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The natural context for transcendental number theory is that of a commutative algebraic
group G. The object of a zero estimate is basically to provide constraints on the degree of
a polynomial vanishing on certain types of subsets of G reflecting the group structure of G.
Thanks mainly to the work of D. Masser [5], J.-C. Moreau [6], D. Masser and G. Wiistholz
[7], and P. Philippon [9], we dispose of very efficient results of that sort. Here we consider
the most simple situation, namely the case where the algebraic group G is a power of the
multiplicative group. It provides nevertheless a good illustration of the general strategy
involved in the proof of the more general zero estimates and, as we will see in the last
lecture, this special case has important applications in the study of the transcendence or
the algebraic independence of the values of the usual exponential function. In fact, the
first zero estimates by D. Masser [5] were precisely concerned with the multiplicative group
and motivated by the construction of an auxiliary function by M. Waldschmidt [13] dealing
with values of the exponential function. The zero estimate that we prove in these lectures
incorporates to the work of D. Masser a crucial idea of P. Philippon which makes possible
to take into account the degree of the so-called obstruction subgroup.

1. SOME ALGEBRAIC GEOMETRY

Let K be an algebraically closed field of characteristic zero (for example C or the algebraic
closure of Q in C), and let n be a positive integer. We denote by K[X] = K[X;,..., X,] the
polynomial ring in n variables over K, and for each integer D > 0, we denote by K[X|<p the

subspace of K[X] consisting of all polynomials of degree at most D. A basis of this vector
space is given by the monomials

X=X X withi= (iy,...,i,) € N of length |i| ;=i + -+ + i, < D,
and so we have

dimy K[X]p = (D N n) -

n
If 3 is a subset of K™ with finite cardinality denoted Card(X), asking that a polynomial P
of K[X]<p vanishes at each point of ¥ is equivalent to a system of Card(X) linear equations
in the (") unknown coefficients of P . So, when Card(Z) < (”*"), there exists a non-zero

polynomial of K[X]<p vanishing at each point of X.
1



For n = 1, this statement is optimal as a non-zero polynomial of degree < D in one
variable has at most D zeros. However, the converse is far from being true when n > 2
because in that case a non-zero polynomial P has an infinite set of zeros

Z(P) = {x = (z1,...,7,) € K"; P(x) = 0}.

Thus, in order to get information on a polynomial P from the knowledge that it vanishes on
some set Y, we need additional structure on X. As we mentioned in the presentation, the
structure that we will consider later comes from the group law of some algebraic group.

1.1. Algebraic Subsets of K". References for this section are [17, Ch. VII, §3] and [4,
Ch. 1,81]. For simplicity, we limit the presentation to closed algebraic sets:

Definition 1. A (closed) algebraic subset of K™ is a subset of K™ which is the set of common
zeros of a family F of polynomials in K[X] = K[X,...,X,], denoted Z(F).

From this, it follows that the intersection of a family of algebraic subsets of K™ is again an
algebraic subset of K™ and that a finite union of algebraic subsets of K" is also an algebraic
subset of K™.

Definition 2. An algebraic subset of K™ is called (geometrically) irreducible if it is not empty
and cannot be written as the union of two algebraic subsets of K™ properly contained in it.
An irreducible algebraic subset of K" is also called an algebraic subvariety of K™ or simply
a subvariety of K™.

Thus, if an algebraic subvariety of K™ is contained in a finite union of algebraic subsets of
K", then it is contained in one of them. The space K™ and the points of K™ are examples of
subvarieties of K™, but the empty set is excluded. One can show that each algebraic subset
W of K™ is a finite (possibly empty) union of subvarieties Wi, ..., W, of K™:

W=Ww,u..-UW,.

In this decomposition of W, one can impose the condition W; € W for ¢ # j. In this case the
subvarieties W; are uniquely determined: they are the maximal subvarieties of K" contained
in W, and are called the irreducible components of W.

Definition 3. The dimension of an algebraic subvariety W of K™ is the largest integer d for
which there exists a strictly increasing chain

I/I/()CWlC"'CWd:W
of subvarieties of K™ ending with W.
It can be shown that this integer always exists and is < n. In fact, any chain like the
above can be refined to a maximal one by inserting subvarieties before Wy or between two

consecutive ones until this becomes impossible without introducing repetitions, and the
number of subvarieties in any such maximal chain ending with W is d + 1 where d is the
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dimension of W. It follows from the definition that if W; C W, are two distinct subvarieties
of K™, then dim(W;) < dim(W3). The dimension of a point is 0, and for K™ it is n.

Definition 4. The dimension of a non-empty algebraic subset of K™ is the maximum of the
dimensions of its irreducible components.

Thus, if W, W’ are non-empty algebraic subsets of K™ with W’ C W, then we have
dim(W') < dim(W), with equality if and only if W and W' have a common irreducible
component of dimension dim(W). This follows from the fact that each irreducible component
of W' is contained in one of W. In particular, an algebraic subset W of K™ of dimension d
contains only finitely many subvarieties of K™ of dimension d.

Definition 5. An algebraic subset of K" is said to be equidimensional if all its irreducible
components have the same dimension.

1.2. Hilbert—Samuel Polynomial. Let W be a non-empty algebraic subset of K™ and let
K[W] be the set of all maps from W to K induced by polynomials in K[Xi,...,X,]. Then
K[W] is a subring of the ring of all functions from W to K and the restriction map

resy : K[X] — K[W]

is a surjective homomorphism of rings. Its kernel is thus an ideal of K[X]. It consists of all
polynomials of K[X] vanishing identically on W. It is called the ideal of W and denoted
I(W). The above map therefore induces an isomorphism of rings

KX]/I(W) ~ K[W] .
Observe that if W, and W, are two algebraic subsets of K", then we have W; C Wy if
and only if I(Wy) C I(WW;). This follows from the fact that W; is the set of common zeros
of the elements of I(W;). In particular, W, and W, are equal if and only if I(W;) = I(Ws).

Another property that we will need is that an algebraic subset W of K™ is irreducible if and
only if I(W) is a prime ideal of K[X].

Definition 6. The Hilbert function of an algebraic subset W # ) of K™ is the map H(W; —): N —
N given by
H(W; D) = dimg (resw K[X]<p)
for each integer D € N. This is also given by
H(W: D) = dimy (K[X]<p + D)/1)
where I = I(W) is the ideal of W.

This function carries many informations about W. First of all, it can be shown that for
all sufficiently large D € N, its value at D is given by a polynomial in D whose degree is the

dimension of W:
d

H(W;D)=> a;D'  with d=dim(W).

1=0
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This polynomial is called the Hilbert-Samuel polynomial of W. It can be shown that all
its coefficients are rational numbers and that d! is a common denominator for them. In
particular, the product dlay is a positive integer. It is called the degree of W and denoted
deg(W). Geometrically, the intersection of W with a linear affine subvariety L of K™ of
dimension n —d is in general finite with cardinality is equal to deg(1W). In fact, when W N L
is finite, its cardinality is at most equal to deg(1¥). A reference for this is [4, Ch. 1, §7] upon
noting that the definition given above for the Hilbert function of W coincides with that of its
Zariski closure in the projective space P, (K ) under the natural embedding of K™ in P,,(K).

Following an idea of P. Philippon, it is useful to encode both invariants (the dimension
and the degree) in a single object:

Definition 7. For any non-empty algebraic subset W of K", we denote by
H(W; D) = deg(W) D)
the leading term of the Hilbert-Samuel polynomial of W multiplied by dim(7/)!.

Ezample 1. For W = K", we have
D 1
H(K"; D) =dimK(K[X]<D) = ( +”> = =D,
B n n!

hence the degree of K™ is 1, and we have H(K"; D) = D".

We state without proof the following important fact (see [4, Ch. 1, Prop. 7.6 (b)] or [12,
Thm. 8]):

Proposition 1.1. If W is an algebraic subset of K™ of dimension d and if W1,..., W, are
its irreducible components of dimension d, then

H(W; D) = XT:H(WZ, D).

In other words, the degree of W is the sum of the degrees of its irreducible components
with largest dimension.

1.3. Philippon’s Upper Bound. The following result is a special case of P. Philippon’s
general upper bound for the function 4, which plays a central role in the proof of zero
estimates (see [9, Prop. 3.3]).

Theorem 1.2. Let U be an algebraic subset of K™ and let E be the set of common zeros in
U of a family F of polynomials of K[X|<p. Assume that E is not empty. Then, we have

H(E; D) < H(U; D).

In order to prove the theorem, we first consider the case where U is irreducible and F
consists of just one polynomial. This amounts to showing:
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Lemma 1.3. Let W be an algebraic subvariety of K™ of dimension d > 1, let P € K[ X|<p
for some positive integer D, and let 7 = Z(P) denote the zero set of P in K". Assume that
W N Z is not empty and distinct from W. Then, W N Z is an equidimensional algebraic
subset of K™ of dimension d — 1, and we have

H(W N Z; D) < H(W; D).

Proof. The fact that W N Z is equidimensional of dimension d — 1 follows from Krull’s
principal ideal theorem applied to the quotient K[X]/I(W). The inequality involving the
function H follows from [9, Lemma 3.1]. It is however simple to give a direct proof of this
inequality. For any integer T € N, the restriction map

resw (K[X]<7yp) — reszaw (K[X]<r4p)

is linear, surjective and, since P vanishes identically on Z, its kernel contains the image of
resy (K [X]<r) under multiplication by resy (P). Moreover, the multiplication by resy (P)

is injective on K[W] = resy (K[X]) because W is irreducible and not contained in Z.

Comparing dimensions, this implies
H(Z N W, T+ D) = dlmK (resZnW (K[X]<T+D))

< dimg (resw (K[X]<r+p)) — dimp (resw (K[X]<r))
= H(W;T + D) — HW;T).
Now, fix a choice of C' € N and, for each integer ¢ > 0, define
p(t) = HW;C +tD) and q(t)=H(ZNW;C+1tD).

Then, assuming that C'is sufficiently large, the integers p(¢) and ¢(¢) are given by polynomials
in t of degree d and d — 1 respectively and the preceding observation applied with T =
C+ (t—1)D gives
q(t) < p(t) —p(t —1).
Going back to the definition of the function H, we deduce that
t)—pt—1 t
tim PO PO i 20 g, ),

|
t—00 td—1 t—oo ¢4

%(ZmW;D):(d—n!hm@g (d—1)

t—oo d—1

O

Proof of Theorem 1.2. Let d = dim(U) and r = d — dim(F). By induction on the integer
1 = 0,...,r, we shall construct an equidimensional algebraic subset E; C U of dimension
d — ¢ which contains E and satisfies

(1) H(E; D) <H(U; D).

For i« = 0, we set Ey = U. Assume that F; is constructed for an integer i > 0 with 7 < 7,
and let W1y, ..., W; be its irreducible components. We have

ECW U.---UW;.
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Since dim(W;) = d — ¢ > dim(FE), there exists for each j a polynomial P; € F which does
not vanish everywhere on Wj; let Z; be the set of zeros of P; in K™. We define

Einn=WnZ)U---uU(W;nZ).

By construction, F;,, contains F, therefore it is not empty. Without loss of generality, we
may assume that there exists an integer ¢ > 1 such that W; N Z; # 0 for j = 1,...,t, and
W;NZ; =0 for j > t. Then, Lemma 1.3 shows that W; N Z; is an equidimensional algebraic
subset of K™ of dimension d —¢ — 1 for j = 1,...,t. Therefore, F;,, is also equidimensional
of dimension d — i — 1 and its irreducible components are the union of those of W; N Z; for
j=1,...,t. By virtue of Proposition 1.1, this gives

¢
H(Ei; D) <Y H(W; N Z; D).
j=1
Since each P; is of degree < D, we also have, by Lemma 1.3,

zt:%(Wj NZj; D) < zt:H(Wj; D).

j=1 7=1
Moreover, since W1, ..., W, are among the irreducible components of F; of dimension d — 1,
Proposition 1.1 gives furthermore

t
> H(Wj; D) < H(E;; D).
j=1
Combining these inequalities with (1), we get H(E;+1; D) < H(U;D) as required. This
shows the existence of Fy,..., E,.
Since F and E, have the same dimension d — r, the inclusion £ C FE, implies that the
irreducible components of V' of dimension d — r are among those of E,; therefore applying
Proposition 1.1 once again and using the relation (1) with i = r, we get

H(E: D) < H(E,; D) < H(U; D).

The proof is complete. ]

2. THE GROUP T AND ITS ALGEBRAIC SUBGROUPS

An affine algebraic group is an algebraic subset U of K™ which also has a group structure
with the group law (x,y) — x -y and the map x — x~! given by polynomials:

x-y=(P(xy),...,P(x7¥)), x = (Qu(x),...,Qn(x))

with Pp,..., P, € K[X,Y]and Qq,...,Q, € K[X]. An algebraic subgroup of U is a subgroup
of U which, as a set, is also an algebraic subset of K™.
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Let d be a positive integer, and let T denote the product (K*)? of d copies of the multi-
plicative group K* of all non-zero elements of K. Then, T is a commutative group for the
product structure. Its group law is given by

(@155 a) - (21,0 wg) = (01, mgTg).

However, T is not an affine algebraic group in our sense because it is not an algebraic subset
of K% and the map ¢g — ¢~ ' is not given by polynomials.
To correct this situation, we put n = 2d and consider the algebraic subset U of K" given
by
U={(xy) € K'x K*; sy = = maya = 1}.

This is a subgroup of (K*)?? and since the inverse of an element (x,y) of U is given by
(v,x), we see that U is an affine algebraic group. Moreover, the projection map 7 from
K% x K%to K which sends a point (x,y) to x induces a group isomorphism 7: U — T. We
will use it to carry on T the structures that apply to U.

(i) A regular map or simply a polynomial on T will be a map f: T — K such that
fom: U — K is induced by a polynomial on K™. These maps form a ring which we will
denote K|[T]. Since for all (x,y) € U we have y; = 2; ' (i = 1,...,d), this ring is simply the
ring of all maps from T to K induced by polynomials in Xi,..., X4 X7, ... 7Xd_l. Thus
K[T] is isomorphic to K[X*'] and we will identify both rings.

(i) An algebraic subset of T will be a subset E of T such that 77!(E) is an algebraic
subset of K™. By virtue of (i), an algebraic subset of T is therefore the set of common zeros
in T of a family of polynomials in K[T] = K[X*']. When E # ), we will denote by K[E]
the ring of all maps from E to K induced by elements of K[T]. It is isomorphic to K[T]/I
where [ is the ideal of all elements of K[T] vanishing identically on E. This ideal I will be
called the ideal of E, and denoted I(E). In particular, a subgroup T* of T will be said to
be algebraic if it is an algebraic subset of T.

(iii) We say that a polynomial P € K[T] has degree < D, for a given integer D > 0, if the
map Pom: U — K is induced by an element of K[X Y] of total degree < D. Explicitly,
this means that there exists () € K[X,Y]<p such that

P=Q(Xuy,....Xg, X7 ..., X1

We denote by K[T|<p the subspace of K[T| consisting of all polynomials of degree at most
D. A basis for this vector space is the set of monomials

X=X X withi= (iy,...,0q) € Z% and [i] := |iy| + - + |in] < D.

Given an algebraic subset E # () of T, we define its Hilbert function H(FE; D) in two equivalent
ways either as H(m1(E); D) or as the dimension over K of the space of maps f: £ — K
induced by elements of K[T] of degree < D. We also define the dimension of E as the
dimension of 77'(#). When this dimension is m, we define H(E; D) as the product by m!
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of the homogeneous part of degree m of the polynomial in D which coincides with H(E; D)
for large integral values of D.

2.1. Structure of the Algebraic Subgroups. For each i = (iy,...,i4) € Z%, the map

(2)

xji : T — K~
X — xi:ac?---:vff

induced by the monomial X' is a character of T, namely a group homomorphism from T
to the multiplicative group K= of the field K. The kernel of y; is the zero set of X' — 1
in T. It is therefore an algebraic subgroup of T. More generally, if S is any subset of Z,
the intersection of the kernels of the characters y; with i € S is the set of zeros in T of the
ideal of K[T] generated by the polynomials X' — 1 with i € S, and so it is an algebraic
subgroup Ty of T. We also note that the set T of characters of T in K* forms a group under
multiplication and that

XitX; =Xty and  xj = X
for any i,j € Z%. Therefore, we have Ty = T where ® denotes the subgroup of Z¢ generated

by S. We will show that each algebraic subgroup of T is of this form. For this we will need
the following lemma due to E. Artin.

Lemma 2.1. Distinct characters of a group G into K* are linearly independent over K.

Proof. Suppose on the contrary that there exist distinct characters xi, ..., xm of G into K*
which are linearly dependent over K, and assume that this set is minimal with this property.
Then there are non-zero elements aq, ..., a,, of K such that

ale(g) +oeee ame(g) =0

for each g € G. Since a character of G is a non-zero map (it maps the neutral element of G
to 1), we must have m > 2. This means that x; # Y., and so there exists g; € G such that
X1(91) # Xm(g1). For each g € G, we find

0= Xm(g1) (Z az’Xi(g)) - Z aixi(919) = Z bixi(9)

i=1 =1
where b; = (Xm(91) —xi(g1))a; for i =1,...,m—1. Since by # 0, this shows that x1,..., Xm_1
are linearly dependent over K, a contradiction. O

Proposition 2.2. Let T* be an algebraic subgroup of T. Then there exist a subgroup ® of
74 such that

T* — Tq;.
The ideal of Te is generated by the polynomials X' — 1 with i € ®. Moreover, if this ideal

contains a non-zero element of K[T]<p for some integer D > 1, then ® contains a non-zero
element i with |i| < D.
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Proof. Define ® to be the set of all i € Z? such that T* is contained in the kernel of x;, and
let T denote the ideal of K[T] generated by the polynomials X' — 1 with i € ®. Then, ® is
a subgroup of Z¢ and since I C I(T*) we have T* C T4.

Now, choose a set S of representatives of the classes of Z¢ modulo ®, and denote by F
the subspace of K[T] spanned by the monomials X' with i € S. For every j € Z¢, there
exists i € S such that j—ie€ ® and so, X3 = X! +Xi(Xj_i — 1) is congruent to X' modulo
I. This shows that every element of K[T] is congruent modulo I to an element of F. Now,
consider the restriction map from KI[T] to K[T*]. By Artin’s lemma 2.1, it is injective on F’
because it sends the monomials X' with i € S to distinct characters of T* (the restriction of
Xi to T*). Since its kernel contains I, we conclude that K[T] = I & F' and that I = I(T*),
so T* = T.

Finally, if I(T*) contains a non-zero element P of K[T]<p for some D > 1, there should be
at least two distinct monomials X' and X9 appearing in P which induce the same character
on T*. Then, ® contains the non-zero point i — j € Z? with length < D. O

The above argument shows that the Hilbert function H(Tg; D) of Te at an integer D > 0
is the number of distinct cosets of ® of the form i+ ® with i € Z¢ of length |i| < D. Tt is
a good exercise to show that, if ® has rank r, then H(Tg; D) is bounded above and below
by constant multiples of D" and so Tg has dimension d — r. In particular, when ® = {0},

one finds that
2d<D - 1) < H(T; D) < 2d<D;d>

for each integer D > 0. So T has dimension d, and
H(T; D) = (2D)".
2.2. Translations. For each g € T, we denote by 7,: T — T, the translation by ¢ in T:
T,(x) =gx for each x € T.

Considering the group law in T, we see that each 7, is given in coordinates by polynomials
of degree 1. We will need these operators in the proofs of the next three lemmas.

Lemma 2.3. Let V be a non-empty algebraic subset of T and let g € T. Then, gV s an
algebraic subset of T with the same dimension as V and we have

(3) H(gV; D) =H(V; D)
for each D € N. Moreover, gV s irreducible if V' s irreducible.

Proof. By hypothesis, V is the set of common zeros in T of a family of polynomials {P;};c;.
Therefore, gV = 7,(V) is the set of common zeros in T of the polynomials P; o 7_, with
j € J. This proves that gV’ is an algebraic subset of T.

The vector space of functions from ¢V to K is isomorphic to the vector space of functions
from V' to K under the map which sends a function f: gV — K to the composite for,: V —
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K. If f is induced by a polynomial of degree < D, then f o7y is also induced by a polynomial
of degree < D, and conversely. We therefore (3) holds for each D € N. In particular, V" and
gV have the same Hilbert-Samuel polynomial. Consequently, they have the same dimension,
and the polynomials H(gV; D) and H(V; D) coincide.

Finally, assume that V is irreducible. If gV were not irreducible, it could be written as
the union of two algebraic subsets V;, V5 of T both distinct from ¢gV'; then V' would be the
union of ¢~'V; and ¢~'Vs, and this is a contradiction since both are algebraic subsets of T
which are distinct from V. Therefore gV is irreducible. U

Lemma 2.4. Let T* be an algebraic subgroup of T, and let E be a finite and non-empty
unton of translates of T* in T. Then, E is an algebraic subset of T and, for each D € N, we
have

H(E; D) = Card(E/ T*)H(T*; D).

Proof. Let d* be the dimension of T*. Lemma 2.3 shows that each translate ¢T* of T* is an

algebraic subset of T of dimension d* and that the polynomials H(¢T*; D) and H(T*; D)
coincide. Since F is a finite disjoint union of translates of T*, E is therefore an algebraic
subset of T of dimension d*, and the conclusion follows from Proposition 1.1. O

Lemma 2.5. Let V and W be algebraic subsets of T. Define
E={geT,; gV CW}

Then E 1s an algebraic subset of T. Moreover, if W s defined in T by polynomials of degree
< D, then E s also defined in T by polynomials of degree < D.

Proof. Let {P;};es be a family of polynomials whose set of common zeros in T is W. We

have
E={geT;gveWforalvelV}

={g€T; Pj(gv)=0forall j€J veV}
This shows that E is the set of common zeros in T of the polynomials P; o 7, with j € J
and v € V. Therefore I is an algebraic subset of T. Furthermore, if the polynomials P; are
of degree < D, then the same holds for the polynomials P; o 7,. This proves the second part
of the lemma. O

3. THE MAIN RESULT

The zero estimate that we now state and prove is due to Masser [5] and Philippon [9].

Theorem 3.1. Let ¥ be a subset of T containing the neutral element e = (1,...,1) of T.
Assume that, for a given integer D > 0, there ezists a non-zero element P of K[T| of degree
< D which vanishes at each point of the set

Yld] = {01045 (01,...,04) € T}
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Then there exists a non-zero subgroup ® of Z* such that
(4) Card((X£Te)/ Te)H(Te; D) < H(T; D).

Moreover, we may assume that ® contains a non-zero element i with |i| < D.

In the above inequality, the expression (X Tg)/ Te stands for the image of X under the
canonical map from T to T /Te. It consists of all translates 0 T of Tg with 0 € ¥. The
conclusion of the theorem implies that it is a finite set even though > may be infinite.

Before we go into the proof of the above zero estimate, it is worthwhile to note that, if an
integer D > 1 satisfies

Card((X T*)/ T*)H(T*; D) < H(T; D)

for a finite subset X of T and an algebraic subgroup T* of T, then the set E = Uyex (o T*)
satisfies H(E; D) < H(T; D) and so there exists a non-zero polynomial P € K[T|<p which
vanishes at each point of ¥ C E. The comparison of this condition with the main condition
(4) of the theorem stresses the relevance of the asymptotic Hilbert-Samuel polynomial H.

Proof. Let W1 be the set of zeros of P in T. For each integer r > 2, we define
W, = ﬂ (01_1--~07111 Wl).
(O 15y 0'7«_1)627‘_1

Alternatively, W, is the set of common zeros in T of the polynomials P o 7,,..,, , with
(01,...,00_1) € XL, Therefore, it is defined in T by polynomials of degree < D. The sets
Wi, W, ... are related by the formulas

(5) Wen= (o W,),  (>1).

oEY

Since e € Y, this implies that they form a non-increasing sequence
WiD2Wy 2 DWy1 2---

Since P vanishes on X[d], the set Wy, 1 contains e ; therefore the latter is not empty. On
the other hand, since P is not identically zero on T, Lemma 1.3 gives dim(W;) = d — 1.
Consequently, there exists a positive integer r < d such that

dim(W,) = dim(W, ).

Let m be the common dimension of W, and W,., and let V' be an irreducible component
of dimension m of W, . Using (5), we get

V C ﬂ (0_1WT).

Hence, for each o € 3, 0 V is contained in W,. This means that the set

E={geT;gVCW}



12

contains ». We also define
T ={geT;¢gV=V} and R={gV;ge€E}.

From Lemma 2.3 we deduce that the elements of the set R are, like V', algebraic subvarieties
of T of dimension m. Since they are contained in W,., and since W, has dimension m, R is
a finite set. We also note that T* is a subgroup of T, that £ is stable under translation by
the elements of T*, and that the map from E to R sending g to gV induces a bijection

E/T* — R

gT* +— gV.
Therefore E is a finite union of translates of T*. Now recall that, by Lemma 2.3, the
translates of V' are irreducible subsets of T of the same dimension as V. So, for any g € T,
the condition g V' C V is equivalent to ¢V = V. Then Lemma 2.5, with W =V, shows that
T* is an algebraic subset of T. Hence T* is an algebraic subgroup of T. Since it is contained
in v~V for any v € V, its dimension is < m < d. Applying again Lemma 2.5, but with
W = W,, shows that F is an algebraic subset of T which is defined, like W,., by polynomials
of degree < D. Since F is a finite union of translates of T*, Lemma 2.4 gives

Card(E/T*)H(T*; D) = H(E; D).

Moreover, since F is defined in T by polynomials of degree < D, Theorem 1.2 provides an
upper bound for the right hand side of the previous equality:

H(E; D) < H(T; D).
Since ¥ C E, we also note that
Card((ST*)/ T*) < Card(E/ T*).
Finally, as T* is contained in F, its ideal contains some non-zero element of K[T|<p and
so Proposition 2.2 shows that T* = T4 for a subgroup ® of Z¢ which contains a non-zero
element of Z? of length < D. The conclusion (4) follows by combining the last relations. [

4. AN APPLICATION

When discussing Gel’fond’s problem in Lecture 5, we will need the following consequence
of the above zero estimate.

Proposition 4.1. Let v. = (v1.4,...,7;) €T for j=1,...,¢, and let D, S € N*. Suppose
7 J J

that
d ¢
mis;
(6) HH%,J’ T#£1
i=1 j=1
for each choice of my,...,mg,s1,...,5; € Z with

0<|my|+---+|mg| <D and 0<max{|si],...,|s} <S.
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Suppose also that there exists a non-zero polynomial P € K|T|<p which vanishes at each
point of the set

DS) ={7" - 7f0<s1,...,8 < S}
Then, we have (2D)¢ > (S/d)*.
Proof. Define ¥ = I'([S/d]). Since
{d] = T(d[S/d]) € T(S) € Z(P),

the zero estimate of the previous section shows the existence of a subgroup ® of Z¢ of rank
r with 1 < r < d satisfying (4). Since H(Ts; D) > D" and H(T; D) = (2D)%, this means
that

(7) Card((XTs)/ Te) < 2¢D".

Moreover, we may assume that ® contains at least one non-zero element (my, ..., my) with
|m| + -+ + |mg| < D. Now, suppose that we have

Pt Ty = ﬁﬁ...z‘;l'ﬂ‘q)
for integers si1,..., 54, 5], ..., s, taken from the set {0,1,...,[S/d]}. Then,
” s
1‘;1 '-.ZZZ 6 ch

with s7 = s; — s} for j =1,...,/, and so

d Vi mi

S,-,

J I
| | ( 7i,j) =1.
i=1 \j=1

Since the integers s have absolute value |s7| < [S/d] < S for j = 1,...,¢, the hypothesis
forces them to vanish, and so we have s; = s} for each j. This means that

Card (£ Te)/ Ts) > ([S/d] +1)" > (S/d)".

Substituting this estimate into (7) and taking into account that r < d, we conclude that
(S/d)* < (2D). 0

Note that the condition (6) is fulfilled if we choose
v, = (e®i ... e"¥) (j=1,...,¢)

where z1,...,24 € R and y, ...,y are sequences of QQ-linearly independent real numbers.
This is because, for integers my,...,mg, s1, ..., S¢, the product

d ¢

H H (eIiyj)misj — (X mizi) (X s;y5)

i=1 j=1
is not equal to 1 unless Y m;z; = 0 or Y s;y; = 0, that is unless all my,...,mq or all

81, ...,8¢ are zero.
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5. FURTHER READING

For a more complete presentation of zero estimates on linear algebraic groups, the reader
may look at Chapters 5 and 8 of [14]. An exposition of zero estimates for general commutative
algebraic groups including their applications to transcendental number theory can be found
in the Bourbaki lecture of D. Bertrand [1]. One may also look at [11]. However, the reader
is encouraged to look at the original papers of W. D. Brownawell and D. W. Masser [2],
D. W. Masser [5], D. W. Masser and G. Wiistholz [7], J.-C. Moreau [6] (which gives a
geometric exposition of the zero estimates of [7], together with a generalization to multi-
projective space), G. Wiistholz [15, 16], P. Philippon [9], as well as the more recent works of
L. Denis [3], M. Nakayame [8] and P. Philippon [10].

6. EXERCISES

FExercise 1. Use Theorem 1.2 to show that if F' is a finite algebraic subset of K™ defined by
polynomials of K[X7, ..., X,] of degree < D, then the cardinality of F'is < D".

Hint. Show that for a finite algebraic subset F' of K™, the polynomial H(F'; D) is constant,
equal to the cardinality of F.

Ezercise 2. Show that for subgroups ® and ¥ of Z?, one has Ty C Ty if and only if ¥ C .
Deduce that the assignment ® — Ty defines a bijection between the set of subgroups of Z?
and the set of algebraic subgroups of T.

FEzxercise 3. Let D € N. Show that if an algebraic subgroup T* of T is contained in an
algebraic subset £ of T of the same dimension ¢, defined by elements of K[T]<p, then
T* = Ty for a subgroup ® of Z? of rank d — ¢ containing d — ¢ linearly independent elements
of Z% of length < D.

Remark. Using geometry of numbers, one can even show the existence of linearly independent
points iy,...,15 ¢ satisfying |i;| < --- < |ig 4| < D and deg(T*) < |iy] - - |ig_¢| with implied
constants depending only on d.

FExercise 4. Let H be an algebraic subgroup of T of dimension m and let V' be an irreducible
component of H of the same dimension. Define

Hy={geT;gV=V} and R={gV;ge€ H}.
(a) Show that H, is an algebraic subgroup of H, that R is the set of all irreducible
components of H and that the quotient H/H, is in bijection with R.

(b) Deduce from (a) that H is equidimensional, that its irreducible components are dis-
joint and that the one which contains e is an algebraic subgroup of H.
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