If s = 0, the same inequality holds with the left hand side replaced by 0. Starting with
W, = W, this process generates recursively a sequence a sequence of Q-subvarieties W; D
«++ D Wi D Wy. The conclusion follows by combining the inequalities that we get at each
step. Il

7. PHILIPPON’S CRITERION FOR ALGEBRAIC INDEPENDENCE

We now state and prove Philippon’s criterion (Theorem 2.11 of [11]). For the notion of
distance in P, (C), the reader is referred to the preceding section §6.

Theorem 7.1. Let 0 = (1,04,...,0,,) € C™, let 0 denote the corresponding point of

P..(C), and let k be an integer with 0 < k < m. Moreover, let (Dy)n,>1 be a non-decreasing

sequence of positive integers, and let (15,)p>1 and (V,)n>1 be non-decreasing sequences of
positive real numbers such that

lim sup L

nooo (Dp + 1) Dk

Suppose also that for each n > 2 there exists a non-empty family F, consisting of homoge-

= Q.

neous polynomials in Z|X| which satisfy the following two properties.
(i) For every P € F,, we have
deg(P) =Dy, h(P)<T, and [P(0) <e ™ |P[|f]

D’IL

(ii) The polynomials of F,, have no common zero « in P™(C) with
dist(0, o) < exp (—Vj—1) -

Then, we have k < m and the transcendence degree over Q of the field Q(61,...,0,,) is
> k+1.

Notes. For k = 1, the condition (ii) can be strengthened by asking simply that 6 is not a
zero of F,. This type of result goes back to Gel’fond [3] with more recent improvements
by W. D. Brownawell [1] and M. Waldschmidt [16]. It was conjectured for a long time that
the same would be true for £ > 2 but this is false as P. Philippon showed by expanding a
construction of Khintchine in the Appendix to [11]. To reconcile both results, Philippon’s
original criterion asks that the polynomials of F, have at most finitely many common zeros
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at distance at most exp(—V;,_1) from 6. For lack of time, we do not consider this situation
here. Another feature of the original Philippon’s criterion is that it allows one to deal with
smaller free regions than the one imposed in (ii). However, the exercise stated after the proof
provides a more efficient strategy to deal with such constraints, using the above theorem as
it stands.

Proof. Let W denote the smallest algebraic subset of P,,(C) defined over Q and containing
the point . Then, W is irreducible over Q of dimension ¢ equal to the transcendence degree
over Q of the field Q(6y,...,0,). We proceed by contradiction assuming, contrary to the
conclusion of the Theorem, that & > ¢. This means that we have
Vi
17 lim — 2 — .
(17) nooo (Dy + T)DE

Fix a large positive integer n and define

¢ = {QeCXlp,; Q] <1, Q)] < e 0] }.
By Corollary 4.4, we have

he(W) < =V, + DIFTR(W) + 5(t + 2)nDit! deg (W),

and so, in view of (17), we obtain

- v
he(W) < — =
W) < 2Dt deg (W)

if n is sufficiently large.
We claim that for each s = 0,...,¢, there exists a Q-subvariety W; of P,,(C) contained in

W of dimension s such that

7 Ln
1 Wy) < —
(18) he(Ws) < t=s+1 D1 deg (W)

provided that n is large enough.
For s = t, this condition is fulfilled with W, = W. Now, assume that W, has been
constructed for some s with 0 < s < ¢, and denote by p the distance between 6§ and W,. We

consider two cases.

a) Suppose first that p < exp(—V,,). Then, since the family F,, has no common zero «
with dist(0, o) < exp(—V},_1) and since V, > V,,_y, the algebraic set W is not contained in
Z(F,) and so it is not contained in Z(P) for some P € F,,. Then, Proposition 6.2 applies
(with W, t, P', D', D and X replaced respectively by Wy, s, P, D,,, D, and 1). If s > 1,
it shows the existence of a Q-subvariety W_; of P,,(C) contained in W of dimension s — 1
such that

~ ~ Tn
hC(stl) S hC(Ws) + D_ + Q(t + 2)777
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since log || P|| < T,,. Then, the induction hypothesis (18) together with (17) shows that W,
satisfies the required estimate if n is sufficiently large. If s = 0, the above inequality holds
with the left hand side replaced by 0, but this is incompatible with (18) if n is sufficiently
large. So, if s = 0 and n is sufficiently large, we must have p > exp(—V},).

b) Suppose now that p > exp(—V,). Corollary 6.3 together with the hypothesis (18)
shows that p can be made arbitrarily small by choosing n sufficiently large. Thus, if n is
large enough, there exists an integer ¢ with 2 < ¢ < n such that

exp(—Ve) < p < exp(—Ve-1).
Arguing as in the previous case, this means that Wj is not contained in Z(P) for some P € F,.
Such a polynomial P is homogeneous of degree D, < D,,. It also satisfies log | P|| < T, < T,
[P(6)] v

<e

Pl [|e]|Pe —
So, Proposition 6.2 applies (with W, ¢, P', D', D and X replaced respectively by W, s, P,
Dy, D,, and 1). If s > 1, it shows the existence of a Q-subvariety W,_; of P,,,(C) contained
in Wy of dimension s — 1 such that

and

<p.

- T,
hC(stl) S hc(WS) + D_ -+ Q(t =+ 2)77,

and so W,_; satisfies the required estimate if n is sufficiently large. If s = 0, the above
inequality holds with the left hand side replaced by 0, but this is impossible if n is sufficiently
large.

This proves our claim by constructing recursively Wy, ..., Wy whenever the initial choice
of n is made sufficiently large. However, it leads to a contradiction when we reach Wj. So,
we must indeed have ¢ < k. O

Ezercise. Let (E,)n>1 be a non-decreasing sequence of positive integers. Suppose that all the
hypotheses of Theorem 7.1 are satisfied except that, instead of condition (ii), we make the
weaker hypothesis that, for each sufficiently large n, the polynomials of F,, have no common
zero « in P™(C) with
dist(0, o) < exp(—FEy_1Vi—1).

Show that the conclusion of Theorem 7.1 still holds provided that

lim Vi = Q.

n—oo (D, + T,)DEE¥
Hint. Apply Theorem 7.1 to the sequences (D),)n>1, (T))n>1 and (V)),>; defined, for each
n > 1, by

D, =2E,D,, T, =2E,(T,+ D,log(m+1)) and V) =E,V,,
and to the sets of polynomials given by F' = {PQE" ; P e ]:n} for each n > 2.

n
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