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CONTRIBUCIONES A LA TEORIA DE LOS POLINOMIOS RALOS

Se presentan contribuciones al estudio de los polinomios ralos en tres diferentes aspectos. El
primer resultado es un algoritmo que permite encontrar todos los factores irreducibles, de grado
acotado por una constante prefijada, de un polinomio ralo multivariado con coeficientes alge-
braicos. Kl costo del algoritmo es polinomial en la longitud bit de su codificacion rala y en
la constante prefijada, y exponencial en el nimero de variables (esta dependencia exponencial
siendo inevitable). El segundo es un algoritmo que permite interpolar un polinomio ralo uni-
variado con coeficientes enteros, con ¢ términos no nulos, a partir de 2¢ puntos enteros conocidos
de altura chica. El iltimo es una cota sobre la cantidad de soluciones reales que puede tener un
sistema de ecuaciones ralas que consiste de un polinomio bivariado y una recta. A partir de esta
se deriva un algoritmo sencillo para verificar si un polinomio lineal divide o no un polinomio ralo
con coeficientes reales.

Palabras Clave: Polinomios Ralos, Factorizacion, Interpolacién.




CONTRIBUTIONS TO THE THEORY OF LACUNARY POLYNOMIALS

We present contributions to the study of lacunary polynomials in three different aspects. The
first result is an algorithm which finds all the factors, of degree bounded by a fixed constant,
of a multivariate lacunary polynomial with algebraic coefficients. The cost of the algorithm
is polynomial in the bit length of the lacunary encoding of the polynomial and in the fixed
constant, and exponential in the number of variables (this last dependence being unavoidable).
The second result is an algorithm which interpolates an univariate lacunary polynomial with
integer coefficients and ¢ non-zero terms from 2¢ known integer points of small height. The last
result is a bound on the number of real roots of a system of lacunary polynomials consisting on
a bivariate polynomial and a line. From this result, we derive a simple algorithm which decides
whether a linear polynomial divides a bivariate lacunary polynomial with real coefficients or not.

Keywords: Lacunary Polynomials, Factorization, Interpolation.




Contents

1 Introduccion
1.1 Factorizacién de polinomios ralos . . .

1.2 Interpolation of univariate integer lacunary polynomials . . . . .. ... ... ..
1.3 Estimates for the number of roots of lacunary systems . . . . . .. ... ... ..

2 Introduction
2.1 Factorization of lacunary polynomials

2.2 Interpolation of univariate integer lacunary polynomials . . . . . . . .. ... ..
2.3 Estimates for the number of roots of lacunary systems . . . . . .. ... ... ..

3 Preliminaries
3.1 Absolute values . . . . ... ... ...
3.2 Height of algebraic numbers . . . . . .

4 Factorization
4.1 The “gap” theorem . . . . . ... ...
4.2 Lower bounds for AX(p) . . . ... ...
4.3 Algorithms . .. ... ... ... ...

5 Interpolation
5.1 The ring of p-adic numbers Z, . . . .

5.2 The ring of p-adic exponents E, and the exponential map . . . . . ... ... ..

5.3 Pseudo-polynomial equations . . . . .
5.4 Exponential equations . . ... .. ..

5.5 Duality between pseudo-polynomial and exponential equations . . . . . . .. ..

5.6 Interpolation lifting. . . . . ... ...
5.7 Interpolation in Z[x] — Heuristics . . .

6 The number of roots of a bivariate polynomial on a line

6.1 Changes of signs . . ... ... ....
6.2 Linear factors of a bivariate polynomial

List of algorithms

References

NN

10

13
18
21

24
24
31

39
39
41
45

51
51
53
59
63
65
67
70

74
74
76

79

80



Chapter 3

Preliminaries

3.1 Absolute values

Definition 3.1.1. Let K be a field. An absolute value v on K is a map v : K — R>q satisfying
the following three properties:

e v(x)=0 & x=0,
o v(zy) =v(z)v(y) Va,yeK,
o v(x+y) <v(x)+uv(y) Va,ye€ K (triangle inequality).

We also use |x|, to denote v(z). If the absolute value satisfies, in addition to the triangle
inequality, the stronger condition:

o v(z+y) <max{v(z),v(y)} Vz,y€ K (ultrametric inequality),

then we say that it is non-Archimedean.

It is clear, from the definition, that every absolute value v on a field K satisfies v(1) = v(—1) =1
and v(z) = v(—x) for all z € K.

Example. 1. On an arbitrary field K, the trivial absolute value:
] 0 if =0
”(x)_{ 1 if x#0.

2. On R or C, the standard absolute value |x|.

3. On Q, for every integer prime number p € N, the p-adic absolute value v, given by:

Ta —-T
W (85

where a,b,r € Z, b >0, pta and p1b.
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4. On K(T), the absolute value v_(F/G) = 238(F)=dea(G) " yyhere F,G are non-zero polyno-
mials in K[T).

5. On K(T), for every P € K[T] irreducible, the absolute value v, given by:

T'F -
Up <P G> =2 s
where r € Z, F,G € K[T] — {0}, P{F and Pt Q.

The absolute values given in items (1) to (5), except (2), are non-Archimedean. The standard
absolute value on C is written v, |- |, |  |oo OF | - |o,, indistinctly, and the p-adic absolute value
vp on Qis also | - [, or |- [y,

Lemma 3.1.2. Let v be an absolute value on a field K. Then v is non-Archimedean if and only
if v(N) is bounded.

Proof. If v is non-Archimedean, then for every natural number n € N we have:
v(n) =v(l+---+1) <max{v(1l),...,v(1)} =1,

and therefore v(N) is bounded. Now suppose that v(n) < C for all n € N. Then, for every

z,y € K,
n
)

v(@ +y) < (nC)Y" max{v(x), v(y)}.

The ultrametric inequality follows taking limits in the previous expression. ]

n
vE+y)" <>
=0

(@) o(y)" ™" < nCmax{o(z),v(y)}",

and taking its n-th root,

Lemma 3.1.3. Let v be a non-Archimedean absolute value on a field K. Let ay,...,a, € K be
such that v(ay) > v(a;) for alli # 1. Then v(a; + -+ a,) = v(ay).

Proof. Tt is enough to prove the case n = 2. Suppose v(a1) > v(az). The inequalities:
v(a1) = v(ar + a2 — az) < max{v(a; + az),v(a2)} < max{v(ay),v(az),v(a2)} = v(a)

imply that v(a;) = max{v(a; + a2),v(az)}. This maximum is not v(ag) because v(a1) > v(az).
Then v(a;) = v(ay + az). O

An absolute value v on a field K, induces on it the metric d(z,y) = v(x — y). The arithmetic
operations (addition, additive inverse, multiplication and multiplicative inverse) are continuous
with respect to this metric.

Lemma 3.1.4. Let v1 and vy be non-trivial absolute values on a field K. Then, the following
statements are all equivalent:
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1. v1 and vy induce the same topology.
2. forallx € K, if vi(z) <1 then va(z) < 1.
3. 3\ > 0 such that vi(z) = va(z)* for every z € K.

Proof. (1 = 2): Let z € K be such that vy(z) < 1. Then z" — 0 with respect to the topology
induced by v;. Since both absolute values induce the same topology, we also have 2™ — 0 with
respect to v, i.e. va(x)™ — 0. This implies that vy(z) < 1.

(2 = 3): We know that v;(x) < 1 implies va(x) < 1, and using this fact for 27!, we have that
vi(x) > 1 implies va(x) > 1. Since v is non-trivial, there exists z € K such that v1(z) > 1. Let
a =v1(2), b = vs(z) and A = log(a)/log(b). Note that v1(z) = va(2)*. Now take any non-zero
x € K. Then vi(x) = vi(z)* for some a € R. It is enough to prove that va(z) = va(2)?,
because in this case we have vi(z) = v1(2)® = v2(2)** = vo(x)*. If m € Z and n € N satisfy
o < m/n, then vy (z) < v1(z)"™/". This implies that v1(z"/2™) < 1 and then vy(z"/2™) < 1, i.e.
va(x) < va(2)™/™. Therefore vo(x) < vo(2)® because we can freely choose m/n as close to a as
we want. The other inequality follows using the same idea, but taking a > m/n.

(3 = 1): Let (zn)nen be a sequence in K. Then: z, — = with respect to the topology induced
by v1 < vi(z, — x) = va(2y, — 2)* = 0 & va(z, — ) — 0 & x,, — = with respect to vs. O

Theorem 3.1.5. [Ostrowski] Let v be a non-trivial absolute value on Q. Then either v is
Archimedean and there exists 0 < X\ < 1 such that v(x) = |z|*, or v is non-Archimedean and
there exists a prime number p € N and A > 0 such that v(z) = v,(z)*.

Proof. For every integer k € Z we have v(k) = v(|k]) =v(l+---4+1) <ov(l)+---+ov(l) = |k|.
Let a,b,m € Z with a > 1, b > 1 and m > 0. Suppose that b = ¢y + c1a + - - - + c,a” is the
a-adic representation of b, i.e. 0 < ¢; < a for all ¢ and ¢, # 0. In particular, we have a™ < ™
and then n < mlog(b)/log(a). Define M = max{1,v(a)}.

(™) v(co) + -+ v(en)v(a)” < a(l+--+v(a)™)
a(l4---4+M") <a(n+1)M"

VANIVAN

log(b) m 108(b)
= )" <an+1)M"<a(l+m ) M og(a)

v(b " log(b
= < h()gzb) ) <a (1 + mlgg((a))>
M log(a)

1/m

b log(b

= vlc(,g)(b) < (a (1 + mlgg((GD) — 1
M Tog(a)

log(b) log(b)
= ov(b) < Mel@) = max{l,v(a)ks@ }. (%)
Case v Archimedean: By Lemma 3.1.3, there exists b € N such that v(b) > 1. If we had v(a) <1
for some integer a > 1, then (*) would imply the contradiction v(b) < 1. Therefore v(a) > 1 for
every integer a > 1. Then, for every a,b € N with a > 1 and b > 1, the inequality (x) is

log(b)

v(b) < v(a)lel@
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or more simply v(b)!/1°8}) < y(a)!/108(@) | By the symmetry of this expression, swapping a and
b, we get the identity:

2)(())1/log(b) _ v(a)l/log(a) Va,beN,a>1,b>1.

Now take b € N, b > 1 and let 0 < A < 1 be such that v(b) = b*. For any a € N, a > 1 we have:

log(a) log(a) log(a)
v(a) = v(b)os® = p os®) = olog(B)A 15,5y _ gAlog(a) _

This means that for all k € Z, v(k) = v(|k|) = |k|* holds. We conclude taking z = p/q € Q with

p € Nand ¢ € Z, and then
p\ _v(p)  |p] A
vir)=7v —_ = 0= — = | .
(@) <Q> v(g) gl o

Case v non-Archimedean: Here we have v(z) <1 for all z € Z. Define
I={x€Z : v(z)<1l}.

By the multiplicativity of v and the ultrametric inequality, the set I is an ideal of Z. Moreover,
if x,y € Z and zy € I, then v(z) <1, v(y) <1 and v(xy) < 1. This is only possible if v(z) < 1
orv(y) <1,ie x €l orye Il Therefore I is a non-trivial prime ideal of Z. Let p € N be the
prime number such that I = pZ. For any » = p"{ € Q — {0} with a,b,7 € Z, b> 0, pt{a and
p1b, we have that a ¢ I and b ¢ I. Then v(a) =1, v(b) =1 and

v(a) _log(p) . _ _log(p)
U(x) = U(p)r — L = U(p)r = plogw(p)) * = ’Up($) log(v(p)) ,
v(b)
Note that A = —log(p)/log(v(p)) > 0, because p € I implies v(p) < 1. O

Theorem 3.1.6. Let v be an absolute value on a field K. Then, there exists an extension K, /K
and an absolute value v on K, extending v, such that K, is complete and K C K, is dense.
Moreover, if E/K is an extension with an absolute value w extending v, such that E is complete
and K C F is dense, then there exists a K-isomorphism of fields 0 : E — K, with w =7 oo0.

Proof. See [Lan93, Ch. 12, Prop. 2.1]. O

The field K, together with the absolute value v of Theorem 3.1.6 is called the completion of K
with respect to v. For instance, the completion of Q with respect to | -| is R, and the completion
of Q with respect to |- |, is the field of p-adic numbers Q.

Theorem 3.1.7. Let K be a complete field with respect to a non-trivial absolute value v and let
E/K be an algebraic extension. Then, there exists a unique absolute value w on E extending v.
Moreover, if E/K is finite, then E is complete with respect to w.

Proof. See [Lan93, Ch. 12, Prop. 2.5]. O
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Let K be a complete field with respect to a non-trivial absolute value v and let F/K be a Galois
extension. If w is an absolute value on E extending v and o € Gal(E/K), then w o o is also an
absolute value on FE extending v. By Theorem 3.1.7 (uniqueness), we have w = w o ¢. Taking
the product over all 0 € Gal(E/K), we get:

w@)Pf = T wlo@) =w (NE(@)) = v (NE(@)) ,
o€ Gal(E/K)

ie.,
)1/[E:K] ‘

w(zx) =wv (Ng(m) (3.1)

For instance, if (K,v) = (R, |-|), Theorem 3.1.7 and Formula (3.1) prove that the only extension
of | -| to C is given by |a + bi| = (a® + b?)'/2.

Let v be a non-trivial absolute value on a field K, let K, be the completion of K with respect to
v and let K, be the algebraic closure of K,. The absolute value v on K,, and the only absolute
value on K, extending v will all be written v for simplicity of notation.

Every finite extension F/K can be embedded in K, and for every embedding o : E — K,, we
get an absolute value w = v o ¢ extending v. The converse is given by the following theorem.

Theorem 3.1.8. Let v be a non-trivial absolute value on a field K and let E/K be a finite exten-
sion with an absolute value w extending v. Then, there exists an embedding o € Homg (E, K,)
such that w =voo.

Proof. Let E,, be the completion of E with respect to w, let E,, be the algebraic closure of
E,, and let K,, be the (topologic) closure of K in E,. The composite EK,, is contained in E,,
because £ C E,, and K,, C E,,. Besides, FK,,/K,, is finite (because E/K is finite) and K, is
complete (because it is a closed subset in the complete field E,,), thus FK,, is also complete (by
Theorem 3.1.7). Since E C FK,,, we also have F,, C FK,,. Therefore E,, = EK,, and E,,/ K,
is a finite extension with [E,, : K,] = [EK, : K] < [E : K]. In particular, E, is an algebraic
closure of K.

The field K,, with the absolute value w satisfies the hypothesis of Theorem 3.1.6, i.e. K, is
complete, K is dense in K,, and w|xg = v. Then, there exists a K-isomorphism o : K,, — K,
such that w = voo. We can extend o to a K-isomorphism & : E,, — K, and by Formula (3.1),
we still have w = v 0 & in E,,. We conclude by restricting & to E. O

Definition 3.1.9. Let v be a non-trivial absolute value on a field K and let E/K be a finite
extension with an absolute value w extending v. The local degree of the extension is defined as
Ny = [Ey : Ky, where Ky, is the topologic closure of K in E,.

For instance, suppose that (K,v) = (Q, |-|) and E = Q(&5) where &5 = cos(%’r)—i—i sin(%’r) is a 5-th
root of the unity. In this case we have K, = R and K, = C. According to Theorem 3.1.8, every
absolute value w on Q(&5) extending | - | is given by embedding Q(&5) in C with the standard
absolute value, i.e. w(z) = |o(x)| where o : Q(§5) — C is a Q-embedding. Therefore there
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are only 4 possible absolute values wy, ..., w4 on Q(&5) extending | - |, given by the embeddings
0i(&) = & with i = 1,...,4. Tt is clear that o is the identity and o4 is the complex conjugation,
thus they induce the standard absolute value w; = |- | on Q(&5). On the other hand, o9 and o3
induce a different absolute value wy on Q(&5) because wa(1 + &5) = |1 + &2 = |1 + &3] < 1 and
w1(1+&) =[14&] > 1. As we will see in next theorem, this example generalizes to the general
case.

Definition 3.1.10. Two embeddings o,7 : E — K, are conjugated if there exists a K,-
isomorphism A : K, — K, such that 0 = Ao T.

Theorem 3.1.11. Let v be a non-trivial absolute value on a field K and let E/K be a finite
extension. Two embeddings o,7 : E — K, induce the same absolute value on E if and only if
they are conjugated.

Proof. Suppose that ¢ and 7 are conjugated, i.e. o = XA o7 where \ : K, — K, is a K,-
isomorphism. They induce on E the absolute values w, = v o ¢ and w; = v o 7 respectively.
The absolute values v and v o A on K, coincide on K,. Therefore we have v = v o A by Theorem
3.1.7, and then w, =voo =voloT=voT =w,.

Now suppose that ¢ and 7 induce the same absolute value on E. We extend the K-isomorphism
AN=oco7 ' :7FE — oF to a K,-isomorphism \ : 7F - K, — oF - K, via sequences: since
TFE is dense in 7E - K,,, every z € TE - K, is a limit x = lim 7(z,,) for some sequence z,, € F,
then we can define A\(x) = limo(z,,) that converges because 7 and o induce the same absolute
value and oF - K, is complete. It is clear that A is well defined, i.e. it does not depend on
the sequence, and ¢ = Ao 7. Besides, A : 7E - K, — oFE - K, is an isomorphism because we
can define an inverse v : oF - K, — 7E - K, by extending A™! : ¢E — 7F using the same
construction. Moreover, ) fixes K, because for every x € K, we have a sequence z,, € K such
that z = limx,, = lim7(z,) = limo(x,) = A(z). We conclude by extending A to the algebraic
closure K,. O

We write w|v to indicate that w is an absolute value extending v.

Proposition 3.1.12. Let v be an absolute value on a field K and let E/K be a separable finite
extension. Then, for every absolute value w on E extending v, we have

e Ny, =#{0: E— K,, K-embedding, s.t. w=voao}
e [E:K|=>, Ny

Proof. Let a € E such that E = K(«) and let f € K[X] be the minimal polynomial of «
over K. Suppose that f = fi...f, is the factorization into irreducibles of f in K,[X], where
because « is separable, f; # f; for i # j. The embeddings of E in K, are the K-morphisms
that map a to a root of f, and two such embeddings are conjugated if and only if they map «
to a root of the same factor f;. This implies that there are exactly r absolute values w1, ..., w,
on E extending v. Also, E,, = EK,, = Ky, (a), and since K, and K,, are isomorphic, f;
(up to this isomorphism) is also the minimal polynomial of « in K,,[X]. This means that
Ny, = [Bw, : Ku,] = [Ku,[a] : Ku,] = deg(f;) equals the number of embeddings that induce w;.
Moreover » i Ny, = > i deg(f;) = deg(f) = [E : K]. O

wlv
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Corollary 3.1.13. Let v be an absolute value on a field K and let E/K be a separable finite
extension. Then, for every x € E we have

[T1zl2 = INE(@)]o.
wlv
Proof. Let o1, ...,0, be all the embeddings of F in K,, then

n

v(Ng(2)) = [ [ v(oi(2)) = ]| H w(z) = [[w(@)™.

i=1 wlv i wlv
w=v00;

O

Notation. We write Mg = {v, : p prime orp = oo} for the set of standard and p-adic absolute
values on Q. Moreover, if K/Q is a finite extension, we write My for the set of all the extension
to K of the absolute values in Mg and M7 for the subset of Archimedean absolute values in
My .

Mg ={w : wlv for somev € Mg} Mg ={w : wlvs}.

A remarkable property of the absolute values in Mg is that ], Mg |z|, = 1 for all x € Q*. This
holds because if © = £p{'* - - pl'm € Q* where p; € N are (distinct) primes and n; € Z, then
vp, (x) = p; " for 1 <i <7 and v,(x) =1 for all p # p; for some 4, and voo(z) = pi* ... .
Moreover, this property holds over every finite extension K/Q if we take into account the local
degrees N,,. More precisely, for every x € K* we have:

[T izl = I [Tl = T] Vg @)l =1. (3-2)

weEM g UEM@ u}|v ’UEMQ

This identity is known as the “product formula”.

Definition 3.1.14. Let v be an absolute value on a field K and let a = (ay,...,aq) € K% be a
vector. We define the 1-norm, 2-norm and co-norm by:

d
b ”aHLv = Zi:l |ailo,

1/2
d
o lallzo = (X lail?) ",

o llally = lalloow = max{la : 1< < d}.
When K C C and v is not explicitly written, we assume v = Voo. These norms are also defined
for polynomials f = Z?:O a;xt € K[X1,...,Xy], using the vector of coefficients of f, i.e. as
1f1l-0 = ll(ao, .-, aa)|l-v-

Remark. For every a € K% we have:

lalloow < lallzw < lallip < dflafloo-
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3.2 Height of algebraic numbers

Definition 3.2.1. Let K/Q be a finite extension. The relative height (with respect to K ) is the
map Hg : K — R>1 given by:

Hg(r) = H max{1, |[r|,}"",
veEMK

where Ny = [K, : Q,].

Proposition 3.2.2. Let L/K/Q be a tower of finite extensions. Then
Hy(r) = Hg (r)B5]
for everyr € K.

Proof. Let v € Mg and w € Mj, such that w|v. Since r € K and Ny, = [Ly : Qu] = [Ly :
Ky [Ky : Qy] = Ny [Ly : Ky, we have:

max{1, |7“|w}Nw = max{1, |7“|U}N“[L““Kw].
Besides, by proposition 3.1.12, we have ), . [Ly : K] = [L : K]. This implies that:

wlv

[T mex{n, frfu}™ = TT maxfL, el }¥ ool = max(1, ], )™ Do Bl = max(1,[r], ) Vo195,

weMrp, weMp,
w|v w|v

We conclude by multiplying over all v € Mk,
Hp(r)= [] max{1,[r|}™ = J] [ max{1,|rlu}™ = ] max{1,|r|,}"F5) = Hy(r)FH]L

weMry, vEMg weMp, vEMEK

wlv

O]

Definition 3.2.3. The absolute height is the map H : Q — R>1, given by:
H(r) = Hg (r)"/159,

where K is a finite extension of Q such that v € K. The (logarithmic) height is the map
h:Q — R>q, defined by h(r) =log H(r).

Proposition 3.2.2 guarantees that H(r) is well defined, i.e. it does not depend on the field K.

Definition 3.2.4. Let f = aq ngl(X —r;) € C[X]. The Mahler measure of f is:

d
M(f) = ag [ [ max{1, r]}.

i=1

The logarithmic Mahler measure of f is m(f) = log M(f).
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The Mahler measure is multiplicative, i.e. if f, g € C[X] then M (fg) = M(f)M(g) and m(fg) =
m(f) +m(g).

Lemma 3.2.5. Let f = ag X%+ --- 4+ a1 X + ag € Z[X] be a primitive polynomial of degree d
and let p € N be a prime. Suppose that ri,...,rq € Q, are all the roots of f. Then:

d
laalp Hmax{l, 73lp} = 1.
i=1

Proof. Suppose that |ri], < 1,...,|mklp < 1y |7eg1lp > 1,...,|ralp > 1. The coefficient ay
can be written as ax = ag(r1 -+ rqg—g + -+ rg+1- - rq), where the sum ranges over all possible
products of d—k roots of f. Among all these terms, the product 71 - - - r4 has (strictly) maximal
absolute value. Then, by Lemma 3.1.3 we have:

d d
|aklp = ladlp H Irilp = \ad|pHmaX{17 Irilp}-
=1

i=k+1

On the other hand, every coefficient a; = aq(r1---74—j + -+ 741 --r4) has a similar formula,
but all these terms have absolute value less or equal than |rpyq---74[p. Therefore |a;|, < |aglp
for every j, i.e. aj is a coefficient with maximal absolute value. Since f € Z[X] is primitive, we
have |a;|, < 1 for every j, but we cannot have |a;|, < 1 for every j because p does not divides all
the coefficients of f. Thus, there is at least one coefficient which absolute value equals exactly 1.
Hence, the maximum of the absolute values of the coefficients of f is 1, and then |ax|, =1. O

Proposition 3.2.6. Let r € Q, let K = Q[r] and let f € Z[X] be the primitive minimal
polynomial of r. Then M(f) = Hi(r).

Proof. Let p € N be a prime number and let r1,...,7g € @p be the roots of f. By Proposition
3.1.12, the sequence |ri|p, ..., |rq|, contains |r|, for every absolute value w on K extending v,
with multiplicity N,,. By Lemma 3.2.5, we have:

d
[T max{1, ]k} = T max{1,lrily} = laal, " (33)
=1

wlvp

On the other hand, for the Archimedean absolute values, we have:

d
[T mex{1, [} = [ [ max(1, ri}. (3.4)
=1

w|voo

Multiplying (3.3) for all prime p € N and (3.4), we conclude:

Hg(r) = H max{1, ||, }Vv = H Hmax{l,]r\w}Nw

weMp vEMg wlv

d d
=[] laal,* [Jmax{L,|ril} = laa| ] [max{1,|ril} = M(f).
p =1 i=1
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For instance, if » = a/b € Q — {0} where a € Z, b € N and gcd(a,b) = 1, then the prim-
itive minimal polynomial of r is f = bX — a € Z[X]. Therefore H(r) = Hg(r) = M(f) =
bl max{1, [a/b]} = max{|al, |b]}.

Lemma 3.2.7. Letr,s € Q and let n € Z. Then:
1. h(r™) = |n|h(r).
2. h(rs) < h(r)+ h(s).
3. h(r+s) < h(r)+ h(s) + log 2.

Proof. Let K = QJr, s].
(1) For every x > 0 and n € Ny, max{1,z"} = max{1,z}" holds. If n € Ny, then:

Hg(r") = ] max{t,[r"|,}" = [ max{1,[r;}" = J] max{L,|r,}"" = Hx(r)".
vEM g vEM g vEMK

On the other hand, if r # 0, then the relative height of 7! is:

(™) = T st el 3% = T 0 T mat o} = Hiclo)
vEME vEME veEMK

N————
=1

Using both identities we get Hy (r™) = Hg ()" for every n € Z.

(2) For every x,y > 0 we have max{1,zy} < max{1,z} max{1,y}. Then:

Hg(rs) = H max{1, |rs|,}V* < H max{1, ||, }* max{1, |s|,}V* = Hy (r)Hg(s).
vEME vEMK

(3) For every z,y > 0 we have max{l,z + y} < 2max{l,z} max{l,y} and max{l,z,y} <
max{1l, 2} max{1,y}. Then:

Hig(r+s) = H max{1, |r + s/, }* < H max{1, |r[, + |8y} H max{1, |7, |s],}* <
vEMK vEMg? vg M2
< H 2max{1, |r|,}V* max{1,|s|,}"*" H max{1, ||, }V* max{1,|s|,} M <
veEMg? vgMPP

< 2MREIHp (r)Hg (s).

We conclude by using that the number |M7°| of Archimedean absolute values on K is bounded
by the number [K : Q] of Q-embeddings of K in C. O

Theorem 3.2.8. [Jensen’s Formula] Let f € C[X] be a non-zero polynomial. Then:

2
m(f) = 5 /0 log | ()| 6.
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Proof. Due to the additivity of both sides of the formula, it is enough to prove it for polynomials
f =X —a where a € C, and up to a linear change of variables, this is equivalent to:

1
/ log |or — €*™|dt = max{0,log|a|}.
0

The map log |z| is harmonic in C — {0}. Then log |z — «/| is harmonic in C — {a}. In particular,
if |a| > 1, then the map log|z — «| is harmonic in the disc of radius 1 centered in the origin.
Using the mean-value identity for harmonic maps, we get:

1
log |a| = / log |a — e*™%|dt.
0

Now suppose that || < 1. The map log |1 —a@z| is harmonic in C— {3}, where 8 = 1/a = a/|a/|?.
Since |3| > 1, then this map is harmonic in the disc of radius 1 centered in the origin. On the
other hand, for every z € C such that |z| = 1 we have |1 —az| = |a — z|. Therefore, using again
the mean-value identity, we get:

1 1
0= / log |1 — @e®™|dt = / log o — ™| dt.
0 0

It only remains to consider the case |o| = 1. By rotational symmetry, we can further reduce to
the case o = 1, i.e. we have to prove that

1
/ log |1 — €™ |dt
0

converges and is equal to zero. Since |1 — e?™| = 2sin(nt) for every 0 < ¢t < 1, then we have to
prove that

1
/ log sin(7t)dt = — log 2.
0

The convergence of the integral follows from
1 1/2
/ log sin(7t)dt = 2/ log sin(7t)dt,
0 0

and the facts that sin(7t) behaves like 7t for every t near zero and that fol/ 2 log(mt)dt converges.
To compute the value of the integral, note that:

I = f01/2 log sin(rt)dt
— [ log(2sin(mt/2) cos(wt/2))dt
= 3log(2) +f01/2 10gsin(7rt/2)dt+f01/2 log cos(mt/2)dt.

Making the changes of variables ¢t = 2u and t = 1 — 2u, we get I = 3log(2) + 2I. Therefore
I = —3log(2). O
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Proposition 3.2.9. Let f € C[X] be a non-zero polynomial of degree d. Then:

27| fllv < M(F) < | fll-
Proof. Let f = Z?:O a; X" = ag H?ZI(X — ;). Then:

d d d
1A= lail < laal [T+ Iril) < 2%)aql | [ max{1, |ri|} = 2¢M (f).
1=0 i=1 i=1

To prove the other inequality, we use Theorem 3.2.8 and the bound |f(e*™)| < ||f|l1 and we
get:

1 . 1
m(f) = /0 log | (7" dt < /0 log || f[l1dt = log |1

Theorem 3.2.10. [Kronecker] Let r € Q" be such that h(r) = 0. Then r € jis.

Proof. Let f € Z[X] be the minimal primitive polynomial of . By Proposition 3.2.6, we have

that M(f) = 1. Let r = r1,79,...,74 € Q be all the roots of f. Since M(f) = 1, then f is a

monic polynomial and |r;| < 1 Vi. The polynomials f,, = H?ZI(X —r") are all in Z[X] because

the r;’s are algebraic integers and the coefficients of f,, are symmetric polynomials in r1, ..., rq.
Since M(f,) < 1 and deg(f,) = d, we have that || f,|; < 2? for all n € N, by Proposition 3.2.9.
Therefore, there are two polynomials f, = fp with n # m. Then the sets {r{,...,r}} and
{r1*,..., 7'} coincide. After a suitable permutation of the roots r;’s, we get a cycle r{ = ry’,

ry =715, ..., rp = r{". This implies that r{" = r{*", and therefore = ry is a root of the unity,
because we are assuming r # 0. O

Theorem 3.2.11. Letr € @X N oo be an algebraic number of degree d over Q, then

2
M) 2 o)

Proof. See [Vou96, Corollary 2. O

Now we extend the notion of height and Mahler measure to the multivariate setting.

Definition 3.2.12. Let € € @t. The (logarithmic) height of £ is

1
(K- Q

Y Nologmax {1, i€},

vEME

h(§) =

where K is an (arbitrary) field containing §&. We also define the (logarithmic) 1-height of £ as

> Nologmax {1, [|€10} + D Nologmax{L, [l€]l.}

veEME vgMz?
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We also define H(§) = exph(€) and Hi(§) = exphi(€). If f € Q[X1,...,X,] then we de-
fine h(f), H(f), hi(f) and Hi(f) as the height and 1-height of the vector of coefficients of f

respectively.

Lemma 3.2.7 (items 2 and 3) extends to the multivariate setting with the same proofs. Item 1
only extends when n > 0 (also with the same proof). It cannot be extended for n < 0 because

for € € (@X )t, the heights H(¢) and H(£7!) are not equal in general. For instance, if £ = (2, 3),
then H(¢) =3 but H((71) = 6.

Lemma 3.2.13. Let £ € Q. Then h(€) < hy(€) < h(€) + logt.

Proof. The first inequality is clear from the definition because [[{||, < ||€]|1,, for all v € M.
For the second inequality, we use the estimation ||€]|1, < t|[[{||,, that implies max{1, [|£|[1,} <
t max{1,||{][,} for all v € Mp® and we get

1
h h T »logt.
1(6) < @H[K:@JUE%N ogt

We conclude by using that Zverg N, < ZveMK N, =[K : Q). d

Lemma 3.2.14. Let £ € Q' and n e Q". Let us write (&,1) € Q" to the concatenation of &
and 1. Then max{h(£), h(n)} < h((§,n)) < h(§) + h(n).

Proof. Let K/Q be a finite extension containing both £ and 7. The first inequality follows
directly from the definition and from the fact that ||¢||, and ||n||, are both bounded above by
II(&,n)||, for all v € Mg. More precisely, we have that ||(&,n)|, = max{||¢||s, ||7]lv}, which
implies max{1, ||(&,n)|l,} < max{1,||{]|,} max{L,|n|,} for all v € Mg, and then h(({,n)) <
h(&) + h(n). 0

Suppose that & = (§1,...,&) € (@X)t. We have that h(ﬁ;l) = h(&) for all 1 < i < ¢t. By
applying Lemma 3.2.14 we get the inequality

hE) SR+ &) =h&) + -+ h(&) < th(E)

that controls the height of €1 in terms of the height of £&. This gives a generalization of item 1
of Lemma 3.2.7 (with n < 0) for the multivariate case.

Lemma 3.2.15. Let f € Q[X] be an univariate polynomial and let r € Q be a root of f. Then
h(r) < hi(f).

Proof. Suppose that f = Z?:o a; X* with ag # 0. Let K = Qlao, ..., aq,7]. Let v € My. If v is
Archimedean, i.e. v € Mg, we have

|aalolrly = lag—1r®" + -+ aolo < (lag-1lo + -+ + laols) max{1, [r[,}*~*.
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This implies that
laglo max{1, [} < (lagly + - + [aolo) max{L, [r],}*~" = || f]l1,0 max{1, .}~

|aaly max{1, |rly} <[] Lo} (3.5)

On the other hand, if v is non-Archimedean, we have

1o < max{L, [ f

laglo|r|e = |ag_1m?7t + - + agly < max{|ag_1v, ..., |aol,} max{1, |r|,}¢ .
This implies that
|aglo max{1, |r],}* < max{|aglo, ..., laolu} max{L, [rlo}*~" = || f[l, max{L, |r[,}*"*
|aaly max{1, |rl,} < || fllo < max{1,f[l.}- (3.6)

Raising equations 3.5 and 3.6 to the N,/[K : Q] and multiplying over all v € Mg, we get
H(r) < Hi(f) as desired. The terms |aq|, cancel out when multiplying because of the product
formula 3.2. O

Lemma 3.2.16. Let f € Q[X1,...,X,] and let € € Q". Then

h(f(€)) < ha(f) + deg(f)R(E)-

Proof. Suppose that f = E\a|gd ao X where d = deg(f). Let K = Qlaq,&] be the extension
of Q generated by the coefficients of f and the coordinates of £. Let v € M. If v is Archimedean,

F©l < D laalol&ls? - [&alsm < | Y laale | max{léilo, -, ala}? = [ FIL0lIEN,

lo|<d || <d

and then max{1, |f(&)|,} < max{1,| f||1.,} max{1,]|/[|,}¢. Similarly, if v is non-Archimedean,
the ultrametric inequality gives max{1, | f(¢)|,} < max{1, ||f|,} max{1, ||¢]|,}?. Raising these in-
equalities to the N, /[K : Q] and multiplying over all v € M, we obtain H(f(£)) < Hy(f)H (€)%

U

Definition 3.2.17. Let f € C[Xy,...,X,]. The (logarithmic) Mahler measure of f is

1 27 2T . .
m = lo ettt et |dty - - diy,.
=y | [ rorlsC ),

We also define M(f) = expm(f).

As in the univariate case, the Mahler measure is multiplicative, i.e. M(fg) = M(f)M(g) and
m(fg) = m(f) + m(g) for all f,g € C[Xy,...,Xy]. Moreover, the inequality M (f) < | f|l1 of
Proposition 3.2.9 also holds in the multivariate case with the same proof.
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Definition 3.2.18. Let f € Q[X1,...,X,]. The global Mahler measure of f is

m@(f) = @ Z Nymy(f) + Z N, log max |coeff (f)|, | ,

vlvog LIS

where K is a number field containing all the coefficients of f and my(f) = m(o(f)) for the
corresponding embedding o : K — C.

If f € Z[X4,...,X,] is a primitive polynomial then m@( f) = m(f). The global Mahler measure
is also multiplicative, i.e. mg(fg) = mg(f) +mg(g) for all f,g € Q[X1,...,X,]. We also have
the inequality mg(f) < hi(f) for all f € Q[X1,...,X,].

Definition 3.2.19. Let V' be a hypersurface of@f given by f € K[X1,...,Xy,], where K/Q is
a finite extension. The normalized height of V' is h(V) = mg([).

In the case of a hypersurface V' given by a primitive polynomial f € Z[X1,...,X,], then the
normalized height reduces to h(V) = m(f).
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