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1. Which of the following are subspaces of R3?

U={(z-y, z+y, 2—y) |z, ye R} = aml((\j!}ﬂ) (—15 ¢ *-Dk“%.’, 4 q S.3.
V={z vy -y |z, yeR} =< cw% \)c;,m}(c,:,\ﬁ}zx.u L» o0 8.8,
W= {(* y, z+y) |z, y e R} '

X={(z,9,2) |z -y=0} 11 n P/Qa/w_.@ Wou%cx (0,00) [w%"\‘ v'l,a\,wJQ

A. U and V only C\>“\)0>>B‘ Lw e 8§
B. U and W only
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@U, V and X only St o @@&g‘z\a& omswe . B, puat 15f
.V and W only o0 f’"

Vet v (1, 0,0 el bt 2.(4,0,4) = (2,0,8) €W S0
2
Wb @:{h a q.s- ,f??

2. Let My, denote, as usual,the vector space of real 2 x 2 matrices, and A denote the transpose of
A € My,. The dimension of V = {4 € My, | A = At} is:
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3. Complete the following phrase to make a true statement:
“A system of 1100 linear equations in 550 unknowns...”

A. ... always has a solution.

B. ... always has a unique solution.
fé\ ... may be inconsistent. .
D. ... which is consistent always has a unique solution. Jif} [C} {

E. ... which is consistent never has a unique solution.

F. ... is never consistent.
. 5 )
4. IfA:[Bl (ﬂ then A"l = | O-2 |
- 2- v S
1 -5 /2 —1/2] /2 -5/2
A 3} B.[_E) Y c_[g g
/Y[ 0 —1 1 3 -1 =3/2
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5. If ¢; denotes the j** column of N
1
0
2

4 -1 -2 I -1 -2
A= 0 0 5| ~v OO \
8 —-2 3 O © |

(7 = 1,...4), which of the following sets is a basis for the column space of A4 ?
A. {Cl} ~ l ) L"
B. {Cl, Cg} : O

{c1, ca} i

A {Cl, 04}
E. {Cl, 2, 03}
F. {Cl, C3, 64}

6. Suppose A is an n X n matrix. Among the following statements, which one is not equivalent to
the others?

A. A is not invertible.

B. Az = 0 has infinitely many solutions z € R™.

C. There is b € R™ such that Az = b is inconsistent.

D. The determinant of A is zero.

@ A is row-equivalent to the identity matrix.'i-m MF‘QAQE/L V\'\y}/@a '{5\ LS

F. The rank of A is less than n. !‘ A V&r’hbh
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7. Theset of vectors {(0,3,4), (1,0,0), (0,4, —3)} is orthogonal. Find the Fourier coefficients (a1, as, az)
of v = (0,~1,—1), i.e. find real scalars (a1, a2, a3) such that v = a;(0,3,4) + ax(1,0,0) + a(0,4, -3).

(“““g%s Ga “'2’%)

B. (-1,0,-1

C. (=7,0,—1)
D. (0,-1,-1)
E. (£,0, %
F.(—5,0, %
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9. Consider the matrix A = [

2 1

0 2l Answer the following questions:

A2 Tl s (22 5o YES

o Is 2 the only eigenvalue of A7
o Is the dimension of ker(A — 2I) equ

al to 27
o Is A diagonalizable? () .
l ) h e A-20 7 +on [g; &QL&J‘
?

A. Yes, Yes, Yes. O |
B. Yes, Yes, No.
k] 7 N N — ‘ = ‘
C. Yes, No, Yes. S veo “’&w"& e = 2 &
D. No, Yes, Yes. . : Cﬂ’*o‘\"'é"\f‘ (rale ) “_29
@No,Yes, No. G{AM\EL <2 and
Yes, No, No. Q bo Vo %CO &fﬂp ,

10. Which of the following statements are (always) true?

(1) Each spanning set for R™ has exactly n vectors.
(2) If {u, v, w} is linearly independent, then {u, v} is also linearly independent. /

(3) If A is an n x n matrix, then det(—A) = — det(A). @(, (‘,\% fé N s o-pQA)

)

)
(4) If A is an n x n matrix, then dimcol A =n. X
(5) If A is an n X n matrix, the dimker A = n — rank A. v (Thws geeas i C/QW )
)

. Vo
(6) {1,sinx,cosz} is linearly independent in F(R) = {f | f: R — R} v (§€4V‘ 1 t/ﬁm )

. All six are true.
(2), (5) and (6).
. (1), (2) and (4).
. (3), (2) and (6
. (4), (5) and (6).
. (2), (3) and (5)
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11. Consider the network of streets and intersections below. The arrows indicate the direction of traffic
flow along the one-way streets, and the numbers refer to the exact number of cars observed to enter or
leave the intersections during one minute. Each z; denotes the unknown number of cars which passed
along the indicated streets during the same period.

\/
|

a) Write down a system of linear equations which describes the the traffic flow, together with all the
constraints on the variables z;, ¢ = 1,...,5. (Do not perform any operations on your equations:
this is done for you in (b), and do not simply copy out the equations implicit in (b). You will not get
any marks if you do this.)

Tadersekon Flow (n = Floco o
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11.  b) The reduced row-echelon form of the augmented matrix from part (a) is

e A

{0 0 0 -1 | —200
0@wo o0 1 | 300
003 0 -1 | 100
00 0 -1 | 200
0000 0 | 0

Give the general solution. (Ignore the constraints at this point.)

X; = e dpo A
s = L0 - A

\\‘««ﬁ

%3 = loo 42 .
X, = Qoo +4 >

("
D
N

11. c) Find the maximum and minimum flow along BC, using your results from (b)
(You must justify all your answers.)
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12. Let Cy €y Co
10 -1 | o -\ Vo -
a=|22 1 N} 02 3| | oW%
0 2 3 X— 2 o
o & O © 0
a) Find a basis for the column space col (A) of A. *

b) Find a basis for ker(A).
c¢) Give a complete geometric description of ker(A).

d) Extend your basis of col (4) to a basis of R*.

Q) % Vv &J@\ gfﬁwu_c‘ aQ{’@ﬁ%M ol > ) {G >C'2~?§ >
o b fr A
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B E‘A \O—I ‘ \}/)'\\/‘3/2 O/ "é = 'QA/Z \ &tu&
O © 23 O ( 2 = A
o O G | (_)j

e ' ;}‘r

N , W
A Luie &Qﬁ% Ji ve/c,&”w $ wg & Wy

\*\ 2\ G| ) Dt o ‘“Olc:-\ll\i
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13. Let U= {(z,y,z,w) € R* | 2+ z+w = 0}. x/’é%, Ly o vl

a) Find a basis of U and give the dimension of U.

b) Find an orthogonal basis of U.

¢) Find the best approximation to (1,1, 0,0) by vectors in U.
's 4;, .
/ NE”WG 3 [ 2 % y 5 N L P - ‘%
S b= AeTion] 1 Moy tled «x = =

- % z.«f - —
T g vy
;% = } ;"“ i? L 4
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0 0 -2
14. LetA=1|1 2 1 |.
1 0 3

a) Find the characteristic polynomial det(A — AI) of A, factor it, and deduce that the eigenvalues of A
are 1 and 2.

b) Find a basis of By = {z € R3 | Az = z}.
¢) Find a basis of E; = {x € R® | Ax = 2z}.

d) Find an invertible matrix P such that P~1AP = D is diagonal, and give this diagonal matrix D.
Explain why your choice of P is invertible.

i} - -
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15. State whether the following are true or false. You must give reasons for your answer.

(a) If u,v and w are three linearly independent vectors in a vector space E, then
u € span{u — v,v — w}.

., . g O g . ;\3 ‘i{ S | N %ié g B,
gapéﬁi‘?@ﬂ U= a (=0 + xD (ﬁ"‘ W) I
P

(e~ +(b-a)v = bw . S
g‘* 5

: 1 { ol
L 1 = A Y ) (mnpicd s )
- ,,‘ \

L A Q/st‘;;aw%;yé,
‘ 1

, ! 5 s /"/E‘
“*"E“W L % %%3 o ,‘: A~ @w; A g e

(b) Let A be a real 3 x 2 matrix and suppose there is a vector v € R? with v # 0 and Av = 0. Then the
columns of A are linearly dependent.

I
A NS S e
u}‘gf{j\&/%ﬁ O gﬂg y 7 - {3 ﬁ’.\wowa {

] { EE ot S E{if 5« 3 i\%
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c) Let A be a 3 x 4 matrix. Then every vector in the kernel (or nullspace) of A is orthogonal to every

row of A.
% 5 - A . éj; =
e AF { O e e fovan acd [TRUE ]

2 E
Lvs )

/f/;"é‘ e \eov A e A(‘ﬁ" =0 @;ﬁ

@g;@«{v O éﬁé /%3&: :
¢

d) If A is an invertible 2 x 2 matrix, then A is diagonalizable.

( {j&§ ;:y} (,.% } ' T/\? ;23( - } i Pﬁg .

2 5.
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16. (3 bonus marks) Make sure you finish and check the rest of the paper before trying
this. Bonus marks are much harder to earn. }

In parts (a) and (b), A denotes a symmetric n x n matrix, i.e., A = At

(N.B. Your proofs must be valid for every symmetric n x n matrix A, so don’t choose n or A!)

a) Prove that (Au)-v = u- (Av) for all u,v € R™, where “-” denotes the dot product.

o “ = xty
Neb ek X %,y € e ™ X%% e

T g7
:‘; v £ (-

oy o L
ﬂ w2, 52& géfg N :

Now let vy € R™ be an eigenvector of A with eigenvalue \, and set W = {fweR" | w-vy =0}

b) Prove that if w € W, then Aw € W. t

— \ - igf f ? %L}k\‘ . s -
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