THE COMBINATORIAL MODEL FOR THE
SULLIVAN FUNCTOR ON SIMPLICIAL SETS

YVES FELIX, BARRY JESSUP AND PAUL-EUGENE PARENT

ABSTRACT. We verify the assertion made by Sullivan at the 1974 ICM congress,
and previously in print, in Appendix G of the seminal paper “Differential Forms and
the Topology of Manifolds” in 1973, that the rational de Rham algebra Apy (K) of
a finite simplicial complex K has an explicit and direct combinatorial description
which is closely related to that of the Stanley-Reisner face ring of K.

§1. INTRODUCTION

Recall the Stanley-Reisner ring (or face ring) of a finite simplicial complex K C
[n] over the rational field :

QK] =Qlt1,... ,tny1]/JK
where
Jri = {ti,tiy ... ti, | {i1,...,9k} is non-degenerate € [n], {i1,...,ix} € K }.

There is a rich interplay between the combinatorial properties of K and ring-
theoretic properties of Q[K] (see [1]).

Moreover, the commutative differential graded algebra (Q[K],0), is the model
(in the sense of rational homotopy ) of the subspace U, ¢ (BS!)? of (BS1)"+1.
Here (BSY)? := [T/, X; < (BS")"t! denotes the subspace of (BS")"! which is
the indicated product where X; = x, if i € 0 and X; = BS! otherwise. (See [2]).

However, as was shown by Francisco Gomez [4], the direct generalization of that

construction by taking the quotient of the differential graded algebra

(A(t1, . tngr dtr, ... dtps),d)

by the differential ideal generated by all products t;,t;, ...t; for the simplices
{i1,i2,...,i,} not in K does not yield a model for K.
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In appendix G(i) of [8], Sullivan remarked that if K is a finite simplicial complex,
then the “rational de Rham algebra has an explicit presentation” as the free com-
mutative graded differential algebra over the vertices ¢1,...,t,+1 of K (and their
derivatives), modulo the smallest differential ideal containing t; +- - - +¢,+1 —1, and
the monomials ¢;, ...t; dt; 4+1...dt;,, whenever {i1,... 4} is not a simplex of K.
To the authors’ knowledge no proof of this assertion has appeared in the literature.

Here, we verify this direct and combinatorial description of the Sullivan algebra
Apr(K) on a finite simplicial set K. While the construction (and indeed Apr(K))
can be defined over any ring, and the theorem as stated below remains valid there,
our interest is in the rational case when K is simply connected, since this then
captures the rational homotopy of K in a combinatorial fashion.

Let A(K) be the algebra described above. The main result is

Theorem [Sullivan, 4]. There is an isomorphism Vi : A(K) — Apr(K) of

commutative-graded differential algebras, such that, if L 2 K is a simplicial map,
the diagram below commutes:

A(K) A(g)

A(L)

VK

IR
IR
<
S|

Apr(g)

Apr(K) Apr(L)

We note that one can also recover Q[K] as A%(cK), where cK denotes the cone
on K.

The article is organized as follows. We recall some background material in section
2. In section 3, we define the commutative-graded differential algebra (hereafter,
cgda ) A(K), and give an example. After proving the theorem above in section
4, we use the Whitney quasi-isomorphism from the cochain algebra on K into
A(K) in order to obtain applications to cohomology in degrees 0 and 1, and to the
fundamental group, in section 5.

§2 BACKGROUND MATERIAL AND NOTATION

Throughout the article, we will use the notation of [3]. In particular, if X is a
graded vector space, AX will denote the free commutative-graded algebra on X.
Consider the simplicial cochain algebra A., where

Ap = Aty ...ty di, .. .,dth)/(Zti = 1,Zdti =0),

with [t;| = 0, and |dt;| =1 for n =0,1,2, ... .
The face and degeneracy maps 0; : Ag41 — Ay and s; : Ay — A4 are defined
by
tr, <1 tr, l <jJ
0; it — 0, l=1 and 8 it tr+ti1, =3
ti_1, [>1 ti41, >
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Recall that the Sullivan functor on a simplicial set K is defined as
AZ])DL (K) = Hom Simplicial (Ku Ap)7

that is, ® € AL, (K) associates to each 7 € K an element ®, € .Ale so that
Gy, = 0;P,, and Py, = 5;P, for 1 < i < |7]+ 1.
§3 DEFINITION OF A(K)
Let A™ be the standard n-simplex A™ = {(¢1,...,tny1) | D ti =1,¢; > 0}. We
will frequently use the underlying simplicial set ([7], P. 2)

and if 0 = (i1,...,ik+1) € [n], as usual we define the geometric simplex

|O" = {(tl,...,tn+1> e A" ‘ tj =0,j §é {il,...,ik+1}},

and the underlying set (no repetitions)

U(O') = {il,.. .,ik+1}.

Note that o is non-degenerate iff the cardinality of u(o) is k 4 1, and in this case
we denote the cardinality of u(o), less one, by dimo as usual. We denote the set
of non-degenerate simplices in a simplicial set K C [n] by N(K).

If 0,7 € N([n]) satisfy u(o) Nu(r) =0, and if
U(U)UU(T):{ila"'7ik ‘ 1§21 Sﬁlkﬁn—f-l}a

then we will define o x 7 := (i1,...,ix) € N([n]).

Given non-degenerate k-simplices 01, ...,0; € N([n]), let (o1, ...,0;) denote the
smallest subsimplicial set of [n] containing o4,...,0;. In particular oy,...,0; are
the only non-degenerate simplices of dimension k in (o4,...,0;). If 0 € N([n]), we
then define the subsimplicial set

Jo = ({0;0 | 1 <i<dimo+1}),

as usual. To avoid too much notation, we will frequently write ¢ when we mean
(o), and it is hoped that the intended meaning will be clear from the context.

We will use the following notation for some elements in A,,. For a k-simplex
o= (i1,...,ik+1) € [n], let
oty =t; -t

i1 and

o dt, =dt; ---dt

i1

If K C [n], then we set
AK) = A, /Ik

where Ik is the differential ideal defined by
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(*) Ik = ({tsdt; € Ay, | 0,7 € N([n]), but o x7 ¢ N(K)}).

(Note that, as usual, we include () in N(K).)

Ezample.
Let K be the boundary of the triangle A? :

1 2

Here, A(K) is the quotient of A(ty,ts,ts,dt1,dts, dts) by the ideal generated by

t1 +to +t3 — 1,dt1 + dto + dis,
titats,

dtytots, tydtats, titadts, and
dtdts.

Note that some simplifications have been made, as the above list does not coincide
with that defined in (*) above: e.g. if we denote first two elements listed above
as a and b respectively, then dtidtsts = dt1dta(1 +a —t; — to) = (1 + a)dt1dts —
tl (b — dtg — dt3)dt2 — tgdtl (b — dtl — dtg) = dtldtg +o, € IK Similarly, dtgdt3 =
(b—dty — dt3)dts = —dt1dts + [ = dt1dta + 7, for some (3, v € Ik, and dt1dtadts =
dtidta(b — dtq — dta) = bdtidts.

The cohomology is

Q.1, p=0
HP(AK)) = Qltudta], p=1.
0, p>1

As mentioned in the introduction, we can recover Q[K] by considering the cone
c¢K on K. The simplicial set ¢K is in N[n+ 1] and the algebra of degree zero forms,
A%(cK) is simply Q[K], i.e.,

A%(cK) = Q[K].

64 PROOF OF THE THEOREM

The proof proceeds by induction on the number of non-degenerate simplices in
K, as follows. First note that if E, E’ C [n] are simplicial sets and E’ is obtained
from E by adding a non-degenerate k-simplex o € [n] with do C E, then we have
the pushout
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J
oc——> F'

(where 1, j, k are inclusions of simplicial sets). From this, we form the sequence

(2) 0 AE) ZY90, AB) @ A(o) L A(90) — 0
where, for (o, 8) € A(E) @ A(0), we define f(a, 8) = k*(a) — i*(0).

We then have
Lemma 1. The sequence (2) above is short exact.

Proof. We can rewrite the sequence explicitly as

O—>An/IE/ MAn/IE@An/IU i>An/Iag — 0

where g(c+ Ig/) = (c+ Ig,c+ I,) and f(a+ Ig,b+ 1,) = a — b+ Iy,. It follows
from the definitions that fg = 0, and that f is surjective.

To see that ¢ is injective, it suffices to show that Igr = IgNI,. But Ig = g+ J
where J = (t,,dt,, | 01 x092 =0), and Igr C I, s0 I[NNI, = (g +J)N1, =
IgpNl,+JNI,. But Igz NI, =Ig,and JNI, =0.

It remains to show that ker f C im ¢, so suppose a — b € Iy, for a,b € A,. By
assumption, N(do) = N(E)N N(o),so 7 ¢ N(0o) < 7 ¢ N(E) or 7 ¢ N(o).
Hence, we may write a—b =x+y withz € Ig and y € I,. Then,c:=a—x =b+y
satisfies

glc+Ip)=(c+Ig,c+1,)=(a—x+Ig,b+y+1,) =(a+Ig,b+ 1),

showing that ker f C im g.[J

The short exact sequence (2) also exists for Apy, [9]. Below, we will define a cgda
map i : A(K) — Apr(K) that is natural for simplicial maps (Lemma 2). This
will yield a commutative diagram

B 0—=AF) ———=AE)DAl0) —— A(Jo) ——>0

lwlzl l¢E+¢a lwaa

0—= App(E') —— Apr(E) ® Apr(0) — Apr(00) —= 0

We will then prove that ¢, and g, are isomorphisms (Lemmas 3 and 4 respec-
tively), and the theorem will follow by induction and diagram (3). We now proceed
to Lemmas 2-4.
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Lemma 2. There is a cgda map Vg : A(K) — App(K), such that, if L 2 K is a
stmplicial map, the diagram below commutes:

AK) —29 A
YK YL
Apr(9)
App(K) Y s Apr(L)
Proof. Fix n, let K C [n] be a simplicial set, and 7 = (i1,...,ix+1) be a non-

degenerate k-simplex of K. We first define a map ¢, : A, — Ay (induced by the
inclusion 7 C [n]) by

QZ RPN tl7 j:ileu(T)
T 0, otherwise,

and commuting with the differentials. (We need 7 € N(K) so that ¢, is well-
defined.) Now recall that

Ix = ({tydt. € A, | 0,6 € N([n]),u(c) Nu(e) =0, but cxe ¢ N(K)}),

Ifu(a)Uu(e) = {jl) s 7jm+1} and (jla s 7]m+1) ¢ N( ) then EIQa 1< q <m+l1
such that j, ¢ u(7), in which case either ¢ (t,) = 0 or ¢,(dt.) = 0. This shows
that @, (Ix) = 0 and so @, induces a morphism

or  AK) — Ag.
Y ([a]) to be the (partially defined) morphism

Yr(lal) : 7= ¢r(la]), 7€ N(K)

Before dealing with degenerate simplices, we check that, for non-degenerate sim-

plices 7, we have
I ([a]) (1) = ¥k ([a]) (9;7).

It suffices to check this on the generators of the algebra A°(K), namely the ¢;, for
j=1,...,k+1, since (for a fixed non-degenerate 7) both a — 9;¢k([a])(7) and
a — Y ([a])(0;7) are maps of algebras that commute with the differential. Now,
suppose T = (i1,...,ik+1) € N(K).

Then,
0, 1¢u(r)
et ={ ) .
j» L =1;, for some j
so that
0, 1¢u(r)
ti,  1=1;7<4q
Ogpr([t)) =4 7 ’
0, [ =g,
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On the other hand, 0,7 = (i1,...,%g—1,%g+1,-- -, k+1), SO
0, l¢ u(o;T)
tj, | = ij,j <q

po,r([ti]) = .
! 0, [ =1g,

ti—1, l=1i5,7>q
Thus, for non-degenerate simplices 7, we have 0,k ([a])(T) = ¥k ([a])(0;T).

If 0 € K is degenerate, it has a unique decomposition o = s, ---s;, 7, with
41 > --- > 71 and T non-degenerate, and we then define

Ux([al)(sg - 85,7) = 85 -+ 55+ ([a]).

That 0,9k ([a])(c) = ¥k (]a])(0;0) holds for degenerate simplices as well is a
consequence of the definitions and the fact that Apy, is a simplicial cochain algebra.
The naturality of ¢ follows from a straightforward check. [

Lemma 3. If o = (i1,...,ik+1) € N([n]) and K = (o), then
Q)DK : A(K) e APL(K)

s an isomorphism .

Proof. Since N(K) is closed under x, if 7,¢ € N(K) and 7 xe ¢ N(K), then
u(7T) Uwu(e) must contain ¢ € {1,...,n+ 1} —u(o) =: {j1,..., jn—r}. Hence,

IK C (tjlv"'vtjnfkvdtjlv"‘vdtjnfk)'

Moreover, given any i € {ji,...,Jn—k}, the non-degenerate O-simplex (i) ¢
N(K), and so Ix D (tj,,...,t;, ,,dt;,...,dt; ). Hence,

I = (tj17"'7tjn—k7dtj17"'7dtjn—k)'

Thus, with the notation of lemma 2,

Yot AK) = My, tiy s iy o dt )/ Ot =1, dti, =0) — Ay

is an isomorphism.

Now, K is generated as a simplicial set by o, and so ® € A%, (K) is completely
determined by ®,,.

Since ¢, is an isomorphism, if a € AP(K), we know ¢k ([a]) : 0 — ps([a]), so
Yk ([a]) is zero as a homomorphism iff [a] = 0 in A(K). That is, ¥k is injective.

Morcover, given @ € A%, (K), let [a] = (¢5) 1 (®()). Then, t([a]) : o -
or(la]) = ®(0), and it follows from the definition of ¥ that ¥k ([a]) = . Hence,
P is surjective. O

Any simplicial set K in [n] can be obtained by a finite number of pushouts as in
diagram (1). Thus, Lemmas 1-3, together with the fact that for any non-degenerate
simplex o € [n], we have
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(4) Voo + A(80) = Apr(90)

will imply A(K) KA pr(K) is an isomorphism for all K.

With respect to claim (4), it is enough to consider the case 0 = (1,...,n+ 1). In
this case, as we saw above, the isomorphism 1, : A(c) = A,, — Apr (o) identifies
w € A, with element ® sending o to w € Apy(0).

The injection of 0,0 < ¢ induces a map p; : Apr(0) — Apr(0;0) and the union
of the p; defines a surjective map

p:Apr(o) = Apr(00), plo,w) = (90, pi(w))1<i<n+1 -

The kernel of p is clearly the intersection J := ﬂ?jll ker p; that will be identified
by Lemma 4 with the ideal Iy, .

Lemma 4. [ :=v¢,(ls,) = J.

Note that this directly implies the commutativity of the following diagram and
the fact that ¥y, is an isomorphism.

0 Iy A(o) ——= A(do) ——0
:\Lwa :ld)a lwaa
0 J Apr(0) —= Apr(00) —0

Proof of Lemma /. For sake of simplicity we identify A(c) = A,, and A(d;0) =
A,_1. We also denote by

i B :A(tl,... ,tn)®A(dt1,... ,dtn) — A,

the canonical isomorphism obtained by injection. For ¢ = 1,... ,n + 1, we then
have a commutative diagram in which vertical arrows are isomorphisms:

Pi
E,——F, 1

s

s
An — An—l
where,

t; forj <1

pi(tj) =< 0 forj=14, fori<n,
tj 1 forj >1
and
t; forj <n
t;) =
Pt () {1t1t2...tn_1 forj =n
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We now consider the two ideals I and J in A,,, J = (\kerp; and I is the ideal
generated by the elements
tj, ...ty dty, ... dt;,

with {j1,... ,Jsy@1,--- ,ir} = {1,...,n+ 1} and s +r = n+ 1. It is clear that
I C J; we will prove that J C I.
Let w € J. Since w € A,, =i,(E,), w can be written in the form

w= Z pi1--~irdti1 ce dtzr

1<i1<i9<...<i-<n

with p;,...,. € A(tl, - ,tn).
In the case r = n, w can be written in the form w = qdt;...dt,, with ¢ €
A(t1,... ,tn). These elements belong to I. We first remark that for j < n, we have

tidty .. .dt, =t;dty ... dt; (- Z dty)dt;iy ... dt,
k£
= —tjdtl . dtjfldtn+1dtj+1 oudt, e T

Now since 1 = > t;, we deduce that dt; ...dt, € I. In what follows we can therefore
suppose r < n.
We break the rest of the proof into several steps.

Step 1: Factors of pi,...i,..

Since w € J, pi(w) = 0, for i < n, and therefore p;,..,. is divisible by ¢;
when i & {i1,...43,} and i < n. We deduce that p;,..;, = t;, ...t;, ¢i,...;, with
{J1, s Jsyi1s---sir ={1,...,n}, s+r=mn,and ¢;,...;, € A(t1,... ,tpn).

Step 2: General restrictions on ¢;,...;, .
Next, since t,, =1 —t1 —--- — tAn — tp41 is valid in A,,, we can write g;,...;, as a

r

polynomial in the variables ¢1, s, ... ,tAn, tn+1. Combining all the terms containing
tn11 we may then write

Qiyiy = b1 Py, + Ky,
with h‘il"'ir € A(tl, c tn+1> and kir"ir € A(tl, - ,tn_l). Since
tjl .. -tjstn+1 dtil e dti,,. el CJ,

this reduces us to the case when ¢;,...;, € A(t1,... ,th—1).

Step 3: Particular restrictions on q;,...;, .
We next show that, modulo the ideal I, we can suppose that

Q.. kigproiv € Mtrg1, . tn1) for k=1,...7,
and we will prove this by descending induction on k.
We begin the induction with the case k =, i.e., ¢1.., € A(tr41,... ,tn—1). This

we will establish by proving by induction on m that

Gror €At o bty oo e togt, o tne1) for 0<m <7 —1.



10 YVES FELIX, BARRY JESSUP AND PAUL-EUGENE PARENT

The case m = 0 proceeds as follows, and is a model for the entire argument:
Since q1..» € A(t1,... ,tn—1), we may write

qQ..r =tra+ [, with a € A(t1,... ,t,—1) and B € A(tq,. .. A s ln—1).
Now rewrite the term t;, ...t; t,adt;...dt, as
n+1

Liy o titeadty o odte (= Y dty) =ty teacdty L dbeydbn g
J=1,(G#r)

—tjy ot teadty L dte () dty).
Jj=r+1

The first term on the right belongs to I C J, so we modify w and thus suppose it is
zero. The other terms are used to modify (in the expression for w) the coefficients
of dty...dt,_1dt; for j > r. This concludes the case m = 0.

Now suppose

q1...r EA(tla 7t7'7m7t7'7m+15"' 7f;'7tT+15"'t7’L71) for 1 Smgr
Again, write
q1..r = br—mQ +ﬂ7 with ﬂ € A<t17 costreme 1, by 7t/7\“7t7“+17 .- 'tnfl)-

As before, rewrite the term t;, ...¢; t,_,,adty...dt, as

n+1
tiy oottt madty .. dbp gy (— Z dt;)dty i1 - .. dt,
j=1(j#r—m)
—tjl e tjstr_m()é dtl e dtr—m—l dtn+1dtr_m+1 e dtr

—tjy it maedbydty o dby 1 (Y dt)dbe g . d
j=r+1

Again, the first term on the right belongs to I C J, so we modify w and thus
suppose it is zero. The other terms are used to modify (in the expression for w)
the coeflicients Qoo ] of dty...dt,_pm—1dt,_ppy1 ... dt.dt; for
j > r. This closes the induction on m and establishes that

qQ1..r € A(tr+1, A atn—l)-

Now, suppose we have proved that

Qokinsroniy € Mtegts oo s tn—1)

for all k, 1 < ¢ < k < r. The proof that qi1..¢i,,,...;, € A(teg1,... ,tn—1) (for
ig+1 > £+ 1) again uses the method of the initial case. However, we proceed with
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some details to convince the reader that we do not disturb coefficients we already
have in the right form. So, write

QU-ligyqeip = toa + ﬂ,

with o € A(ty,... ,tn—1) and 8 € A(t1,... s, ... ,tn_1). Once again, we replace
then the term

tjl .. .tjstga dtl . dtgdtiprl e dtir
by the sum
n+1
Z —tj, .t teadty L dt oy (dty)dt, . dt,
k=1, k£l

= _tjl .. .tjetga dtl e dtg,1 dtn+1dti£+1 e dtir

S
—tj, .ty tgacdty . dbe (Z dt;, )dti,., .. .dt;,.
p=1

The first term belongs to I and as before we can ignore it. The other terms are
used to modify (in the expression for w) the coefficients ¢, , ;7. . of
7

dty...dte_y dtedty,...dt;
for iy > £+ 1. This shows that we may suppose that

Qlipyq-in € A(tl, . ,12, . ,tn_l).

An argument similar to that in the initial case, using the induction hypothesis

Q1..05041...ir S A(tl, ey bomm—1,t0—m, - - - ,7?2,25@4_1, . tn—l),
for 0 < m < /¢ — 1, now establishes that

Q.. tigyy.in € Mtogr, ..o tpo1) fork=0,...7,

and so closes the main induction.

Step 4: using pp4+1(w) = 0.
We will now use the last condition, namely, p,,+1(w) = 0. Recall that p,1(t,) =
11—ty —...—t,—1. Recall that

w = Z tjl e tJSQir"irdth e dti”

1<i1<42<...<4- <1

with g;,..i, € A(t1, .. ytn-1), {J1,---Jss81---0r} ={1,...,n} and s +r =n.
Since ¢;,,...i.,, € A(t1,...,tn—1), for each r-tuple 1 < i3 < iy... < i, < n,
Pn+1(w) = 0 implies that we have the equations

T
Ly, -1, (tn Qiy---i, T+ Z(_l)r_k-H Liy qzlszrn) =0,
k=1
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with {j1,...,Je01,...,ir} ={1,... ,n—1} and £ +r =n— 1.

Since there are no zero divisors in A% _;, we obtain

r
(5) (1 —t1 —ty — -+ — tn—l) Qiy--in + Z(_l)rikJrl tik qi1~~~iAk~~~irn =0.
k=1

We now prove by inductionon s, s =1,... ,r, that the polynomials ¢;, ...;, satisfy
the properties Py

Gy d,, =0 1<y

Qig i, =0 2 <ig

q12. (s—1)i, i, =0 s <
Ps:

(I1)

Qig iy = (1) gy iym

Q12 sipprir = (1) 702 (sm1) Sisir iy

Note that the conditions Py, s = 1,... ,7 together imply that all the polynomials
Qi, i, are zero when 4, < n.

We first prove P;, namely, that

Qiq-evip = 0 for 1< i1, and Qlig--i, = (—l)rilqi?..irn .

Consider the term in ¢; in (5) above. We know from step 3 that qi;,..;. €
A(ta,...,th—1), and so if i; = 1, (5) implies that

qlig--i, = (_1)Qiz‘2---irn'

Again using step 3, this shows that the polynomials ¢j;, ,; ,, are in A(t,...tn_1),
and so if i; > 1, all the terms in the sum in (5) do not depend on ¢;. Another look
at the term in ¢1 in (5) now yields ¢;,...;, = 0. This establishes P;.

Suppose the induction hypothesis P;_1 is true. From (5) we have the equation

I
-

S

(]

(1—t1 = =t 1)@ (s—1)inviy, = (—1)T_k+1tjq1...;;‘..(s_l)is...irn

e
E
_

(_l)r—k-i-lt

s

+

(6)

ikq1~~~(s—1)is--~i;~~-irn .

e
|

By Ps—1(I), the polynomials Qoo (5—1)inemvinn = 0, for k =1,s — 1 since iy, > k
in these cases. Moreover, this reduces (6) to

r

(7) (1 -ty — - — tn_l)ql.u(s_l)is...ir = (_1)T_k+1tikql---(s—l)z’s---ffk---irn .
k=s
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Now, from step 3 we know that Qoo (5—1)igoripenvinm € A(ts,...,tp—1), so consid-
ering the coefficients of ¢1,... ,ts_1 on both sides reduces (7) to
T
(8) (1 —1ls— ts—i—l - tn—l)Ql---(sfl)is---ir = Z(_l)rikJrltikq1~~~(s—1)i5~--73€~~~i,‘n :
k=s

First suppose is; = s and consider the term in ¢4 in (8). This yields

Q1o (5—1) siagr ir = (1) 200 (52 1) Fiagr i

establishing Ps(IT), and, by step 3, also shows that the polynomial

Gl (s—1)Sisq1 - irn

in fact belongs to A(tst1,...tn—1).

If i > s in (8), this last fact, and step 3 applied to the other terms on the
right, together imply that the coefficient of t; on the right hand side in (8) is zero.
Hence, the same coefficient on the left hand side, namely, g;...s—1)s, .4, , is also zero,
establishing Ps(I).

Hence, all the polynomials ¢, ...;, are zero when 7, < n.

Finally, when i, = n, we write {i1, -+ ,i.} = {1, -+ 58,4541, ,n} with 4541 >
s+ 1. Then, by P,

— — r—s+1 —
Qiy--ip, = 44 cesstTligqr o n (_1) 15 (s4+1)dgpr - dp_1 — 0.

All the polynomials are therefore zero. This shows that w € J.
This concludes the proof of Lemma 4, and hence the proof of the theorem. [

§5. APPLICATIONS

We conclude with some remarks on H°(K), and show how one may identify 1-
cocycles. We also see how simplicial information can be used to obtain information
about products in cohomology, and the Malcev completion of the fundamental
group. In the following, we suppose that K C [n].

Recall the quasi-isomorphism of complexes defined by Whitney ([11], page 139)
from the simplicial cochain complex C*(K;Q) into A(K). The simplicial chain
complex C,(K; Q) of K is generated as a vector space by the simplices in K. If we
identify a simplex ¢ with the cochain that takes the value 1 on ¢ and 0 on all other
simplices, the map

¢: C"(K;Q) — A(K)

defined by
k
o(ig,... ,ik) = k! Z(—l)l:ﬂiedazio e c@ coodxg,
£=0

is a quasi-isomorphism ([11], see also [10], P.127). The Whitney quasi-isomorphism
gives explicit representatives of the generators of H*(K).
Suppose first that K has p components, say (for convenience)

K1C{l,.‘.,Tl},...,KiC{Ti_l—Fl,...,Ti},...,KpC{T’p_l—i-l,.‘.,n}.
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We know that HY(K) = @F_, HY(K;) = @?_, Q. Then if we define ¢; =
Zr, 41+ -+, the ¢; are orthogonal idempotent elements and 1 =), ¢;.

On the other hand, a basis of H'(A(K)) is given by the elements' >, _
where the >, . «a; ;(i,j) are cocycles in C1(K) inducing a basis of H'(K).

To state our last result, we make the following

Oé@jﬂ?ﬂil’j

Definitions.

1. The support, suppw, of the 1-cocycle w = ZKj
1-simplices (4, j) with oy ; # 0, i.e., suppw = {(¢,7) € [n] | a;; # 0}, and

o j x;dx; is the union of the

2. Two 1-cocycles w and W’ are called strongly disjoint if, for all simplices (i,j) €
suppw and (r, s) € suppw’,
a) {i,7} 0 {r, s} = 0, and
b) the simplex (i1,1i2,143,74) obtained by concatenation of (i,7) and (r,s), fol-
lowed by reordering (if necessary), is not contained in a simplex of K (or,
equivalently, contains a non-degenerate simplex not in K).

In the following, we shall speak of the minimal model ¢ : (AV,d) — A(K) of
a connected complex K whose fundamental group is not necessarily nilpotent. By
this we shall mean it in the sense described in Appendix N of [8], and, for example
in [6]. In particular, H*p is an isomorphism, V = V=1 and the vector space V'*
has a canonical finite dimensional filtration --- C V1(n) C Vi(n+1) C ---, whose
tower of duals consists of nilpotent Lie algebras L[n|, with bracket dual to the
quadratic part of the differential. The connection with G := 71(K) is described
as follows. Let G(n) denote n'" term in the lower central series of G, and define
G[n] := G/G(n). Then G[n] is also nilpotent, and Sullivan’s result is that there are
(compatible) Lie algebra isomorphisms L[n] — G[n]p, n > 0, where G[n]o is the Lie
algebra associated to G[n| by Malcev [5]. If we denote the limits of the L[n] and
the G[n]o respectively, by L(K) and G(K), then G(K) is the Malcev completion of
m1(K) and L(K) = G(K). We now state our final application.

Proposition 6. Let K be a connected simplicial complex. Suppose that o and T
are 1-cocycles with strongly disjoint supports. Then

1. In cohomology, the product [o] - [T] is zero;

2. All the Massey products one can make with [o] and [T] are trivial;

3. In homotopy, o and T generate a free Lie algebra in the Malcev completion G(K)
Of T (K) .

Proof. A quick check shows that if two 1-cocycles of K are strongly disjoint, then
they represent linearly independent classes in H'(K). Moreover, Lemma 5 and the
definition of Ix shows that the product of o and 7 is identically zero in A(K). This
yields (1) and (2).

Denote by ¢: (AV,d) — A(K) the minimal model of A(K). By construction, we
have two generators x and y in degree 1 that are maps respectively on ¢ and 7.

Now let a and b be elements of degree 1, and denote by (AW, d) — (A(a,b)/ab,0)
the minimal model of (A(a,b)/ab,0). By construction W = W' and (AW, d) is, on
one hand, the minimal model of a wedge X of two circles, and on the other hand
the cochain algebra on the free Lie algebra on two generators in degree 0. This

IThe difference betwen this expression and Whitney’s is obtained with the boundary
d(X i< i, jTiT5)-
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means that G(X) is a free Lie algebra on two generators. By mapping a and b
respectively to o and 7, we have a morphism of commutative differential graded
algebras 0 : (AW,d) — A(K). Finally we lift 6 along ¢ to obtain a morphism of
differential graded algebras ¢ : (AW, d) — (AV,d).

The morphism 1) induces a map of Lie algebras G(K) — G(X). Since G(X) is
free and the generators are in the image, the morphism is surjective and admits a
section, yielding an injection of the free Lie algebra on two generators into G(K).0J

We thank the referees for their helpful comments and suggestions.
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