Tensor Analysis Assignment 4: Due 4pm Friday 1-December.

1. Provide details for the parallel transport example on the Mobius strip presented in class
on Wednesday 22-November. (This includes showing that the connection coefficents given
in the two local charts give a well-defined connection on the intersection of the charts.)

In the questions 2 and 3, M = S?\ {(z,0,2) | x <0} and 0,9 € C®°(M) are the
smooth functions satisfying (z,y, z) = (cos @ sin ¢, sin 6 sin ¢, cos ¢) for (x,y, z) € M. Con-
sider the inclusion map i : M — R3, which is just the restriction of i to M C S2.

Let G = dz ® dx + dy ® dy + dz ® dz be the standard metric on R3, and for all p € S?
and u,v € T, M, define

gp(“y U) - Gp(i*u, 7:*'0).

Recall from assignment 3 that ¢ = dyp ® dy + sin® ¢ df @ d.

2. a) Show that the non-zero Christoffel symbols in the coordinates ¢, 6 for the Levi-Civita
connection V for g on M are

I'j,=—sinpcosp, and ngj :Fig = cot

: d,
b) If f denotes d—];, show that the geodesic equations are then

é+2gb9cotg0:0 and @—QQSinwcossz

¢) Show that ¢ + 62 sin? ¢ is constant along a geodesic. (Don’t work hard!)

d(0sin? p)

=0.
dt

d) Show that the first equation in (b) can be written as

e) Since 0 sin’  is constant on a geodesic, show that when it is zero, the geodesic lies on
a great circle which is a line of longitude.



3. (An example of parallel transport on M C S2.) Let 0 < ¢ < 5, and let v be the

(piece-wise C°) curve on M defined in terms of the coordinates 6 and ¢ by
t(5 — %) + o), 5), 0<t<1
,5(2—1)), 1<t<2
Equip M with the Levi-Civita connection associated to the standard metric on S?
(Q.1). In the following, use (¢, #) coordinates, and their Christoffel symbols computed in

Q.2. Let vy € T (0)M the vector field —— evaluated at v(0). .

Ay

a) Show that the parallel transport equations are

dv? .

Zi)t — 00 sinpcosp =0 and
dv? .
%—I—cotgo(@v“’#—gbve):o

b) Find v1 = P, (v(0),7(1))ve. (Hint: To solve for v/ along this part, remember that a
0

dv
differential equation on the sort —r +g(t)v? = 0, with the initial condition v%(0) = 0
has a unique solution. This unique solution is the obvious one. Or, if you wish to

work hard, it can be solved using the ‘integrating factor’ ef Ft)dt )
c) Find vy = P, (v(1),7v(2))v:
d) Find vz = Py(7(2),7(3))v2. (Same hint as in (b))

e) Use Q. 76(a) to express vy and vs in terms of — 0 9 and g, remembering that they
oxr’ 8y 0z

live in tangent spaces at different points.

f) Find lim,, 0 vo and limg,, 0 vs



