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1. Consider a homogeneous system of 2016 linear equations in 2000 unknowns. Which one of
the following is true?

A. The system can be inconsistent. Xx ) %%i :

B. The system can never have infinitely many solutions. % | g g N Ry
C. The system has between 1 and 2000 solutions. otk g A g B Lfﬁ\} -
D. The system always has infinitely many solutions. =

E. The system always has a unique solution.
(F,J The system has either the trivial solution only, or infinitely many solutions. /
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2. Find the value of ¢ for which (1, 3,¢) belongs to span{(0,1, —1),(1,1,2)}.
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3. Suppose p,q € R and consider the linear system in z,y and z:

T -z = 2
- + y + z = p
x + 2y + pz = 2p+q

a) If [A]b] is the augmented matrix of the system above, find rank A and rank[ A |b]
for all values of p and q.
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(Q.3 parts (b) and (c) are on the next page...)




3b). Using part (a), find all values of p and ¢ so that this system has , ﬂ;g
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(i) a unique solution,@ %‘Zf«j%i )é% = var X LA Yol = 3
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(ii) infinitely many solutions,.ef «£=) Vi BA =
i
D= -
q = 6 S
(iii) no solutions/ = (o8 /ﬁgﬁ < YO /?? LA %’}W ( >

3c). In case b(ii) above,

give a complete geometric description of the set of
solutions.
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4. Consider the network of streets with intersections A, B, C, D and E below. The arrows
indicate the direction of traffic low along the one-way streets, and the numbers refer to the
exact number of cars observed to enter or leave A, B, C, D and E during one minute. Each x;
denotes the unknown number of cars which passed along the indicated streets during the same

period.
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a) Write down a system of linear equations which describes the traffic flow, together with all the
constraints on the variables z;, i =1,...,5.
(Do not perform any operations on your equations: this is done for you in (b).
Do not simply copy out the equations implicit in (b). You will not get any marks if
you do this.)
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b) The reduced row-echelon form of the augmented matrix of the system in part (a) is

N At

(L0 0 -1 0 | -19
oo 1 1| 34
00w 1 1| 22
000 0 0] 0

Give the general solution. (Ignore the constraints from (a) at this point.)

Xi =-d Yd-1
X2 = 34 —4-t

7; = 22 - A - T } &%*‘%} & gz;
Xg = f:'.‘ﬁ ”
s = t

¢) If AC were closed due to roadwork, using your results from (b) and the constraints,
find

(i) The maximum flow along DC, and
(i) The minimum flow along DC.

( You must justify all your answers.)
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5. State whether each of the following statements is (always) true, or is (possibly) false, in thel
box after the statement.
e If you say the statement may be false, you must give an explicit example - with numbers,
matrices, or functions (as is appropriate), if possible, or an argument using theorems
and facts from class.

e If you say the statement is always true, you must give a clear explanation.

a) Suppose X is a subspace of R?*16) that X # 0 and that X # R2016. Then, both 0 and 2016
are possible as the dimension of X.

gé"éftcfé ?{f#ﬁj} 56,%% 36 = {
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ANSWER ; 75\ (SF
l

b) If both m,p > 1 and an m x p matrix A has a row of zeros, then rank A < p.
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6 (cont.).

c¢) If the coefficient matrix of a linear system of 2 equations in three vamables has a column of
zeros, the system has infinitely many solutzons
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d) The coordinate vector of (1,1) € R? with respect to the ordered basis {(1,1),(2,1)} is (1,1)
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7. [Bonus] If A and B are 3 by 3 matrices with B # 0 and and AB = 0, then rank A < 3.

(Your proof must work for all 3 by 3 matrices A and B satsifying the above two conditions:
do not choose particular matrices.)
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