EXTREMAL NUMBERS AND
MULTI-PARAMETRIC GEOMETRY OF NUMBERS

DAMIEN ROY

In memory of Bertrand Russell, mathematician and philosopher,
for his commitment to peace.

ABSTRACT. We study weighted simultaneous rational approximation to points of the form
(1,£,£2), for a class of extremal real numbers &, within the framework of multi-parametric
geometry of numbers.

1. INTRODUCTION

Fix an integer n > 2. For each A = (a;,) € GL,(R) and each q = (¢1,...,¢,) € R, we
denote by C4(q) the parallelepiped of R™ made of the points x = (z1,...,z,) € R" satisfying

(1.1) la;i171 + aioxo + -+ @ity <exp(—¢) fori=1,... n.

For each j = 1,...,n, we also denote by L4 ;(q) the logarithm of its j-th minimum with
respect to Z", namely the smallest ¢ € R such that the product e'C4(q) defined by

@11 + Aoy + -+ QT <exp(t—q;) (1 <i<n)
contains at least j linearly independent points x = (z1,...,x,) of Z". The map
Ly:R* — R”
qa — (Lai(q),Laz(a),.-., Lan(q)).

carries much information about Diophantine approximation to the matrix A and little is lost
in estimating L 4 up to bounded error on R".

Geometry of numbers imposes constraints on the components of L4, as shown in [11, 12, 13]
in one parameter setting, and in [2] in the general case. For example, since the logarithm of
the volume of C4(q) is —(q1 + - - - + ¢n) + Oa(1), Minkowski’s second convex body theorem
gives

(1.2) Laa(@)+ -+ Lan(a) =q + -+ ¢, + O0a(1),

where O4(1) stands for a function of q whose absolute value is bounded above by a constant
depending only of A. The main open problem is whether or not, for given n > 3, this and
other such conditions suffice to characterize the set of all maps L4 with A € GL,,(R) modulo
the additive group of bounded functions from R" to R™ (cf. [9]). Even a characterization of
the maps L4 modulo the additive group of functions f: R” — R™ with ||f(q)||/||q|| — 0 for
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2 DAMIEN ROY

llal| — oo, using say the maximum norm, would be useful in questions related to spectra of
exponents of Diophantine approximation. We do not address this problem here. Our goal
instead is to estimate the map L4 for a specific type of matrices A € GL3(R).

We first restrict to matrices of the form

1 0 0
A=1[& -1 0 | € GL3(R)
& 0 —1

attached to points & = (1,£1,&) € R3. For convenience, we adapt the notation as follows.
For each q = (q1,¢2) € R?, we set Ce(q) = Ca(0,¢1,¢2), and, for each j = 1,2,3, we set
Le (@) = La;(0,q1,¢2), that is the smallest ¢ € R for which the inequalities

(1.3) [zo| < exp(t), |zo&i — 1] <exp(t —q1), |zo&2 — z2| <exp(t — g2)
admit at least j linearly independent solutions x = (zg, z1, ¥2) in Z*. Finally, we define

Le - R — R
qa — (Lei(a), Lea(q), Les(a))-

No information is lost in the process as we can recover L4 from Lg using

(1.4)

La;(q0,q1,02) = qo+ Lej(an —q0, 2 — @) (1 <5 <3)

for any (qo, q1, g2) € R3. Moreover, the estimate (1.2) becomes

(1.5) Lea(q) + Lea(a) + Les(a) = g1 + g2+ Og(1)

for each q = (q1,¢q2) € R?  As for the maps Ly with A € GL3(R), one may ask for a
characterization of the set of all maps L¢: R? — R® with € = (1,&,&) € R® modulo
bounded functions on R2. In the next section, we show that this can easily be done outside
of the critical sector

(1.6) D={(q1,2) ER*; 0< /2 < q2 <21}

if we restrict to points & for which & and & are badly approximable.

In this paper, we further restrict to points € = (1,&,£?) where £ belongs to a countably
infinite set of extremal real numbers defined in [5, Theorem 3.1] and shown there to have the
strongest possible measure of approximation by cubic algebraic integers (cf. [1, Theorem 1]).
For each such &, we construct an explicit approximation of Lg with bounded difference on
the set of points (g1, q2) of R? with ¢; > 0 and ¢, < ¢, an angular sector which covers the
lower half of D. An outline of the main result and of its proof is given in section 3. As an
application, we use this to compute exponents of weighted rational approximation to these
points in section 15. Numerical experiments, which we do not include, suggest a relatively
chaotic behaviour for the functions Lg on the upper half of D.

We believe that these are the first examples of points & in R? with Q-linearly independent
coordinates, for which Lg¢ is estimated up to bounded difference in an angular sector of R?
with positive angle contained in D.
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MULTI-PARAMETRIC GEOMETRY OF NUMBERS 3
2. BASIC TOOL AND PRELIMINARY OBSERVATIONS

For each integer n > 1 and each point x of R", we denote by ||x|| the maximum norm of
x. As in [9, Section 1], we set

(2.1) Az = {(p1,p2,p3) € R*; p1 < pa < p3},

and denote by ®: R* — Aj the continuous map which lists the coordinates of a point in
non-decreasing order. Clearly, the functions Lg defined by (1.4) take values in Az and so
® o L¢ = Le. We also note that @ is 1-Lipschitz, namely that

(2.2) |®(p) —®(@)[| < |p—p'| forany p,p’ € R".

Fix a point & = (1,£,&) € R3. We define the trajectory of a non-zero integer point
x = (z9, 71, T2) € Z3 as the map Ly: R? — R whose value at a point q = (q1,¢2) € R? is the
smallest ¢ € R for which x € €'C¢(q) or, equivalently, for which (1.3) holds. Thus,

(2.3) Ly(q) = max{log |zo|, 1 + log|zo&1 — 1], g2 + log |20 — 2]},

with the convention that we omit a term in the maximum when it involves log() = —oo0.
Aside when this happens, the trajectory Ly of x is the maximum of three affine maps and
Figure 1 shows the angular sectors of R? where they realize this maximum.

q2
¢ + log |20 — 2|

T

—log|& — w2/l

. —
log |zo| | q1 + log |xe&1 — 1]

q1

—log &1 — z1/0|
FI1GURE 1. The map Ly in the generic case.

It follows from (2.3) that

(2.4) |Ly(q) — Ly(d)| < la—d'|| for any q,q’ € R*.

We now show that L is also 1-Lipschitz.

Lemma 2.1. For any q,q" € R?, we have ||L¢(q) — Le(q) ]| < [la—d'||.

Proof. Let q,q’ € R2. Choose linearly independent integer points x;, Xs, X3 € Z3 such that
Lﬁ(q) = (Lxl (CI)7 sz (q)7 Lxs (CI))
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For each j = 1,2, 3, the points xi,...,x; are linearly independent, and so, using (2.4) for
each of these points, we find that

Le j(q) < max Ly (q') < max (L, (q) + la — q'[]) = Lej(q) + la — ||

1<i<y 1<

The result follows as we may permute the roles of q and ' in the above estimates. 0
The main tool for estimating L is the following result, similar to [8, Lemma 4.1].

Lemma 2.2. Let X1, X, X3 € Z2 be linearly independent integer points. Letq = (q1, ) € R?,
P = (p1,p2,p3) € R? and 6 > 0 such that

(2.5) pr+pet+ps=q+q and Ly (q) <p;j+d forj=1,23.
Then, we have ||L¢(q) — ®(p)|| < 56 + ¢1 for a constant ¢, depending only on €.
Proof. Set p’ = (Lx, (d), Lx,(q), Lx,(q)). By definition of L¢(q), the difference ®(p’) —Le(q)

has non-negative coordinates. Thus, its norm is bounded above by the sum of its coordinates.
Using (1.5) and the first part of (2.5), this gives

[0(p) ~ Le(@)| £ 3" Ly (@) = 3 Lesa)

3

< Z Ley(@) = (g1 + @) + ¢ =Y (Lx, (@) — pj) + ¢,

j=1
for a constant ¢ = ¢(&) > 0. By the second part of (2.5), this implies that

[®(p) —Le(a)|| <30 +¢ and —20 —c < Ly (q) —p; <9 for j=1,2,3.
Thus, || ®(p) — (p)|| < |p — P'|| 26 + ¢, and so || L¢(q) — ®(p)]| < 50 + 2c. O

The next statement provides an estimate for L¢ outside the angular sector D defined by
(1.6) when & and & are badly approximable, as illustrated in Figure 2. Recall that a real
number ¢ is called badly approzimable when there exists a constant ¢ = ¢(£) > 0 such that
|w0€ — 1| > ¢ wo| ™! for any (xg, 1) € Z* with x¢ # 0.

Lemma 2.3. Let q = (q1, q2) € R2.
(i) If 1 <0 and g2 <0, then Lg(q) = ®(0,q1,q2) + O¢(1).
(ii) Suppose that & is badly approximable. If ¢ > max{0,2qs}, then

(iii) Suppose that & is badly approximable. If go > max{0,2q }, then

Le(a) = (q1:42/2, 42/2) + O¢(1).
Proof. For the basis {e; = (1,0,0), e; = (0,1,0), e3 = (0,0,1)} of Z*, we find

Le,(q) = max{0, ¢ +1og |1], g2 +10g &2}, Ley(q) = q1,  Ley(a) = qo.
If ¢ <0 and go <0, we have L, (q) = Og¢(1), and Lemma 2.2 yields

ILe(a) = (0, g1, 2) || < 5[Ley(@)] + 1 = Og(1),
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which proves (i).

Suppose that & is badly approximable and that ¢; > max{0,2¢,}. Set

&1

Then, choose linearly independent points (1,9, %11), (Z2,0,%21) in Z? such that, for j = 1,2,

(2.6) (t1,82) = La(0,q1) where A:<1 _01>

|zj0] < exp(t;) and |z;061 — x51] < exp(ty — q1).

Since & is badly approximable, these estimates imply that t; > ¢;/2+Og, (1). As Minkowski’s
inequality (1.2) applied to (2.6) gives t1 +t2 = ¢1 + Og (1), we deduce that

ti=q /24 Og(1) forj=1,2.
Finally, for j = 1,2, set x; = (20, %;1,2;2) for an integer z;, such that
2062 — 2j2] <1 <exp(qi/2 — ¢2),
and set x3 = (0,0,1). Then x;, X, and x3 are linearly independent points of Z3 with
Ly;(q) <max{t;,q1/2} < q1/2+ O (1) for j=1,2.

As Ly, (q) = ¢, Lemma 2.2 yields ||L¢(q) — ®(g1/2,¢1/2,¢2) || = Og(1). This proves (ii).
The proof of (iii) is similar. O

2
1 g2 = 2q1
q1 = 2q2

(91,92/2,42/2)

q1
‘I)(O;Qh%) (Q2;Q1/2aQ1/2)

FIGURE 2. The map L¢ up to bounded difference outside of D, when &; and
&, are badly approximable

Littlewood’s conjecture states that, for any choice of &1, & € R and any € > 0, there exists
x = (z9, 71, T2) € Z3 with xy # 0 such that

2o [20&1 — 21| |z0€a — 2| <€

We leave the reader check that, in the present setting, an equivalent formulation of the
conjecture is that there is no pair of badly approximable numbers &;,& € R such that the
point € = (1,£1,&) € R3 satisfies

Q1+ Qo
Le(q) =

(1,1,1) + O¢(1) for each q = (¢1,¢2) € D.
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Although, the construction that we present in the next section is far from producing a
counterexample, it could eventually inspire one that does so. In this respect, we stress that,
for each integer n > 2, there are matrices A € GL,(R) such that

LA(q):u

n
and so the problem disappears for matrices (this follows for example from [3, Section 4.2,
Theorem 1]).

(1,...,1)+O0a(1) foreachq=(q1,...,q,) € R",

3. NOTATION AND MAIN RESULTS

3.1. Monoid of words. Let E be a non-empty set. We denote by E* the monoid of words
on the alphabet E, namely the set of finite (possibly empty) sequences of elements of E,
with product given by concatenation of words. Its neutral element is the empty word e.
Given words u,w € E*, we say that u is a prefir of w and write v < w if w = uv for some
v € E*. More generally, we say that u is a factor of w if w = vuv’ for some v,v" € E*.
We denote by [u,w] the set of words v € E* with u < v < w. We write u < w if u < w
and v # w. Using standard convention, we also denote by |u,w|, [u,w| and ]u, w| the sets
obtained by removing respectively u, w and {u,w} from [u,w]|. The reverse of a non-empty
word aqas - - - a, of E* is defined as the word a,, - - - axa; with letters written in reverse order.
The reverse of € is itself. Thus € is an example of palindrome in E*, that is a word of E*
which coincides with its reverse.

3.2. Fibonacci sequences. We say that a sequence (x;);>1 in a monoid M is a Fibonacci
sequence if it satisfies x;, 9 = x;,12x; for each ¢ > 1. Such a sequence is uniquely determined
by its first two elements x; and x5. Moreover, if ¢: M — N is a morphism of monoids, then
a Fibonacci sequence (z;);>1 in M yields a Fibonacci sequence (¢(x;))i>1 in N.

The set N = {0,1,2,...} of non-negative integers is a monoid under addition. We denote
by (F;)i>_1, the usual Fibonacci sequence starting with .y = 0, Fy = 1 and obeying
F, o = F;1 + F; for each ¢+ > —1. It is given in closed form by Binet’s formula

(3.1) Fy=(y*" = (=9)7"1)/V5 where = (1+V5)/2.

Let E = {a,b} be an alphabet of two letters. The Fibonacci sequence (w;);>; in E*
starting with w; = a and wy = ab, has w3 = aba, wy = abaab, etc. Since any word in that
sequence is a prefix of the next word, this sequence converges pointwise to an infinite word
(3.2) fap = We := lim w; = abaababaabaab . . .

1—00
From now on, we reserve the notation (w;);>; for the above Fibonacci sequence in £* and
Weo for its limit. We say that a word u in E* is a prefix of w,, and write u < we, if u < wj
for some ¢ > 1. Then we denote by [u,ws| (resp. Ju, ws|) the set of words v € E* with
U < U < Weo (Tesp. u < v < Wo). We say that u is a factor of wy, if it is a factor of w; for
some ¢ > 1.

We denote by 0: E* — E* the morphism of monoids determined by the conditions 6(a) =
ab and 0(b) = a. Tt satisfies

(3.3) O(w;) = w;11 for each i > 1,
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MULTI-PARAMETRIC GEOMETRY OF NUMBERS 7

and preserves the partial order on E*. Thus it sends to itself the set [e, ws| of prefixes of
Woo.

The map which sends a word w to its length |w| yields a morphism of monoids from E*
to N which restricts to an order preserving bijection from [e, wo[ to N. It satisfies

(3.4) |w;| = F; for each i > 1.

In general, given any words u, v on any alphabet, we denote by f,, = uvuuv... the limit
of the Fibonacci sequence starting with (u, uv, uvu, . ..), and we call it the infinite Fibonacci
word on (u,v).

3.3. The sets V,. Let
(3.5) F = {e,wy, w9, ws, ...} ={¢,a,ab,aba,abaab, ...}

denote the set made of € and all Fibonacci words w; with ¢« > 1. We define a map ¢ from
€, woo| to itself in the following way. If a prefix v of w., belongs to F, we set t(v) = v.
Otherwise, we have v € |w;, w; 41| for some integer ¢ > 3 and we define ¢(v) to be the prefix
of wy of length |v| — 2F; 5. This makes sense since |v| — 2F; o > F; —2F; s = F; 3> 1. In
all cases, we have ((v) < v and so, the sequence (:*(v))>1 of iterates of ¢ at v is eventually
constant, equal to some element of . We thus obtain a map « : [e, w.[ — F by sending v
to this word:

(3.6) a(v) = lim *(v).

k—o00

The following table provides the values of the maps ¢ and « on the first 8 prefixes of w.

v €|lw, =al|wy=ab|ws=aba | abaa | wy = abaab | abaaba | abaabab
(3.7) L(v) || e a ab aba ab abaab ab aba
a(v) || € a ab aba ab abaab ab aba

For each integer ¢ > 1, we define
(3.8) Ve ={v € [6, wso| ; (V) > wy}.

This is an infinite set as it contains w; for each i > ¢. We say that elements v; < v9 < -+- < v,
of V, are consecutive in V, if, for each index ¢ with 1 < i < k, there is no element v of V),
with v; < v < ;1. Sections 4 and 5 are devoted to the combinatorial properties of the sets
V,. In particular, Corollary 4.8 shows that, for any consecutive elements u < v of V, with
¢ > 3, the difference |v| — |u| is Fy_o or Fy_y. Proposition 5.7 shows that V,.; = 6(V;) for
each ¢ > 4.

3.4. The functions P,. For each v € [, ws[, we define a function P,: R? — R by

(3.9) Fo(ar, q2) = max{qr — [vl, g2 — |a(v)], |v]},

and we denote by A(v), B(v) and C(v) the closed sets made of the points q = (g1, ¢2) € R?
where P,(q) is respectively equal to ¢; — |[v|, ¢ — |a(v)| and |v|. In their interior, P, is
differentiable with constant gradient (1,0), (0,1) and (0,0) respectively. Explicitly, these
sets are
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o A(v) ={(q1,2) € R?; ¢ = 2|v| and g2 < q1 — [v] + [a(v)]},
o B(v) ={(q1,¢2) €R*; g2 > |v[ + |a(v)] and g2 > q1 — |v| + |a(v)]},
o C(v) = {(01,2) €R?*; 1 < 2Jv] and g2 < |v[ + |a(v)]}.
They are closed sectors of R? with disjoint interiors and their union is R?. Figure 3 shows

the three sets together with the value of P, on each of them. It also shows by an arrow, the
gradient of P, in their interior (reduced to a point for C(v)). Note in particular that

(3.10) Ale) ={(q1.¢2) ER*; ¢t > 0 and ¢» < ¢4 }-
q2
1 2=a—la)
B(v) A(v)
g2 = v + |a(v)] —_
C(v) Py =q — v
P, = |v|
q1
q1 = 2|v|

FI1GURE 3. The function P, attached to a prefix v of ws.

3.5. The map P. Using the function ®: R?® — Aj from section 2, we construct a map
P = (P, P, P3): A(e) — Az as follows. For each point q = (¢1, ¢2) in A(e), we set
(3.11) P(a) = (g1 — [ul, g2 + [u] — [w], [w])

where u is the largest prefix of w., such that q € A(u), and w is the smallest prefix of wy,
with u < w such that q € C(w). Such prefixes exist because the condition q € A(u) requires
2lu| < q1, and if we choose i > 1 such that ¢, < ¢; < 2F, then q € C(w;) = Joo, 2F}]*. By
choice of u and w, we have q € B(v) for any word v with u < v < w. In Section 6, we will
show that |w| — |u| = F} for some integer ¢ > 1 and that, if £ > 1, there exists a unique
word v such that u < v < w are consecutive elements of V, with |a(v)| = F;, = |w| — |u| (see
Proposition 6.7). In the latter case, we have

(3.12) q € A(u)NBv)NC(w) and P(q)= (P (a), P(a), Pu(a)).

In Section 7, we view P as an example of what we call a integral 2-parameter 3-system.
In particular, it is a continuous map whose sum of the components is

(3.13) Pi(q) + P(a) + P5(q) = q1 +q2 for each q = (q1,¢2) € Ale).

The following additional properties are established in sections 8 and 9 respectively.
Theorem 3.1. For each integer k > 4, each q = (q1, q2) € R* with

(3.14) 0<q <2F,_1+2F,3 and 0<¢g <min{q,2F; ;},

and each j =1,2,3, we have Pj(q1 + 4F}_2,q2 + 2F}_2) = Pi(q1, ¢2) + 2F)—o.
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Theorem 3.2. For each q € A(e), we have |P(vq) —vP(q) || < 40.

3.6. Main result. For any matrix A with real coefficients, we denote by || A|| the maximum
of the absolute values of its entries. This agrees with our convention for vectors in R", for
any positive integer n.

We say that a real number £ is extremal of GLo(Z)-type if there exist an unbounded
Fibonacci sequence of matrices (W;);>1 in GLa(Z), a matrix M € GLy(Q) with *M # £M,
and a constant ¢ > 1 which, for each ¢ > 1, satisfy the following properties:

Mo i
(E1) the product x; := I/ViMi_l is a symmetric matrix, where M; = 1 Z %S even,

EMif i is odd;
(B2) ¢ Wi IWill < [Wigall < e[ Wiga [ IWi]];

(E3) e [Will7! < I(§, =Wl < ¢l Wi]| =

According to [6, Theorem 2.2], these numbers £ are simply those whose continued fraction
expansion coincides, up to its first terms, with an infinite Fibonacci word f, , on two non-
commuting word v and v in (N '\ {0})*. Thus, they are badly approximable and their set
is stable under the action of GLy(Z) on R \ Q by fractional linear transformations. Note
that we may always choose M with relatively prime integer coefficients. Then the products
det(M)x; also have relatively prime integer coefficients.

For each integer m > 1, we denote by &, the set of real numbers ¢ such that the properties
(E1)—(E3) hold for an unbounded Fibonacci sequence (W;);>; in GLo(Z) and the choice of

(3.15) M = (Tl (1)) € GLy(Z).

Then the sequence (x;);>; defined in (E1) is contained in GLg(Z). In [5, Section 3], it is
shown that &,, is non-empty for each m. We also denote by & the set of elements of &,
associated with a Fibonacci sequence (W;);>; in SLy(Z). The set & is studied in [7] in
connection with Markoff’s theory in Diophantine approximation. In section 10, we show
that it contains for example the number

(316) §: [071717272717172a2a2727 17 1a s ] = [0717f2,1]

where 1 = (1,1), 2 =(2,2), and fa1 is the infinite Fibonacci word on 2 and 1 (as defined in
section 3.2). However, by [7, Lemma 3.4], the set £ is empty for m # 3. The main result
of the present paper is the following.

Theorem 3.3. Let & € &, for some integer m > 1, and let &€ = (1,&,€%). Then there exist
p >0 and ¢ > 0 such that

ILe(a) — pP(p~'a) || < c
for each q € Ale).

3.7. A family of points. Fix a choice of £ € £, for an integer m > 1 and set & = (1,&,&£?).
Choose also a corresponding unbounded Fibonacci sequence (W;);>1 in GLo(Z) satisfying
the conditions (E1)-(E3) of section 3.6 for the matrix M given by (3.15). Let (x;);>1 be the
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sequence of symmetric matrices in GLo(Z) defined in (E1). Following [4, 5], we identify each
point x = (zg, 71, 72) € Q3 with the symmetric matrix

x= (xo ”“"1) |
1 T2
We fix an alphabet E = {a,b} with two letters and set

Wo = W, 'Wa.

We denote by ¢: E* — GlLy(Z) the morphism of monoids determined by the conditions
@o(b) = Wy and ¢(a) = W. Then, in the notation of section 3.2, we observe that

o(w;) =W, for each i > 1.

For each non-empty word v € E*, we set

(3.17) M(v) = M %f v ends %n b,
M if v ends in a.

This yields M (w;) = M; for each i > 1. We also define
(3.18) x(v) = (""”0(”) xl(”)

z1(v) x2(v)

as the symmetric matrix with integer coefficients that has the same first column as the matrix
o(v)M(v)~! and satisfies |z1(v)€ — xo(v)| < 1/2. The first condition determines zy(v) and
x1(v), and the second then specifies uniquely z2(v) as £ ¢ Q. We also view x(v) as the point
(z0(v), z1(v), x2(v)) € Z? as stated at the beginning of the section. Then, according to (2.3),
its trajectory relative to £ is the function Ly, : R? — R given by

(3.19) Ly (q) = max{log |zo(v)], g1 + log |zo(v)€ — z1(v)|, g2 + log |zo(v)E* — za(v)|}

for each q = (q1, ¢2) € R%.

The tools of section 13 allows us to compute x(v) for each v € V, with ¢ large enough. In
particular, we find that x(w;) = x; for each large enough i. The following crucial result is
proved in section 14, using the functions P, of section 3.4.

Theorem 3.4. With the above notation, there exist an integer £y > 4 and a constant p > 0
such that, for each integer £ > ly, the following properties hold.

(i) For any v € Vy and any q € A(e), we have

Lyw) (@) = pPy(p~'q) + Oc(1),

where O¢(1) denotes a function of v and q whose absolute value is bounded above by
a constant that depends only on &.

(ii) For any triple of consecutive elements u < v < w of V,, the points x(u), x(v), x(w)
are linearly independent if and only if v & Vei1.
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3.8. Proof of the main result. Using the results of section 2 and taking for granted the
statements of the preceding sections, Theorem 3.3 is proved as follows.

Choose p > 0 and /; as in Theorem 3.4, and fix a point q = (q1,¢2) € A(¢). Then p~'q
also belongs to A(e), and so, according to section 3.5, we have

(3.20) pP(p~'q) = ®(p) with p = (g1 — plul, gs + plu| — plw], plw])

where u is the largest prefix of w,, such that p~'q € A(u), and w is the smallest prefix of
Weo With u < w such that p~'q € C(w). Moreover, |w| — |u| = F} for some positive integer
(. Furthermore, if ¢ > 1, then there exists a unique word v € Ju, w[ such that u < v < w are
consecutive elements of V, with

la(v)| = Fr = |w| — |u[ and p~'q € A(u) N B(v) NC(w),
thus, by definition of P,, P, and P,, we have
p = (pPu(p'q), pP.(p™'a), pPu(p™"q)).

Suppose first that ¢ > ¢3. Then, since ¢, > 4, the above formula for p holds and, by
Theorem 3.4(i), we have

Since ® is 1-Lipschitz, this yields

Moreover, as v ¢ Vy.1, the integer points x(u), x(v), x(w) are linearly independent by The-
orem 3.4(ii), and so we have

componentwise. Altogether, this means that
Lej(a) < pPi(p~a) + Oc(1) (1<5<3).

We also observe from (3.20) that the sum of the coordinates of p is ¢; + ¢2. Since the sum
of the coordinates of ®(p) = pP(p~'q) is the same, we conclude from Lemma 2.2 that

(3.21) ILe(a) — pP(p~"a) || = Og(1).
Suppose now that ¢ < £y. As p~'q € A(u) N C(w), we have
2ul <p~tqr < 2fw| and  pTlgy < min{p~'qr — [u| + |a(u)], [w] + [a(w)]}.

Since |w| — |u| = F, we also have {u,w} € V3 according to the remark at the end of
section 3.3 (or see Corollary 4.8). Thus,

jw] = Ju] = Fy = O¢(1) and  min{|a(u)], [a(w)[} < Fro = Og(1).
So, the preceding estimates yield
@2 < q1/2+O0(1) and p=(q:1/2,92,01/2) + O¢(1),
using the formula for p given in (3.20). Thus,

pP(pflq) = ®(q2,q1/2,q1/2) + O¢(1).


droy
Highlight

droy
Highlight

droy
Highlight

droy
Highlight
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To estimate L¢(q), we use the fact that £ is badly approximable, as stated in section 3.6. Set

/

d = (q1,¢,) where ¢4 = min{qs, ¢1/2}. By the above, we have ||q — q'|| = |2 — ¢5| = O¢(1).
Then, Lemmas 2.1 and 2.3(ii) yield

Le(q) = Le(q) + Oc(1) = (g3, 01/2, 01/2) + Oc(1) = (g2, 41/2,01/2) + O¢(1).
Thus, (3.21) also holds in this case. This completes the proof of Theorem 3.3.

4. THE MAPS T AND @, AND THE SETS V,

In Section 3.3, we defined two maps ¢ and « from [e, w.[ to itself. Using the natural
bijection from [€, we|[ to N given by the length of a word, these yield maps 7 and @ from
N to N. Similarly, the subsets V, of [, ws[ correspond to subsets V, of N. This section is
devoted to the combinatorial properties of these simpler objects.

Here, the set F, given by (3.5), is replaced by the set
(4.1) F={F:;i>-1}=1{0,1,2,3,58,13,...}
of all Fibonacci numbers, including 0. We define 7: N — N by

Z(x):{x ifx e F,

x —2F,_o if F; <x < F;y; for an integer ¢ > 3.

We note that, for each x € N, we have 7(z) < 2 with equality if and only if € F. Thus,
the sequence (7°(x))p>; of iterates of 7 evaluated at z is non-increasing and so, from some
point on, it is constant, equal to some element of F. We thus obtain a map a: N — F by
sending x to this value:

(4.2) a(z) = lim 7*(z).

k—o00

Clearly, we have aor =a. We also note that, for each = € N, we have a(z) < z with equality
if and only if x € F. The next table gives the values of the maps 7 and @ on NN [0, 13].

z ||0]1|2]3|4|5]|6|7|8|9]10]11]12/13
(4.3) (z) |[of1|2]3|2|5]2(3|8|3]4 5|6 |13
a(z)|of1|2]3|2|5[2|3[8|3]2|5|2]13

For each integer ¢ > 1, we also define

Ve={zeN;a(z) > i}

We say that_elements T, < Ty < --- <z of Vy are consecutive in Vy if 1, x9, ..., x) are all
elements of V, N [z1, x;]. By construction, we have
(4.4) i([o) = le(w)],  @(fv]) = a()] and V,={|v]; v e Vi}

for each v € [€, wy | and each positive integer ¢.

As the table (4.3) suggests, the map @ has the following property.

Lemma 4.1. Let x € N with x > 2. Then, a(x) > 2.
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Proof. Tt suffices to show that 7(z) > 2. This is clear if # € F because then 7(x) = z > 2.
Otherwise, we have F; < = < F;;; for some i > 3, and then 7(z) = x — 2F; o > F; —2F;, 5 =
F;_3 > 1, thus 7(x) > 2. O

Lemma 4.2. We have V; = N\ {0} and V; = N\ {0,1}.
Proof. By Lemma 4.1, we have N\ {0,1} € V5, C V; C N. The result follows since 0 ¢ V;
while 1 € V1 \ V. O

Lemma 4.3. Let { > 2 be an integer. Then, the smallest element of V, is Fy. Moreover, for
each integer i > {, the map T restricts to an order preserving bijection from V,N|F;, Fi 1] to
Ve |Fig, Fioy + Fis|.

Proof. For each z € V;, we have z > a@(x) > Fy. Thus, Fy is the smallest element of V,. Let
1 > ¢ be an integer. By construction, the map 7 restricts to an order preserving bijection

NNJF, Fiql — NNF_3, Fio1 + Fi_3]
r — x—2F, 4

(with empty domain and codomain if ¢ = ¢ = 2). This yields the last assertion because

Z_1<Vz) =V, O

Lemma 4.4. Let { > 2 be an integer. Then, V, N[0, Fy 3] consists of the 7 numbers
Fp<Fppn <P+ Fro < Fpo < Fpo+ Fro<Fro+ Fyp<Fpys.

Proof. According to Lemma 4.3, we have
Ven [0, F) = {F},
and 7 maps Vy N |Fy, Fpyq| bijectively to Ve N Fy_3, Fy_1 + F;_3[ = (), thus
ViNFy, Fopl = {Frya}
Similarly, 7 maps Vy N | Fyy 1, Fyiof bijectively to Vo N | Fy_o, Fy + Fy_o] = {Fy}, thus
VN Fpi1, Fryo) = {2F-1 4 Fi, Fopo} = {Fpp1 + Fo1, Fipa}
Finally, 7 maps V, N |Fpyo, Frys| bijectively to Vo N | Fy_y, Fpiq + Foo1[ = {Fy, Fyi1}, thus
Ve Frio, Fris) = {3F, 2F + Friq, Froay = {Froo + Froo, Fryo + Fy, Fiis ). O

The next lemma presents a central property of the map @. It is the key to the proof of
Theorem 3.1 in section 8. Below, we use it to derive several properties of the sets V.

Lemma 4.5. Let k > 3 be an integer. We have
a(z) <@z +2F,_2) for each x € NN [0, Fy_1 + Fj_3],
with equality if v ¢ F and x # Fy_1 + Fy_s.
Proof. We proceed by induction on k. If k& = 3, the range for z is {0,1,2,3}, contained in
F, and, using the table (4.3), we find, as claimed, that @(z) < @(z + 2) for each x in that

range. Now, suppose that k > 4. Let x € NN [0, F,_1 + Fj_3], and set y = = + 2F},_5. We
note that

(i) if x = Fj_3, then y = Fy, so a(y) = Fy > Fy_3 = a(x);
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(ii) if v = Fk—l + Fk_g, then Yy = Fk+1, SO a(y) = Fk+1 > Fk_z = 6(:5);

(ii) if © € |Fy—3, Fx—1 + Fy_3[, then y € |F, Fy11[, so i(y) = x, thus a(y) = a(z).
So, we may assume that x € [0, Fy_3[. Then, y € |Fj_1, Fi| and thus

(y)=y—2F,s3=x+2F,_, = a(y)=7a(x+2F;,_,).
If £ =4, we are done because x = 0 € F and a(y) = 2 > @(z) = 0. Hence, we may also
assume that k£ > 5. Finally, as « € [0, Fy_3 + F)_s5[, we may further assume, by induction,
that a(x) < a(x + 2F;_4) = @(y) with equality if = ¢ F, and we are done. O
Proposition 4.6. Let k, ¢ € N with k —2 > ¢ > 1. Then, we have a bijection
Ve [Fo, Froy + Feos] — VN [Fr+ 2F 9, Fiid]
r +— x4+ 2F; .

P’FOOf. Set A = [Fg,Fk_l + Fk_g] and B = 2Fk_2 + A= [Fg + 2Fk_2,Fk+1]. By Lemma 45,
translation by 2F)_, maps V, N A injectively into YV, N B. To prove that it is surjective,
choose y € V,N B and let € NN A such that y = 2 +2F,_,. If x € F, then a(r) =x > F,.
If v = Fj_y + Fy_3 and « ¢ F, then k > 4 and a(z) = Fj,_, > F,. For any other value of z,
Lemma 4.5 yields @(z) = @(y) > F,. Thus, z € V, N A in all cases. O

Proposition 4.7. Let £ > 3 be an integer and let 1 = Fy < 9 < x3 < --- be the elements
of Vy listed in increasing order. Then, the sequence

(4.5) (Tig1 — %3)iz1 = (Fom1, Foor, Fro, Fyo, Fyy, Fyy, . .0)
is the infinite Fibonacci word constructed on the words (Fy_1, Fy—1) and (Fy_o, Fy_s).

This is also true for £ = 2 but not interesting since, by Lemma 4.2, we have V, = N\ {0, 1}
and so (4.5) is the constant sequence (1,1,1,...) when ¢ = 2.

Proof of Proposition 4.7. For each integer j > 1, let A(j) denote the cardinality of the set
VN [Fg, Fy+ 2Fg+j,2], and let

mj = (T — xi)1§i<,\(j)-
Using Lemma 4.4, we find that x; = Fy, A(1) = 3, A\(2) =5,
(4.6) my = (Fy1, Fioq) and mo = (Fyq, Fioy, Fya, Fo_s).
For j > 1, Proposition 4.6 applied with k£ = ¢ + j + 1 yields a bijection

Ve [y Fo+2Fp ;0] — VN [Fp+2F 1, Fy + 2F ]

(47) r ZL’+2F£+]’,1.

Since F, € V,, this implies that F, + 2F) 1 € V, for each j > 1. This also extends to j = 0
since Fy +2F_y = Fyyq1 + Fy_y € V,. Thus, for each j > 1, we have Fy, +2F ;o € V¢, so
Taj) = Fo+2F1 -2,
and the bijection (4.7) amounts to
(!L‘z‘ + 2F€+j—1)1§i§>\(j) = ($i)/\(j+1)§ig/\(j+2)-
In turn, this implies that

(96i+1 - xz’)1§i<>\(j) = ($i+1 - xi)A(j+1)§i<A(j+2)a
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which translates into the relation
Myt = mjam;  (j =2 1).
The conclusion follows from this recurrence relation together with (4.6). O

Corollary 4.8. Let £ > 3 be an integer. For any pair of consecutive numbers x < y in Vy,
we have y — x € {Fy_o, Fy_1}. There are infinitely many arithmetic progressions of length
3 with difference Fy;_y made of consecutive numbers in Vy, but no longer ones. There are
infinitely many arithmetic progressions of length 5 with difference Fy,_1 made of consecutive
numbers in Vy, but no longer ones.

Proof. The first assertion is a direct consequence of the proposition. The others follow from
the proposition and the fact that the infinite Fibonacci word f,;, = abaababa--- on two
letters a and b contains infinitely many letters b but no factor of the form bb, and that
it contains infinitely factors aa but no factor aaa. Thus, the infinite Fibonacci word on
(Fy—1, Fy—1) and (Fy_o, Fy_5) contains infinitely many subsequences of two consecutive terms
equal to Fy_, but no longer ones, and infinitely many subsequences of four consecutive terms
equal to Fy_1 but no longer ones. O

Corollary 4.9. Let x < y be consecutive elements of V; for some integer £ > 2. Then,
{ZL’,y} Zvﬁ—i-% {l’,y}ﬂVg_H 7é® and |a<y) —a(ZL’)l Zy—x.

Proof. 1f ¢ > 3, Corollary 4.8 yields y — x € {F, 2, Fy_1}. This also holds if ¢ = 2 because
then y — 2 =1 by Lemma 4.2. Since y — 2 < Fyy < Fy, it follows from Corollary 4.8 that
x < y are not consecutive elements of Vo, thus {z,y} € Vyo.

Suppose that {z,y} NV, = 0. As the first two elements of V, are Fy, and Fy,;, we must
have that > F,,, and so there are consecutive 2’ < %/ in V,,; such that 2’ < z <y < 7/.
By the above, the differences © — 2/, y — x and ¢ — y are all bounded below by Fy_s.
Moreover, at least one of them is bounded below by F,_; because, otherwise, we would
have Fy_y > F, 5, thus £ > 3, and 2/ < = < y < 3 would be 4 consecutive elements of
V, in arithmetic progression with difference F,_,, against Corollary 4.8. We conclude that
y —a' > 2F,_o+ F,_1 > F,. This is impossible since the same corollary yields 3/ — 2’ < Fj.
Thus, {z,y} N Ve # 0.

Let m be the largest integer such that {z,y} C V,,. By the above, we have m € {¢,(+1},
and the preceeding reasoning yields {z,y} N V41 # 0. Thus a(z) and a(y) are distinct
Fibonacci numbers, the smallest of which is equal to F; or Fj,;. Consequently, we have
[aly) —a(z)| = Fror 2y — o O

The next result characterizes the elements of Vo, within Vy, for any integer ¢ > 3.

Proposition 4.10. Let x < y < z be consecutive numbers in V, for some integer ¢ > 3.
Then, we have

(4.8) Yy¢Vi <= y—ax#z-—y.

When these equivalent conditions hold, we further have z — x = a(y) = Fy.
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Note that (4.8) is false for £ = 2. A counterexample is provided by any triple of consecutive
integers x < y < z with z > 1 and @(y) = 2. For then, z < y < z are consecutive elements
of Vowithye¢ Vsandy —x=2—y=1.

Proof. Let (z;);>1 denote the sequence of elements of V), listed in increasing order, and let
(y:)i>1 denote the subsequence obtained by removing its first term 2 and each x; with ¢ > 2
such that x; —x;_1 # x;11—x;. Since 1 = F; ¢ V44, proving the first part of the proposition

amounts to showing that (y;);>1 lists the elements of V1 in increasing order.
By Proposition 4.7, we have xo — xy = x3 — x5 = Fy_1, thus y; = x5 = Fj,; is indeed the
smallest element of V1. To go further, set
X = ($i+1 - ﬂfi)izh X' = ($i+1 - 371’)1'22 and Y = (Z/i+1 - yi>i21~

By Proposition 4.7, we have X = lim; ,o u; where (u;);>1 is the Fibonacci sequence in
{Fy_o, Fy_1}* starting with

w =FFpy and wuy = Fy  Fy 1 Fy oF) .
Since each u; starts with F,_;, we can write

uiFyy = Fov;

for some v; € {Fy_o, Fy—1}*. Then, (v;);>; is the Fibonacci sequence in {F,_o, Fy_1}* with

vi=F 1 Fpy and vy = Fp 1 FyoF oF, .

We deduce that X’ = lim; ,. v; = 0901020907 - - - 18 the infinite Fibonacci word on vs and
v1. Hence, the factors F,_;F;_» and Fy_oF,_; do not overlap in X’, and so Y is the infinite
word on {Fy_q, Fy} obtained from X’ by replacing each of these factors by F,. Thus, Y
is the infinite Fibonacci word on F,F, and Fy, 1F, 1. As y; = F,;1, we conclude from
Proposition 4.7 that (y;);>; lists the elements of V,,; in increasing order.

The second part of the proposition follgws f_rom this. Indeed, when both conditions hold
in (4.8), we have @(y) = Fy because y € V; \ Vi1, and z — 2 = Fy since (y —x,z2 —y) is a
permutation of (Fy_o, Fy_1). O

We conclude this section with two additional observations.

Proposition 4.11. Let ¢ > 2 be an integer and let x < z be positive integers. Then, the
following conditions are equivalent.

(i) < z are consecutive elements of Vgﬂ but not consecutive elements of Vy;

(ii) there emists y € Vo \ Vg1 such that x < y < z are consecutive elements of V;

(i) = < z are consecutive elements of Vi1 and z —x = F.

Proof. (i) = (ii): Suppose that (i) holds, and let y be the successor of z in V,. Since
r <y < z, this number y does not belong to V. So, by Corollary 4.9, its successor in V,
belongs to V1, hence it must be 2. So (ii) holds.

(ii) = (iii): Under the condition (ii), Corollary 4.9 implies that {z,z} C V,,;. Thus,
x < z are consecutive in V1. Moreover, if ¢ > 3, Proposition 4.10 yields z — 2 = F,. This
still holds when ¢ = 2 for then z < y < z are consecutive integers and so z —z = 2 = Fj.
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(iii) = (i): If (iil) holds, then z —x = Fy ¢ {Fy—2, Fy—1}. So, x < z cannot be consecutive
in V, by Corollary 4.8 if £ > 3, and by Lemma 4.2 if £ = 2. O

Proposition 4.12. Let { > 2 be an integer, and let x < y < z be consecutive numbers in

Ve, not all contained in Voy1. Then, exactly one of the following situations holds:
(i) a(x) > Foy, aly) =F,, a@(z) > Fuy and z—x = Fy;
(i) af
(i) a@(z
) af

) ay) > Fop, a(z) =F, and y—x =2z —1;

(iv

Proof. We first note that the four conditions (i) to (iv) are mutually exclusive. So, we only
have to show that they exhaust all possibilities. We also note that, if £ = 2, then z < y < z
are consecutive integers, thusy —r =2 —y=1=Fyand 2z —x =2 = F3.

If y ¢ Vi1, then case (i) applies by Proposition 4.11.

Suppose from now on that y € V1. If £ > 3, we have

y—x=z—y € {F o F1}

by Corollary 4.8 and Proposition 4.10. This is also true for ¢ = 2 as noted above. Thus, if
x ¢ Ve and z & Vi1, then case (ii) applies.

Suppose that x ¢ Vgﬂ and z € 7£+1~ Then y < z are consecutive both in V, and in
VgH. So, Corollary 4.8 yields z —y = F,_;. We also note that x # F, because otherwise,
by Lemma 4.4, we would have y = Fyyy and z = Fyyq + Fy_q, thus a(z) = F, against
the hypothesis that z € V,,,. Hence, z admits a predecessor 2’ in V,. Since x ¢ Vi,
Corollary 4.9 shows that 2/ € V4, thus 2’ < y < z are consecutive elements of Vo, with
y—a' >y —x=z—y. By Proposition 4.10, this implies that y ¢ V2 and so z € Vo by
Corollary 4.9. Thus, case (iii) applies.

Finally, suppose that x € V, ;. Then the hypothesis implies that z ¢ V,,1, and we argue
similarly as above. As x < y are consecutive in V[+1, we have y — x = F,_;. Let 2z’ be the
successor of z in V,. Since z ¢ VZH, we have 2/ € v€+1, thus x < y < 2’ are consecutive in
Vip1 with y — 2 = 2 —y < 2/ — . This implies that y ¢ Vi, and so x € V4. Thus, case
(iv) applies. O

5. THE MAPS ¢ AND «, AND THE SETS V,

Let the notation be as in section 3.3. In this section, we give an explicit description of
the map ¢: [€, We| — [€, W[ Then, we use it to refine some of the results of the previous
section, and we prove the last assertion of section 3.3.

Before doing this, we note that, by Lemma 4.2, we have V; = [wy, weo| and Vo = [we, weo|.
We also note the following direct consequence of Lemma 4.4.

Lemma 5.1. Let ¢ > 3 be an integer. Then, V, N [, wyy3] consists of the 7 words

Wy < Wpg1 < Wy1Wp—1 < Wyt < Wego2Wp—o9 < Wyg2Wp < Wy43.
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For each non-empty word v in E*, we denote by v* the word v deprived of its last letter, that
is the prefix of v of length |v| — 1. Induction based on the recurrence formula w;, o = w;1w;
(¢ > 1) shows that

ab if i > 2 is even,

(5:1) wi =wif where f {ba if i > 2 s odd.

For each i > 2, we define w; to be the word obtained from w; by permuting its last two
letters. In view of the above, this means that

It is a well known fact, attributed to J. Berstel, that w;* is a palindrome for each 7 > 2.
This has the following useful consequence.

Lemma 5.2. For each integer i > 2, the word w;™ s a palindrome and we have
(53) Wit1 = wi,lfﬁi.

Proof. We proceed by induction on ¢. We first note that w3* = € and w3* = a are palindromes,
that ws = aba = wiws, and that wy = abaab = wews. Suppose that, for some 7 > 3, the
words w;*; and w;* are palindromes and that (5.3) holds. This yields w7, = w;*, fi_qw;™*.
Thus, the reverse of wyy, is w;™ fiw;*, = w;w;*; = w;},, showing that w;}, is a palindrome.
Moreover, since (5.3) yields w; 11 = w;_jw;, we also find that w0 = ww; = w;w;_qw; =
w;w; 11, which completes the induction step. 0

It follows from Lemma 5.2 that, for each ¢ > 2, we have w;}, = w;_;w;™, hence w;* is the
largest prefix v of wy, such that w;_qv is a prefix of we.
Lemma 5.3. Let k > 4 be an integer. Then,

(5.4) Jwi, W[ — Jwi—3, wr_1wi_3]
' w — (w).

is an order preserving bijection. For w € |wy, wgi1[, we can compute t(w) as follows.
(i) If w < wywj_,, then w = wyu for some u € |e,w}*,] and t(w) = wy_su.
(i) If w = wywy_,, then (w) = wj_;.
(ili) If w > wpwj_,, then w = wipwi_ou for some u € [€, wy_3[ and t(w) = wy_yu.
Proof. For each w € Jwy, wy41], we have |t(w)| = 7(Jw|) = |w| — 2F;—_2. So, (5.4) is an order
preserving bijection. To justify the explicit formulas, it suffices to note that, in each case,
the value given for ¢(w) is a prefix of wy, of length |w| —2F;_5. This is a direct computation

for the length. That it is a prefix is immediate in cases (i) and (iii). In case (i), it follows
from the observation made right before the lemma. O

Lemma 5.4. We have {o(wy), a(wy, ), c(wywy_y)} C {wa, w3} for each integer k > 3.
Proof. We proceed by induction. Table (3.7) gives a(w}) = a(w}) = we and a(wsw]) = ws.
Suppose that a(wj_;), a(wy) and o(wg_1w;_5) lie in {wq, w3} for some k > 4. Lemma 5.3
gives

Uwiyy) = Wprwy_g and  (wpwy_y) = Wi,

Thus, a(w;, ) = a(wr—1wj_3) and a(w,w)_,) = a(wj;_,) also belong to {ws, ws}. O
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Proposition 5.5. Let ¢ > 4 be an integer, and let u < v be consecutive elements of V.
Then, we have v = us for some suffic s in the set Sy := {wy_2, Wy—o, We_1, We_1}.

Proof. By Lemma 5.1, the smallest element of V), is w, and the next six elements of V, are
obtained by multiplying w, on the right successively by w,_1, wy_1, ws_2, wy_o, We_1 and
wy_1. Thus, we may assume that v > w3 and so v € |wy, wy41] for some integer k > £ + 3.
Since wy, € Vy, we deduce that {u,v} C [wy, wgy1]. Since wg_3 and wy_jwy_3 belong to Vy,
the map
T Ve N wy, wiy] — Ve N [wg_s, wy_qwy_3]
Wg—_3 if w = wy,
w — w(w) = ¢ (w) if w, < w < Wiy,

Wy Wh—3 if w = wpy1.

is an order preserving bijection. In particular, w(u) < m(v) are consecutive elements of Vy
and so we may assume, by induction on |v|, that

(5.5) w(v) = 7m(u)s for some s € S;.

We consider three cases.

(i) Suppose that v < wgwg_y. Since £ > 4, Lemma 5.4 shows that wyw;_o ¢ Vs. So, we
have u = wyu' and v = wyv' for some v, v" in [¢, w;*,]. Then Lemma 5.3 gives m(u) = wy_zu’
and 7(v) = wy_3v". By (5.5), this yields v" = s, thus v = us.

(ii) Suppose that v > wpwg_2. Then, we have u > wpwg_2. So, u = wrpwy,_ou' and
v = wipwg_ov' for some v/, v’ in [e,wy_3]. Applying Lemma 5.3 gives 7(u) = wy_1u’ and
m(v) = wi_1v'. By (5.5), this implies that v' = u's, thus v = us.

(iii) Finally, suppose that v = wywg_o. Since wiw;_, ¢ Vy, we have u = wyu' for some

word ' € [e,w;*,]. Then, Lemma 5.3 gives m(u) = wy_su’ and 7(v) = wy_1. Thus,
m(v) = wg_3Wk_o by Lemma 5.2. By (5.5), we deduce that wy_o = u's, thus wy_o = u's’
where s’ is the reverse of s. We conclude that v = wiu's’ = us’ with s’ € S,. O

In Section 3.2, we defined 6 to be the endomorphism of E* determined by 6(a) = ab and
0(b) = a. It has the following property.

Lemma 5.6. For each integer k > 2, we have 6(wy) = wis1 and 0(wy) = Wyy1. Moreover,
0 restricts to an order preserving map from [€, weo| to itself.

Proof. The first formula holds for each £ > 1, as stated in (3.3). This follows from the
fact that (6(w;));>1 is a Fibonacci sequence in E* with 6(w;) = 6(a) = ab = w, and
O(wg) = O(ab) = aba = ws. Since # preserves the relation of prefix, we deduce that it maps
€, wy] to [e, wgi1] for each k > 1. Thus, it maps [€, wu[ to itself.

To prove the second formula, we note that 6(ab) = aba and 0(ba) = aab. This implies
that, for each k > 2, we have 0(fx) = afri1, thus wiy1 = 0(wy) = O(wi*)afri1, and so

W1 = O(w)afy = 0(wy" fr1) = O(wy,). O

In particular, the above lemma implies that, with the notation of Proposition 5.5, we have
0(S¢) = Spy1 for each integer £ > 4. We can now prove the last assertion of Section 3.3.
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Proposition 5.7. Let ¢ > 4 be an integer. Then, 0 restricts to an order preserving bijection
from Vy to V.

Proof. Let (v;);>1 be the increasing sequence of elements of V,, and let (v});>1 be that of
Vir1. We need to show that 0(v;) = v} for each i > 1. As v; and v} are prefixes of w, both
0(v;) and v, are prefixes of wy, by Lemma 5.6. So, it suffices to show that |0(v;)| = |v}|.

For each ¢ > 1, write v;41 = v;5; and v;; = v;s; for words s, and s;. By Proposition 4.7,
the sequence (|s;]);>1 is the infinite Fibonacci word on (Fy_1, Fy—1) and (Fy_q, Fy_3), while
(|si])i>1 is the infinite Fibonacci word on (Fy, Fy) and (F,_q, Fy—1). Thus, for each i > 1,
there is an integer k € {¢ — 2,/ — 1} such that |s;| = F} and |s;| = Fi.1. By Proposition 5.5,
we have s; € {wy, Wy} since |s;| = Fi. Then, Lemma 5.6 gives 0(s;) € {wg41, W41}, thus
10(s:)| = Fia = |sil-

Since v, = wy and v] = w41, we have 0(vy) = v}, thus |0(v;)| = |v}| for i = 1. We deduce
by induction that |6(v;)| = |v}| for each i > 1 because, if this holds for some ¢ > 1, then
10(vir1)] = [0(vi)| +10(si)] = [vil + |si] = [vigal- 0

Remark. The statement of the proposition fails for £ = 2 and for ¢ = 3. For example, for
v = wew; = wewsa, we have O(v) = wrwgab = wywki. Using Lemma 5.3, we find that
a(v) = *(v) = ws and a(f(v)) = 3(A(v)) = ws. So, v € V3 while 6(v) ¢ V5. This shows
that 0(V3) € V3. A fortiori, we have 0(V,) € V3 and 6(V3) € Vy.

Corollary 5.8. For each v € V,, we have a(6(v)) = 0(a(v)).

Proof. Let v € V,. We have a(v) = w, for some integer £ > 4. Then v € V,; \ Vy11, and the
proposition gives 0(v) € Vpyq \ Vera. So, a(0(v)) = weyq = 0(a(v)). O

6. A PARTITION OF THE DOMAIN OF P

In this section, we study the map P of section 3.5 by decomposing its domain A(e) as
a union of closed polygons with disjoint interiors, and by giving explicit formulas for P on
each of these polygons. To this end, we introduce several definitions.

We define an admissible line segment to be a closed line segment in R? with non-empty
interior that is parallel to (1,0), (1,1) or (0, 1), with end points in Z?, i.e. a set of the form

{i+t,5);tel} or {(i+t,j+t);tel} or {(i,j+1t);tel}

where (i, j) € Z? and where I is a closed subinterval of R with non-empty interior, possibly
unbounded.

We define an admissible polygon to be a non-empty subset of R? which is the closure of
its interior, whose boundary (possibly empty) is a polygonal line made of admissible line
segments intersecting at most in their end-points. These line segments are the sides of the
polygon and their end-points are its wvertices.

We say that two distinct admissible polygons are compatible if their intersection is either
empty, or a common vertex of each, or a common side of each. We define a polygonal partition
of an admissible polygon A to be a set S of admissible pairwise compatible polygons whose
union is 4. This implies that each edge of A is an union of edges of polygons of .S, however
not necessarily the edge of a single polygon of S.
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For example, the sector A(e) is an admissible polygon with a single vertex (0, 0), a vertical
side {(0,t); —oo <t < 0}, and a side {(¢,t); 0 <t < oo} of slope 1. The main result of this
section is the following.

Theorem 6.1. For each pair of consecutive words u < v in [€,ws|, the set

(6.1) Trap(u, v) := A(u) N C(v)
is an unbounded admissible trapeze with 2 vertices. For each point q = (q1, q2) in it, we have

For each integer ¢ > 2 and each triple of consecutive words u < v < w in V, with v & Vo1,
the set

(6.3) Cell(u, v, w) := A(u) N B(v) N C(w)
is a bounded admissible polygon with 4 or 5 vertices. For each q = (q1,q2) in it, we have
(6.4) P(q) := ®(Pu(a), P.(q), Pu(a)) = ®(q1 — |uf, g2 — |a(v)], [w]).

The polygons in (6.1) and (6.3) are all distinct and form a partition of A(e).

Note that the sets Trap(u,v) in (6.1) and Cell(u,v,w) in (6.3) are uniquely determined
by v which, as a prefix of w, is in turn determined by its length. So, it makes sense to
denote them respectively as 7; and R; where ¢ = |v|. For T;, the range of ¢ is N\ {0}, while
for R;, it is N'\ F (for each ¢ > 1, we cannot have v = w, because w, € V, \ Vyy1 has no
predecessor in Vy). This shorter notation is used in Figure 4 below to illustrate the partition
of A(e) given by the theorem in the range 0 < ¢; < 26.

The proof of Theorem 6.1 requires several steps, leaving the formulas (6.2) and (6.4) for the
end. In the process, we also prove, as Proposition 6.7, the assertion made at the beginning
of section 3.5. We start by introducing some additional notation.

Definition 6.2. We denote by 7 : R?2 — R the projection on the first coordinate:
m(q) =q for each q = (q1,¢2) € R”.
Definition 6.3. For each v € [¢, w [, we denote by
a(v) = (@1(v), g2(v)) = (2J], [v] + [ (v)])
the common vertex of A(v), B(v) and C(v).

The 14 points q(v) with v € [¢, wg] are displayed as large dots in Figure 4.
Definition 6.4. Let £ > 1 be an integer. For consecutive u < v in {e} UV, we define
(6.5) Trap(u, v) := A(u) N C(v).

We denote by T} the collection of these sets, and denote their union by
(6.6) Layer(¢) = Trap(e, wy) U Trap(wg, weiq) U - - -
When ¢ = 1, we have {e} UV, = [¢, W[, and so the sets Trap(u, v) defined above are the

same as those in Theorem 6.1. The next lemma justifies this notation by showing that the
latter are trapezes for any choice of £. For ¢ = 1, it proves the first assertion of Theorem 6.1.
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FIGURE 4. Partition of A(e) into admissible polygons for ¢; < 26.

Lemma 6.5. Let { > 1 be an integer, let u < v be consecutive elements of {€} UV, and let
T = Trap(u,v). Then, we have a(u) # a(v) and T consists of the points q = (q1,q2) € R?
satisfying

@ —q(u) +q(u) if alu) < a(v),
q2(v) if a(u) > a(v).
In both cases, T is a closed unbounded admissible trapeze with three sides and two vertices:

two vertical sides, unbounded from below, each one ending in a vertex, and a line segment of
slope 0 or 1 joining the two vertices. Moreover, m(T) = [q1(u), q1(v)].

(6.7) @(u) <q <qi(v) and ¢ < {

We define the left vertex (resp. right vertex) of T = Trap(u, v) to be the vertex of its left
(resp. right) vertical side, and we define its top side to be the side of T joining these two
vertices.

Proof of Lemma 6.5. 1t suffices to prove the first assertion. By definition, 7 consists of the
points (q1, q2) € R? satisfying

(6.8) ¢(u) < <qi(v) and ¢ < min{g — ¢i(u) + ¢2(u), ¢2(v)}.
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Let ¢1 € [q1(u), q1(v)]. We need to show that the upper bounds for ¢, are the same in (6.7)
and (6.8). To this end, we note that, if u > ¢, the numbers |u| < |v| are consecutive elements
of V, and Corollary 4.9 gives

(6.9) [la()] = le(w)l] = o] = Jul.

This also holds if v = € for then v = wy, so a(u) = w and a(v) = v. Thus, we have
a(u) # a(v). If a(u) < a(v), we deduce from (6.9) that

¢ — q1(u) + g2(u) < 20v] = |u + |a(u)] < Jo| + |a(v)| = g(v).
Otherwise, we have a(u) > «a(v), and so
¢ = qi(u) + g2(u) = |ul + |a(w)] = [v] + |a(v)| = g(v). m
The next lemma proves the third assertion of Theorem 6.1.

Lemma 6.6. Let ¢ > 2 be an integer, let u < v < w be consecutive elements of V, with
v & Vi1, and let R = Cell(u,v,w). Then, u < w are consecutive elements of Vey1 with
|w| — |u|] = F, = |a(v)|, the point q(v) lies in the interior Trap(u,w), and we have

Trap(u, w) N A(v) = Trap(v, w),
(6.10) Trap(u, w) N B(v) = Cell(u, v, w),
Trap(u, w) N C(v) = Trap(u, v).

Moreover, these three sets form a partition of Trap(u, w) into admissible polygons. In partic-
ular, R is a bounded convex admissible polygon with 4 or 5 sides: the top sides of Trap(u,v),
Trap(v,w) and Trap(u,w), the vertical line segment joining the left vertices of Trap(u,v) and
Trap(u, w) when distinct, and the vertical line segment joining the right vertices of Trap(v, w)
and Trap(u, w) when distinct. Moreover, m1(R) = [¢1(u), 1 (w)].

Thus, R = Cell(u, v, w) has exactly three non-vertical sides. One of them is the top side
of Trap(u,w). We call it the top side of R. The other two are the top sides of Trap(u,v) and
Trap(v,w). We call them the bottom sides of R. The point q(v) is their common vertex.
This is illustrated in Figure 5 when the top side of Trap(u, w) has slope 0. The configuration
is similar when it has slope 1.

Proof of Lemma 6.6. By Proposition 4.11, u < w are consecutive words in V.1, so we may
form the trapeze T = Trap(u,w). We also have |w| — |u| = Fj. Since a(u) > «a(v) and
a(w) > a(v), Lemma 6.5 shows that the top side of Trap(u,v) is horizontal, that the top
side of Trap(v,w) has slope 1, and that they share q(v) as a vertex.

If a(u) > a(w), the top side of T is horizontal with right vertex q(w) above the right
vertex of Trap(v,w), on the same vertical line. Thus, q(v) is an interior point of 7. This
case is illustrated in Figure 5. Otherwise, we have a(u) < a(w), so the top side of T has
slope 1, with left vertex q(u) above the left vertex of Trap(u,v), on the same vertical line.
Again, q(v) is an interior point of 7.

Since q(v) € T C A(u), we have A(v) C A(u) which yields the first formula in (6.10).
Similarly, since q(v) € T C C(w), we have C(v) C C(w) which yields the third formula in
(6.10). The middle formula follows directly from the definition of Cell(u, v, w).
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ga(w) -- ¢ q(w)
Cell(u, v, w)
a(v)
G2(v) --
Trap(u, v) Trap(v, w)

1 (u) @ (v) @ (w)
FIGURE 5. Partition of Trap(u,w) when a(w) < a(u)

Since A(v), B(v) and C(v) form a partition of R? into admissible sectors with common
vertex q(v) in the interior of T, it follows that the three sets in (6.10) form a partition of 7
into admissible polygons, and the remaining assertions follow. 0

We can now prove the assertion made at the beginning of section 3.5.

Proposition 6.7. Let q € A(e), let u be the largest element of [€, ws| for which q € A(u),
and let w be the smallest element of |u, wuo[ for which q € C(w). Then, exactly one of the
following holds.

(i) The words uw < w are consecutive elements of [, woo[. We have |w| — |u| = F} =1,
q € Trap(u,w) and q ¢ A(w).

(ii) There is an integer { > 2 such that u < w are consecutive elements of Vi1 with
|w| — |u| = Fy, and there exists v € Vy \ Vyi1 such that u < v < w are consecutive in
Vy. The point q belongs to Cell(u, v, w) but not to its bottom sides, nor to A(w).

Proof. As (Fy)e>1 is strictly increasing, the two assertions are mutually exclusive. So, it
suffices to show that one of them applies.

Suppose first that |u| > 2. Then {u, w} C Vs = [we, woo[, and so there is a largest integer
m > 2 for which {u,w} CV,,. We claim that u and w are consecutive elements of V,,.

To prove this claim, suppose first that u ¢ V,, 1 and let v be the successor of v in V,,. By
Lemma 6.5, we have a(v) > a(u) = w,, and the top side of Trap(u,v) has slope 1. Moreover,
by the choice of u, we have q ¢ A(v), thus

(6.11) q € A(u) \ A(v) = Trap(u,v) \ A(v) C C(v).

Since v < w, this implies that w = v, so u < w are consecutive in V,,, as claimed. Suppose
now that u € V,,41 and let v > u be the predecessor of w in V,,. By the choice of m, we
have w ¢ V1. So, Lemma 6.5 yields a(v) > a(w) = w,, and shows that the top side of
Trap(v, w) is horizontal. If v > u, we also have q ¢ C(v) by the choice of w, and so

q € C(w) \ C(v) = Trap(v,w) \ C(v) C A(v)
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against the choice of u. Thus v = u, and the claim holds once again.

Let ¢ be the smallest integer with 1 < ¢ < m — 1 such that v and w are consecutive
elements of Vyyq. If £ = 1, then assertion (i) holds. If £ > 2, then u < w are not consecutive
in V. So, by Proposition 4.11, we have |w| — |u| = F, and there exists v € V; \ Vyy1 such
that u < v < w are consecutive in V,. Then (ii) holds because q ¢ A(v) UC(v) U A(w).

Finally, suppose that |u| < 2. If u = ¢, then (6.11) holds with v = w; since a(e) < a(w;),
and so w = wy. Otherwise, we have u = w; and (6.11) holds with v = wy since a(w;) <
a(ws), hence w = wy. Thus, (i) applies. O

Definition 6.8. We denote by S; the set T} of all trapezes Trap(u,v) where u < v are
consecutive words in [€, we[. For each integer ¢ > 2, we denote by Sy the set of all polygons
Cell(u,v,w) where u < v < w are consecutive words in V, with v ¢ V,;;. We also set

S = U1 Se-

Our next goal is to show that S is a partition of A(e), as asserted in Theorem 6.1. By
Proposition 6.7, A(e) is the union of the polygons of S. So, it remains to prove that any
pair of distinct polygons of S are compatible. The next result shows that the writing of an
element of S, as in the above definition, is unique. It also shows that distinct polygons of S
have distinct projections on the first coordinate axis.

Lemma 6.9. Let R € S. Then, there is a unique integer { > 1 such that R € S.

(i) If ¢ = 1, there is a unique pair of consecutive elements u < w of [€,Weo| such that
R = Trap(u, w).
(ii) If ¢ > 2, there is a unique triple of consecutive elements u < v < w of V, with

v & Viy1 such that R = Cell(u, v, w).
In both cases, we have
(6.12) lw| —|ul =F, and m(R)=[q1(u), g2(w)].
Distinct polygons of S have distinct projections under .

For example, the polygon Ry in Figure 4 has projection m(Rg) = [16,22]. Thus, it is
Cell(u, v, w) where |u| =8, [v] =9 and |w| = 11. Since [w| — |u| = 3 = F3, it belongs to S.
Indeed, 8 < 9 < 11 are consecutive elements of V5 with «(9) = 3, as table (4.3) shows.

Proof of Lemma 6.9. Suppose first that R € S;. Then, R = Trap(u,w) for consecutive
elements u < w of [e,ws[. We have |w| — |u| = 1 = F; and Lemma 6.5 yields m(R) =
[g1(u), g2(w)].

Suppose now that R € Sy for some ¢ > 2. Then, R = Cell(u,v,w) for consecutive
elements u < v < w of V, with v ¢ Vy1;. By Proposition 4.10, we have |w| — |u| = Fy. By
Lemma 6.6, the top side of R is the top side of Trap(u, w). Hence, R has the same projection
as Trap(u,w) under 7y, which is [¢;(u), g2(w)] by Lemma 6.5.

Thus, (6.12) holds in all cases. Hence, u and w are uniquely determined by m;(R), which
in turn determine ¢. If ¢ > 2, then v is also determined as the successor of w in V. O

Proposition 6.10. Let ¢ > 1 be an integer, and let u < v < w be consecutive elements of
{e} UVy. Then Trap(u,v) and Trap(v,w) are compatible trapezes: their intersection is both
the right vertical side of Trap(u,v) and the left vertical side of Trap(v,w).
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Proof. By Lemma 6.5, the right vertex of Trap(u,v) is (¢1(v), r) for some r € R and the left
vertex of Trap(v,w) is (q1(v), s) for some s € R. The lemma also allows us to compute r
and s in terms of the numbers = = |u|, y = |v|, z = |w]|, @(z) = |a(u)|, @(y) = |a(v)] and
a(z) = |a(w)|. We simply need to show that r = s. Without loss of generality, we may
assume that u < v < w are not consecutive elements of {e} U V4.

If |u| > 2, we have £ > 2, and = < y < z are consecutive numbers in V;, not all contained
in Vyy1. So, Proposition 4.12 applies and yields four cases (i)-(iv) to consider. Figure 6
shows the trapezes Trap(u,v) and Trap(v,w) in each of these cases. Using Lemma 6.5, we
find in all cases that r = s:

Case (i): r=y+ F,=s;
Case (ii): r=(v+F)+2(y—z) =2+ F, =s;
Case (iii): r=(v+ Fo)+2(y—2)=y+ Frp1 = s;
Case (iv): r=y+F=z+F =s.
If u=¢, then v = wy, w = wyy1, and we find r = 2F, = s. Finally, if u = wy, then ¢ = 1,
v =wy, w=ws, and r = s = 4. O

Y+ - R
ot L AT
2x 2y 2z
Case (i) Case (ii)
Y+ Frp---
=z+F,
2F; 1 | 2F
2x 2y 2z
Case (iii) Case (iv)

FIGURE 6. Four possible configurations for Trap(u,v) and Trap(v, w) for con-
secutive words u < v < w in V, with £ > 1.

Corollary 6.11. Let £ > 1 be an integer. Any pair of distinct trapezes of T, are compatible.
Any pair of distinct polygons of Sy are compatible.
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Proof. The first assertion is clear since any pair of distinct trapezes of T, with non-empty
intersection are as in the proposition.

For the second assertion, we may assume that ¢ > 2 since S; = T;. Let R and R’ be
distinct elements of S;. Write R = Cell(u, v, w) and R’ = Cell(v/, v, w") where u < v < w
and v < v < w' are triples of consecutive elements of V, with v ¢ V,,1 and v' ¢ V.
Without loss of generality, we may assume that v < v" and so w < u/. Then R N'R’ is
empty if w < «/, and is contained in the vertical line L of abscissa ¢, (w) = ¢1(u') if w = u'.
Suppose that w = v’. By Lemma 6.6, R N L is the line segment joining the right vertex r of
Trap(v,w) and the right vertex s of Trap(u, w), while R' N L is the line segment joining the
left vertex r’ of Trap(u’,v’) and the left vertex s’ of Trap(u/, w’). These two line segments are
the same because, by the proposition, we have r = r’ since v < w = v/ < v’ are consecutive
elements of Vy, and s = s’ since u < w = v’ < w’ are consecutive elements of Vy, ;. Thus,
RNR =RNL=TR NLisacommon side of R and R’ if r # s, and a common vertex if
r = s. In all cases, R and R’ are compatible. 0

Corollary 6.12. Let { > 1 be an integer. Then, Layer({) is an admissible polygon and T,
is a partition of it. The boundary of Layer(?) is a polygonal line made of the vertical side of
A(e) and the top sides of the trapezes in T.

This follows immediately from the preceding corollary and the definition of Layer(¢). For
¢ = 1, this is illustrated in Figure 4 where Layer(1) is displayed in grey. Note that, if
u < v < w are consecutive words in {e¢} UV, and if the top sides of Trap(u, v) and Trap(v, w)
have the same slope, both of them are contained in the same side of Layer(¢). The next
result provides an example of this.

Corollary 6.13. Let ¢ > 1 be an integer. Then, Trap(e, wy) and Trap(we, weyq) form a par-
tition of Trap(e, wei1), and so Trap(e, wpyq1) C Layer(¢). We also have Layer(1) = Layer(2),
and Sy is a partition of Layer(2).

Proof. Since € < wy < wyyq are consecutive elements of {e} UV, the proposition shows that
Trap(e, wy) and Trap(wy, wyi1) are compatible. Since a(€) < a(w;) < a(we), their top
sides have slope 1, like the top side of Trap(e, wey1). So, the former trapezes form a partition
of the latter. This proves the first assertion. For ¢ = 1, this gives Trap(e, wz) C Layer(1).
As Vy = [we, wy|, we conclude that Layer(2) = Layer(1). Since S; = T} is a partition of
Layer(1), it is therefore a partition of Layer(2). O

Lemma 6.14. Let ¢ > 2 be an integer and let u < v < w be consecutive elements of Vy with
v & Viy1. Then Cell(u, v, w) N Layer(¢) is the union of the bottom sides of Cell(u, v, w).

Proof. This follows immediately from Lemma 6.6 since the portion of Layer(¢) between the
vertical line segments of abscissa ¢;(u) and ¢;(w) is Trap(u, v) U Trap(v, w). O

Lemma 6.15. Let u < w be consecutive elements of Vo1 for some integer £ > 1, and let €
be the top side of T = Trap(u,w). Then & is a side of a unique polygon R € Sy U---U Sy,
and it is the top side of R.

Proof. If € is a side of some R € S; U ---U.S, then it is its top side because R is contained
in Layer(£+ 1) and & lies on the boundary of Layer(¢ +1). Thus, m(R) = m1(7T) and so, by
Lemma 6.9, there is at most one such R.
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To show the existence of R, we may assume without loss of generality that ¢ is the smallest
positive integer such that v < w are consecutive in Vy,q. If £ = 1, we may take R = T.
If ¢ > 2, then u < w are not consecutive in V, and so, by Proposition 4.11, there exists
v € Vy \ Vpy1 such that u < v < w are consecutive in V,. Then Lemma 6.6 shows that the
top side of R = Cell(u, v, w) is €. O

The next result proves the last assertion of Theorem 6.1.

Proposition 6.16. The set S;U---U Sy 1 is a partition of Layer(¢) for each integer £ > 2.
Moreover, S =J,2, Se is a partition of A(e).

Proof. Since the sets Layer(¢) with ¢ > 2 form an increasing sequence whose union is A(e),
it suffices to show the first assertion. We do this by induction on ¢.

For ¢ = 2, the statement follows from Corollary 6.13.

Now, suppose that S;U---US,_; is a partition of Layer(¢) for some ¢ > 2. By Lemma 6.6,
each trapeze in Ty, either belongs to 7y or decomposes as the union of two trapezes of Ty
and a polygon of Sy. Thus Layer(¢ + 1) is the union of Layer(¢) and of the polygons of S,.
Hence, it is the union of the polygons in S; U ---U S).

To complete the induction step, it remains to show that any pair of polygons R # R’ in
S1U---US, are compatible. By hypothesis, this is true if they both belong to S;U---U.S,_;.
By Corollary 6.11, this is also true if they both belong to Sy. So, we may assume that R € S
and that R’ € S;U---U S,_;. We may further assume that R and R’ intersect.

Since R’ C Layer(¢), the set R MR’ is contained in R N Layer(¢) which, by Lemma 6.14,
is the union of the two bottom sides of R. As these have distinct slopes and as R "R’ is
convex, that intersection is contained in a single bottom side £ of R. By Lemma 6.15, £ is
a side of a unique R” € S1U---US,;_;. f R' =R”, then RNR' = £ is a common side of
R and R’, and we are done. Otherwise, £ is not a side of R'. As R’ and R” are compatible
polygons by our induction hypothesis, it follows that R MR’ = € NR’ is a common vertex
of R and &, thus also a vertex of R, and again we are done. O

We also have a similar result for trapezes.
Proposition 6.17. Let T € J,2, 1;. Then, {R € S; R C T} is a partition of T .

Proof. By Proposition 6.16, the polygons in S are pairwise compatible. Thus, it suffices to
show that 7 is a union of polygons of S. This is automatic if 7 € T7 because T} = S; C S.
Suppose that T € Ty for some ¢ > 1. Then, we have T € Ty, or T = Trap(e, wey1) is the
union of two trapezes in T, by Corollary 6.12, or we have ¢ > 2 and 7T is the union of an
element of Sy and two elements of Ty by Lemma 6.6. As we may assume, by induction, that
each element of T} is a union of polygons of S, the same is true for 7. ([l

By Lemmas 6.5 and 6.6, the following result completes the proof of Theorem 6.1.

Proposition 6.18. Let R € S, let u,w € [¢,wuo| such that m(R) = [q1(u), ¢1(w)], and let
q=(q1,92) € R. Then, we have

(6.13) P(q) = ®(q1 — |ul, g2 + [u] — |w], [w]).
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Proof. We proceed by induction on the integer ¢ > 1 for which R € S,.

Suppose first that £ = 1. Then, u < w are consecutive in [, ws[, and R = Trap(u, w). If
q ¢ A(w), then wu is the largest element of [e, ws | for which q € A(u) and w is the smallest
element of |u,w.[ for which q € C(w). Hence, formula (3.11) for P(q) applies and gives
(6.13). If q € A(w), then q belongs to Trap(w,w’) \ A(w') where w' is the successor of w in
6, wso[, and the preceding yields

P(q) = (q1 — |wl, g2 + [w] — [w'], [w']).
This yields (6.13) because ¢; = 2|w| and |[w'| — |w| =1 = |w| — |u|, thus
(1 — [w|, g2 + |w| — W[, [w']) = (Jw], g2 + [u] — |w], g1 — [u]).
Suppose now that ¢ > 2. Then, by Lemma 6.9, we have |w|—|v| = F, and R = Cell(u, v, w)
for some v € Vy\ Vy11 such that u < v < w are consecutive elements of V,. Let & denote the
top side of Trap(u,v), and &, the top side of Trap(v,w). By Lemma 6.6, & and &; are the

bottom sides of R. Moreover, u < w are consecutive elements of V.1, and q € Trap(u, w).
We consider several possibilities.

1. Suppose that q ¢ & U E;. Then we have q ¢ Layer(¢) by Lemma 6.14. Let u’ be the
largest element of [, w| such that q € A(v’) and let w’ be the smallest element of |u/, we|
such that q € C(w’). Since q € Trap(u,w), we have u < v < w’. By Proposition 6.7,
u' < w' are consecutive elements of Vi, for some integer k£ > 1 (because v’ > u > w,), and
so q € Trap(v/,w’) C Layer(k+1). Thus, we must have k > ¢ and therefore {u/, w'} C Vy ;.
We divide this case into two sub-cases.

a) If q ¢ A(w), then we have u < v/ < w’ < w. As u < w are consecutive elements of
Vii1, we deduce that v’ = v and w’ = w, and then (6.13) holds by definition of P.

b) If instead q € A(w), then v’ = w and, by Proposition 6.10, q belongs to the left vertical
side of Trap(w,w”) where w” is the successor of w in V1. Hence, we must have w' = w”.
So, w < w' are consecutive in V1, but not consecutive in V, because q ¢ Layer({), thus
|w'| — |w| = F; = |w| — |u| by Proposition 4.11. By definition of P, we thus have

P(a) = (g1 — |w], ¢z + |w| — ||, [w']) = ©(|lw], ¢z + |u] — |w], g1 — [ul)
where the second equality uses ¢; = ¢1(w) = 2|w|. Thus, (6.13) also holds in this case.

2. Suppose that q € . By Lemma 6.15, & is the top side of a unique R’ € S;U---US,_;.
Moreover, we have m(R') = m1(&) = [q1(u), ¢1(v)]. So, by induction, we may assume that
P(q) = (g1 — [ul, g2 + [u] = [v], |v]).

This yields (6.13) because ¢a = q2(v) = |v| + Fy = |v| + |w| — |u|, and so
(1 = lul, @2 + [u] = Jvl, [v]) = (@1 = [ul, [w], g2 + [u] — |w]).

3. Finally, suppose that q € &. Then, similarly as in the previous case, & is the top
side of a unique R” € S;U---U S;_; and we have m(R") = m1(&1) = [¢1(v), ¢1(w)]. So, by
induction, we may assume that

P(q) = ®(q1 — [v], g2 + [v] — |w], [w]).
Then (6.13) follows because ¢; — g2 = ¢1(v) — ¢2(v) = |v| — Fy = |v| + |u| — |w], and so
(@1 = vl g2 + |v] = Jw|, [w]) = (g2 + u] — |w], g1 — [ul, [w]). 0
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7. ADDITIONAL PROPERTIES OF THE MAP P

In this section, we study in more detail the map P and we look more closely at its first
component P;. We also introduce a notion of integral 2-parameter 3-system which applies
to P and extends that of integral 3-system from [5].

Proposition 7.1. Let P = (P, P», P5): A(e) — R? be as in section 6, and let R € S. Then,
there is a unique triple (a,b,c) € Z* with ¢ = a + b such that

(7.1) P(q) = ®(¢1 —a,¢a = b,¢) for each q = (q1,q2) € R.

If R # Trap(e,wy), there is also a unique point r of R such that Py(r) = Pa(r) = P3(r). If
moreover R # Trap(ws, ws), then v is an interior point of R, and the sets

Rije ={a=(q1,¢2) € R; Pi(a) = ¢ — a, Pj(q) = ¢2 — b, P(q) = c}
attached to the siz permutations (i,j,k) of (1,2,3) form a partition of R into admissible

convez polygons with r as a common vertex. If R is Trap(e,wy) or Trap(wq,ws), then the
Rk with non-empty interior provide a partition of R into admissible convex polygons.

Proof. We will simply treat the case where R € Sy for an integer ¢ > 2. The reasoning
is similar and simpler for the trapezes of S;. Thus, we assume that R = Cell(u, v, w) for
consecutive elements u < v < w of V, with v ¢ V,i;. Then, Theorem 6.1 yields (7.1)
with (a,b,¢) = (Jul,|a(v)],|w]). By Lemma 6.6, we have |w| — |u| = F; = |a(v)|, thus
¢ = a+b. Since R has non-empty interior, the condition (7.1) uniquely determines (a, b, c).
As shown in Figure 7 when the top side of R is horizontal, the lines of equation ¢; — a = ¢,
g2 —b=cand ¢ —a = g — b cut respectively in their middle the top sides of Trap(u,w),
Trap(v,w) and Trap(u,v). Their intersection point r = (a + ¢, b+ ¢) is therefore an interior
point of R and the only point of R where P;, P, and Pj3 coincide. These lines induce a
partition of R into six convex polygons on which the differences (¢1 — a) — ¢, (g2 — b) — ¢
and (¢ — a) — (q2 — b) are everywhere > 0 or < 0. By definition of P, this is equivalent to
(n —a,q2 —b,c) = (P(q), Pi(q), Px(q)) for a fixed permutation (7, j, k) of (1,2,3). We get

a different permutation for each polygon, as indicated in Figure 7. 0J
Ras1
Ris2
Rs2.1

r

ol + la(w)] -
Rizs Rs2

Raas

ol +lafw)]
2|u Jul + o] u] + [w] 2[v] 2|w]

FiGUurE 7. Partition of R into six polygons on which P is affine
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In the notation of the proposition, we have

g —a ifqeRi23URI32,
Pi(@q)=q¢@—b ifqeRyizsURs12,
c if qc R273,1 U R3’271.

Thus, we obtain a 3-dimensional picture of the graph of P, over a trapeze Trap(e, wy) by
partitioning this trapeze into polygons R € S and then by colouring the corresponding R; ; »
in light grey when ¢ = 1, in medium grey when j = 1 and in dark grey when k£ = 1. The result
is shown in Figure 8 for £ = 7. On the connected regions in light grey, P;(q) — ¢; is constant;
on those in medium grey, Pi(q) — ¢ is constant; on those in dark grey, Pi(q) is constant.
This picture shows some symmetries. One notes for example that the colouring is the same,
up to translation, in the region surrounded by solid lines as in the region surrounded by
dashed lines. This is an illustration of Theorem 3.1 with k& = 6.

q2 4
40

36
32
28
24
20
16

12

4 8 12 16 20 24 28 32 36 40 q1

FIGURE 8. The graph of P;(q1,q2) for 0 < go < ¢1 < 2F; =42

The smallest admissible polygons are the admissible triangles with horizontal and vertical
sides of length 1, namely the triangles with set of vertices

V={(m,n),(m+1,n),(m+1,n+1)} or V' ={(mn),(mn+1),(m+1,n+1)}

for some (m,n) € Z?. We call them the basic triangles. We say that a basic triangle T is
respectively of lower or upper type if its set of vertices is of the form V or V' respectively,
that is if T lies respectively below or above its hypotenuse.

The basic triangles are pairwise compatible, each basic triangle of a type sharing common
sides with 3 basic triangles of the other type (see Figure 9). They form a partition of R? as
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defined in section 6. In general, the set of basic triangles contained in any given admissible
polygon A is a partition of A.

Lemma 7.2. Let T be a basic triangle and let (a,b,c) € Z3. Then the map from T to R?
sending each q = (q1,q2) € T to ®(q1 — a,qo — b, ¢) is affine.

Proof. For any interior point q = (¢, ¢2) of T, none of the numbers ¢, g2 and ¢; — g2 is an
integer, so the coordinates of (¢ —a, g2 — b, ¢) are all distinct, and their order is independent
of q. Hence, there is a linear map o: R® — R3 that permutes the coordinates in R? such that
O(q1 —a,q2 —b,c) = o(q1 — a,qa — b, ¢) for each interior point of 7, and thus, by continuity,
for each point of 7. O

By Proposition 7.1, the next two results apply to the map P: A(e) — R? of section 6.

Lemma 7.3. Let A be an admissible polygon, let T' denote the set of basic triangles contained
in A, and let P = (Py, Py, P3): A — R? be a function. Suppose that, for each T € T, there
exists (a,b,c) € Z3 with ¢ = a + b such that

(7.2) P(q,q2) = ®(q1 — a,q2 = b,c)  for any (qu,q2) € T.

Then P is continuous and satisfies

(7.3) Pi(q) + P(a) + Ps(q) =g + g2 for any q = (q1, ) € A.
If A is convex then P is 1-Lipschitz.

Proof. By (7.2), the map P is continuous on each 7 € T (for the relative topology of T).
Thus, it is continuous on A because, for each q € A, there are at most six triangles 7 € T
with q € 7, and their union is a neighbourhood of q. Formula (7.2) also implies (7.3) for
each q € 7 with T € T, thus for each q € A. Finally, suppose that A is convex and let
q,q € A Write @ — q = (u1,uz). Then, for each ¢ = 1,2,3, the function f;: [0,1] — A
given by f;(t) = P(q+t(q' — q)) is continuous and piecewise linear with slopes 0, u; or us,
thus

|Pi(d) = Pi(a)| = |fi(1) — fi(0)] < max{[ui], [uz]} = [[d" = q,
and so ||[P(q) —P(q)| < [lq" —ql|. O
Lemma 7.4. Let the notation and hypotheses be as in Lemma 7.3. Suppose that T € T s
a lower basic triangle, that T' € T is an upper basic triangle, and that they share a common
side €. Let (a,b,c) € Z® with ¢ = a + b such that (7.2) holds, and let (a',V',c) € Z* with
d =a +V such that
P(q,q) = ®(qn —d',qo = V', ) for each (qu,q2) € T".
Suppose further that (a',V', ) # (a,b,c). Then,
(i) (a/, b, ) = (m —c,bym —a) if € is contained in the vertical line ¢ = m;

i) (a/,b,c) = (a,m —c,m —1b) if € is contained in the horizontal line go = m;
ii) (a’,b,c b) if € 1 tained in the horizontal li
(ii) (a/,0, ) = (b+m,a—m,c) if £ is contained in the line ¢ — ga = m.
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¢ T
@ —a s 7ﬂq—b q—a
- . — 2 T — .
0~ b Qe ¢~ b
QQ_bT T P2=m _,), T 2 —b
e 1 sl =
Y
G =m (o]l? T’ qgi —q2=1m T

FIGURE 9. Basic triangles meeting in a common side

The three cases are illustrated in Figure 9. In each, the formula given for (a’, ¥, ¢’) follows
from the hypotheses that (a/, 0, ) # (a, b, c) and that ®(q1 —a, go—b,¢) = ®(q1 —ad’, g2 =V, ')
for all (q1,¢2) € €.

We propose the following notion.

Definition 7.5. An integral 2-parameter 3-system is a function P: A — R? as in Lemma 7.3,
such that, under the hypotheses of Lemma 7.4, we have ¢ > ¢ in case (i), &’ < b in case (ii),
and a' < a in case (iii).

It is easily seen that, if P: R? — R3 is an integral 2-parameter 3-system on R?, then
the maps ¢ — P(q,0) and ¢ — P(0,q) are both integral 3-systems in the sense of [5]. We
conclude with the following result.

Proposition 7.6. The map P: A(e) — R? of section 6 is an integral 2-parameter 3-system.

Proof. Let the notation and hypotheses be as in Lemma 7.4, and let R, R’ € S such that
T CRand 7" C R'. Since (a/,V,¢) # (a,b,c), Proposition 7.1 gives R # R'. So the
common side £ of T and 7" is contained in a common side of R and R’. If R = Trap(e, wy),
we have R’ = Trap(w, ws), (a,b,c) = (0,1,1), (a’, V', ) = (1,1,2), and case (i) applies with
m = 2. If R = Trap(w;, ws), we have R’ = Trap(ws, ws), (a,b,¢) = (1,1,2), (a',V, ) =
(2,1,3), and case (i) applies with m = 4. In both instances, we note that ¢’ > ¢, as needed.
If R is not one of these trapezes, then, by Proposition 7.1, the functions ¢; — a, g — b and ¢
coincide in an interior point of R. So, in case (i), we have ¢; — a = ¢ for some ¢; < m, thus
d =m—a > c In case (ii), we have ¢o — b = ¢ for some go > m, thus &’ =m —c < b. In
case (iii), we have ¢; — a = ¢o — b for some (q1,q2) € R with ¢; — go > m, thusa — b > m
and so @' =b+m < a. O

It would be interesting to know if, for any matrix A € GL3(R), there exists an integral
2-parameter 3-system P: R? — R? such that L4(0,q1,q2) — P(q1,¢2) is a bounded function
of (q1,q2) € R?, and conversely if, for any integral 2-parameter 3-system P: R? — R3, there
exists A € GL3(R) with the same property.
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8. PROOF OF THEOREM 3.1

Fix an integer k£ > 4. Since ¢a(wg—1) = ga(w—_1wi—3) = 2F;_1, the conditions (3.14) on a
point q = (q1, ¢2) € R? amount to

(8.1) q € Trap(e, wg_2) U Trap(wy_o, wi_1) U Trap(wg_1, wr_1wy_3).
Fix such a point q. We need to show that
P(p+q)=r+ P(q) where p=(4Fy 5,2F; o) and r = (2F;_2,2F;_o,2F}_»).

To this end, choose a trapeze T in the right hand side of (8.1) for which q € 7. By
Proposition 6.17, there exists R € S such that ¢ € R C 7. So, m(R) = [q1(u), q1(w)]
for some u < w in [€, wy_1wy_3]. Moreover, since R C T C Layer(k — 2), Proposition 6.16
implies that R € S, for some ¢ € {1,...,k —3}. Let v’ and w’ be the prefixes of w,, with

(8.2) [u'| = |u| + 2F_2 and || = |w|+ 2F)_s.

We claim that there exists R’ € Sy such that

(8.3) m(R) =[q(v),¢1(w')] and p+RCR.

If we admit this, then p + q € R’ and, using (8.2) and Proposition 6.18, we find

Plp+q)=®(q1 +4F—2 — U], g2 + 2F—2 + |t/ — ||, |w'])
= ®(q1 — |u| + 2Fk—2, @2 + |u| — |w] + 2F} o, |w| + 2F}_2) =t + P(q),

as needed.

To prove the claim, we first note that, by Lemma 4.5, we have |a(u)| < |a(u')| and
la(w)| < Ja(w')|, thus p+ q(u) € A(v') and p + q(w) € C(w'), so
(8.4) p+ Au) C A(v') and p+C(w) C C(w').

If £ =1, the words u < w are consecutive prefixes of ws, and we have R = Trap(u, w).
Then, by (8.2), the words v/ < w’ are also consecutive prefixes of w., and we may form
R’ = Trap(v/,w') € Sy. It satisfies (8.3) because by (8.4), we have

p+tR=pP+Au)N(p+C(w) CAW)NC(w) =R

Otherwise, we have £ > 2 and, by Lemma 6.9, there exists v € V;\ Vy11 such that u < v < w
are consecutive elements of V,, and R = Cell(u, v, w). We note that v ¢ F because the only
element of F in V, \ V1 is wy and v > u > wy. Since we also have v < w < wg_jwy_3, we

deduce from Lemma 4.5 that the prefix v of w, with [v/| = |v| + 2F}_o satisfies |a(v)| =
la(v")], thus v" € Vy \ Vg1 and p + q(v) = q(v'), so
(8.5) p + B(v) = B(v').

By Proposition 4.6, the words u' < v < w’ are consecutive elements of V,, so we may form
R’ = Cell(u/,v',w'") € Sp. On the basis of (8.4) and (8.5), we conclude as above that (8.3)
holds.
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9. PROOF OF THEOREM 3.2

We begin by establishing three lemmas, the first two of which concern the morphism of
monoids §: EF* — E* defined in section 3.2.

Lemma 9.1. For each v € |6, wso[, we have ‘|0(v)| — 7|v|| < 2.

Proof. More precisely, we will show, by induction on |v|, that
(9.1) [10(0)] = y]v]] + max{1, [v]} 7" <2

for each v € [e, weo|. If |v] =0, then € = v = 0(v), so |#(v)| = 0 and (9.1) holds. If |v| = F
for some positive integer k, then v = wy and 0(v) = wyi1, so |0(v)| = Fyy1. Since Fyyq/Fy
is a convergent of v in reduced form, we have

| Frp1 — vFe| < 1/ Fy.

Thus, the left hand side of (9.1) is at most 2/F), < 2, and we are done.

We may therefore assume that Fy < |[v| < Fyi1 for some k > 3, thus v = wiu with
u € e, wg_1[. Then, we have 0(v) = wg16(u), and so

10(0)] = ~[v]] < [Frsr —vFi| + [10(w)] = y]ul].
By induction, we may assume that ||6(u)| — v|u|| <2 —1/[u|. So, we obtain
[16()] = ylol] + 1/ < 1/Fe +2 = 1/[ul +1/|v| = 1/Fy + 2 = Fi/(|ul [v])

because |v| — |u| = Fj. Since |u| [v] < Fy_1Fy11 = F? + 1, we also have |u| [v] < F? and the
desired estimate (9.1) follows. O

Lemma 9.2. Let v € V4 and let v' = (v). Then, ||q(v") —yq(v)| < 4.

Proof. Since v € V,, Corollary 5.8 gives a(v') = 0(«(v)). Thus, by Lemma 9.1,

la(v’) = va(v) || < 2max {[[v'] = ~]v]|, [la(v")] = yla()]|} < 4. B

Lemma 9.3. Let q = (q1,¢2) € A(e) with g2 < q1/2. Then, |P(q) — (g2, ¢1/2,¢1/2)|| < 1.

Proof. Choose consecutive words u < v in [€, weo|[ With ¢;(u) < g1 < ¢1(v). Then, q belongs
to Trap(u,v) because

min{gs(u) + ¢ — ¢1(u), ¢2(v)} = min{gy — [ul, [v[} = ¢1/2 = s,

Thus, by Theorem 6.1, we have P(q) = ®(r) where r = (¢1 — |u],q2 — 1,|v]). As ® is
1-Lipschitz, this yields

IP(@) = (g2, 01/2,01/2) | = [|2(x) = D(q1/2, g2, 1 /2)[| < [[x = (@1/2, 02, 1/2) | 1. O
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Proof of Theorem 3.2. Let q = (¢1,¢2) € A(¢). We need to show that
IP(vq) — 7P (q) | < 40.

If go < ¢1/2, Lemma 9.3 applies to q and to yq. Thus, setting r = (g2, ¢1/2,¢1/2), we find
IP(va) —7P(Q)[| < [P(yq) = yr|[ +7llr = P(q)[| <1 +1.
Suppose now that ¢ > ¢1/2 and q € Layer(4). The above special case gives
(9:2) IP(va) = 7P(q)[| <1+~ where q = (q1,q/2).
Since q € Layer(4), we have q € Trap(u, v) for consecutive u < v in {e¢} UV, and then
2ul < ¢ <2lv] and g < min{q — |u| + |a(u)], |v] + |a(v)]}.
If u # ¢, Corollary 4.8 gives |v| — |u| < F3 = 3, and Corollary 4.9 gives {u,v} Z Vg, thus
min{|a(u)|, |a(v)|} < F5 =8, and so
@ — q1/2 < max{q/2 — |u|, |v] — ¢1/2} + 8 < |v| — |u| + 8 < 11.

If uw =€, we have v = wy, thus ¢ — ¢1/2 < ¢1/2 < |v| = 5. Hence, in all cases, we have
0<¢ —q/2<11. As P is 1-Lipschitz by Proposition 7.1 and Lemma 7.3, we deduce that

IP(q) —P(q)[| <11 and [[P(yq) - P(yq)|| < 11v.

Using (9.2), we conclude that [|P(vq) — vP(q) || < 1+ 23y < 40, as claimed.

Finally, suppose that q ¢ Layer(4). By Proposition 6.10, there exist an integer ¢ > 4 and
a polygon R € Sy such that q € R. Let u < v < w be consecutive elements of V, with
v ¢ Vi1 such that R = Cell(u, v, w), and set

v =0(u), v=0w) and w' =0(w).

By Proposition 5.7, the words ' < v’ < w’ are consecutive elements of V1 with v ¢ V.
Thus, we may form R’ = Cell(v/,v',w’) € Sy;;1. Using Lemma 9.2, we find

YA(u) = ya(u) — q(u) + A@u') € [-4,4]° + A(),
YB(v) = va(v) — qv) + B() € [-4,4)* + B(v),
1C(w) = va(w) — q(w') + C(w') € [~4,4]* + C(w).
Taking term by term intersections, we deduce that
YR C [-8,8* + R

because the sides of A(u'), B(v') and C(w’) are horizontal, vertical, or have slope 1. Thus,
there exists ' = (¢}, ¢5) € R’ such that

(9:3) lva—dl <8
As P is 1-Lipschitz, this implies that
(9-4) IP(ya) —P(q) | <8
Since q € R and q' € R/, Theorem 6.1 gives P(q) = ®(r) and P(q’) = ®(r') where
/
1

/

r=(q — |ul,q2 + [u] = |wl|, [w]) and "= (g} —[u'], g5 + [u'| — [w'], Ju']).
As @ is 1-Lipschitz and commute with scalar multiplication, we deduce that

IP(q) —yP(@) | < [Ir' —9r| < 12,
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where the second estimate uses (9.3) and Lemma 9.1. Combining this with (9.4), we conclude
that [[P(yq) —yP(q)|| < 20.

10. A SPECIFIC EXAMPLE

Using the terminology of section 3.6, we show below that the real number ¢ given by
(3.16) belongs to &, by computing explicitly an associated Fibonacci sequence in SLy(Z).
Although this is not needed for the rest of the paper, it provides a concrete example of a
number ¢ to which our results apply, independently of [6]. We start by recalling some general
facts from continued fraction theory.

Let o: (N\ {0})* — GL2(Z) be the morphism of monoids such that

o(a) = (‘11 é) for each a € N\ {0}

By [6, Corollary 4.2], its image is S U {I} where [ is the identity of GLy(Z) and

S = { (Z 2) € GLy(Z); a > max{b,c} and min{b,c} > d > 0}‘

Moreover, its restriction o: (N'\ {0})* — SU {I} is an isomorphism of monoids. It follows
that, for each word v € (N '\ {0})*, the matrix o(v) is symmetric if and only if v is a
palindrome.

Let (a;)i>1 be a sequence of positive integers and let £ € |0, 1] be the real number with
continued fraction expansion

£=10,a1,az,a3...]=1/(a; +1/(ag +--)).

For each integer k > 1, we have

_ (e 1\ far 1\ _ (@ @k
o= (3 0) (1 0)= G )

where pr/qr = [0,a1,...,a;] is the k-th convergent of £ in reduced form (and po/qy = 0),
thus

(10.1) 1€, —Do(ar-ap) | = lgr—1& = pear| < g;" = oar--ap) |

with absolute implied constants (see [10, Chapter IJ).

Proposition 10.1. Let £ = [0,1, fa1] where 1 = (1,1) and 2 = (2,2). Then £ belongs to
&S with associated Fibonacci sequence (W;)i>o in SLo(Z) starting with

(10.2) Wo = o(1) = (? 1) and Wy = o(1)o(2)0(1)" = <Z j) |

Moreover, let E = {a, b} be an alphabet on two letters, let woo = fop, and let o E* — SLoy(Z)
be the morphism of monoids such that p(a) = Wy and ¢(b) = Wy. Then, for each v € [€, weo|,
we have

(10.3) 1€ =De(@) | = [le(w) 17

In (10.3) and in the proof below, all implied constants are explicitly computable numbers.
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Proof. We first note that, for each v € E*, we have

(10.4) p(v) = o(1)o(r(v))o (1)~

where 7: E* — (N'\ {0})* is the morphism of monoids such that 7(a) = 2 and 7(b) = 1.
Indeed, both sides of this equality define morphisms from E* to SLy(Z) which, in view of
(10.2) agree for v = a and v = b. We also note that W; = p(w;) for each i > 0, where (w;);>o
is the Fibonacci sequence in E* with wg = b and w; = a. Thus, (10.4) yields

(10.5) W; = o()o(r(w;))o(1)"t (i >0).

For v € [6, wy[, the word (1,7(v)) is a prefix of (1, fa1) and so, using (10.4), the general
estimate (10.1) yields
1€, =De@) | < (& =D)L, r@) | < o, 7)) I = [le@) [
which proves (10.3). For the choice of v = wj, this gives ||(£, —1)W;|| < [|[W;]|~! for each
i > 0. Thus, the sequence (W;);>¢ fulfils condition (E3) from section 3.6.
By (10.5), we have |[W;|| =< [lo(7(w;))|| for each i > 0. Since ||A|||B| < [|[AB] <
2||A||l || B|| for any A, B € S and since o(7(w;)) € S for each i > 1, we deduce that
[Wisa |l < [[o(7(wir2)) | = | o(T(wisr))o(r(ws)) |
= lo(r(wip) [l o (r(w)) [| = W [ Wi
for each ¢ > 0. Thus, (W;);>0 is unbounded and fulfils condition (E2).
Finally, we note that

21 -1 0

For each 7 > 0, let x; = I/VZ-]WZ-_1 where M; is defined as in condition (E1) for the above choice
of M. For i > 2, we claim that

(10.7) x; = o(1, 7(w™),1).

)

Indeed, if 7 is even, w; ends in ab. Then, using (10.5) and (10.6), we find that
x; = o(1)o(t(w;*))o(2)M ' = o(1)o(r(w*))o(1).

K3 3

(10.6) o(2) = (5 2) — o(1)M = 'Mo(1) where M — ( s 1) .

Otherwise, 7 is odd, w; ends in ba, and we find similarly that

x; = o(L)o(r(w"))o(1)o(2)0(1) " ("M) ™" = o(1)o(r(w]"))o(1).

3 (2

Moreover, w;* is a palindrome in E* by Lemma 5.2. Since 7(a) = 2 and 7(b) = 1 are
palindromes in (N '\ {0})*, we deduce that (1,7(w;*),1) is a palindrome in (N '\ {0})*. So,
by (10.7), the matrix x; is symmetric for ¢ > 2. A direct computation shows that %o and x;
are also symmetric. Thus, (E1) is fulfilled as well and so & € &, . O

A Markoff triple is a solution in positive integers m = (m, m, ms) of the Markoff equation
m2+m?2+m32 = 3mmyms, up to permutation. Theorem 3.6 of [7] provides an explicit bijection
m — &y from the set of all Markoff triples m with m # (1,1,1) to the set & U]1/2,1].
It can be shown that the number £ of Proposition 10.1 is &y, for m = (2,1,1). Thus, by
[7, Corollary 5.10], its Lagrange constant is 1/3, the largest possible value for an irrational
non-quadratic real number.
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11. PRELIMINARY ESTIMATES

It follows from [6, Theorem 2.1] that any Fibonacci sequence (W;);>1 in GLy(Z) associated
to an extremal number £ of GLy(Z)-type satisfies || Wiy || < || W;]|”. The goal of this section
is to prove the following result which provides a sharper estimate as well as additional
properties of this sequence and of the corresponding sequence of symmetric matrices (X;);>1.

Proposition 11.1. Let & be an extremal real number of GLy(Z)-type. Fixz an unbounded
Fibonacci sequence (W;)i>1 in GLo(Z), a matriz M € GLy(Q) and a sequence of symmetric
matrices (x;);>1 in GLa(Q) satisfying conditions (E1)—(E3) from section 3.6. Set

(11.1) t; = trace(W;) and d; = det(W;)

for each integer i > 1. Set also

(11.2) J = (_01 (1)> , == (é §2> and 0y = trace(ZM).
Then we have 6y # 0 and, for each i > 1,
(1) Xip2 = Winix; = Wixipa,

(i) X33 = tit1Xir2 — div1X4,

(iil) tir3 = tiz1tive — dit1ts,

(iv) det(x;, X1 1, Xi12) = +det(M)trace(MJ) # 0.
Moreover, there exists p > 0 and ig > 1 such that, for each i > iy, we have t; # 0,
(11.3) log |t;| = pFs + O(v™")  and W; = 0, t,2M; + O(|t;| ™).

The main novelty is the first estimate in (11.3). In formula (iv), we identify each

Xy = (xk,o xk,l) c GLQ(@)

Tr1 Tk2
with the triple x = (240, %1, Tk2) € Q*. Then, det(x;,X;11, X;12) represents the determi-
nant of the 3 x 3 matrix whose rows are the triples x;, x;1 and x;,5.
Proof of Proposition 11.1. For each integer ¢ > 1, we find
Xito = Wi+2M7,‘_1 = Witaixi = X Miax;.
Taking the transpose, we deduce that x;1o = x;M;X;11 = W;x;41. This proves (i) and yields
Xit3 = WipiXiza = Wiax; (i > 1).

Moreover, the Cayley-Hamilton theorem gives W2 1 = tipiWiy — diq I, where I is the
identity of GLy(Z). Substituting this into the formula for x;,3, we obtain (ii).

We also note that, for each k& > 1, the matrices x, M, and x; ‘M = '(Mx}) have the same
trace t,. Thus multiplying both sides of (ii) on the right by M and taking traces yields (iii).

By Formula (2.1) in [4], we have

det (XZ‘, Xi+1, Xi_‘_g) = traCG(JXiJXi+2JXi+1>.



40 DAMIEN ROY

Using X;y0 = x;M;x;,1 and x3Jx;, = det(x;,)J = £ det(M)~1J for each k > 1, we deduce
that
det(xy, X411, Xiy2) = trace(Jx; JJx; MiX;1JX;41) = £ det (M) *trace(M;J),
which implies (iv) upon noting that trace('MJ) = —trace(MJ) # 0 since "M # M.
Let ¢ > 1 be a constant for which (E2) and (E3) hold. We have
(11.4) HWigall > (@ HWana DHWE) - (> 1).

Since (W;);>; is unbounded, there exists an index k > 2 such that || Wy || > ec®. As we have
|[Wi_1|| > 1, applying (11.4) with i = k — 1 and i = k yields ¢ || Wiy > ¢ | Wit ] > €.
Then, by induction on i, we obtain

(11.5) N Wesion] 2 ¢ Weps) > exp(Fry) (12 1),
Since || (§, —1)Wi|| < c[|Wi[|~*, we have [|(§, —1)x;[| < [|[W;[|~" and so,
(11.6) x; = 2,02 + O(| Wi || 7).

As the entries of x; are rational numbers with a common denominator d > 1 independent of
i, this implies that z; ¢ # 0 for each large enough 7 and that

(11.7) t; = trace(x; M) = z; 060 + O(|Wi||71).

If 6y = 0, this implies that trace(x;M) = 0 for each large enough i. However, it follows
from (iv) that, for each 7 > 1, the matrices x;, x;,1 and X;,» span the vector space of 2 x 2
symmetric matrices x with coefficients in Q. Thus, trace(xM) = 0 for all those x and so
‘M = —M, against the hypothesis. We conclude that 6y # 0.

Since 0y # 0, we deduce from (11.5), (11.6) and (11.7) that there exists an integer ig > k
such that, for each ¢ > iy, both ¢; and z; ¢ are non-zero with

(11.8) IWill = (1% || = a0l < [t
and the second estimate in (11.3) follows.
To prove the first estimate in (11.3), we note that, for i > iy, we have
[iva| > [tiva] > [ti| > exp(Fi—1-1) > exp(i)
by (11.5) and (11.8). Then, the recurrence relation (iii) yields
t;

Livitito

t; .
| B

<

i
Liv1tiyo |titval

from which we deduce that

ti . Y
(11.9) log | —22 || < exp(—i) <472

tit1tito
For each i > ig, we set

pi=~"loglt;| and & = pir2 — pis1.
With this notation, we find that

Liy3

v~ 3 log ‘ = Piys =7 Piya =Y pir1 = i1+ 720

tit1tivo
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Thus, for i > ip, (11.9) translates into ‘5Z~+1 + 7*251-‘ < ¢17 %73 for a constant ¢; > 0 which
is independent of 7, and so

VD] < A8+ a2 ).

Thus, there is a constant ¢z > 0 such that v%|d;] < ¢ for each i > ig. Hence, (p;)i>i, 1S a
Cauchy sequence in R with

i = pial = 0] < ey (i 2o +1).
So, it converges to a real number p,, with |p; — poo| < 772 for i > i + 1, and then
log [ti] = poe’ + O(Y") (i > g+ 1).

By Binet’s formula (3.1), we also have 7% = v/5y " 1F; + O(y~?) for i > 0. Substituting this
into the previous estimate yields the first part of (11.3) with p = V57 ' psc. O

12. THE FIRST TWO COORDINATES OF THE APPROXIMATION POINTS

In this section, we provide estimates for |z¢(v)| and |zo(v) — z1(v)| for the points x(v)
with v € Je, wy| attached to a number & € &, with m > 1, as defined in section 3.7. We
first establish a general result which applies to any extremal number of GLy(Z)-type.

Proposition 12.1. Let the notation be as in Proposition 11.1, let E = {a,b} be an alphabet
of two letters, and let p: E* — GLy(Z) be the morphism of monoids such that p(a) = W,
and p(b) = Wy := W 'W,. For each v € Je, wso|, we have

(1) [lp() | = exp(plv]),
(i) (& =De@) I = [le() 7

Proof. Part (ii) follows from [6, Theorem 2.3] since |det ¢(v)| = 1 for each v. It can also
be deduced, with additional work, from the proof of [6, Proposition 4.3]. An independent
argument is provided by Proposition 10.1 for the number £ given by (3.16).

To prove part (i), we proceed as in the proof of [6, Lemma 5.2]. Using (11.3) in Proposi-
tion 11.1, we first note that, for each i > 1, we have

(12.1) exp(—plwi|)p(w;) = exp(—pF)W; = A; + R
where || R;|| < ¢;7~* for a constant ¢; > 1, and where A; = +6; =M, belongs to
A={£1 +0,'EM,+6,'E'M}.

Since ZEMZ= = ZMZ= = 0=, the set A is stable under multiplication. Choose ¢, > 1 such
that c;' < ||A| < ¢ for each A € A, and choose an integer ¢ such that v/~! > 16¢;c3.

Any v € |wy, wso| can be written as a product

U= Wi "W, U

E]

for a decreasing sequence of integers i; > .-+ > i; with iy > ¢, and some u € [e,wy|. Set
w = w;, ---w;,. Then, using (12.1), we obtain

exp(—plw|)o(w) = (A, + Ri,) - (A, + Ri,) = A+ R
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where A = A;, --- A;, € A and where R is a sum, indexed by the non-empty subsequences
(41, .-+, Ji) of (41, ...,1s), of products of the form By R;, - -- ByR;,Byy1 with By, ..., By € A
As the norm of such a product is at most c||R;, || - - - || R;, || with ¢z = 4¢3, we find

IR] <TI0+ el Rip ) = 1 < exp (e D I Rill) =1 < exp (eregy™*) — 1.
k=1 1=0+1

Since ¢je3y 1 < (4ep) 7t < 1/2, this gives || R|| < (2¢2)7! < || A]|/2, thus
I exp(=plv))p(v) || = [| exp(=plw)p(w)[| = [|A + R[] < [|A[] =< 1,
and so || ¢(v) || < exp(p|v]). This last estimate also holds if v € |e, wy]. O

Corollary 12.2. Let & € &, for some integer m > 1. There exists p > 0 such that, for each
v € |6, W], the point x(v) defined in section 3.7 satisfies

max{L, [2o(0)[} < exp(plv]) and |ro(v)€ — 21(v)] = exp(—plo]).

Proof. Let v € |6, ws[. Since x(v) has the same first column as p(v)M(v)~! € GLy(Z), we
have (zo(v),z1(v)) # (0,0) and the proposition yields

max{1, |zo(v)|} < [[o(v)M ()7 || < exp(p|v]),
|20(v)§ — 21(v)] < (& =D (v)M(v) "' || < exp(—p|v]).

As ¢ is badly approximable, we also have max{l,|zo(v)|}zo(v){ — z1(v)| > 1, and the
conclusion follows. O

We take this opportunity to fill a small gap in the proof of [6, Proposition 4.3], itself
a crucial step towards [6, Theorem 2.2]. The argument there involves an unspecified real
number ¢; whose absolute value is tacitly assumed to be bounded away from 0 when 7 is
large enough. To show that this is indeed the case, one notes that, in the notation of the
proof, we have ¢; = c*y;o where ¢ # 0 is independent of i and defined by the condition
(1/&, 1)U, " = ¢(r,1). Since y; 5 is a non-zero integer for each large enough i, we conclude
that |c;| > ¢? for all those i.

13. RECURRENCE RELATIONS

Let the notation and hypotheses be as in section 3.7. In particular, ¢ is a fixed number
in &, for some integer m > 1, and both Proposition 11.1 and Corollary 12.2 apply. In
this section, we complement Corollary 12.2 by estimating || (£, —1)x(v) || from above for each
v € Vy with ¢ > 4 large enough. We also prove Theorem 3.4 (ii).

We say that two symmetric matrices A and B in Matoyo(Z) are equivalent, and we write
A = B, if they have the same first column. With this notation, we recall that, for each non-
empty word v € E*, the matrix x(v) is the unique symmetric matrix in Matsy2(Z) which
satisfies

(13.1) x(v) = p(v)M @)™ and |zi(v)€ — 22(v)] < 1/2.

To estimate || (£, —1)x(v)||, we will first construct recursively, for each v € V,, a symmetric
matrix x*8(v) in Matoyxo(Z) with x*8(v) = x(v). Then, we will estimate [|(£, —1)x¥2(v) ||
from above and show that, for each v € V, with ¢ > 4 large enough, this norm is less than
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1/2, thus x*8(v) = x(v). As a consequence, for each triple of consecutive elements u < v < w
of V, with ¢ large enough, we will derive an explicit relation of linear dependence between
x(u), x(v) and x(w) when v € Vy;1, while we will show that the determinant of these three
points is +2 when v ¢ V1, thereby proving Theorem 3.4 (ii).

We start with three simple lemmas.
Lemma 13.1. We have x(vw;) = x(vw;) for each v € E* and each i > 2.
Proof. Let u € E*, and let U = ¢(u). By definition, we have
x(uab) = UW\WoM ™! = UWoMy* = Ux,.
Proposition 11.1 (i) also gives Wixy = Woxy, thus xo = Wyx; and so we find that
x(uba) = UWoW, "M ™' = UWox; = Uxs.

This shows that x(uab) = x(uba) and so x(uab) = x(uba). Applying this to u = vw}* for an
integer ¢ > 2 and a word v € E*, this yields x(vw;) = x(vw;). O

Lemma 13.2. For each integer i > 2, the matrices o(w;) and @(w;) have the same charac-
teristic polynomial.

Proof. For i > 3, Lemma 5.2 gives w; = w;_ow;_; which implies that w; = w;_ow;_,. Since
we also have w; = w;_jw;_o, we deduce that

o(w;) = W ogW,_y = M—zSO(wi)W/iilg-

The last formulas remain true for ¢ = 2. Thus, ¢(w;) and ¢(w;) are conjugate matrices, and
so their characteristic polynomials are the same. 0

The third lemma below relies on the specific form of the matrix M, given by (3.15).
Lemma 13.3. For any non-empty words u,v € E* we have

x(u) if M(u) = M(v),

—x(u) otherwise.

p(u)M(v) " = {

Proof. This follows from the definition if M (u) = M (v). Otherwise, we have M (v) ="M (u).

Since
(0“1 (0 -1\ o
M _<1 m)_(l —m)_ M=,
we deduce that M(v)™! = —M(u)™!, thus p(u)M(v)™' = —p(u)M(u) ! = —x(u). O

The next result is the key to our analysis.

Proposition 13.4. Let ¢ > 4 be an integer and let u < v < w be consecutive words in Vy
with v € Vyy1. Then, we have |w| — |v| = |v| — |u| = F; for some i € {{ — 2,0 — 1}, and
tix(v) — dix(u) if M(u) = M(v),

tix(v) + dix(u) otherwise,

(13.2) x(w) = {

where t; = trace(W;) and d; = det(W;).
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Proof. The fact that |w| — |v| = |v| — |u|] = F; for some i € {¢ —2,¢ — 1} follows from
Corollary 4.8 and Proposition 4.10. According to Proposition 5.5, this implies that v = us
and w = vs’ for some s, s’ € {w;, w;}. By Lemma 13.1, we have x(vs) = x(vs’), thus

x(w) = x(vs) = x(us?).

As M(us*) = M(us) = M(v), we deduce that
x(w) = p(us®) M(v) ™ = p(u)p(s)*M(v)".

Since s € {w;,w;} and ¢ > 2, Lemma 13.2 shows that ¢(s) has the same characteristic
polynomial as ¢(w;) = W;, and so the Cayley-Hamilton theorem gives

p(5)* = tip(s) — d;l
where I denotes the 2 x 2 identity matrix. Altogether, this yields
x(w) = p(u) (tip(s) — dil )M (v) ™" = tip(v) M (v) ™ = dip(u) M (v)~",
and (13.2) follows using Lemma 13.3. O

We will prove below that the congruence (13.2) is in fact an equality when ¢ is large
enough. To show this, we first construct “algebraic” points x*#(w) for each w € V).

Corollary 13.5. The following recurrence process constructs, for each w € Vy, a symmetric
matriz x*8(w) in Matyyo(Z) with x8(w) = x(w).

(i) If w € F, then w = w; for some i > 4, and we set x*8(w) = x;.

(i) If w ¢ F, then a(w) = wy for some integer ¢ > 4, and w is at least the third element
of Vy. Thus, we can find u,v € Vy such that u < v < w are consecutive elements of V.

Since w & Vi1, Corollary 4.9 implies that v € Vyyq and so, by Proposition 13.4, we have
lw| — |v| = |v| = |u| = F; for some i € { —2,0—1}. Then, we define

u _Jtix8(v) — dix™¢(u) if M(u) = M(v),
(13.3) X8 (w) = {tixalg(v) + dix¥8(u)  otherwise.

Proof. In case (i), this is because x; = W; M, ' = o(w;) M (w;) ™' € GLy(Z) is symmetric and
so x; = x(w;), for each ¢ > 1. In case (ii), we may assume, by induction on the length, that
x8 (1) = x(u) and x¥8(v) = x(v) are symmetric 2 x 2 integral matrices. As x8(w) is an
integral linear combination of these, it is also a symmetric 2 x 2 integral matrix, and we have
x*&(w) = x(w) by Proposition 13.4. O

Thus, by construction, (13.3) holds for each triple of consecutive elements u < v < w of
Ve with ¢ > 4 and w ¢ V1. This contrasts with the congruence (13.2) which holds for the
larger set of triples of consecutive elements u < v < w of V, with £ > 4 and v € V.

By definition, we have x8(w,) = x, for each ¢ > 4. Below, we compute x*&(w) for the
next simplest families of prefixes w of we.

Lemma 13.6. For each integer { > 4, we have
X8 (W 1we—1) = yo = te-1Xp41 + de_1%y,

al R
X8 (WepoWe—2) = Zp = te—9Xyio + do_2yy.
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Proof. Fix a choice of ¢ > 4. By Lemma 5.1, the words wy < wyy; < wpiqwy_;1 are the first
three elements of V,. Since wyy1we—1 ¢ Voi1, they satisfy the hypotheses of Corollary 13.5 (ii)
with i =0 — 1. As M(wy) = My # My 1 = M(weyq), we deduce that
X8 (wpy 1wy 1) = te 1 x (wepr) + de1 X8 (wy) = te1Xey1 + do1Xe
which is denoted y,. Lemma 5.1 also shows that wy 1wy < wpio < wyiswy_o are consecutive
elements of V. Since wyowp_o ¢ Vyi1, they satisfy the hypothesis of Corollary 13.5 (ii) with
i=0—2. As M(wpqwe_1) = My_1 # Mypro = M(wey2), we deduce that
X8 (Wpyowi—2) = tr—oX 8 (Wey) + dp—oX™B (W 1We—1) = ty—oXps2 + do—2ye

which is denoted z,. O

We can now proceed to our main estimate.

Proposition 13.7. Let p be as in Proposition 11.1. Then, there is a constant ¢ > 0 such
that, for any v € Vy, we have

0(v) = |1(&, —1)x"5(v) | exp(pla(v)]) < c.

Proof. For any pair of integers k, ¢ with 4 < ¢ < k, we set
di(¢) = max{d(v); v € Vy and v < wy}.

We need to show that the non-decreasing sequence (dk(4)) 4>y 18 bounded from above. We
proceed in two steps. -

Step 1. By estimates (11.3) in Proposition 11.1, there exist ¢1, co > 0 such that
el < (14 1) exp(pFy),
6(we) = [[(§; —1)x¢ || exp(pFr) < ca,
for each integer ¢ > 1, because x*&(w,) = W,M; ' = x; and (£, —1)= = 0. Then, for any
¢ >4, Lemma 13.6 yields
O(wesrwe—1) = [[(§, —1)ye |l exp(pFr)
< (1+ ey d(wen)
S(werpwe—2) = [[(§, 1)z, || exp(pFy)
S (1 + C17Y Z+2)5(w4+2) + 5(w4+1wg_1) S (3 + 261)02

+ 6(we) < (24 ¢1)ca,

By Lemma 5.1, this implies that, for any ¢ > 4, we have
(13.4) d(v) < ¢z for each v € V, N [€, wpys]
where ¢3 = (3 4 2¢1)cq, and so dyi3(f) < cs.
Step 2. We claim that there is a constant ¢4 > 0 such that
(13.5) 5(v) < (1 + eay )dp(0+ 1)
for each v € V, N Jwpyg, wy| with 4 < ¢ < k — 4.
If we take this for granted, then, in view of (13.4), we obtain
max{cs, dp(€)} < (1 + eyy™") max{cs, dp (€ + 1)}
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for each £ > 8 and each £ =4, ... k —4. As dip(k — 3) < c3, this gives, as needed

dp(4) < c:=c3 H(l + ) < oo

i=4
To prove the claim, we may assume that v ¢ V1 because otherwise d(v) < di(¢+ 1) and

(13.5) is automatic. Then, we have v € Vy \ Vy11 and, since v > wy, 3, there is a maximal
sequence of consecutive elements of V,

v < U < e < Vg < Uy
of even cardinality 2s with s > 2, such that
v=wvs, and {vg,...,vs} CV,\ Vis1.

As wy 0wy < wyy 3 are consecutive elements of 1, contained in V1, we must have vy > wp owy
and so v; € Vyr; by maximality of the sequence. Moreover, for each i = 2,... s, the
words w;_1 < v; < w; are consecutive in V, with v; ¢ V,y. By Proposition 4.11, this
implies that w;_ 1 < w; are consecutive elements of Vy.; with |u;| — |u;—1| = F;. Thus,
lur| < Jug| < -+- < |ug| is an arithmetic progression made of consecutive elements of V.
By Corollary 4.8, this implies that s < 5. If s > 3, then, by Proposition 4.10, we further
have u; € Vyio fori=2,...,s — 1.

For each v+ = 1,...,s — 1, the words v; < u; < v;41 are consecutive elements of V, with
Vir1 & Vey1. So, Corollary 13.5 (ii) yields

Xalg(UH_l) = thalg(ui) + Xalg(l}i)
for some k = k; € {{ — 2,0 —1}. For i = 1, we have {uy,v1} C Vyyy. Thus,
6(v2) < ([te—1]0(ur) + 6(v1)) exp(pFr — pFisa)
(13.6) < (T4 ey ™)6(wr) + exp(—pFr_1)8(vy)
< T+ oy ™ +exp(—pFr)) di(C +1).
When 2 < i <s—1, we have {v;,v;41} €TV \ Vi1 and u; € Vyyo, thus
6(vig1) < |tk|6(wi) exp(pFy — pFrya) + 6(v;).

Since |tg] < (14 ¢1) exp(pFy—1) and 0(u;) < dp(¢ + 1), this yields

(13.7) (vig1) < 6(v;) + (1 + 1) exp(—pFy)d(0+1) (2<i<s—1).
As v = v, with s < 5, we conclude from (13.6) and (13.7), that (13.5) holds for a constant
¢4 depending only on ¢; and p. O

Corollary 13.8. There is an integer {1 > 4 with the following properties.
(i) For any integer £ > {1 and any v € V,, we have
(13.8) x(v) =x"(v), [|(§, ~1)x(v)|| < cexp(—pla(v)]) and zo(v) # 0.
(ii) For any integer ¢ > {1 and any triple of consecutive words u < v < w in Vy with
v € Vpy1, we have |w| — |v| = |v| — |u| = F; for some i € {{ —2,0—1}, and
tix(v) — dix(u) if M(u) = M(v),
tix(v) + dix(u) otherwise.

(13.9) x(w) = {
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Thus, the congruence (13.2) is an equality when ¢ > ¢, as claimed earlier.

Proof of Corollary 13.8. By estimates (11.3) of Proposition 11.1, there is an integer ¢; > 4
such that |¢;| < 2exp(pF;) for each ¢ > ¢;. We choose this ¢; so that 3cexp(—pFy,) < 1/2,
where ¢ > 1 is the constant of the preceding proposition.

(i) For v € Vy with £ > ¢y, we have |a(v)| > F, > F,, and the preceding proposition yields
1€, —1)x*"8(v) | < cexp(=pla(v)]) < 1/2.

As x*8(v) € Matgyo(Z) is a symmetric integral matrix, (13.8) follows.

(ii) Let £ > ¢; and let v < v < w be consecutive elements of V, with v € V,;. By
Proposition 13.4, we have |w| — |v| = |v| — |u| = F; for some i € {{ —2,{ —1} and x(w) =y
where y denotes the right hand side of (13.9). By part (i) proved above, (13.8) applies to
both u and v, thus

1€ =)yl < clti| exp(—pla(v)]) + cexp(—pla(u)])
< 2cexp(pFi—1 — pFit1) + cexp(—pFy) = 3cexp(—pFy) < 1/2.

Since y is symmetric with integer coefficients, we conclude that x(w) =y. 0
We conclude with the following complement.

Proposition 13.9. Let {1 be as in Corollary 13.8, and let u < v < w be consecutive words
in Vy with v & Vo1, for an integer £ > (1. Then, we have

det(x(u),x(v),x(w)) = £2.

Proof. We proceed by induction on |v|. Since v ¢ V1, Lemma 5.1 implies that v >
We41Wp—1-

To start, suppose that v = wy,w,_1. Then we have u = wy, 1 and w = wp,o. As € > 1y,
Corollary 13.8 (i) applies to u, v and w. Thus, we find

det(x(u), x(v), x(w)) = det(Xpy1, Yo, Xer2) = £ det(xp, Xpr1, Xp12) = £2,
using Lemma 13.6 and then Proposition 11.1(iv).

Assume from now on that v > wyjwy_1. By Lemma 5.1, we have v > wyswy_o and we
can extend u < v < w to a sequence of consecutive words

U< <u<v<w

in V,. Since v ¢ V1, Proposition 4.11 shows that v < w are consecutive elements of Vyyq
with |w|— |u| = F,. Moreover, since v < u < v are consecutive elements of Vy with u € V41,
Corollary 13.8 (ii) gives x(v) = t;x(u) £ x(v') for some i € {¢ — 2, — 1}, and therefore
(13.10) det(x(u),x(v), x(w)) = £ det(x(v"), x(u), x(w)).

Suppose first that ' € V1. Then, arguing as above, we find that v’ < u are consecutive
elements of V,; with |u| — |u/| = F,. Thus, v/ < u < w are consecutive elements of V.
with |w| — |u| = |u| — |v/| = F,. By Proposition 4.10, this implies that u € Vs 9, and so
Corollary 13.8 gives x(w) = t,x(u) £ x(u'). Substituting this into the right hand side of
(13.10), we deduce that

det(x(u), x(v), x(w)) = £ det(x(u), x(v"), x(u)).
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As v < v' < u are consecutive elements of V, with v ¢ V41 and |[v| < |v|, we may assume
by induction that the determinant in the right hand side of this equality is £2, and we are
done.

Finally, suppose that v' € Vy ;. Then v < u < w are consecutive elements of V1. Since
v' < w are also consecutive in V;, Corollary 4.8 gives |u| — |v'| = Fy_q, thus |u| — |V/| < F, =
|lw| — |ul, and so u ¢ Vy o by Proposition 4.10. As |u| < |v|, we may assume by induction
that the determinant in the right hand side of (13.10) is 42, and we are done once again. [

Combining this proposition with Corollary 13.8 (ii) yields the following qualitative state-
ment, and thus proves Theorem 3.4 (ii).

Corollary 13.10. For consecutive words u < v < w in V,y with ¢ > {1, the points x(u), x(v)
and x(w) are linearly independent if and only if v & Vo, 1.

14. PROOF OF THEOREM 3.4

Let the notation be as in section 3.7, let p be as in Proposition 11.1 for the given & € &,,,
and let /1 be as in Corollary 13.8. In view of Corollary 13.10, it remains to prove that there
exists an integer ¢ with ¢ > ¢; such that, for each v € V, and each q € A(¢), we have
Lywy(a) = pPy(p~'q) + O¢(1), where O¢(1) stands for a function of v and q whose absolute
value is bounded above by a constant that depends only on &.

For each v €le, woo[, we set
A(v) = (Do(v), A1 (), Do (v)) = (w0(v), 2o (v)E — 21 (v), 20(V)€* — w2(v)),
so that, for any q = (g1, ¢2) € R?, we have
Lx()(a) = max{log [Ag(v)], g1 + log |A1(v)[, g2 + log | As(v) |}
By Corollaries 12.2 and 13.8 (i), for each v € V, with ¢ > ¢, we have
log |Ao(v)] = plv| + O¢(1),
(14.1) log A (0)] = —plv| + O¢(1),
log |Az(v)] < log [|(§, —1)x(v) || + O¢(1) < —pla(v)] + Oc(1).
We claim that we may further choose ¢ so that
(14.2) log |A2(v)| > —pla(v)| + Og(1) for all v e V, \ F.
If we take this for granted, then, for v € V, \ F and q = (q1,¢2) € R?, we obtain

Lyw) (@) = max{p|v], q1 = plv], g2 = pla(v)[} + Oc(1) = pPy(p~" ) + O¢(1).
This still holds for v € F and q € A(e), as we then have a(v) = v and ¢ < ¢y, thus,
g2 +1og [As(v)| < g1 = plo] + Oc(1) = a1 +log [ A1 (v)] + Og(1).

To prove (14.2), choose v € V,, \ F and let ¢ > ¢; such that a(v) = wy. Then, v # wy, and
so v is the middle term of a triple of consecutive elements u < v < w of V,. As v & V4,
Proposition 13.9 gives

2 = [det(x(u), x(v), x(w))| = [ det(A(u), Av), A(w))]
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The determinant on the right is a sum of six products £A;(u)A;(v)Ag(w) where (3,7, k)
runs through the permutations of (0, 1,2). Since the estimates (14.1) also apply to v and w
in place of v, we find that, for (i, j, k) # (1, 2,0), these products tend to 0 as ¢ go to infinity,
uniformly in v. For example, we have
log [Ag(u) Ar(v)Ao(w)] < p(=la(u)] = [v] +[w]) + Oc(1) < —pFy + O(1)
because |v| > |u| + Fy_o by Corollary 4.8, |a(u)| > Fyi1 by Corollary 4.9, and finally
|w| — |u| = |a(v)| = F; by Proposition 4.10. Thus, if ¢ is large enough, we obtain
0 < log |A(u)As(v) Ag(w)| = p(|w] = Ju]) +log|Az(v)] + Oc(1)
= pla(v)] +log[As(v)| + Ok(1)
which gives (14.2).

15. WEIGHTED EXPONENTS OF APPROXIMATION

For each € = (1,&,&) € R? and each o € [0, 00[, we define A\, (&) (resp. Xa(ﬁ)) as the
supremum of all real numbers A > 0 such that the inequalities

(15.1) 70| < Q, |zobs — 21| < QM and  |zeéy — 1| < QT

admit a non-zero solution x = (g, x1,12) € Z3 for arbitrarily large values of Q > 1 (resp. for
all sufficiently large values of ) > 1). These are essentially the usual weighted exponents of
approximation to &, as in [2] for example, except for the additive constant 1 in the exponents
of @. This allows us to define equivalently A\,(&) as the supremum of all A > 0 such that

&1 — @1 /w0 < 3™ and & — @a/xo| < g

for infinitely many x = (xg,z1,22) € Z* with x5 > 0. This modification also makes the
exponents easier to handle via the following result.

Lemma 15.1. For £ and o as above we have

L ~ L

Ao (€)7! = liminf Leal,94) and M, (€)”' = limsup Leald,09) aq).
q—r0 q q—00 q

Proof. For Q = €9 with ¢ > 0, the condition that (15.1) admits a non-zero solution in Z? is

equivalent to asking that Lg1(Ag, 0Aq) < g. Thus, A,(§) (resp. A\,(£)) is also the supremum

of all A > 0 such that L¢(q,0q)/q < 1/X for arbitrarily large values of ¢ > 0 (resp. for all
sufficiently large ¢ > 0), and the formulas follow. O

We conclude this paper with the following computation.

Theorem 15.2. Let € = (1,£,£2) where € € &, for some positive integer m. Then, we have
Ao (&) =2 for each o € [0,1], and

g if 1—y 4 <0<,
(15.2) Ao(8) =1 (L+77))/0 if 5/ +1)<o<1—77",
22+ 1)/(?+1) if 1—y 2 <o <5/(292+1).
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Proof. Let o € [0, 1]. Since £ is badly approximable, (15.1) has no non-zero solution x € Z3
for & = € and A > 2 when @ is large enough. On the hand, since ¢ € &,,, conditions
(E1)—(E3) of section 3.6 apply and yield || (&, —1)x;|| < || x;||~* for each i > 1. Thus, for the
current point & and for any given A with 0 < A < 2, the point x = x; satisfies (15.1) with
Q@ = ||x;|| for each large enough i. This shows that A\,(&) = 2.

Choosing p as in Theorem 3.3, we find by Lemma 15.1

—~ P -1 _1 p
Ao (€)' = limsup pPilp”a,0p"q) = limsup M’
q—00 q g—00
thus
XU(E)—l = limsup g, (0) where @, (0)=max{Pi(q,0q)/q; 2F, < q <2F1}.

k—o0

Let k > 5 be an arbitrarily large integer. To estimate @, (c), we set
R = Cell(wg, wpwy_4, Wpwy_2) € S_o and R’ = Cell(wy, wpwy_2, Wyy1) € Sp_1.

We denote by Ry, Re and Rz the subsets of R made of the points q = (q1,¢2) where
Pi(q) is given respectively by ¢; — Fy, qo — Fy_2, and Fj, + Fj_5. As explained right after
Proposition 7.1, these are admissible polygons with a common vertex r, and they form a
partition of R, as illustrated in Figure 10. Similarly, we denote respectively by R}, R} and

F-- 2F
2F, + Fi—o Firio

line g2 = oqq

l R,
1 - 4F
R |
| re——" - ro- I+ Fr
- R |
2F, -- i
****** :r*””””””f:” Fy +2F,_o
iy 3 3
2F, 2F, +2F, 4 2F), 4+ 2F;,_o 2F) 11

FIGURE 10. P; on Cell(wg, wrwg_4, wrwg_o) U Cell(wy, wrwy_2, Wii1)

R’ the subsets of R’ where P;(q) is given respectively by ¢; — F, go — F,—1 and Fy11, and
we denote by r’ the common vertex of these polygons. We also define p as the mid-point of
the top side of R. Upon setting p(q) = ¢g2/q: for each q = (¢1, ¢2) € A(e), we find

Frp1 + Fry 2Fy 2Fy_o 2F) }
/ = - > = —_— >

>u::max{
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for each large enough k. When o > u, the line ¢o = o¢; meets the left vertical side of R
and the right vertical side of R’. In between, it remains in R UR’. As this line crosses the
regions Ry, R} or RY, the ratio Pi(q,0q)/q increases. As it crosses Rz or RY, the same ratio
decreases. So, this ratio is maximal at the point where the line meets the left vertical side
of R or the left vertical side of RY or the horizontal bottom side of RY;. As P; is constant
equal to Fj, + Fy_» on R3 and constant equal to Fj1; on Rj, we deduce that

( I
bl if pu(r') <o <1,
Fyo
_ Fk+10 .
o) = _— lf < g < I" 3
Pr(0) Fimi Py n(p) <o < p(r')
Fy + Fy_o Frii0 .
max{ , } ifu<o< )
\ 2Fp + Fr—o Frp1+ Fr s #(p)

Letting k go to infinity, we deduce that

(1 241
— if 1 _;_ <o<l1,
gl gl

~ 2 92 2 2 1

A = 5 it <o< 2
7:+1 272 +1 v

241 2 2 272
max{,yzjL , 'zya } if—2§03+,
L 2 +1 v +1 vy 2y +1
which rewrites as (15.2). O

With additional work, the same method enables one to calculate X,(ﬁ) for any given
o € ]1/2,1]. For o € ]0,1/2], Lemma 2.3 yields trivially \,(£) = o~ (take x = (0,0,1) in
(15.1)).
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