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Abstract. In a previous paper with the same title, we gave an upper bound for the
exponent of uniform rational approximation to a quadruple of Q-linearly independent real
numbers in geometric progression. Here, we explain why this upper bound is not optimal.

1. Introduction. For each positive integer n and each real number &,
we follow Bugeaud and Laurent [2| and denote by A,(£) the exponent of
uniform rational approximation to the geometric progression (1,§,...,&")
of length n + 1 and ratio £. This is defined as the supremum of all A € R for
which the inequalities

i Y
lzo| < X, 121%>%|x0£ -z < X
admit a non-zero solution x = (zo, ..., ;) € Z"! for each large enough real
number X. In their 1969 seminal paper |3|, Davenport and Schmidt estab-
lished upper bounds for A, (¢) that are independent of &€ when [Q(€) : Q] > n,
that is, when 1,&,...,&" are linearly independent over Q. Then, using an ar-
gument of geometry of numbers, they deduced a result on approximation to
such £ by algebraic integers of degree at most n + 1. For n =1 and n = 2,
both estimates are best possible. For n = 1, we have \i(§) = 1 for each
¢ € R\ Q, and the corresponding result on approximation by algebraic in-
tegers of degree at most 2 is best possible as explained in [3, §1]. For n = 2,
it is shown in |3, Theorem la| that, for each £ € R with [Q(§) : Q] > 2,
we have /):2(5) < 1/ = 0.618, where v = (1 + +/5)/2 stands for the golden
ratio. In 6], we showed that this upper bound is best possible, and in 7] that
the corresponding result on approximation by algebraic integers of degree at
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2 D. Roy

most 3 is also best possible. For n > 2, refined upper bounds for An (&) have
been established in |1, 4, 5, 8H10] but the least upper bound is unknown.
This paper deals with the case n = 3.

Let A3 = 0.4245 denote the smallest positive root of T? — 3T 4+, where
v = (1 ++/5)/2, as above. In the previous paper [8] with the same title,
I proved the following statement.

THEOREM 1.1. Let £ € R with [Q(&): Q] > 3, and let ¢ and X be pos-
itive real numbers. Suppose that, for any sufficiently large value of X, the
inequalities

1.1 <X g < eX A
(1.1) 20 < X, lrg%lwo& T <e

admit a non-zero solution x = (xg, x1,22,23) € Z*. Then \ < \3. Moreover,
if A = A3, then c is bounded below by a positive constant depending only on &.

In particular, any £ € R with [Q(£): Q] > 3 has /):3(6) < As.

For several years, before the publication of [8], I thought that the upper
bound A3 for A in Theorem [1.1]could be optimal until I realized that it is not.
However, I did not include the proof of this as it was only leading to a small
improvement over As. The goal of this paper is to present that argument
in the hope that it will help finding the least upper bound. In fact, we will
prove the following result.

THEOREM 1.2. Under the hypotheses of Theorem[L.1], we have X\ < Xs3.

Using the same method, it is possible to compute an explicit € > 0 such
that A3(§) < A3 — e. I refrain from doing that here in order to keep the
presentation as simple as possible. In a further paper, I plan to provide more
tools to make progress on this problem.

In the next two sections, we recall most of the results of [8] with some
precision added, including the notion of minimal points and the definition
of the important polynomial map C: (R*)? — R? that was already implicit
in |3|. In Section 4} we introduce a new pair of polynomial maps ¥_ and ¥,
from (R*)? to R* and we elaborate on their analytic and algebraic properties.
In Sections [5] to [7] we use these tools to study the behavior of the minimal
points assuming that the hypothesis of Theorem holds with A = A3. In
each section, we get new algebraic relations that link the minimal points. In
Section[f] they involve the polynomial map C, and in Section[7] the maps ¥, .
In the process, we isolate a very rigid structure among the subspaces spanned
by consecutive minimal points. Using this, we end up with a contradiction
in Section [§] and this proves Theorem [I.2] For some of the main results
that we establish along the way, we indicate weaker conditions on A for
which they hold, but we omit the proofs to keep the paper reasonably short.
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In an addendum, we provide a further algebraic relation involving another
polynomial map with interesting algebraic properties.

2. Notation and preliminaries. The notation is as in [8]. We fix a
real number £ with [Q(£): Q] > 3 and a real number A > 0 which fulfills the
hypothesis of Theorem [I.1] for some constant ¢ > 0. For brevity, we use the
symbols < and > to denote inequalities involving multiplicative constants
that depend only on £ and A. We also denote by =< their conjunction. As we
are not interested in the dependence on ¢, we consider that ¢ < 1, contrary
to what is done in [g].

For each integer n > 1 and each point x = (zq,x1,...,7,) € R*! we
define
2.1)  x =(x0,..-,Tpn_1), X =(v1,...,7,), Ax=x"—€x",
_ , _ T
(22) x| = max o] and L(x) = max aog’ - ).

n+1
For each p = 1,...,n + 1, we identify A\PR"*! with R(">") via an ordering
of the Grassmann coordinates as in |11, Chap. I, §5|. If n € {1,2,3} and if

X is a non-zero point of Z"*1, then L(x) # 0 and we have
(2.3) L(x) = [|Ax|| =[x A (1€, .., 7).

As in [8, §2], we fix a sequence (x;);>1 of non-zero points of Z* with the
following properties:

(a) the positive integers X; := ||x;|| form a strictly increasing sequence;

(b) the positive real numbers L; := L(x;) form a strictly decreasing se-
quence;

(c) if some non-zero point x € Z* satisfies L(x) < L; for some i > 1, then
[x]| = Xit1.

This is slightly different than the construction of Davenport and Schmidt in
[3, §4], but it plays the same role. In particular, using (2.3]), our hypothesis
translates into the basic estimate

(2.4) Li < || Axi|| < X3

We say that (x;);>1 is a sequence of minimal points for £ in VAR
For any integer n > 1, we define the height of a non-zero vector subspace
V of R™ defined over Q to be

HV) =llyi A Ayl

where (y1,...,yp) is any basis of VNZ" over Z. We also set H({0}) = 1. We
now recall some definitions and results from |8, §3] relative to the subspaces
(X4, ..., %j)r of R* spanned by consecutive minimal points x;;, . .. ,X;j. They
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use the well-known fact that, since [Q(¢) : Q] > 3, any proper subspace of R*
contains finitely many minimal points (see |8, Lemma 2.4]).

We first recall that each x; is a primitive point of Z*, that is, a non-zero
point of Z* whose gcd of the coordinates is 1. Thus, (x;)r has height X; for
each i > 1, and so (x;)r # (x;)Rr for distinct integers ¢, j > 1. For each i > 2,
we define

Wi = (Xi—1, Xi)R-
Then W; has dimension 2 and the set I of integers ¢ > 2 for which W; # W,
is infinite. For each ¢ € I, we define the successor of i in I to be the smallest
element j of I with 5 > i. We also say that elements ¢ < j of I are consecutive
in I if 7 is the successor of ¢ in I. For such 7 and j, we have

Wi# Wiyr = =W; # Wi,
thus Wit = W) = (x4,...,Xj)r = (Xi,X;)r. For each i € I, we also define
Ui = Wi+ Wip1 = (Xi—1, X4, Xig1)R-
Then U; has dimension 3. Finally, we define J to be the set of all ¢ € I for
which U; # U; where j is the successor of ¢ in I. This is an infinite subset
of I. For each triple of consecutive elements h < ¢ < j of I, we have
Ui = Whir + Wisr = (Xn, Xi)r + (%6, Xj)R = (Xp, X4, Xj)R,

thus (xp,%,x;) is a basis of U;. We also note that U; = (xp,...,%X;)R.
Moreover, we have x;41 ¢ U; if and only if ¢ € J. The heights of these
subspaces of R* can be estimated as follows.

PROPOSITION 2.1.

(i) For each i > 2, the pair (x;_1,%;) is a basis of W; NZ* and we have
H(W;) =< X;Li—1 < X},
(ii) For each i € I, we have
(iii) For each pair of consecutive elements i < j of I with i € J, we have
H(W;) < H(U;)H(Uj).

Part (i) is |8, Lemma 3.1]. Part (ii) follows from a general inequality
of Schmidt from [11, Chap. I, Lemma 8A| on the basis that W; and W;;
have sum U; and intersection (x;)g. Part (iii) follows from the same formula
upon noting that the sum of U; and U; is R* with height 1 and that their
intersection is W;.

Determinants play a crucial role in this theory. For each integer n > 0
and each choice of y; = (¥i0,...,¥in) € R for i = 0,...,n, we de-

note by det(yo,...,yn) the determinant of the matrix (y; ;) whose rows are
Y0, - -+, ¥Yn. We will need the following formula.
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LEMMA 2.2. Suppose that n > 1. Then, for yo,...,yn as above, we have

n

det(yo, ..., ¥n) = »_ (=1)'yiodet(Ayo, ..., Ayi, ..., Ayn)
i=0
where the hat on Ay; on the right hand side indicates that this point is
omitted from the list.

Proof. The linear map ¢: R"" — R"*! sending each y = (vo,...,¥n)
of R"*1 to

So(y) = (y()?yl - §y07 s Yn — gyn—l) = (y07 Ay)

has determinant 1. Thus, the square matrix with rows yg,...,y, has the
same determinant as that with rows ¢(yo), ..., ¢(yn). The result follows by
expanding the determinant of the latter matrix along its first column. m

The formula of Lemma [2.2] yields the standard estimate

n
(25)  |det(yo-yn)l < S IyillL(yo) - Ty - Liyn)
i=0
for any choice of yg,...,y, € R*! with n < 3. We add the condition n < 3

so that the implicit constant in (2.5)) is independent of n. In this paper, we
will need finer estimates of the following form.

COROLLARY 2.3. Letn € {1,2,3} and let yg,...,yn be linearly indepen-
dent elements of Z™*1. Then

|det(yo, -, ¥n)| < ||yl |det(Ayo, ..., Ayn_1)]

if L(yn) < 1 and if the n products ||y:||L(yo) - L(yi) - - - L(yn) with index
1=0,...,n—1 are smaller than some positive function § of &.
Proof. Put d = det(yo,...,yn). Lemma yields

n—1

|d = (=1)"yn o det(Ayo, ..., Ayn_1)| <> _[lyill L(yo) - L(y:) - L(yn)
i=0
for some ¢ = ¢(£) > 0. Since d is a non-zero integer, we have |d| > 1. So, if
the conditions of the corollary are fulfilled with 6 = 1/(2nc), we obtain
|d — (—1)"yn 0 det(Ayo, . .., Ayn_1)| < 1/2 < |d|/2,
and the result follows since the condition L(y,) < 1 implies that y, o # 0
and [lyn|| < |ynol- =

We also recall that (2.5) generalizes to

(2.6) lyo A= Ayl < S Ilyill L(yo) -+ L(yo) - - L{yy)
7=0
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for any choice of yo,...,yp € R™" with 0 < p < n < 3. We conclude with
the following estimates from |8, Lemma 2.1].

LEMMA 2.4. Let C € Z? and x € Z"! with n € {1,2,3}. Then the point
y =Ctx™ — C~x*t € Z" satisfies
Iyl < X[ L(C) + [[CllL(x) and  L(y) < [[C]L(x).

3. The maps C and E. For each non-zero point x of R*, we define
V(x) = (x",x")r CR3.
We also define a polynomial map C: R* x R* — R? by
C(x,y) = (det(x,xT,y7),det(x ", x",y"))
and note that, for a given (x,y) € R* x R*, we have
(3.1) C(x,y) #0 <= (dimV(x) =2and V(y) Z V(x)).

Since C is quadratic in its first argument, there is a unique tri-linear map
E: (R*)? — R? such that
(3.2) E(w,x,y) = E(x,w,y) and E(x,x,y)=20(x,y)
for each choice of w,x,y € R%. It is given by

E(w,x,y) = (det(w™,x",y7) —det(w",x7,y7),

det(w™,x",y") —det(w",x7,y")).

Besides (3.2]), we note that this map satisfies
(3?)) E(X7y7y) = E(y7X;Y) = _C(Y7X)
for each (x,y) € R* x R%.

The following result uses the operator A defined in (2.1]). We write A2 to
denote its double iteration. Thus, for a point x € R?*, we have A?x = A(Ax).

We also denote by Ax™ the vector A(x™) = (Ax)~, omitting parentheses.
Similarly, Ax™ stands for A(x™) = (Ax)™.

LEMMA 3.1. For any x = (zo,...,73) andy = (yo,...,y3) in R, we
have

C(x,y)” = zgdet(A%x, Ay™) + yo det(Ax~, A%x) + O(L(x)*L(y)),
C(x,y)" = 2o det(A%x, Ay™) + yo€ det(Ax—, A%x) + O(L(x)%L(y)),
AC(x,y) = zo det(A%x, A%y) + O(L(x)?L(y)).
Proof. For any choice of sign €, we have
C(x,y)¢ = det(x,xT,y) = det(x, Ax, y°).
Thus, Lemma [2.2] gives
C(x,y)" = o det(A%x, Ay*) + (y)o det(Ax~, A%x) + O(L(x)*L(y)),
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where (y™)o = yo and (y*)o = v1 = yo& + O(L(y)). This explains the first
two formulas. The last one follows from them by the definition of A. =

The above estimates have the following immediate consequence.
COROLLARY 3.2. For any x,y € R*, we have
ICG )| < IXILE)L) + IVILE)E  LCxy) < IXILELY).
For brevity, we write
(3.4) Vi=V(x;) and Cj; = C(x4,%; )

for each pair of positive integers ¢ and j. Then we have the following non-
vanishing result.

LEMMA 3.3. Suppose that X > /2 — 1 =2 0.4142. There is an integer
19 > 1 with the following properties:

(i) dimV; = 2 and V; # Viy1 for any integer i > ig.
(ii) For any integer i > ig and any non-zero'y € Z3, there is a choice of
signs € and n for which the integer det(xS, X?_H, y) is non-zero.
(iii) For any pair of consecutive elements i < j of I with © > iy, the four
points C;iy1, Cij, Cj -1 and Cj; are all non-zero, and C; j = bC; ;41
for some non-zero integer b with |b| < X;/X;11.

Proof. For each sufficiently large integer ¢ > 1, we have dimV; = 2 by
[8, Lemma 2.3] and V; # V;11 by [8, Proposition 5.2]. Thus property (i) holds
for some integer ig > 1. We now show that (ii) and (iii) also hold for such .

To prove (ii), fix an integer i > ip and a non-zero point y € Z3. If
y € Vi, we can write V; = (x, y)r for a choice of sign €, and then we obtain
R? = V4 Vip1 = (x§,x], 1, y)r for a choice of sign . If y ¢ V;, then (x¢, y)r
is a subspace of R? of dimension 2 for any choice of sign e. Choosing € such
that x¢ ¢ V11, we find again that R® = (x§, y)r+ Vit1 = (x5,x], 1, y)r for a
choice of sign 7. In both cases the triple (x¢, x; ', 1,¥) is linearly independent,
so its determinant is a non-zero integer.

To prove (iii), fix a pair of consecutive elements i < j of I with i > iy. In
view of , we have Cj ;41 # 0 and Cj_1 j # 0. Moreover [8, Lemma 4.2]
gives C; j = bC} ;41 for some non-zero integer b with |b| < X;/X;1. Thus,
we have C; ; # 0. By , this means that V; # V; and so Cj; # 0. =

We conclude with two growth estimates for the sequence (X;);>1:

LEMMA 3.4. Suppose that X\ > v/2—1. Then, for each pair of consecutive
elements i < j of I, we have
1—A

(3.5) Xj1 < X2, where 0= —
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If moreover ¢ € J, then we also have
(3.6) X< X0
Proof. Let i < j be consecutive elements of I. If ¢ is large enough, we
have Cj ;1 # 0 by Lemma Since Cjj_1 € Z?, this implies that
1< ||Cjjll < X;Lj-1Lj,
where the second estimate comes from Corollary[3.2] As Proposition [2.1]gives
Xij_l = H(W]) = H(WH_l) =< X;+1L;, we deduce that
1-Xyv—A
1< XZ'_HLiLj <K Xi+1 Xj+1
and (3.5]) follows. For i € J, the estimate (3.6|) follows from |8, Corollary 5.3,
equation (11)]. m

4. The maps ¥_ and V.. For each choice of sign e among {—, +}, we
define a polynomial map ¥, : (R*)? — R* by the formula
(4.1) VU (x,y,z) =C(y,z)x+ E(y,z,x)%y — C(y,x)‘z.
We first note the following identities.
LEMMA 4.1. For any choice of X,y,z € R*, we have
Ty —det(x,y T,z )y,
VU, (x,y,2z)" =det(xT,y",z" )y —det(xT,y",z7)y".

U_(x,y,z)” =det(x",y ,z

Proof. For any choice of y1,...,y4 € R3, we have
4
Z(—l)lil det(yl, AU ,y4)yi =0,
i=1
where (y1,...,¥i,...,y4) denotes the sequence obtained by removing y;

from (y1,...,y4). The first formula follows from this identity applied to the
points X7,y ~,y T,z € R3. We obtain the second formula by applying it to
xT,y ,yt,zt €R3.
PROPOSITION 4.2. For any choice of x,y,z € R\ {0} with
(4.2) Lx) S Lly) o L(Z)’
x|~ iyl — =l
and for any choice of sign €, we have

(4.3) (%, v, 2)|| < ly[*L(x)L(z) + |l2]| L(x) L(y)?,
(4.4) L(¥e(x,y,2)) < |z L(x)L(y)*.

Proof. Fix x,y,z € R*\ {0} with property (#.2) and set ¢ = ¥.(x,y,2z)
for some sign € among {—, +}. We first note that A, is a sum of four terms
of the form

v = +det(yy, ya,ys) Aya,
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where (y1,¥2,¥3,y4) is a permutation of (x,y,y,z) with
Liyy)  Ly2) | Llys)
[yl = llyell = llysll
By the general estimate (2.5)), we find that
VI < llysl|lL(y1) L(y2) L(ya) < |2l L(x)L(y)?,

and (4.4) follows.

Substituting y*© = &y~ + Ay and zT = £z~ + Az in the formulas of
Lemma we find

e = det(x5,y¢, Az)y ™~ — det(x5, ¥,z ) Ay.

Using (2.5 and (4.2), this gives

[Dell < llylIPL(x)L(2) + ||z L(x)L(y)?,
and (4.3)) follows because [|1)]| < [|YE|| + L(tbe). m

COROLLARY 4.3. For any non-zero v,w,x,y,z € R*\ {0} with
L) | Lw) | LG | L(Y) | L@)
IvIE = diwll = dl=l = iyl ]
and for any choice of sign €, the integer
de = det(v,w,x, ¥ (x,y,2))

(4.5)

satisfies
(4.6) [de| < (IlyIIPL(x)L(2) + ||| [|12]| L(y)*) L(v) L(W) L(x).
Proof. In view of (4.5)), the estimate (2.5 gives
|de| < [[We(x,y,2) | L(v)L(W)L(x) + [[x]| L(v) L(W) L(¥c(x, y, ).
Then (4.6]) follows from the estimates of the proposition. m

When the right hand side of (4.6)) is sufficiently small, the integers d_
and d; must both be 0. The next proposition analyses the outcome of such
a vanishing in a context that we will encounter later.

PROPOSITION 4.4. Let (v,w,X,y) be a basis of R* with x~ AxT # 0,
and let

(4.7) z=ay+bx+cw

for some a,b,c € R. Suppose that

(4.8) det(v,w,x,¥(x,y,z)) =0

for any choice of sign €. Then there exists t € R such that
(i) Cly,z) =tC(x,y),

(ii) C(z,y) = ctC(x,w),

(iii) det(C(z,x),C(x,w)) = c? det(C(w,x), C(x,w)).
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Proof. We will use the tri-linearity of the map E as well as its properties

(3.2) and (3.3]). We first substitute formula (4.1) for ¥.(x,y,z) into (4.8]).
This gives

det(v,w,x,y)E(y,z,x)¢ — det(v,w,x,z)C(y,x)* =0

for any choice of sign €. In view of , we also have

det(v,w,x,z) = adet(v,w,x,y).
Since det(v,w,x,y) # 0, the former formula simplifies to

E(y,z,x)° —aC(y,x)" =0,
which can also be rewritten as
(y Azt —yt Az —ay AyT)Ax =0.
As x~ AxT # 0, we therefore have
y_/\z+—y+/\z_ —ay_/\y+ = —tx AXT

for some t € R. This in turn implies that
(4.9) E(y,z,u) =aC(y,u) — tC(x,u)

for any u € R%.
For the choice of u = x, formula (4.9)) reduces to

(4.10) E(y,z,x) = aC(y,x).
For u =1y, (4.9) yields (i) since E(y,z,y) = —C(y,z). For u = z, it gives

C(z,y) = —aC(y,z) + tC(x,z)
= —atC(x,y) +tC(x,z) by (i)

=tC(x,z — ay)
=tC(x,bx + cw) by (4.7)
= ctC(x, W),

which is (ii). Upon substituting formula for z into , we find
0=E(y,ay + bx+ cw,x) — aC(y, x)
=aC(y,x) — bC(x,y) + cE(wW,y,X).
Using this relation, we obtain
C(z,x) = (1/2)E(ay + bx + cw, ay + bx + cw, X)

= a’C(y,x) — abC(x,y) + acE(w,y,x) — beC(x,w) + ¢*C(w,x)
= —beC(x, W) 4 2C(w, x),

which yields (iii). =
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5. First step. By [8, Corollary 6.3|, the complement I \ J of J in I
is infinite if A > Ao, where A9 =2 0.4241 denotes the positive root of the
polynomial Py(T) = 3T% — 4T3 + 272 + 2T — 1. In fact, we can show that
I\ J is infinite as long as A > (3 —/3)/3 = 0.4226 but we will not go into
this here as the proof is relatively elaborate.

Below, we recall the proof that A < A3 where A3 = 0.4245 is as in the
introduction and we study in some detail the limit case where A = A3. We
start with a lemma which uses the notation § = (1 — \)/A from (3.5).

LEMMA 5.1. For each pair of consecutive elements k <1 of I, we have
(5.1) HU)Y < XPa XL

When this is optimal in the sense that H(U)Y/* > XfHXk_J:l for another
implicit constant depending only on &, we also have

(5.2) Xem1 =< Xi,  Lp=<X N, Li<X).
Proof. Using the estimates of Proposition we find
H(Up) < X7 HW)H(Wipa) < X HW)H (W),
H(W;) = HWiy1) < Xpa Ly < X7

k+10
H(Wp1) < Xipa Ly < X7

+1>
thus H(U;) < X ll_;l/\X k- —13\1’ which is equivalent to ([5.1)). If this is optimal for

a set of pairs k < [, then all the above estimates are optimal for those pairs
and this yields (5.2). =

PROPOSITION 5.2. Suppose that A > A3. Then A\ = A3 and there are

infinitely many sequences of consecutive elements g < h < i < j of I with
h ¢ J andi € J. For each of them, we have

- - - v - - v/0 _ v
Xgr1 = X, Xpo1 =Xy = X[, Xen = X;= X% Xj = X0,

(5.3)
- YA - YA - YA - ¥
Ly = Xg+17 Lp = Xh+1’ Li= X7, L= Xj+17
and
(5.4) H(Uy) =< X7
: h) ~Api1-

0/~
W

Note that (5.3)) yields X;11 < X; < XZ and X1 < XZQ.
Proof of Proposition [5.9 Since A > g, we know by [8 Corollary 6.3]
that I\ J is infinite. Since J is infinite as well, there are arbitrarily large

consecutive sequences of elements g < h < i < j of I with h ¢ J and i € J.
Consider any such sequence, and set

U=Wp+Wh1 =W, + Wi

If h is large enough, we also have g € J and X, < X
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Then U # U; = W; + W;41 and Proposition [2.1] gives

(5.5) H(W;) < H(U)H(Uj),
(5.6) X;H(U;) < HW;)H(Wjy1),
(5.7) H(Wjs1) < Xjn L < Xj37.
Thus, we obtain
H(W,) X; X _ Xin
(5.8) H(U) > o> > 1>
H(U;) © HWjn) & X0~ X

Using 1/A = 1+ 0 and the estimate X;;1 < X/, from Lemma this
gives
146

X )
(59) H( )1/)\ > X+1 Xllj-le 0 )
1
Applying Lemma [5.1] to U = U}, = U;, we also find
(5.10) HU)Y « XMX,Hll,
6—1/6
(5.11) HUY < X, X5 < xp00°,

where the second inequality in (5.11]) uses the estimate X, < X9 g+1 from

Lemma Combining (5.9) and (5.10]), we obtain

(5.12) Xp1 < Xm ;
and so (5.9) and ({ m ) yield
(5.13) XL <« HU) < XPV0 <« xOHOED),

As h can be chosen arbitrarily large, we conclude that
14+60—-62<(0-1/6)(0*—1)=0(0—1/6)%
which can be rewritten as

1< (0—1/6)+ (6 —1/6)>.
This gives §# — 1/0 > 1/ and so A2 — 3\ +~ > 0, which in turn implies
that A < As. Since A > A3, we conclude that A = A3, thus § — 1/60 = 1/~
and the inequalities are optimal. Going backwards, we deduce that all
estimates (5.5 to are optimal.
Since and are optimal, Lemma- gives

Xgp1 = Xn,  Xnp1 =<Xi, Lyg=<X\, Ly=<X;0\, Li<X).

+1°
Optimality in (5.7)) and (5.8)) also yields X;41 < X; and L; < XA ir1- Finally,
(5.9), (5.11) and (5.12)) being optimal, we have

- Y0 - Y0 o v0?-1 _ y9/v
Xjr1 X Xih, Xppn X Xgpp, X XX = X

h+1°




Simultaneous approximation, 11 13

and H(U) =< X,S(rll/e))‘ = X,i‘_/& This proves (5.3]) and ([5.4). Finally, using
Lemma as in ([5.11]), we find that
0—1/0)\ A
H(U,) < XV = X100
So, if h is large enough, we have U, # U = U}, and thus g € J. Then

Lemma gives Xy < XZZ_I = Xlg/w' .

We conclude this section with three consequences of the above estimates
in the limit case where A = A3.

COROLLARY 5.3. Suppose that A\ = A3. Then any pair of large enough
consecutive elements of I contains at least one element of J.

Proof. Otherwise, since J is infinite, there would exist arbitrarily large
triples of consecutive elements g < h < i of I with g ¢ J, h ¢ Jand i € J,
contrary to the last assertion of the proposition. m

More precise estimates based on similar arguments show that Corol-
lary [5.3] holds for A > 0.42094.

COROLLARY 5.4. Suppose that A = A3, and let h < i < j be consecutive
elements of I with h ¢ J. If h is large enough, then (xp,X;,X;,Xj4+1) s a
basis of RY with

1= |det(Xh,Xi,Xj,Xj+1)‘ = Xj.,_l’det(AXh, Ax;, AX]‘)‘ = Xj+1LhLiLj.
Proof. For h large enough, Corollary gives i € J, and then
R = U; + U; = (xn, %4, Xj)r + (Xi, X, Xj41)R = (Xp, Xi, Xj, Xj+1)R,

thus (x5, Xi,Xj,X;4+1) is a basis of R%. As this basis is made up of integer
points, its determinant d is a non-zero integer. Since

X;LpLiLjy1 < X;LyLiL; = X7 2072720  x-0575
Corollary gives
|d| < Xji1|det(Axp, Ax;, Axj)| < Xjp1LpLiLj,
and the conclusion follows from the computation
X LypLiLy = X0 20727207 —
since Y0 — M — Ay — My = y(62 —1) = A0 =0. =

PROPOSITION 5.5. Suppose that A\ = X3, and let ¢ < h < i < j be
consecutive elements of I with h ¢ J. If h is large enough, then

(i) |det(A%xg, A%xy)| < LyLy,  and |det(A%x;, A%x;)| < L;L;,
(i) 1< |[Chgll = L(Ch,g) and 1< [Cji]l = L(Cja),
(111) L(Cgﬁ) = Xg/Xh and L(CZ,J) = XZ/X]
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Proof. Since g < h and i < j are pairs of consecutive elements of I,
Lemma (iii) shows that Cj,, and Cj; are non-zero points of Z? if h is
large enough. As Corollary [3.2] gives

IChgll < XnLygLn = X7 =1,
we deduce that ||C}, 4|| < 1 for large enough h, and thus L(C} 4) < 1 since
¢ ¢ Q. Since LgL,QL tends to 0 as h — oo, Lemma yields
1< L(Chg) < Xp|det(A%x,, A*xy)| < XpLgLy < 1,
and then
L(Cyp) =< Xg|det(A*xy, A%xp)| =< XgLyLy,

because L,/ X, tends to 0 as h — oo. This proves the first parts of (i)—(iii).
The second parts are proved in the same way. u

6. A new set of algebraic relations. From now on, we assume that
A = A3 = 0.4245 and so the estimates of Proposition apply. To alleviate
the notation, we also set
Ci = Ciiy1 = C(x4,Xi41)

for each ¢ € I. By Lemma (iii), this is a non-zero point of Z? for each
large enough 4. In this section, we show that det(C}, Cj) = 0 for any triple of
consecutive elements i < j < k of I with ¢ € J large enough, and we deduce
that J contains finitely many triples of consecutive elements of I. By a finer
analysis that we avoid here, one can show that this finiteness property holds
whenever A > Ay, where Ay = 0.4241 is defined at the beginning of Section 5}

LEMMA 6.1. Let h < i < j be consecutive elements of I with h ¢ J. Then
(1—2) .Y —2\ Y
IChll < X072V L) < X, 16 < X0 Ley) < x;,
Moreover, det(Ch,C;) = 0 if h is large enough.
Proof. The estimates of Corollary and Proposition [5.2] yield
IChll < Xpya L2 < XUV and |Gyl < Xia L2 = X072V,

If h is large enough, Lemma [3.3(iii) gives Cj; = bC} for some non-zero
integer b. Then, using Corollary [3.2] we find

L(Cy) < L(Ch,;) < XpLpL; < X;-)\e—)\'y'

Similarly, if h is large enough, Lemma [3.3(iii) gives C;; = b'C; for some
non-zero integer b’ and, using Corollary we find

L(Cz) < L(C%]) < XszLJ - Xg—)w—)\@y'
This proves the remaining estimates since

1—-XM =Xy =A=X y==X/y and - Ay =Ny =0 —~v=—-\/>.
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Finally, using these estimates, Lemma [2.4] gives

|[det(Ch, Ci)| < [|ChlIL(Ci) + [|Cil| L(Ch) < Xy,
where a = y(1 — 2X\) — A/y < —0.018. As det(C}, C;) is an integer, it must
be 0 if h is large enough. m

LEMMA 6.2. Leti < j < k be consecutive elements of I with i € J. If i
is large enough, then det(Cj, Cy) = 0.

Proof. If j ¢ J, this follows from Lemma [6.1] So, we may assume that
j € J. Then we have {3, j} C J and [8, Lemma 6.1] gives
M N -3+ 1

FA A T L1536

AA2 =X +1)
If k € J, we also have {j,k} C J and the same result gives L(Cy) < X |,

where [ is the successor of &k in I, and so, a fortiori,

(6.1) L(Cj) < X4y where o=

If k ¢ J, the last estimate still holds as Lemma [6.1| gives L(C}) < X,;/\/'Y <

X]._J:‘l/7 where —\/y = —0.2623 < «. Using (6.1]) and (6.2)) together with the

estimates for ||C}|| and ||Cj|| coming from Corollary Lemma gives
det(Cy, Ci)| < G ILACH) + [ CHIL(C)

1-20+a | yl-2\+a ~0.0026
XX <X

Thus det(Cj, Cy) = 0 if 7 is large enough. =

PROPOSITION 6.3. The set J contains finitely many triples of consecutive
elements of I.

Proof. Suppose on the contrary that J contains infinitely many such
triples. Then there are infinitely many maximal sequences of consecutive
elements ¢ < j < --- < r of I contained in J, with cardinality at least 3.
If 4 is large enough, such a sequence extends to a sequence

h<i<j<---<r<h<i

of consecutive elements of I with h ¢ J and b’ ¢ J, and by Lemma

the integer points Cj,..., (), Cy, Cy are all integral multiples of a single

primitive point C' of Z?. Using Corollary and Lemma , we find that
[CIl < (1G5l < X532 and L(C) < L(Cy) < X,

Asr e J, Lemma gives X, < Xf:il = Xz,/v. As r > j, we also have

X, > X = X}g using the estimates of Proposition H Thus, we obtain

L(C) < X, M0 < XN,
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We form the point
y= C_xj —Ctx; e 73

J
If h is large enough, then V; = (x, xT)r has dimension 2 by Lemma (i),

and so y is non-zero. Using Lemma [2.4] we find
Liy) < |[C|L; < Xj37% Iyl < X3L(C) + |C|IL; < X7
since 1 — 3\ < 0. So, for any choice of signs € and 7, we obtain, using the
general estimate ([2.5)),
|det(x},—1, %, ¥)| < XpLn-1L(y) + Iyl Ln-1Ln
< X’t—)\—f—fye(l—fﬂ)\) _i_X];y(l—/\)—)\—e)\ < Xh_o_()24.
By Lemma (ii), this is impossible if h is large enough. =

7. Another set of algebraic relations. As in the preceding section,
we assume that A = A3 =2 0.4245. We start with the following observation.

LEMMA 7.1. Let g < h <1 < j be consecutive elements of I with h ¢ J.
Then we have

DXj = gX; + rXp + 5X4
for some integers p, q, r, s with 1 < |p| < 1 and 1 < |s| < 1. Moreover, if
h is large enough, then (Xg—1,Xg, Xn,X;) is a basis of RL.

Proof. Set U = Uy = U;. Then (x4,xp,%;) and (xp,X;,%;) are bases of
U as a vector space over R, while (xp,x;) is a basis of Wj41 = W over R.

By Proposition (i), the pair (x;,Xp41) is a basis of Wj,,1 NZ* over Z.
Thus, it can be extended to a basis (x5,Xp11,y) of UNZ* over Z. By the
above, we can write

X; = axp, + bxp41,
/ / /
Xg = aXp +0Xpp1 +Cy,
" /! /!
Xj=axp +0'xXpp1 +Cy

for a unique choice of integers a,a’,a”,b,b', 0", , " with b # 0, ¢ # 0 and
d’ # 0. For these integers, we find that

(7.1) bd'xj — bd"x4 € (xp,%;)7.

We claim that [b¢/| < 1 and |bc”’| < 1. To prove this, we note that x, Ax; =
bxp A xXpy1, thus

lxg A xp Al = ||bxg Axp A Xpit]l = ||y Axp Axpya|| = b |H(U).
Similarly, we find that
|x; Axp Axg|| = b |H(U).
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The claim is then a consequence of the following computations based on the
general estimate (2.6) and the estimates of Proposition |5.2;

g A xn AX|| < XiLgLy = X022 = XM = (1),
Ix; A xp Axil| < X;LaLi < X) 72072 = X0 < g(U),
asf— X=X =X0>—-1)=X0/yand 7y — M — Ay = (1 =N)(y—1) = \0/~.
This claim together with (7.1]) proves the first assertion of the lemma.
Finally, if h is large enough, Proposition [5.2| gives g € J, and thus we
have U, + Uy, = R%. Since (x4-1,%g,Xp,) is a basis of U, while (x4, Xp,X;) is
a basis of Uy, it follows that (x4—1, X, Xn,X;) is a basis of R%. u
The next result plays a crucial role and holds whenever A > (0.42094.
Here, we only prove it under our current hypothesis that A = As.

PROPOSITION 7.2. Let g < h < i < j be consecutive elements of I with
h ¢ J, and let € be a sign among {—,+}. If h is large enough, then
(7.2) det(xg-1,Xg, Xpn, Ye(xp,%;,%;)) = 0.

Proof. The conditions (4.5]) of Corollary are fulfilled for the sequence
(v,wW,X,y,2) = (Xg_1,Xg, Xp, Xj, X;j). S0, upon denoting by d. the determi-
nant on the left hand side of (7.2)), we obtain

|de| < (X?LnLj + XpX;L3)Ly_1LyLy,.
Using the estimates (5.3)) of Proposition we find
XPLpLy = XP07207200 < 12047 and X, X502 = XY < x4
Since Lemma gives X411 < Xg, we also have L, < Xg_)‘ < Xgl)‘l/e,
thus
Ly 1LygLy, < X; M0 < x 13131

and so |de| < X, 0-687 " As d, is an integer, we conclude that d. = 0 if h is
large enough. =

COROLLARY 7.3. Let g < h < i < j be consecutive elements of I with
h ¢ J. If h is large enough, there are non-zero rational numbers ¢ and t

whose numerators and denominators are bounded only in terms of &, such
that

(ii) Cjﬂ‘ = CtCh,g,
(iii) det(C'jﬂh, Ch,g) =c? det(C’g,h, Ch,g)‘

Proof. Lemma [7.1] and Proposition [7.2] show that the hypotheses of Pro-
position are fulfilled with (v,w,x,y,z) = (X4-1,Xg,Xp,X;,X;) and
¢ = s/p for bounded non-zero integers p and s, if h is large enough. Then
(i)-(iii) hold for some ¢t € R. If h is large enough, Proposition [5.5(ii) also
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gives ||Cji|l < ||Chqll < 1. Then (ii) implies that ct is a non-zero rational
number with bounded numerator and denominator. Since ¢ has the same
property, this applies to t as well. »

The third identity of the corollary has the following consequence.
LEMMA 7.4. Let g < h <i < j be consecutive elements of I with h & J.
If h is sufficiently large, then
)\2
ol = |det(Cjn, Crg)| < 1]l < X377

Since A?/y = 0.111, this is a significant improvement on the generic
upper bound [|Cy|| < X 91;12’\ = X ,1_2’\ coming from Corollary @ where
1—2X\=0.151.

Proof of Lemma[7.4 If h is large enough, we have 1 < [|Cy, g|| < L(Ch,g)
by Proposition [5.5ii), and Lemma [3.3{iii) gives Cy = bCy for some non-
zero integer b with [b| =< X, /X 11 =< 1. Thus, if h is sufficiently large,
Corollary [7.3|(iii) yields

|det(Cy, Chg)| = |det(Cjp, Ch.g)| < [|Cjpnll-
Using Corollary we also find
2
|Csll < X5Li Ly =< X707 = X7
since ¥ — Ay0 — A\ = —1 4+ 72X = A2 /5. On the other hand, we note that
_ 0/y— _
L(Cy) = oI L(Cyp) = X/ X < Xp77H < X5,0107

using Proposition (iii) and the estimate X, < Xz/ 7 of Proposition
In particular, this means that ||Cy A (1,€)|| < L(Cy) tends to 0 as h — oc.
As ||Chg A (1,8)]| < L(Chg) < 1, we conclude that the angle between Cy
and C}, 4 is bounded away from 0 as h — oo and so

|[det(Cq, Chg)l < [|Cyll IChgll < |l m

PROPOSITION 7.5. Any pair of sufficiently large consecutive elements of
I contains ezxactly one element of J.

Proof. By Corollary [5.3] any pair of sufficiently large consecutive ele-
ments of I contains at least one element of .J. So, it remains to show that J
contains finitely many pairs of consecutive elements of I.

Suppose on the contrary that J contains infinitely many such pairs. Then
it follows from Proposition and Corollary that there exist arbitrarily
long sequences of consecutive elements g < h <1¢ < j < k <l of I with

geJ, h¢d, ied jeJ k¢lJ 1lel
Since k ¢ J, Lemma [7.4] gives
A2 [y
(3) o5l < X,
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On the other hand, if A is large enough, Lemma (iii) gives C = bCj
for some non-zero b € Z with |b| < X;,/X;11 =< 1. In view of this, Proposi-
tion [5.5{(iii) gives
0— —A

(7.4) L(C)) = L(Cyp) = X;/ X, = X070 = x M7,
using the fact that X < X, =< XJQ since h ¢ J and k ¢ J. Combining
(7-3) and (7-4)), we obtain L(C;) < ||C;||~/*. By |8, Lemma 2.2], this implies
that L(C;) < ||C;]|~**, but we will not need that. We will get the desired
contradiction by considering the sequence e < f < g < h of four consecutive
elements of I ending with h, and by forming the point

y=Cx5—Cx, €7’

If h is large enough, Lemma [3.3(i) shows that the points x; and x are
linearly independent and thus y is non-zero. By Lemma [2.4] we have

(7.5) Iyl < ICjllLe + X L(CY).
If f ¢ J, Proposition gives, for h large enough,
(7.6) Xe<X{, Le= X7, X]x< X

If f € J and h is large enough, Proposition tells us that e ¢ J because
f,9 € J. Then Proposition shows that the estimates ((7.6)) still hold. In

fact, it even gives the stronger estimate X, =< X}/e with exponent 1/6 < 6/~.

Combining (7.3)—(7.6) and using the estimate Xj =< X;;1 =< X;L’G coming
from Proposition we find that
0/~v%2—\0

2 - 2 2y
Iyl < X}i\ /th Ay +Xz/7 X; Ay < X}/L\ 0—X/vy +x7 < Xh—o.om‘
For h large enough, this is impossible as y # 0. =

8. Final contradiction. In this section, we assume that our fixed real
number £ of Section [2] satisfies the hypotheses of Theorem for A = A3
2 (0.4245 and we prove Theorem by reaching a contradiction.

More precisely, we will show that if f < g < h <i < j <k </ are
consecutive elements of I with h ¢ J large enough, then the points Cj, and
C, are linearly dependent with

(8.1) [Crnll <l[Crull and  L(Cyp) > L(Cyy),

which is impossible. To show this, we will need sharp estimates on the above
quantities.

Proposition [7.5] greatly simplifies the problem by showing that large con-
secutive elements of I alternate between J and I\ J. By Proposition
this provides sharp estimates on the minimal points. Explicitly, if h <1 < j
are large consecutive elements of I with h ¢ J, then Proposition shows
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that i € J and j ¢ J, and Proposition gives

0 _ _
(82) Xpp=Xi=X), Xim=X;=X" Ly=X;7\, Li=X7)

In particular, this gives Xz/e < X1 < X! for each i € I. Corollary (ii)
also has the following consequence.

LEMMA 8.1. There is a primitive point (a,b) € Z? such that

Chyg € ((a;0))z
for each pair of large enough consecutive elements g < h of I with h ¢ J.

Proof. For each pair of large enough consecutive elements g < h of [
with A ¢ J, the next pair of consecutive elements i < j of I has j ¢ J,
and Corollary (ii) shows that Cj 4 and Cj; are linearly dependent. As
the latter are non-zero points of Z?2, they are integer multiples of the same
primitive point (a,b) of Z2. The result follows by induction on h. =

For each integer 7 > 1, we define
— Ax; - A%x;
Ax; = ‘= and A?x; = L
t1Ax C A

Since ||Ax;|| < L;, Corollary and Proposition [5.5(i) have the following

immediate consequences.

= A(Ax;).

LEMMA 8.2. For any large enough consecutive elements g < h <1 < j of
I with h ¢ I, we have

|det(Axp,, Ax;, Ax;)| =< 1 and |det(A%x,, A2x,)| = 1.
The next lemma asks for precise estimates for \det(&; , A\;(jﬂ as i goes
to infinity in [.
LEMMA 8.3. For any large enough integers ¢ < j with i € I, we have
Gl = G = XL det(Bx, x|
Proof. For integers 1 < i < j, Lemma [3.1] gives
G331l = clwjol |det(Ax;, A%x;)| + O(XiLiLy),

where ¢ = max {1, (|} and where z; is the first coordinate of x;. If i € I,
we also have X;11 > XZ /6 by the remark below (8.2)), thus

X,LiL; < X;L2 < X720« x;700133,
As A?x; = Ax; — £Ax;, we deduce that
|det(Ax;, Ax;H)| 4+ O(X;00133),

1Ci 1l = clzjo
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Moreover, if 7 is large enough, Lemma3.3|shows that C; = Cj ;11 is a non-zero
point of 22 Then the above estimate with j =4 + 1 yields

1< Gl = X ldet(Ax;, A%,
and the conclusion follows. m

We now exploit the various estimates of Corollary and their conse-
quences developed in Lemmas [7.4] and

PROPOSITION 8.4. Let (a,b) be as in Lemma . For any large enough
consecutive elements g < h <i < j of I with h ¢ J, we have

(i) det(Ax, , Ax, )| = X7|det(Ax; , Ax; )],
(i) [det(A%x,, alx, —bAx, )| < X) 1 < X088
(iii) [det(Ax, , Ax, )| = X;7|det(A2x;, alx,, — bAxy, )|,
where 0 =2 — (34 v)A = 0.0396.
Proof. By Corollary-' we have ||C, ;|| < ||C; ||, and thus

\det(AXh,Axh)] = X; L2\det(Ax Ax )|

by the previous lemma. As we find that X;L? = Xil_”‘ = Xg(l_z/\) and
that X;L? < X}_”‘ = XZ(I_Q’\), this yields the estimate of part (i) with
o=-0)1-2)) =71 -2))=2-3+7)A
Lemmaimplies that aC}J{,gbe};g = 0. By the formulas of Lemma
this gives
Xp|det(A%xy,, alx;] —bAx, )| < X, L3,

and part (i) follows as X L2 /(X,LoLy) = XyLp/(XpLg) < XZM_)‘Q_H)‘
_ X]';/)\fl'

Finally, Lemma gives ||Cy|| < |det(Cjp, Chg)|. As Cp 4 is a non-zero
multiple of (a,b) by Lemma and as it has bounded norm by Proposi-
tion [5.5((ii), it is a bounded non-zero multiple of (a, b). We deduce that

1< |Gyl = |aC;-7rh —bC | = |det(x; Axj,ax) — bx; )|
= Xj|det(A%x;, alAx} — bAx; )],
using Lemma to expand the determinant, and noting that XhL2 tends
to 0 as h — oo. Since Lemma gives [|Cyl| < Xgy1|det(Ax, Ax*)\ we

obtain the estimate of part (iii) by observing that X;L;L; / (X, HL ) =<

A—OA—yOA—14+2) -
X7 - X; 7.

In a first step, we deduce upper bound estimates for the quantities

|det(AX AX )| with ¢ € I. We will show later that they are best possible
up to multlphcatlve constants.
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COROLLARY 8.5. Let o be as in Proposition[8.4l For any pair of consec-
utive elements g < h of I with h ¢ J, we have

(i) |det(Ax, , Ax, )| < X7,
(i) |det(Axy, , Ax, )| < X7,

Proof. We may assume that g < h are large enough so that Proposi-
tion [8.4] applies to the sequence of four consecutive elements g < h < i < j of
I starting with g. Then part (i) follows immediately from Proposition (iii).
For part (ii), we may assume that h is large enough so that j ¢ J and thus
the estimate of part (i) holds with the pair g < h replaced by i < j. Then

Proposition [8.4i) gives
det(Ax,, , Ax, )| < XFX;77 = X777 = X,/

COROLLARY 8.6. Let o be as in Proposition[8.4] For any pair of consec-
utive elements g < h of I with h ¢ J, there are points (sg,ty) and (sp,ty) of
norm 1 in R? such that

A\;(g = :l:(sga Sgtgat?]) + O(X]:‘T) and A\;(h = :I:(S}Q” spth, ti) + O(Xh—o'/'Y)

As E;Cg and E;Ch are points of norm 1 in R3, this is a direct consequence
of Corollary and of the following simple observation.

LEMMA 8.7. Lety € R? with ||y|| = 1, and let 6 = |det(y~,yT)|. There
exists a point (r,s) € R? with ||(r,s)|| = 1 such that

ly £ (2, rs,s%)|| < 26.

Proof. We may assume that 6 < 1, otherwise any point (7, s) of norm 1
has the required property. Writing y = (a, b, c), we have § = |ac — b?|. By
permuting a and ¢, and by multiplying y by —1 if necessary, we may assume
that a = |a| > |c|]. We set (r,s) = (1,b). Then we have ||(r,s)|| = 1 since
1b] < |ly|l <1 and we find

(8.3) |y — (1,b,0%)]] = max {1 — a, |b* — ¢|}.

If @ < 1, we have |¢| < 1, thus |b| = 1 since ||y|| = 1, and then 6 = 1 — ac.
As § < 1, this implies that ¢ > 0, thus the right hand side of becomes
max {1 —a,1 —c} < 4. If a = 1, it reduces to |b?> — ¢| = d. In both cases, we
are done. =

From now on, we fix a pair of points (s4, ty) and (sp, ) as in Corollary
for each pair of consecutive elements g < h of I with g € J and h ¢ J. This
yields a unique point (s;, ;) for each large enough i € I.

PROPOSITION 8.8. For any large enough consecutive elements g < h <
i < j of I with h ¢ J, we have
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(i) 1= ‘tg — 539\ = ’th — fsh\ = ’Sgth — Shtg|,
(ii) 1= ‘Shti — Sith| = |Shtj — Sjth| = ‘Sitj — Sjti|.

Proof. Using the formulas of Corollary [8.6] the estimates of Lemma [8.2]
become

1 = |det(AZx,, A2x;)| = |(ty — Es4)(th — gsh)det<89 tg) +O(x,; ),

Sp th

S%L Snth t%
1= |det(Axp, Axi, Ax;)| = |det | s2 sit; 2 ||+ 0(X; )
sz Sjtj t?

= |(snti — sitn)(sntj — sjtn)(sit; — siti)| + (’)(Xh_a/v),
The conclusion follows since all the factors involved have bounded absolute

values. =

In particular, Proposition [8.8](i) implies that |¢; — £s;| < 1 for each large
enough 7 € I. Analyzing in the same way the estimate of Proposition (ii),
we find the following relation.

PROPOSITION 8.9. Let (a,b) be as in Lemma and let k = ||(a,b)]|.
For each pair of consecutive elements g < h of I with h ¢ J, we have

(8.4) (5g:tg) = £ (a,b) + O(X;7),
where o is as in Proposition [8.4 If h is large enough, then we also have
\ath — bsh\ = 1.

Proof. We may assume that the pair ¢ < h comes from a sequence of
consecutive elements g < h < i < j of I with h ¢ J large enough so that
Proposition applies. Using the formula of Corollary m for Ax,4, we find
that

X038 s |det(A%x;, adx, — bAX, )|
= |(aty — bsy) det(A%x,, (sg, 1)) + O(X;, ).
Using the formula of Corollary for Z;(h and Proposition (i), we also
note that
[det(AZxy,, (sg,tg))| = | (b — Esn) (sgtn — stg)] + O(X;, 7)< 1.
So, we conclude that
laty — bsg| < X, 7.
If [b| < |al, we have 1 < |a] = k < 1 and this gives t, = (b/a)sy + O(X,7),
thus
(Sg:tg) = sg(1,b/a) + O(X, 7).
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Since [|(sq,t4)|| = 1, this implies that s, = £1 + O(X,?) and (8.4) follows.
The case where |a| < |b| is similar and also yields (8.4]). Using this formula
for (sq,ty) and assuming h large enough, we conclude from Proposition (1)
that

\ath — bSh’ = H‘Sgth — tgsh] + O(X}:U) =1 =
We deduce the following strengthening of Corollary [8.5

COROLLARY 8.10. Let o be as in Proposition 84 For any large enough
consecutive elements g < h of I with h ¢ J, we have

: - ot 5
(i) [det(Ax,, Ax )| = X7,
(ii) |det(Ax;, , Ax, )| =< X; /7,
Proof. For large enough consecutive elements g < h < i < j of I with
h ¢ J, we have j ¢ J and we find
|det(A2x;, aAx, — bAx, )|
= |(tj — ij)(ath — bsh)(Sjth — Shtj)‘ + O(Xh_a/’y) =1

using the formulas of Corollary [8:6] the estimates of Proposition 8.8 and the
last estimate of Proposition This gives (i) as a consequence of Proposi-
tion [8.4f(iii). Finally, (ii) follows from (i) with g replaced by 4, together with
Proposition [8.4i), similarly to the proof of Corollary [8.5[(ii).

PROPOSITION 8.11. Let o be as in Proposition[8.4. For any large enough
consecutive elements g < h < i < j of I with h ¢ J, we have

2)—1 —\/~2 3A—1 2)—
1Cynll = X728 L(Cyn) = X, M7, 1Oyl = X7 L(Cy ) = XA,

Proof. Using Lemma [8.3] and the estimates of the previous corollary, we
find that

[Cy.nll = XhL3|det(Z;(;, &;)‘ - X};QA*U _ X;’f)‘*l,
Axs Axr —20A— -
|Ch |l =< X;L7|det(Ax,, , Axy, )| < X! 2WX—0/y _ XZ(S )
By Proposition [5.5[(iii), we also have

0/~v— —A/2
L(Cyp) = Xo/Xp = X271 = x, M7,
Finally, Lemma [3.1] gives
AC]W‘ =Tho det(A2xh, AQX]') + O(L%Lj),

where xj, ¢ is the first coordinate of xj. Using the formulas of Corollary
together with the estimates of Proposition [8.8 we find that

[det(A%x, A2xj)| = [(tn — Esn)(t; — &s5)(suty — s5tn)] + O(X, 7)< 1,



Simultaneous approximation, 11 25

and so

L(Chj) = |ACh ;| = XpLyL; =< X177 = x7"A7 o

Final contradiction. Let f < g < h < i < j < k < [ be consecutive
elements of I with h ¢ J. If h is large enough, we have

] ; 1 2
{fah7]7l}CI\J, {g,z,k‘}C.], Xfoh/ﬁ/’ XZXX}Y,
and Proposition gives
4y _~2 _ B

HCk,lH = XZ A=y _ )(2.2915...7 L(Ck,l) — Xh)\ _ Xh 0.4245...7
|Cpall = XL = XP2T5 0 [(Cpp) = X = X 08181

Using the standard estimate (2.5 for determinants, we deduce that

|det(Cr, Cra)| < Cral L(Cra) + | Crall L(Cpp) < X %02

As this determinant is an integer, it vanishes if h is large enough, and we
conclude that C'yj) = pCy, for some non-zero p € Q that depends on h. If
h is large enough, we also note that ||Cy | < ||Cr,| and L(Cfn) > L(Cyy),
as claimed in . This is impossible since the first inequality implies that
|p| < 1, while the second yields |p| > 1. This contradiction completes the
proof of Theorem [I.2]

9. Addendum. Although the above shows that the hypotheses of The-
orem are not satisfied for A = A3, it is nevertheless useful to search for
further polynomial relations satisfied by the sequence (x;);cs, assuming that
A = A3, because these relations may continue to hold for smaller values of .
They may also suggest new constructions that will eventually produce some
¢ € R with [Q(¢) : Q] > 3 whose exponent A3(&) is largest possible, in a
similar way to what is done in |6] for the exponent X2 &).

I found several such relations. For brevity, I will simply indicate one of
them. It is linked with the polynomial map =: (R*)? — R* given by
E<X7 Y, Z) - C(Z7 X>7W+ (y7 X, Z) - C(Z7 X)er— (ya X, Z)
- - det(E(Xu z, y)7 C(Z, X))X - det(C(x, Z), C(Z, X))y
Fdet(C(x.y), Clz. ).

This polynomial map has algebraic properties that are similar to the map
from (R3)? to R3 that plays a central role in |6, Corollary 5.2] and sends
a pair (x,y) to [x,x,y] in the notation of |6, §2]. The present map sends
(Z*)3 to Z*, and it can be shown (or checked on a computer) that, for any
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X,y,z € R* the point w = Z(x,y,z) € R* satisfies
),C(z,y)) det(C(x,y), C(x,2))C(x,2),

-det(C(x,2),C(z,x))z.
It can also be shown that, for x,y,z as in Proposition [£.2] the point w has
L(w) < ||z[*L(x)*L(y) L(=2),
1wl < |lzl”L(x)*L(y) L(z) + ||x|]*|l2[| L (x) L(y) L(2)*.

Suppose that A = A3, and let j; < jo < j3 < --- denote the elements of T
in increasing order. Without loss of generality, by dropping the first element
of I if necessary, we may assume that jo;—1 € J and jo; ¢ J for each large
enough ¢. Then, upon setting y; = x;, for each i > 1, one finds using the
above estimates that, when ¢ is large enough,

det(y2i—6, Y2i—5, Y2i—4, = (¥2i» Y2i+1, Y2i+2)) = 0.
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