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Zero Estimates
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Damien Roy (University of Ottawa)
The natural context for transcendental number theory is that of a commutative algebraicgroup G. The object of a zero estimate is basically to provide constraints on the degree ofa polynomial vanishing on certain types of subsets of G re
ecting the group structure of G.Thanks mainly to the work of D. Masser [5], J.-C. Moreau [6], D. Masser and G. W�ustholz[7], and P. Philippon [9], we dispose of very e�cient results of that sort. Here we considerthe most simple situation, namely the case where the algebraic group G is a power of themultiplicative group. It provides nevertheless a good illustration of the general strategyinvolved in the proof of the more general zero estimates and, as we will see in the lastlecture, this special case has important applications in the study of the transcendence orthe algebraic independence of the values of the usual exponential function. In fact, the�rst zero estimates by D. Masser [5] were precisely concerned with the multiplicative groupand motivated by the construction of an auxiliary function by M. Waldschmidt [13] dealingwith values of the exponential function. The zero estimate that we prove in these lecturesincorporates to the work of D. Masser a crucial idea of P. Philippon which makes possibleto take into account the degree of the so-called obstruction subgroup.

1. Some Algebraic GeometryLet K be an algebraically closed �eld of characteristic zero (for example C or the algebraicclosure of Q in C), and let n be a positive integer. We denote by K[X] = K[X1; : : : ; Xn] thepolynomial ring in n variables over K, and for each integer D � 0, we denote by K[X]�D thesubspace of K[X] consisting of all polynomials of degree at most D. A basis of this vectorspace is given by the monomialsX i = X i11 � � �X inn with i = (i1; : : : ; in) 2 Nn of length jij := i1 + � � �+ in � D,and so we have dimK K[X]D = �D + nn
�:

If � is a subset of Kn with �nite cardinality denoted Card(�), asking that a polynomial Pof K[X]�D vanishes at each point of � is equivalent to a system of Card(�) linear equationsin the �D+nn � unknown coe�cients of P . So, when Card(�) < �D+nn �, there exists a non-zeropolynomial of K[X]�D vanishing at each point of �.
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For n = 1, this statement is optimal as a non-zero polynomial of degree � D in onevariable has at most D zeros. However, the converse is far from being true when n � 2because in that case a non-zero polynomial P has an in�nite set of zerosZ(P ) = fx := (x1; : : : ; xn) 2 Kn ; P (x) = 0g:Thus, in order to get information on a polynomial P from the knowledge that it vanishes onsome set �, we need additional structure on �. As we mentioned in the presentation, thestructure that we will consider later comes from the group law of some algebraic group.
1.1. Algebraic Subsets of Kn. References for this section are [17, Ch. VII, x3] and [4,Ch. 1,x1]. For simplicity, we limit the presentation to closed algebraic sets:
De�nition 1. A (closed) algebraic subset of Kn is a subset of Kn which is the set of commonzeros of a family F of polynomials in K[X] = K[X1; : : : ; Xn], denoted Z(F).
From this, it follows that the intersection of a family of algebraic subsets of Kn is again analgebraic subset of Kn and that a �nite union of algebraic subsets of Kn is also an algebraicsubset of Kn.

De�nition 2. An algebraic subset of Kn is called (geometrically) irreducible if it is not emptyand cannot be written as the union of two algebraic subsets of Kn properly contained in it.An irreducible algebraic subset of Kn is also called an algebraic subvariety of Kn or simplya subvariety of Kn.
Thus, if an algebraic subvariety of Kn is contained in a �nite union of algebraic subsets ofKn, then it is contained in one of them. The space Kn and the points of Kn are examples ofsubvarieties of Kn, but the empty set is excluded. One can show that each algebraic subsetW of Kn is a �nite (possibly empty) union of subvarieties W1; : : : ;Ws of Kn:W = W1 [ � � � [Ws:In this decomposition ofW , one can impose the conditionWi 6� Wj for i 6= j. In this case thesubvarieties Wi are uniquely determined: they are the maximal subvarieties of Kn containedin W , and are called the irreducible components of W .

De�nition 3. The dimension of an algebraic subvariety W of Kn is the largest integer d forwhich there exists a strictly increasing chainW0 � W1 � � � � � Wd = Wof subvarieties of Kn ending with W .
It can be shown that this integer always exists and is � n. In fact, any chain like theabove can be re�ned to a maximal one by inserting subvarieties before W0 or between twoconsecutive ones until this becomes impossible without introducing repetitions, and thenumber of subvarieties in any such maximal chain ending with W is d + 1 where d is the
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dimension of W . It follows from the de�nition that if W1 � W2 are two distinct subvarietiesof Kn, then dim(W1) < dim(W2). The dimension of a point is 0, and for Kn it is n.De�nition 4. The dimension of a non-empty algebraic subset of Kn is the maximum of thedimensions of its irreducible components.Thus, if W , W 0 are non-empty algebraic subsets of Kn with W 0 � W , then we havedim(W 0) � dim(W ), with equality if and only if W and W 0 have a common irreduciblecomponent of dimension dim(W ). This follows from the fact that each irreducible componentof W 0 is contained in one of W . In particular, an algebraic subset W of Kn of dimension dcontains only �nitely many subvarieties of Kn of dimension d.De�nition 5. An algebraic subset of Kn is said to be equidimensional if all its irreduciblecomponents have the same dimension.1.2. Hilbert{Samuel Polynomial. Let W be a non-empty algebraic subset of Kn and letK[W ] be the set of all maps from W to K induced by polynomials in K[X1; : : : ; Xn]. ThenK[W ] is a subring of the ring of all functions from W to K and the restriction mapresW : K[X] �! K[W ]is a surjective homomorphism of rings. Its kernel is thus an ideal of K[X]. It consists of allpolynomials of K[X] vanishing identically on W . It is called the ideal of W and denotedI(W ). The above map therefore induces an isomorphism of ringsK[X]=I(W ) � K[W ] :Observe that if W1 and W2 are two algebraic subsets of Kn, then we have W1 � W2 ifand only if I(W2) � I(W1). This follows from the fact that Wi is the set of common zerosof the elements of I(Wi). In particular, W1 and W2 are equal if and only if I(W1) = I(W2).Another property that we will need is that an algebraic subset W of Kn is irreducible if andonly if I(W ) is a prime ideal of K[X].De�nition 6. TheHilbert function of an algebraic subsetW 6= ; ofKn is the mapH(W ;�) : N!N given by H(W ;D) = dimK �resWK[X]�D�for each integer D 2 N. This is also given byH(W ;D) = dimK �(K[X]�D + I)=I�where I = I(W ) is the ideal of W .This function carries many informations about W . First of all, it can be shown that forall su�ciently large D 2 N, its value at D is given by a polynomial in D whose degree is thedimension of W :
H(W ;D) = dX

i=0 aiDi with d = dim(W ):
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This polynomial is called the Hilbert{Samuel polynomial of W . It can be shown that allits coe�cients are rational numbers and that d! is a common denominator for them. Inparticular, the product d!ad is a positive integer. It is called the degree of W and denoteddeg(W ). Geometrically, the intersection of W with a linear a�ne subvariety L of Kn ofdimension n�d is in general �nite with cardinality is equal to deg(W ). In fact, when W \Lis �nite, its cardinality is at most equal to deg(W ). A reference for this is [4, Ch. 1, x7] uponnoting that the de�nition given above for the Hilbert function ofW coincides with that of itsZariski closure in the projective space Pn(K) under the natural embedding of Kn in Pn(K).Following an idea of P. Philippon, it is useful to encode both invariants (the dimensionand the degree) in a single object:
De�nition 7. For any non-empty algebraic subset W of Kn, we denote byH(W ;D) = deg(W )Ddim(W )
the leading term of the Hilbert-Samuel polynomial of W multiplied by dim(W )!.
Example 1. For W = Kn, we have

H(Kn;D) = dimK�K[X]�D� = �D + nn
� = 1n!Dn + � � � ;

hence the degree of Kn is 1, and we have H(Kn;D) = Dn.
We state without proof the following important fact (see [4, Ch. 1, Prop. 7.6 (b)] or [12,Thm. 8]):

Proposition 1.1. If W is an algebraic subset of Kn of dimension d and if W1; : : : ;Wr areits irreducible components of dimension d, then
H(W ;D) = rX

i=1 H(Wi;D):
In other words, the degree of W is the sum of the degrees of its irreducible componentswith largest dimension.

1.3. Philippon's Upper Bound. The following result is a special case of P. Philippon'sgeneral upper bound for the function H, which plays a central role in the proof of zeroestimates (see [9, Prop. 3.3]).
Theorem 1.2. Let U be an algebraic subset of Kn and let E be the set of common zeros inU of a family F of polynomials of K[X]�D. Assume that E is not empty. Then, we haveH(E;D) � H(U ;D):
In order to prove the theorem, we �rst consider the case where U is irreducible and Fconsists of just one polynomial. This amounts to showing:
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Lemma 1.3. Let W be an algebraic subvariety of Kn of dimension d � 1, let P 2 K[X]�Dfor some positive integer D, and let Z = Z(P ) denote the zero set of P in Kn. Assume thatW \ Z is not empty and distinct from W . Then, W \ Z is an equidimensional algebraicsubset of Kn of dimension d� 1, and we have
H(W \ Z;D) � H(W ;D):

Proof. The fact that W \ Z is equidimensional of dimension d � 1 follows from Krull'sprincipal ideal theorem applied to the quotient K[X]=I(W ). The inequality involving thefunction H follows from [9, Lemma 3.1]. It is however simple to give a direct proof of thisinequality. For any integer T 2 N, the restriction mapresW (K[X]�T+D) �! resZ\W (K[X]�T+D)is linear, surjective and, since P vanishes identically on Z, its kernel contains the image ofresW (K[X]�T ) under multiplication by resW (P ). Moreover, the multiplication by resW (P )is injective on K[W ] = resW �K[X]� because W is irreducible and not contained in Z.Comparing dimensions, this impliesH�Z \W ;T +D� = dimK (resZ\W (K[X]�T+D))� dimK (resW (K[X]�T+D))� dimK (resW (K[X]�T ))= H�W ;T +D��H�W ;T�:Now, �x a choice of C 2 N and, for each integer t � 0, de�ne
p(t) = H�W ;C + tD� and q(t) = H�Z \W ;C + tD�:Then, assuming that C is su�ciently large, the integers p(t) and q(t) are given by polynomialsin t of degree d and d � 1 respectively and the preceding observation applied with T =C + (t� 1)D gives q(t) � p(t)� p(t� 1):Going back to the de�nition of the function H, we deduce that

H�Z \W ;D) = (d� 1)! limt!1 q(t)td�1 � (d� 1)! limt!1 p(t)� p(t� 1)td�1 = d! limt!1 p(t)td = H�W ;D):
�

Proof of Theorem 1.2. Let d = dim(U) and r = d � dim(E). By induction on the integeri = 0; : : : ; r, we shall construct an equidimensional algebraic subset Ei � U of dimensiond� i which contains E and satis�es(1) H(Ei;D) � H(U ;D):For i = 0, we set E0 = U . Assume that Ei is constructed for an integer i � 0 with i < r,and let W1; : : : ;Ws be its irreducible components. We have
E � W1 [ � � � [Ws:
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Since dim(Wj) = d � i > dim(E), there exists for each j a polynomial Pj 2 F which doesnot vanish everywhere on Wj; let Zj be the set of zeros of Pj in Kn. We de�ne
Ei+1 = (W1 \ Z1) [ � � � [ (Ws \ Zs):By construction, Ei+1 contains E, therefore it is not empty. Without loss of generality, wemay assume that there exists an integer t � 1 such that Wj \ Zj 6= ; for j = 1; : : : ; t, andWj \Zj = ; for j > t. Then, Lemma 1.3 shows that Wj \Zj is an equidimensional algebraicsubset of Kn of dimension d� i� 1 for j = 1; : : : ; t. Therefore, Ei+1 is also equidimensionalof dimension d� i� 1 and its irreducible components are the union of those of Wj \ Zj forj = 1; : : : ; t. By virtue of Proposition 1.1, this gives
H(Ei+1;D) � tX

j=1 H(Wj \ Zj;D):
Since each Pj is of degree � D, we also have, by Lemma 1.3,tX

j=1 H(Wj \ Zj;D) � tX
j=1 H(Wj;D):

Moreover, since W1; : : : ;Wt are among the irreducible components of Ei of dimension d� i,Proposition 1.1 gives furthermore tX
j=1 H(Wj;D) � H(Ei;D):

Combining these inequalities with (1), we get H(Ei+1;D) � H(U ;D) as required. Thisshows the existence of E0; : : : ; Er.Since E and Er have the same dimension d � r, the inclusion E � Er implies that theirreducible components of V of dimension d � r are among those of Er; therefore applyingProposition 1.1 once again and using the relation (1) with i = r, we get
H(E;D) � H(Er;D) � H(U ;D):

The proof is complete. �

2. The Group T and its Algebraic SubgroupsAn a�ne algebraic group is an algebraic subset U of Kn which also has a group structurewith the group law (x;y) 7! x � y and the map x 7! x�1 given by polynomials:
x � y = (P1(x;y); : : : ; Pn(x;y)); x�1 = (Q1(x); : : : ; Qn(x))with P1; : : : ; Pn 2 K[X; Y ] and Q1; : : : ; Qn 2 K[X]. An algebraic subgroup of U is a subgroupof U which, as a set, is also an algebraic subset of Kn.
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Let d be a positive integer, and let T denote the product (K�)d of d copies of the multi-plicative group K� of all non-zero elements of K. Then, T is a commutative group for theproduct structure. Its group law is given by(x1; : : : ; xd) � (x01; : : : ; x0d) = (x1x01; : : : ; xdx0d):However, T is not an a�ne algebraic group in our sense because it is not an algebraic subsetof Kd and the map g 7! g�1 is not given by polynomials.To correct this situation, we put n = 2d and consider the algebraic subset U of Kn givenby U = f(x;y) 2 Kd �Kd ; x1y1 = � � � = xdyd = 1g:This is a subgroup of (K�)2d and since the inverse of an element (x;y) of U is given by(y;x), we see that U is an a�ne algebraic group. Moreover, the projection map � fromKd�Kd to Kd which sends a point (x;y) to x induces a group isomorphism � : U ! T. Wewill use it to carry on T the structures that apply to U .(i) A regular map or simply a polynomial on T will be a map f : T ! K such thatf � � : U ! K is induced by a polynomial on Kn. These maps form a ring which we willdenote K[T]. Since for all (x;y) 2 U we have yi = x�1i (i = 1; : : : ; d), this ring is simply thering of all maps from T to K induced by polynomials in X1; : : : ; Xd; X�11 ; : : : ; X�1d . ThusK[T] is isomorphic to K[X�1] and we will identify both rings.(ii) An algebraic subset of T will be a subset E of T such that ��1(E) is an algebraicsubset of Kn. By virtue of (i), an algebraic subset of T is therefore the set of common zerosin T of a family of polynomials in K[T] = K[X�1]. When E 6= ;, we will denote by K[E]the ring of all maps from E to K induced by elements of K[T]. It is isomorphic to K[T]=Iwhere I is the ideal of all elements of K[T] vanishing identically on E. This ideal I will becalled the ideal of E, and denoted I(E). In particular, a subgroup T� of T will be said tobe algebraic if it is an algebraic subset of T.(iii) We say that a polynomial P 2 K[T] has degree � D, for a given integer D � 0, if themap P � � : U ! K is induced by an element of K[X; Y ] of total degree � D. Explicitly,this means that there exists Q 2 K[X; Y ]�D such thatP = Q(X1; : : : ; Xd; X�11 ; : : : ; X�1d ):We denote by K[T]�D the subspace of K[T] consisting of all polynomials of degree at mostD. A basis for this vector space is the set of monomialsX i = X i11 � � �X inn with i = (i1; : : : ; id) 2 Zd and jij := ji1j+ � � �+ jinj � D.Given an algebraic subset E 6= ; of T, we de�ne its Hilbert functionH(E;D) in two equivalentways either as H(��1(E);D) or as the dimension over K of the space of maps f : E ! Kinduced by elements of K[T] of degree � D. We also de�ne the dimension of E as thedimension of ��1(E). When this dimension is m, we de�ne H(E;D) as the product by m!
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of the homogeneous part of degree m of the polynomial in D which coincides with H(E;D)for large integral values of D.
2.1. Structure of the Algebraic Subgroups. For each i = (i1; : : : ; id) 2 Zd, the map
(2) �i : T �! K�x 7�! xi = xi11 � � �xiddinduced by the monomial X i is a character of T, namely a group homomorphism from Tto the multiplicative group K� of the �eld K. The kernel of �i is the zero set of X i � 1in T. It is therefore an algebraic subgroup of T. More generally, if S is any subset of Zd,the intersection of the kernels of the characters �i with i 2 S is the set of zeros in T of theideal of K[T] generated by the polynomials X i � 1 with i 2 S, and so it is an algebraicsubgroup TS of T. We also note that the set T̂ of characters of T in K� forms a group undermultiplication and that �i � �j = �i+j and ��1i = ��ifor any i; j 2 Zd. Therefore, we have TS = T� where � denotes the subgroup of Zd generatedby S. We will show that each algebraic subgroup of T is of this form. For this we will needthe following lemma due to E. Artin.
Lemma 2.1. Distinct characters of a group G into K� are linearly independent over K.
Proof. Suppose on the contrary that there exist distinct characters �1; : : : ; �m of G into K�which are linearly dependent over K, and assume that this set is minimal with this property.Then there are non-zero elements a1; : : : ; am of K such that

a1�1(g) + � � �+ am�m(g) = 0for each g 2 G. Since a character of G is a non-zero map (it maps the neutral element of Gto 1), we must have m � 2. This means that �1 6= �m and so there exists g1 2 G such that�1(g1) 6= �m(g1). For each g 2 G, we �nd
0 = �m(g1) mX

i=1 ai�i(g)
!� mX

i=1 ai�i(g1g) =
m�1X
i=1 bi�i(g)where bi = (�m(g1)��i(g1))ai for i = 1; : : : ;m�1. Since b1 6= 0, this shows that �1; : : : ; �m�1are linearly dependent over K, a contradiction. �

Proposition 2.2. Let T� be an algebraic subgroup of T. Then there exist a subgroup � ofZd such that T� = T�:The ideal of T� is generated by the polynomials X i � 1 with i 2 �. Moreover, if this idealcontains a non-zero element of K[T]�D for some integer D � 1, then � contains a non-zeroelement i with jij � D.
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Proof. De�ne � to be the set of all i 2 Zd such that T� is contained in the kernel of �i, andlet I denote the ideal of K[T] generated by the polynomials X i � 1 with i 2 �. Then, � isa subgroup of Zd and since I � I(T�) we have T� � T�.Now, choose a set S of representatives of the classes of Zd modulo �, and denote by Fthe subspace of K[T] spanned by the monomials X i with i 2 S. For every j 2 Zd, thereexists i 2 S such that j� i 2 � and so, X j = X i +X i(X j�i � 1) is congruent to X i moduloI. This shows that every element of K[T] is congruent modulo I to an element of F . Now,consider the restriction map from K[T] to K[T�]. By Artin's lemma 2.1, it is injective on Fbecause it sends the monomials X i with i 2 S to distinct characters of T� (the restriction of�i to T�). Since its kernel contains I, we conclude that K[T] = I � F and that I = I(T�),so T� = T�.Finally, if I(T�) contains a non-zero element P of K[T]�D for some D � 1, there should beat least two distinct monomials X i and X j appearing in P which induce the same characteron T�. Then, � contains the non-zero point i� j 2 Zd with length � D. �

The above argument shows that the Hilbert function H(T�; D) of T� at an integer D � 0is the number of distinct cosets of � of the form i + � with i 2 Zd of length jij � D. It isa good exercise to show that, if � has rank r, then H(T�; D) is bounded above and belowby constant multiples of Dd�r and so T� has dimension d� r. In particular, when � = f0g,one �nds that 2d�D + d� 1d
� � H(T; D) � 2d�D + dd

�
for each integer D � 0. So T has dimension d, andH(T; D) = (2D)d:
2.2. Translations. For each g 2 T, we denote by �g : T! T, the translation by g in T:�g(x) = g x for each x 2 T:Considering the group law in T, we see that each �g is given in coordinates by polynomialsof degree 1. We will need these operators in the proofs of the next three lemmas.
Lemma 2.3. Let V be a non-empty algebraic subset of T and let g 2 T. Then, gV is analgebraic subset of T with the same dimension as V and we have(3) H(gV ; D) = H(V ; D)for each D 2 N. Moreover, gV is irreducible if V is irreducible.
Proof. By hypothesis, V is the set of common zeros in T of a family of polynomials fPjgj2J .Therefore, gV = �g(V ) is the set of common zeros in T of the polynomials Pj � ��g withj 2 J . This proves that gV is an algebraic subset of T.The vector space of functions from gV to K is isomorphic to the vector space of functionsfrom V to K under the map which sends a function f : gV ! K to the composite f ��g : V !
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K. If f is induced by a polynomial of degree � D, then f ��g is also induced by a polynomialof degree � D, and conversely. We therefore (3) holds for each D 2 N. In particular, V andgV have the same Hilbert-Samuel polynomial. Consequently, they have the same dimension,and the polynomials H(gV ; D) and H(V ; D) coincide.Finally, assume that V is irreducible. If gV were not irreducible, it could be written asthe union of two algebraic subsets V1, V2 of T both distinct from gV ; then V would be theunion of g�1V1 and g�1V2, and this is a contradiction since both are algebraic subsets of Twhich are distinct from V . Therefore gV is irreducible. �

Lemma 2.4. Let T� be an algebraic subgroup of T, and let E be a �nite and non-emptyunion of translates of T� in T. Then, E is an algebraic subset of T and, for each D 2 N, wehave H(E; D) = Card(E=T�)H(T�; D):
Proof. Let d� be the dimension of T�. Lemma 2.3 shows that each translate gT� of T� is analgebraic subset of T of dimension d� and that the polynomials H(gT�; D) and H(T�; D)coincide. Since E is a �nite disjoint union of translates of T�, E is therefore an algebraicsubset of T of dimension d�, and the conclusion follows from Proposition 1.1. �

Lemma 2.5. Let V and W be algebraic subsets of T. De�ne
E = fg 2 T ; gV � Wg:Then E is an algebraic subset of T. Moreover, if W is de�ned in T by polynomials of degree� D, then E is also de�ned in T by polynomials of degree � D.

Proof. Let fPjgj2J be a family of polynomials whose set of common zeros in T is W . Wehave E = fg 2 T ; gv 2 W for all v 2 V g= fg 2 T ; Pj(gv) = 0 for all j 2 J; v 2 V g:This shows that E is the set of common zeros in T of the polynomials Pj � �v with j 2 Jand v 2 V . Therefore E is an algebraic subset of T. Furthermore, if the polynomials Pj areof degree � D, then the same holds for the polynomials Pj � �v. This proves the second partof the lemma. �

3. The Main ResultThe zero estimate that we now state and prove is due to Masser [5] and Philippon [9].
Theorem 3.1. Let � be a subset of T containing the neutral element e = (1; : : : ; 1) of T.Assume that, for a given integer D � 0, there exists a non-zero element P of K[T] of degree� D which vanishes at each point of the set�[d] := ��1 � � ��d ; (�1; : : : ; �d) 2 �d	:
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Then there exists a non-zero subgroup � of Zd such that(4) Card�(�T�)=T��H(T�; D) � H(T; D):Moreover, we may assume that � contains a non-zero element i with jij � D.
In the above inequality, the expression (�T�)=T� stands for the image of � under thecanonical map from T to T =T�. It consists of all translates � T� of T� with � 2 �. Theconclusion of the theorem implies that it is a �nite set even though � may be in�nite.Before we go into the proof of the above zero estimate, it is worthwhile to note that, if aninteger D � 1 satis�es Card�(�T�)=T��H(T�; D) < H(T; D)for a �nite subset � of T and an algebraic subgroup T� of T, then the set E = [�2�(� T�)satis�es H(E;D) < H(T; D) and so there exists a non-zero polynomial P 2 K[T]�D whichvanishes at each point of � � E. The comparison of this condition with the main condition(4) of the theorem stresses the relevance of the asymptotic Hilbert-Samuel polynomial H.

Proof. Let W1 be the set of zeros of P in T. For each integer r � 2, we de�ne
Wr = \

(�1;:::;�r�1)2�r�1
���11 � � ���1r�1W1�:

Alternatively, Wr is the set of common zeros in T of the polynomials P � ��1����r�1 with(�1; : : : ; �r�1) 2 �r�1. Therefore, it is de�ned in T by polynomials of degree � D. The setsW1;W2; : : : are related by the formulas(5) Wr+1 = \
�2�
���1Wr�; (r � 1):

Since e 2 �, this implies that they form a non-increasing sequence
W1 � W2 � � � � � Wd+1 � � � �Since P vanishes on �[d], the set Wd+1 contains e ; therefore the latter is not empty. Onthe other hand, since P is not identically zero on T, Lemma 1.3 gives dim(W1) = d � 1.Consequently, there exists a positive integer r � d such thatdim(Wr) = dim(Wr+1):Let m be the common dimension of Wr and Wr+1, and let V be an irreducible componentof dimension m of Wr+1. Using (5), we get

V � \
�2�
���1Wr�:

Hence, for each � 2 �, � V is contained in Wr. This means that the set
E = fg 2 T ; gV � Wrg
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contains �. We also de�ne
T� = fg 2 T ; gV = V g and R = fgV ; g 2 Eg:From Lemma 2.3 we deduce that the elements of the set R are, like V , algebraic subvarietiesof T of dimension m. Since they are contained in Wr, and since Wr has dimension m, R isa �nite set. We also note that T� is a subgroup of T, that E is stable under translation bythe elements of T�, and that the map from E to R sending g to gV induces a bijectionE=T� �! Rg T� 7�! gV:Therefore E is a �nite union of translates of T�. Now recall that, by Lemma 2.3, thetranslates of V are irreducible subsets of T of the same dimension as V . So, for any g 2 T,the condition g V � V is equivalent to g V = V . Then Lemma 2.5, with W = V , shows thatT� is an algebraic subset of T. Hence T� is an algebraic subgroup of T. Since it is containedin v�1V for any v 2 V , its dimension is � m < d. Applying again Lemma 2.5, but withW = Wr, shows that E is an algebraic subset of T which is de�ned, like Wr, by polynomialsof degree � D. Since E is a �nite union of translates of T�, Lemma 2.4 givesCard(E=T�)H(T�; D) = H(E; D):Moreover, since E is de�ned in T by polynomials of degree � D, Theorem 1.2 provides anupper bound for the right hand side of the previous equality:

H(E; D) � H(T; D):Since � � E, we also note thatCard�(�T�)=T�� � Card(E=T�):Finally, as T� is contained in E, its ideal contains some non-zero element of K[T]�D andso Proposition 2.2 shows that T� = T� for a subgroup � of Zd which contains a non-zeroelement of Zd of length � D. The conclusion (4) follows by combining the last relations. �

4. An applicationWhen discussing Gel'fond's problem in Lecture 5, we will need the following consequenceof the above zero estimate.
Proposition 4.1. Let 
j = (
1;j; : : : ; 
d;j) 2 T for j = 1; : : : ; `, and let D; S 2 N�. Supposethat
(6) dY

i=1
Ỳ
j=1 
misji;j 6= 1

for each choice of m1; : : : ;md; s1; : : : ; s` 2 Z with0 < jm1j+ � � �+ jmdj � D and 0 < maxfjs1j; : : : ; js`jg � S:
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Suppose also that there exists a non-zero polynomial P 2 K[T]�D which vanishes at eachpoint of the set �(S) := f
s11 � � � 
s`` ; 0 � s1; : : : ; s` � Sg:Then, we have (2D)d � (S=d)`.
Proof. De�ne � = �([S=d]). Since�[d] = �(d[S=d]) � �(S) � Z(P );the zero estimate of the previous section shows the existence of a subgroup � of Zd of rankr with 1 � r � d satisfying (4). Since H(T�; D) � Dd�r and H(T; D) = (2D)d, this meansthat(7) Card�(�T�)=T�� � 2dDr:Moreover, we may assume that � contains at least one non-zero element (m1; : : : ;md) withjm1j+ � � �+ jmdj � D. Now, suppose that we have


s11 � � � 
s`` T� = 
s011 � � � 
s0̀` T�for integers s1; : : : ; s`; s01; : : : ; s0̀ taken from the set f0; 1; : : : ; [S=d]g. Then,

s0011 � � � 
s00̀` 2 T�with s00j = sj � s0j for j = 1; : : : ; `, and sodY

i=1
 Ỳ

j=1 
s
00ji;j
!mi = 1:

Since the integers s00j have absolute value js00j j � [S=d] � S for j = 1; : : : ; `, the hypothesisforces them to vanish, and so we have sj = s0j for each j. This means that
Card�(�T�)=T�� � �[S=d] + 1�` > (S=d)`:Substituting this estimate into (7) and taking into account that r � d, we conclude that(S=d)` � (2D)d. �

Note that the condition (6) is ful�lled if we choose

j = (ex1yj ; : : : ; exdyj) (j = 1; : : : ; `)where x1; : : : ; xd 2 R and y1; : : : ; y` are sequences of Q-linearly independent real numbers.This is because, for integers m1; : : : ;md; s1; : : : ; s`, the productdY
i=1
Ỳ
j=1
�exiyj�misj = e(Pmixi)(P sjyj)

is not equal to 1 unless Pmixi = 0 or P sjyj = 0, that is unless all m1; : : : ;md or alls1; : : : ; s` are zero.
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5. Further readingFor a more complete presentation of zero estimates on linear algebraic groups, the readermay look at Chapters 5 and 8 of [14]. An exposition of zero estimates for general commutativealgebraic groups including their applications to transcendental number theory can be foundin the Bourbaki lecture of D. Bertrand [1]. One may also look at [11]. However, the readeris encouraged to look at the original papers of W. D. Brownawell and D. W. Masser [2],D. W. Masser [5], D. W. Masser and G. W�ustholz [7], J.-C. Moreau [6] (which gives ageometric exposition of the zero estimates of [7], together with a generalization to multi-projective space), G. W�ustholz [15, 16], P. Philippon [9], as well as the more recent works ofL. Denis [3], M. Nakayame [8] and P. Philippon [10].
6. ExercisesExercise 1. Use Theorem 1.2 to show that if F is a �nite algebraic subset of Kn de�ned bypolynomials of K[X1; : : : ; Xn] of degree � D, then the cardinality of F is � Dn.

Hint. Show that for a �nite algebraic subset F of Kn, the polynomial H(F ;D) is constant,equal to the cardinality of F .
Exercise 2. Show that for subgroups � and 	 of Zd, one has T� � T	 if and only if 	 � �.Deduce that the assignment � 7! T� de�nes a bijection between the set of subgroups of Zdand the set of algebraic subgroups of T.
Exercise 3. Let D 2 N. Show that if an algebraic subgroup T� of T is contained in analgebraic subset E of T of the same dimension t, de�ned by elements of K[T]�D, thenT� = T� for a subgroup � of Zd of rank d� t containing d� t linearly independent elementsof Zd of length � D.
Remark. Using geometry of numbers, one can even show the existence of linearly independentpoints i1; : : : ; id�t satisfying ji1j � � � � � jid�tj � D and deg(T�) � ji1j � � � jid�tj with impliedconstants depending only on d.
Exercise 4. Let H be an algebraic subgroup of T of dimension m and let V be an irreduciblecomponent of H of the same dimension. De�ne

H0 = fg 2 T ; gV = V g and R = fgV ; g 2 Hg:(a) Show that H0 is an algebraic subgroup of H, that R is the set of all irreduciblecomponents of H and that the quotient H=H0 is in bijection with R.(b) Deduce from (a) that H is equidimensional, that its irreducible components are dis-joint and that the one which contains e is an algebraic subgroup of H.



15

References
[1] D. Bertrand, Lemmes de z�eros et nombres transcendants, in: S�eminaire Bourbaki 1985/86, Ast�erisque

145-146 (1987), 21{44.
[2] W. D. Brownawell and D. W. Masser, Multiplicity estimates for analytic functions II, Duke Math. J.

47 (1980), 273{295.
[3] L. Denis, Lemmes de multiplicit�es et intersection, Comment. Math. Helvetici 70 (1995), 235-247.
[4] R. Hartshorne, Algebraic Geometry, Springer Verlag, New-York-Heidelberg-Berlin, 1977.
[5] D. W. Masser, On polynomials and exponential polynomials in several variables, Invent. Math. 63

(1981), 81{95.
[6] J.-C. Moreau, D�emonstrations g�eom�etriques de lemmes de z�eros, II, in: Approximation diophantienne

et nombres transcendants, Luminy 1982, Birkha�user Progress in Math. 31 (1983), 191{197.
[7] D. W. Masser and G. W�ustholz, Zero Estimates on Group Varieties I, Invent. Math. 64 (1981), 489{516;

II, Invent. Math. 80 (1985), 233{267.
[8] M. Nakayame, Multiplicity estimates and the product theorem, Bull. Soc. Math. France 123 (1995),

155-188.
[9] P. Philippon, Lemmes de z�eros dans les groupes alg�ebriques commutatifs, Bull. Soc. Math. France 114

(1986), 355{383; Errata et addenda, ibidem 155 (1987), 397{398.
[10] P. Philippon, Nouveaux lemmes de z�eros dans les groupes alg�ebriques commutatifs, Rocky Mountain J.

Math. 26 (1996), 1069{1088).
[11] D. Roy, Zero estimates on commutative algebraic groups, in:Introduction to algebraic independence

theory, Yu. V. Nesterenko and P. Philippon eds, Lecture Notes in Mathematics Vol. 1752, Springer-
Verlag, Berlin, 2001, 167{185.

[12] B. V. L. Van der Waerden, On Hilbert's functions, series of composition of ideals and a generalization
of a theorem of Bezout, Proc. Royal Acad. Amsterdam 31 (1928), 749-770.

[13] M. Waldschmidt, Transcendance et exponentielles en plusieurs variables, Invent. Math. 63 (1981), 97{
127.

[14] M. Waldschmidt, Diophantine approximation on linear algebraic groups, Grundlehren der math. Wiss.
326, Springer, 2000.

[15] G. W�ustholz, Recent progress in transcendence theory, in: Number Theory, Noordwijkerhout 1983,
H. Jager ed., Springer Lecture Notes in Math., vol. 1068 (1984), 280{296.

[16] G. W�ustholz, Multiplicity estimates on group varieties, Annals of Math. 129 (1989), 471{500.
[17] O. Zariski and P. Samuel, Commutative Algebra, Vol. I, II, Springer Verlag, New-York, 1968.

D�epartement de Math�ematiques, Universit�e d'Ottawa,

585 King Edward, Ottawa, Ontario K1N 6N5, Canada

droy@uottawa.ca


